
NUMERICAL 
ANALYSIS



Applied Numerical Analysis

Introduction

What is Numerical Analysis ?

General framework of engineering problems

Physical
Law

←  Calculus

Solution

NA  is  a solution  method ( method → solution ) using only operations ( that  a  computer can

perform ) +
,

-

,
×

,
÷

,
etc

.

Example ' n indicates that  

it
is  a

, numerical solution

x. = f ( x ) we Can aprox  
×(Atn ) ±  In =  In "  +  stfcxn . " ) Modules

pH

Modules :

Problem Statement .

ti Find × sit ? "fhatljtaoRoot . finding

... a. ,

.pt#l
"

2- Find Plt )
,

st p( × ; )=f( t , ) f .
Interpolation .

3i Find pltiy ) st
. Plt ; ,yi ) = f ( x ; ,y ;) Vic .

Multidimensional interpolation
.

U .

- Approximate f
'

±do¥ and Fnefnbfdx Numerical Calculus

5i Find al X ) sit .  ii. flu )
,

n ( o ) =  no Numerical OBEs

bitindx
 E [ a. b) s .t

. f ( x ) is  a  minimum .

Optimization .

Advanced interpolation .

Differakon  + integration .



Example Statement  +  analysis of a  numerical method
.

Module 4
I Ctt = fo

%
fasdx fcx )=  xsinx

Analytic  solution  I (f) = 1

Nt

Numerically I (f) ± { hfc xD piecewise
E=O

Constant

µ
* "

h=¥j° = In fi= flti ) Rule

a
"  " % %

×

Xo  X
,  Xz IT :%

n . ' Trapezoidal
4 I (f) = { h this + f (ya/ Rule

4 i=o 2
•

/t.dk
"

×

Xo  X
,  Xz 7/2

Error E :=|Q(f)- I (f) |

Convergence rate Is the  rate  at  which E → 0
,

as h → 0 ( or h →  a)

Eg . If E ~ h
"

then  we say the method is  a . order  accurate
.

umericd  Method
.

Consistency NM is  consistent  if E →  0  as h → 0

Taylor  approximation MAJOR

Con
. of PC rule Q !

Assume fcx ) c- (
"  "

( [ a ,b ]) → then  →

#k¥1" "

fat ,.a×=fhofa→ao%8÷f"a , ,*+
...

→ tattoos + those . xD+If
"

# G- xD
'

+ §
,

,÷f"
'

G.) C x . xoieocxisj
"

xi

~ htm Gotti's.h+kotti"the "

X

×i  Xi+,
- -

=

0ChYHXIfoafj.fxfxilt0tttDtFt4titn0aEefnnItItiItm.mer.aeeweaetning@toproueisthatE.x
 h×

Bigger  order h do  not  matter  either  since

h  is  small .

{ = (&o Ei  
= .&"oO( 44=0 ( nhy =  0 ( thh

' ) =  0 ( h )

h=b,÷ half

Important .



Module 1- Root finding

Problem  statement :  Find  EEIR st . f ( E) =0
More generally

Examples  Polynomials t '× '

find ×n € RM g. t
. f( E) =o  where f : R

"
→ R

"

a×2+b×+c=0

axstbx "
+

. ... + f=o
#

Ex
.

 
- Ax=b

9

-Hegel) •( Doesthesofukifnneitgigte?structural analysis tm×=× µµ. ×× ×s= 's •) •

×

"

•

We  are going to  discuss three  algorithms

Algorithm 1*1
.

Recursive bisection
.

Assume fEC°( ( a ,bD and fca )< 0
, f( b) 30

fat Given ( aiibi ]

if fcxi ) > 0 :  aitl  =ai. bitl  =  Xi
.

×bib if f Cti ) < 0 :  aiti  =  xi
• 1

1 bitl  = bia i

ai xi Ii
aitl  xitl  bit I

log (E)
Error Ei= lxi - El

.

to

It  is guaranteed that  EE ( ai ,bi ]
,

Ee
lbi - ail

←  upper
bound for the  error

. ~ upper
bound for

2 the  error

Iteration E
o

e lb°y°l = to Ei+i=E÷

Ei  e
Ei =  Eiz

' '
= ...

= EL.

Method * 2
.

Fixed - Point Iteration ( FPI )
z  3  " 5  6 iterations

Zewrite f G) =0  as 4(×)=×

Iteration  xi+i=4( *i )

Example f ( x ) =  x3 -12=0 YC x ) =x3+2+x

4(t)=  I
× × ×

* 2

etc
.

€14
' •/ -

Observe that  if f (e) =o⇐s  E=4( I )
.

Observe that  if ×i=  I  ⇒  ×i+1=I
× .  ×

,  x. ×
,

1
×

yzxnx
, #

!
× Io

x.
* '

×

Convergent Divergent @
Convergent ( Oscillatory)

Error Ei  =  Xi - E

The goal is to  relate Eit , to Ei

Mean Value Theorem MUT

lwemakea trick  and 4( xi ) - YCI )Eu ,  =  xiti - E=4( xD - 4( E) → drive  and  multiply by → ( xi . E) Y( 9) Ei YG ) E  (
'

( ( a ,b] )
( xi - E) ( xi - i )

Fineasbnsasxi 't e 4 '( g) gel × , ,⇒ YB ) 441ft F§e[a,b]

Assume 14 'Cx)|< K the [ a ,b]

1Ei+i1< KIEIIEK 'IEi . ,|e . "
 < kileol

If K  a 1 ⇒  convergence

K > I  ⇒  divergence



Method # 3 Newton

*  ⇐ a ssI÷
, ¥1-

xn Xo

Xiii = y( xi )
↳

devalue less than one in this interval
.

FPI lie '( g) 1<1 5€ [ xi ,E ]

Y
'

=
If

"

[g'* 0 ] → function  can not touch he axis of the root
.f ' 2

modular :

Ein  = Xia
-

I

Xitr = he ( X 'll = he ( I + Ei )
w

taylor expansion : nonlinear operator acting on ( a + b) when b is small .

Xitt =p # It YYXTEI  + tz 4
" (E) Ei2+ @( Eis ) ] →  negligible because Ei small }

*

Ein =p
' E) Ei  ttzy " (E)

Ey > Quadratic convergence |Eiti&EiT
~ -

at root this  is = 0

EXAMPLE :

fcx) = coscxl - Zx

Fixed point  iteration ycx ) = WEI because needs to converse YIXJ = . sink →  varies between
- E and E

FPI : Ei - in = 4
' ( II Ei → 14451K£ HEER → error uee reduce by K or more !

EXAMPLE :

MULTI - DIMENSIONAL ROOT - FINDING

Find I st FCI ) = 0 I Epi

Taylor fix )=

fcxohifkxdcxxoto
→ F- [8k¥!} ] If,=[fg÷÷Fyfe )

-

JACOBIAN MARKX=×o
- YTL → I=Xo - ( ftxo )J

'

. fcxo )



TAYLOR APPROXMATON
,

continuous function if we differentiate

Theorem : Let fe CN "

( [ X. Xo ] ) then

fcx ) = flxo ) + flcxo ) . ( × - xo ) + th flxo ) . ( X - Xo )2 +
. . . .

+ GCX - Xo )
" 1

IN = §eo In
,

f
' " No )C× - xo )

"

+ GC × . xo)N+ '

↳
most be small in order 10 be useful.

exphat form of GH '×oY "

> ¥ , ,
f

( Nt "( g) ( × . ×o)N "

se K - xD
W

this is had to find
, so thats why (a) must be

small .

MODULE # 2 INTERPOLATION

Find a function pcx ) st . fcxi ) = pail for Xie [ aid CIR it 0,1 , ... ,
N

fan ) - .  - .  - - - - .
- - . *

Skiff#
PM Find another function of pcxs that passes throygn tee

fcxo ) q Samples Similar to  EIEEE
,

- SAMPLES

i Interpolation means , find pcx ) and worry later
.

:

:Xo Li lxz In Usually polynomial functions .

~ n

NODES pcx) = aota , × + azx2+
.

. .
+ An XN = EAIX "

i= 0

SOME MATHEMATICAL NOTATIONS

f for all ⇒ implies

F there exist s .t
. such that

G( H order h CNCR ) N times continuos differentiable function on R

FEC
"

fin C° ACBA subset of B

PN Polynomial of degree N



INTERPOLATION CONDITIONS

pcxi ) = fcxi ) t i € { 0 , ... ,N }

writing out
.

1 . Ao  + a , Xo  + azxo 2 +
. .

.
 + AN ×0

"
= &(×0 ) i=°

} LINEAR IN COEFIIAENTS

2 . Go  + aixn.az/u2+...+AnXNN=fCXn)i=N

1 Xo .  . . Xow
-

ao 840 ' Properties of interpolation :

1 Xi .  .
. XIN a . f ( x , )

; : ;
.

:
. 1

. Pcx ) to exist - Existence
a Xu . .  . XNN An FCXN)

-
-

2 . PCN is unique - Uniqueness
Vandemonde matrix V

=
when do we have this ? Is ✓ is invertible

. detw ) = IT
oeicjcu

( Xj - xi )

EXAMPLE fC×l= sin C x ) on [0/4
• Implies xitxj f i¥j

**&× ' ) = ft

M I = ( oifir ) Solve for a ,

fz f = ( 0 , 1,0 ) pcx ) - aotaixtazxzE
¥

.
* ×

v←=£ v.fm :g%f
r2

Go  = 0

Al  = Yr } pen = Ix - hzz×2 → satgies going through the points .

Az = - Yr2

Ni Quist SAMPLE THEOREM : IN an Oscillating signal you need at least two samples per wavelength .

More GENERALLY :

Interpolate Ocx ) = §oai fucx ) #a:Yi  →"basis functions
"

1

e. G . Y , ( × ) = xi mononial basis

Yo 4 42 43
Yicx )= sin ( 2yd) •*n÷e
Yicx )=exp[- ( × . xD

' ] to t.kz k



NTERP .
CONDITIONS :

Ao ' 60 ( XO ) tailfcxo ) +
.

. .  t An en ( Xo ) = FCXO )

A°  ' 40 ( Xu ) tale , ( xu ) t
. .  .

+ anyncxn )= fcxu ) } @+1 ]

MATRIX EQUATION :

YoheiYeti::Yxmental msn.eu

Pohnonid case ; comparison to linear algebra :

iR2
4. ( × ) =×i

Base 's Similarly for polynomials :

Assuming Xi , o_O ,
.

. . ,N forms a basis for

tz.PPIbaoejf.IS',E, eif
" d°

> a | Pw For  an .pe#p=&oaixi
eo

{ eaei ] and { do ,d , } span R2

Newton Basis :

Det
'

knick.IE#xgoxx.x.
, }r×m=¥i'' ' is µ

- Property : nhcxj )=o , j< k
.

1 0 0 0 0 Lower triangular .

1 X. xo 0 0 °
• Invertible

n Xixo ( X ) O 0

.

. .

.

. 0
• Find coefficients easily !

-

LAGRANGE Basis :

Can we obtain A- I ? Done um icxj) =Sy={ to iff
It needs to be a oobk because

Directly :

we have three  roots
.

-

Lz ↳
-

• fj(x1=H-XDK - XD ( × - xs ) three roots and 0 at locations^ "

•¥h#*¥¥\ focxo ) ;1=Cxoxncxoixzkxonxs) to →loc×I=&qgY÷,
Xo X Xz × lhln -

t.gl#nYxYdp(x)=E8ililx
)

i=o
j=o



WHY DO WE USE POLYNOMIALS :

• smooth
.

• easy to differentiate and integrate .

• unique interpolation .

WEIERSTRASS Theorem :

Fp E PN
,

the same N
,

st for any E > 0 for any fee

polynomial
Maxx |fCx ) - pcx )|< E absolute

.

~~o~~¥.ie#IiEoiiisioiia W
INTERPOLATION ERROR :

U is fed "( [ a ,b] )
, pcxil = fki ) fi

n

E = fcx ) - pcx ) =

8
"  + "

(5) War .

- IT ( x - xil - Nodae poly#. Weutnsk )
⇐  o

Proof 1
.

1. × - Xo fcxi ) - pcxi) = 0 wcxi ) - 0

( t - Xi ) . . . ( t - xn )

2. × # xi get )=fCt ) - Pct ) - [FCH - PK ) ] ( × . xo ) . .
. ( x - Xu )

Properties of S ,
Roots of g ? G=×o → 8=0

xlt )

t=× → g = O

mmmOn [ aib ] g has N+2 roots
. xo t

Xn

g is Ntr times differentiable .

O=gwtn( g) =fwt 1 '
. putt ) - ( fca . PK )) #

,

⇒ flx ) - pcx ) =
f←" '

(g)
¥

#
wcx )

Rothe 's Theorem
g c- [qb]

GENERALIZED ;

gcti ) = 0 i= 0,1
N : gtti )=o  i=o

,
...

,
N

G E C
'

→ g '( 51=0

.•- g € cut
'

→ gains (5) =o

to ti



Then ( Gnirol OF W )

Of aee polynomials .ph with leading coefficient 1
.

the best  minimum
absolute valve of C- 1,1 ] is Tn#

7
Cheblseu

.

ZCN't ) × = co SO

Def , Tn ( cos 0 ) = cos CNO ) a - > Tn ( × ) = cos ( N cos
'  '

( × ) )

Possible
as (µo ) =p @so )

N :O cos 0=1 To  = 1 Property : Maxx ) Tw ( × )|=y
1 coso = co so

T ,  =×
2

wszo =2os2ot +2=2+2 ' '

may |Tg÷??|= ¥ .

Ifcx) -pay ⇐
f. "

( 5) 1

Ty
°

In
bound of error

WHAT ARE THE TN 's

1 . Twcx ) .

. cos Warccoscx ) )
2 . TNGOSH ) ) = coscnx )
3

. Defoe N polynomial with roots yi=ws(2izjIT) i= 1
, ... ,N

;= To
"

•a-
• •

III:#t#\
exam .

A=f- •
•

:# @=:€
•

•

cluster better than
uniform .

PROBLEMS
:

For Case numbers of N
.

Oscillations on
the sides may occur that is why we

use piecewise polynomial interpolation .



MODULE 3 SPUNES
,

MULTI - DIMENSIONS AND RADIAL BASES

Spare of degree S : ( data Points a - xo c X , < xz c.
. . .

< xn -
b )

S Is a spare of degree D if :

1
.

S is a pohnomial of degree E d On [ Xii Xits ] polynomial in each

on the  entire interval .

Sobntencl
,

but not  in

2. s
,

s
'

,
S "

... . .

,
s

'd " ) continuous total
.

LINEAR SPLINE

Xxx s={ SLITIIYI.BA abicspenesae

:

more used because

so . ,
1×1 × e [ xu - i. Xn ] derivative is not

in mediately a constant
.

Si ( × ) =

fits - fi
xi , .  . xi

. ( × ' Xil + fi for xe [ xiixiu ]

CUBIC SPLWES :

[ a ,b]

1 . s E C2[ a ,b ]
i= 0,1/2,3 , ... ,

w - 1 →
D. of  =1UTf

Ucai  
+ bitcitdi )

2 . Cxi , xitif silxi )=aiG ' Xi )3+biC x - Xittcib . xi ) + di

Si 'ki)=3aiC x. xijz + Zbilx . xil + Ci

Si "C×i ) = Gai ( × - xi ) + Zbi - pretend we know this
.

Si "lxi ) = ni

Si
 "

Kitt ) = Mitt → Gai ( xin - xi ) + ni  =Miin
2bi=m

- bi  
=

ni

fu → spacing
2

ai  
= Ming

6 li

Si ( × ) =
Mile . ni

Tq ( Xxi )3 + nzitcx . xi )2 + Ci ( × . xi ) + di → need more constraints

siki ) = fi continuity of function . -

↳

di.fi#SiCxitn)=fitt-ngiteot@i3+qli2+Ciki+fi=fittci=fityj8i
- lizmi - finite



-
still to oetunne

sicx.ME#.(x.xij3+nzQCx-xij2+(&tL.H- st ni - ftnitn ) ( x . xi ) + fi

First derivative

Sicx ) = night ( x. xip + n÷cx - xi ) + (

AIG
- fini - jkrin )

Silcxi ) = Si . i ( xi ) → continuity .

sicxil = (Kettle - fin :  
. lignin )

Sin 'ln= misfit ( × - xant + MI ( x - xin ) + (

bite

'
. a÷ man - h÷ni )

son 'c×n= Life
'

( ein 't rife :-, ) + ( tijfi÷ . lignin - h÷ni)

= lift Mi - n + lijri  + Sida
first derivative  continuous

.

lift iii.  a  + litztlinni  + lignin  = fifo -
title for i=1

, 2,3 ...  . N -1

ei - r

We have Ntl unknowns , and we have less  constraints
.

USE : NATURAL Cubic SPLINE Net Unknowns N - 1  constants
.

•
Mo  =  0 M µ = 0

tE÷⇐i±÷EI÷÷:ItEIH¥÷i¥÷t
°°oe÷en¥ "

# LungLt÷÷s÷Ij
tridiasonal matnx

FORMALIZED SOLUTION

A. M = f A is tridiagond M= A
' '

.f

if laiil > § ,
lai , I → A : strictly diagonally dominant .  - |detlA)=#

-

then we  can  invert
.

) high ) > |hi÷|+|h÷I - true ? yes away truetkueuaral



OTHER OPTIONS

^

y
3rd devalue anqkwous.

•*So "( Xo ) = Mo  =f" ( Xo ) instead of no  = 0
•*ef

not - a - knot splint - not  nodes  anymore .

>

�1� IVAKEIATEINTERPOLATION

Set of data points :

{ x. :  i=o ,

.

, ... ,n } e Dc R
'

y
find a function that interpolates these data pans .

{f : i. on , ... .

,
n }

Pki )=fi i=o
,

,
,

... .

,
n

Zy )
STRUCTURED Grits UNSTRUCTURED GRID

y

y
Bpoaessoesamsooitsnaaoh:L . .

>

X points . €Dya
x ×

Pcxiy ) = §o Ca . bcxiy ) - >
Pcxi ) = fi  → &

,
och bhlxi ) = fi

A. C = f c= At .f

Aij  = bjcxi ) det (A) ¥0

EXAMPLE

Pcxiy ) = ao . i Ai X + Gzy

2 1 0 0

f-afloat:D
1 2 2

]
i

3
A

2 2

1 ^

0,0 Ao  = 0KEEFE::p.tt?oeola+a.idetCA)=OPCx,y)=aixt
C 1- any is a solution

, so unique solution .



TENSOR - PRODUCT INTERPOLATION

{ ( ×i " %) }
spent between functions depending only on × and also Y .

^

Yn -

bij ( xcy ) = Pik ) . Yj C y )
C.×fiYr )

Yo -

, ,
plxiy ) = §o§.oPikl ' Yjcy ) .

CjiXo Xn

( *) n

KK ) = Li C × ) = MK-×h)h=o( Xi - Xh )

htl

Basis function bij ( Xg , yr ) 7 m ( y
- yh )

.

Yjcy ) = Lbj' (g) = M -

h=o (Sj - yh )

Li "
( xg ) . Lj

' "
( g.) = {

1 9 =i and r=j
htj

0 otherwise

Pcxg , b.) = §o §obij ( Xa
, yr ) . Cij  

= Cgr is he only tem that  " survives " because the

rest go to 0
.  →  = fgr  → Cijefoj

due to tee fact of unns

Pcx ,y ) = §lo§=o ' fij .LY'cx ) . LY
'

( y )
the dagase basis .

EXAMPLE :

find te bilinear polynomial pcxiy ) from the data .

f( 0/07=1 f ( 1,0 ) : fcoi ) - fciil ) = 0

do ( x ) =

× - 1
= 1 - × Low = bo÷= e - y

0 - 1

La ( × ) =
I

= ×
LI C y ) = be -0

1-0 If
= y

0

Pcx
, y ) = fqo Lok ) . 20 ( y ) + fno . Li C x ) . Locy ) + fo ,

.

. do c × ) + L , Cy ) + fci .  i ) * 2 , Cx ) . L , qg )

Pcxiy ) = G- X ) ( t Y ) =|P(1z,E)=|1T|
-

When n and M are increased a lot He grunge feromaon on the edges does not work
.



PATCH INTERPOLATION RECTANGULAR

• In 1D
,

to avoid oscillations of the htopolant we use spares .

• In ZD ,
we can use patch Interpolation

a Perform the Interpolation in rectangular or triangular pieces .

y
Pi R R C. 1,1 ) → fi Pcx ,y ) = Go  + Aix  + azy + as xy

Pz ( 1 ,
1) → for

×
Pz ( -1 .  -1 ) - f '

a a man .at:11?M;Hk.al
1 1 . 1 -1

at = [ Ao  / Al iaz , a ] ]
A a f

btcx ,yi= [ 1. X ,y , Xy ]

Pcxiy ) = b *Cns ) . a = btcx , y ) . At .f Scx ,yi = [ 1
,

× , y , xiy ] . tg ( th}It?]
→ different notation

.

~
- i e 1 -1

Shape function Scxcy )

s.net#IetIyEIMafi*itIiy( a - X ) ( 1 - y )

( 7tX ) G - y )

PCXIY ) = Scxiy ) . f= HE Snag , .fi Not always a rectangle , so we should

Mapp into a rectangle whatever tee surface .

Example : 1

find pcxiy ) Of FCO,
0/42 )

, On he unit rectangle

pC× 's ) = LI ( 1 - × ) ( yey ) + f- C ni × ) G +  At F C 1 - Na - y ) + ¥ ( 4-1×14 - y )dewmre Pan

punish



EXAMPLE 2

pica , 1/2 ) Pe= ( 242 ) 13=411 's ) Rt ( 2 '
' " )

} p=( 3,2
,

Mu ) ?

fi  = 1 f2=2 f3 - 3 for  = 4

. ypr × E [ ax ,bx]→ §× E [-1/1]
- map onto  unit

rectangle .

tp
,

tp
,

Exp = 2 ×b÷tax× - 1=2 ×z[÷ - a  = 2×-3

§y=z 5-4--1  = 2. y - Ms
sgay

He
-1 =

- 2J

Patch INTERPOLATION : TRIANGULAR Patch

P, = ( 0,01 - fi PQ ,y ) = Ao  + Aix + Azy 3 DOF - 3 points

Ps a. Pz = ( 1,01 → f2
INTERPOLATION CONDITION

Ps .

. ( 0
, 1) → f3

p(±y= fi  i. 11213
• •

Pi Pz

pcx ,y1=btCx,y ) . a bilxiy )=[n , x. y ]
( ff g)(add . ft;] panacea 's

Slx
, y )

A a f deth ) = 1

A*. ( toIo} ) at .fi#.a*t=fl;to
°

;]
Sox 's '= [ '

' × 's ][¥°g°o±]=[ 1 -

I
- b ]

y

Pcx , g) = [§
,

Sicxiy ) .fi  = ( 1- × . Y )fi + xfz + yfz



UOW DO WE MAD TRIANGLES INTO UNIT TRIANGLES ?

•

Bca
, ,

Pi = ( hi ,vi ) To male the transformation from ( x. g) → ( u ,v )

•
( 40 )

SY Rfax { IIYIYIIWYXIYIIYYY reunionR oposile

Long equations - X= X ( hiv )

y= ycu ,v )
Sc x. g) =

Scxcuiv ) , ycuiv ) ) = S*( a ,v )

Pcxiy ) = Pcu ,v ) = §gSi*Cu,u) .fi

RADIAL Basis FUNCTIONS

Scattered grid instead of regular ,
to get continuous and Smoot approximation ,

same as  in ZD
.

Guarantees unigenes and existence of bwaiate interpolation for arbitrary distinct data points .

0 :R2 → R is a radial function if a function 4 [ Qth ) exists such that

( x ,y ) →  real number

0(±)=4( r ) r= 11×11=5×2+5
'

{ xi :  i. 0,1 , ... ,n }
{ fi : i. 0,1 , ...

, n }

iga=Tf 1811×111=11×211
RBF  interplant :|e,=e=

→ QCX , )=$C×2)

T "

e .

• kid ' ) Depends on tie norm and not
SCI ) = ,§oG . 0/(11×-1411)

on X and y separately .

Xi

fr SCIW ) =f[ i. 0,1 ,
... in .

⇐ a

.ae#.x.n=sia=f8iiYIIiit0oYnxIIiIl:iYiixIIYitA.a=fAis=0(nxi.x.n
)

04K¥' " ) 04h '÷×' " ) .  .  . 01"x¥xnM
Aii = 0/(0 ) →

Aij = Aji c- HXI -11,11=11 Xs - Xill



RADIAL FUNCTIOJ INTERPOLATION

1
• Gaussian 0 ( r ) = exp [ - ( Y . RT ] • Inverse muehquadrahc

-1 + ( Y .r)2
1

• Inverse quadratic OH =
• Linear Ocr ) = r

1+ ( Y . f) 2

EXAMPLE :

0 ( r ) = exp [ - ( y . r Y ] used to interpolate × = {1,373 f={ 1,1
,

1 }

Xo - Xo =o → 0co)= e-
(

8*02=1 Is 8=10

x.  . * ⇒ to# =e
"
"

E.an :*:
"

::L:::YH§ ;) . WX2 - 110=6 - s 0cg ) = @
-36*2

exp ( -3600 ) e×PC - 1600 )1×2
- Xi  = 4 → 0C 4) = e

1682

Not good approximation !

sure tie solution exists ,
but maybe 's

Is 8=1  → better

} n he order of separationnot a good solution ! If 8=0.1 → perfect . of data points .

LEAST SQUAREREGRESSION

Approximate the values of the data points Instead of finding a function that passes

through He data points .

m

×
x  +

approx trend of data
0(N= §

.

Ci K C × ) men

x  xxxx points .

It does not  care about order
,

more DOF
.

x× x ×

x  x {xi%i=i , ... ,
n }

×
. { fi : at . .

.  in } UOW WE  DETERMINE COEFFICIENTS f

the blue is better than the R=§g(8ih° - a '×i )
'

→ 3±ao= -2 E. Gi - ao - aixi )=o

black because the sum of

the residuals square is less .§aa° +Elka '  =€"sfi → hao  + §yxiai=&.fi

R=§µri2 / Ri  
= ftxi ) - Ocxi ) i=t .

i.

 in }a÷=o Exiaotsxiza ,
= Exifi

$Cx1=Ao  + A , X ro = fo - ao
- aix



haot §⇒×iAi=&.fi

sxiaotsxiza ,=⇐s .

}tgYcEeeIn
.

[ In.TK#f=lEshgf

fcx ) , gcx ) → scalar product of < fig >  = §yfCxi ) . gcxi )

EIIIIIH ::H ::p
m

Ocx ) = { a ] Yo ( × ) men ri=fi - Qcxi ) - fi - §⇒as Qocxi )
]=1

R=§gri=§I[ fi - Eta 'S ]cxiD2 Fa ,=o s= 1
, ... . ,m

t.in?::::i:iI::::ItE:HtY::iL:p
€42,6,

> = §gk( xi ) . Yicxi )

+× ROOT MEAN SQUARED Error GRRS = f¥
x

×
x n

×

how well He trend of He data points its approx

by our approximate

NUMERICAL DIFFERENTIATION

Approximate f.CH ~j&oAjfCXj ) solve root finding faster
.

↳ derivative

-
MY→ evaluate

.

eruahue → GO it will

¥h¥,
be on approximation .

! I

|
! !

,

If we more the pans
1

, i.

X , xo xr closer will be a good
approximation .



METHOD 1 : FORDWARD DIFFERENCES

ftxo, ,
fcxoth ) - fcxo )

fcxothl
^

h

4¥.fm?xnaeouaa
.

T

•Td*
Error ?

.
as he gradient of .

! ! this  are

; : { = DF ( f ) - f 'C×o )
×

Xo Xoth

at

Apply Taylor series to fkoth ) = fcxo ) + ficxo )h + If "C×o)h2 +8 ( 43 )

Substitute fcxoth ) - 81×07
, fkxo ) + Ff "Cxo1h + 6h24-

approx of f ' ( x ) truncation error

METHOD 2 : BACKWARD DIFFERENCES

fcxo ) fqxo ) a
8401 -840 ' 4 )

D ,
^

h

4¥#
"

nxnaieanaau error
air

•t*
: as he gradient of

g(×o . 4) = fcxo ) - hfllxo ) + If "Cxo)t£(43 )
! ! this  are

; :xoh
xo

× 840 ' - 840 -

hl=fy×o ) . If "C xD +0144
4

Which one is better ? both are the same
.

METHOD 3 : CENTRAL DIFFERENCES

ddng both methods together

ftxolx It ( Delft + Day , ) = 12 ( &×0thn
' - 8407

,

81×0 }
. fcxo - h )

]
fkxo ) =

f(×0 ' ' h ) - fcxo - h )

2h Error : ?

Taylor fcxoih ) = fthf 't £42f
"

+1g,h3f "  + 0 ( 4h" )

Taylor 81×0-4=8 - hgtfhy "
- guy

" ,+g( an )
} 24/8 '

= #8'+¥fh&f" '
i 614$)} error



GENERALIZED DIFFERENCE RULES

D[f ] = §gai fcxoiih ) →
solve for  coefficients f

'cxo)=D[
f) + G( hn )

find roles for highest possible orders MI 4×4 invertible

h=3 GoanAz A ]

Taylor of fcxo )

fcxoth
) fQot24 ) fcxot 3h )

fko ) 1 1 ^ 1 Go 0

3 A ,

a :Y :p: :ftp.Hf. h3f ' "
O 1 8 2A Go

°
1h48

" "

o r 81
4 !

16

at ft ( -11,18 ,
- G. 2) - build difference rule

is It invertible ?

sina.fi . " .sc#+is.sixom-aIxonh't2skot3h " (¥•g¥jy¥ag¥I;]
BALANCING TRUNCATION ERROR + ROUNDWO Error

FD fyxo ) -

840+41 - fkol
- tzhf "( xo ) + 0142 )

n
.

truncation

error
Assume rounding error in flx ) of ECN we are evaluating

IECMI < E. constant E
,

true for VX Fcxoth ) - FCXO )
=

flxoihl - fcxo )
,

Ek•m#×d
h n n

Error : |f'
- &Q0thg÷KY=|EC×th#c×)

- tzhfhcxo ) +642)|
€1 Ekndf.IE#/a11zhfY+olh4



|Ekn+I/+/E¥/a|1zhf" 1+6142) ←

2¥
+ EHM ' 644 }e(h)

w
-

rounding truncation

Assume f "
CM

,
-Vx

-
> not  massive

At 64 bit FP → Emach , 1016 E = 10-16 µ=I "dependent Ofh

Choose 4 such that h St uper bound is minimum

de
= - 2¥ the 42 → 4¥ = h= 2¥ optimum h to mnimoe error .

fh=° of -8

2.101

RICHARDSON EXTRAPOLATION

General technique for increasing he order of the truncation method .

Rule Dhcf ) with step h
,

with order N 2 , P are constants
,

unknown

Dhcf ) =f' + L .

hN+ph
N 't

+ 0(hNt2 )

Compare : Dh ( f ) = fi + xh N
+ phnt 't G( 4*2 )

D4zCf1= f 't xhzfui B hzt÷n + G(hNt2 )

2 '

Dhzlf ) - Dh (f) =(2N -1) .fi + yhwtr + Glunt 2)

2N Dhzlf )
- DHH )

=g
,

+
yhn 't

+ 6(hnt2 )
W% "

"

"  " "  "

)Example : FD

Dh (f) =
fcxth ) - f( × )

T
t 6 ( H N=1

Dhqcf , = 81×+421-8=+6 ( h )

Osnsn * ,ch#
4. fcx  + hz ) - 3 ' fcx ) - fcxthl

D
'

y ) =
2Dh=Dh

=
= f 't 042 )

2N - 1
h



MODULE 4 NUMERICAL INTEGRATION

I[f]= fabflxidx= §g wifcxil = Q [ f ]

Degree of Precision ( DOP )

Defn Q[f ] has Dop d :

% 0
• ifQ[p]=I[p ] V. pep

"

%

. and Q[g ] V. I[q]
Fqepdtt

Eotuualnt Q is expect V. axdtaxd -1
 + . . -

.  + Ao

and Q is not cart for xdtt

Linearity : I[ap+bq]=aI[p]+bI[q ]
Q[ aptba ]=aQ[p]+bQ[ a ]

Iteoranou conditions : I[ p ] - Q[ P ]

b
• Q is exact for X9 . . ./X°

p=1 ( b- a)=§ndx= §oWi
Q

Linear system :

Vandomor - >  

invertible

p=X b2¥=µXdx  = §oWi×i

( III
.it?iIwffffff=ffEaE/rnbst=fixzox=&.ouxrx:dxid.......x:vd

, ,

[been
,

Simpsons Rule fcx .int

.

Scx
. hl

*¥0,1Am for DoD 2
.

• * ,

,i.: * in ×

Q[f]=wof( . 4) + W±f( o ) + Wzflh ) - h

Wo W , Wz

From below :PpI^×µh ^of)( Www! ) =|§[] Q[g]= hggcmtuhfflathfflh )p=x2 42 0 h2



→ wo  = wz ( from p=x )

( p  =x~ ) ⇒ h2woth2Wz  = 21323 wo . Wz = §
( p=^ ) = > W ,  = 4§

Interval Transformation

Unit - space : Physical space
.

f
b

-

h

× × x × s

. ] 1 X  ×  ×  × l
wo wl 02 W3

. a wo
'

ul
'wdwibX

x .

. ( atzb ) . , ( by ) } dog = by
x=( ) + ( ) ] TIi
I[ 8 ] = fahfcnoxtfnfcxosiodxzdz Iffy.§owifcxis=§lo( be wi ) fcxi )

COMPOSITE RULES

f= C
'

h=yi+r - Yi

~ Add up all the approximations of each interval
.

deride into sub interval
.

×

yo yi Yi - - - Yn . , yu
-

h

REDUCE Error : by hoeashs d. Oscillator can be a problem .

so beto not

IG ] = fabfcxidx  =§fofM¥cx,o× = §oQ[ fjyi
,

site ]

Composite role - to  not go to high degrees of

polynomials .



Error Behaviour why h→ 0

TAYLORS  EXPANSION

small
,

so "h
.

"

Degree of Q= d -
!

Desire gicx ,=gcy , ,× ,
{ kind"  =

lots
'0 ' + so '×  +125401×2  + .  . . .  +

tggd(a×o)o×+ float
, ,g0" '

Bin

)×ot÷
error term

.

Error Eic A [ hxot '

dx  =  jtzhd "
~ °( " " 2)

snasutene .

Total error E =§o Ei  = Mo÷z hdtz , g( non ) M a 1 TRAPEZOIDAL RULE

h DOP : 1  nor : h2

GAUSS . LEGENDRE QUADRATURE

Allow fee choice of Xi
,

as well as Wi
. Dot  → 2C Ntt )

Solve DOP 2C Ntt ) . 1 =/2Nt#
error

-
error

j < 11/11 ' candle
4/1/21

"HM ,
out

< d u >

-1 1
Xo

DO THE SAME WITH DIFFERENT  POINTS
.

Exact µa× , b dx  Ib. 2

Qcn ) = Ice )

Wo  = 2 N=O
Qcx ) = ICX )

wo•×o= �8� ✓ 1×0=1
Q[ 8) =2f( o )

-

QUADRATURE RULE 1-

N=1
(11 Q[ 1 ] = I[ 1 ] 13 ) Q [ ×2]=I[×z] a) wofcxo ) + Wifcxi ) = 2 ✓

( " Q " =±[ × ] " " Q[ × " = # × " ¥ ¥

|¥§%¥N¥¥¥ mean
(2)

WOXO
 +  Wi  X ,  =  0 ✓

CHNIQUES
.

(3) Wo Xo2+W , X ,
2  

= 2/3 ✓
USE  NEWTONY METHOD

X X 1

. Xo Xn 1 I 4) WO ×o3+  W , × ,
3=0 ✓ 4 Unknowns  U equations .

Wo  W ,

Assume symmetry :

QUADRAURE
RULE z

Wo=Wi=1 ( s ) xoz -1×02=43  

ftp.T/Qd8J=fftFs)+f(1s

)
xo - - X ,

-

symmetry assumption  result .



IDEA : POLYNOMIAL INTERPOLATION  + INTEGRATE  THE IUTERAOLANT

1¥
Sbmpsons Rule :

#*¥•
2

locx , =

* ' c × - h )

in eo n dasmse : pcxl = Efilicx )2h24i - o

QG ]= fpk ) dx Q[8]=§o fifuhqcx ,d× wo=[nhlocnd ''=tE[fx3 - ¥×2]|
- u

-
=µz]→1wo=wT

weight of node .

-

Same
.

wi

MODULE 5 : Numerical Solutions of ODES

PROBLEM STATEMENT

tales some  space  w andFind a (E) Satisfying dowq = f. ( in ) and ECO ) = Uo maps "  on to He ocnuahueogu .

k is a function u : R → Rm du
-

= u
'

f : Rm → Rm dt

1. D case : h '=f( u ) U : R→ R f : R→R

Initial value problem , wc know to  and we  want to know the end
. Not boundary value

.

• S ( UCO ) , u ( t ) ) = 0 } NOT  Covered

[×AmPLI Body accelerating under gravity .

e
~ NO All All

" *Drag a O
' D .EP¥(×j2

m . mass
MX "

.

'
. mg MX "= -

mg + EH 12 → transform to 0ft - ui

tens u=( I , ) :(hitu=( I , ) weneeoxaoxi

.

Mu
,

'  
= -

rxg
mu ,

'= - mg + E. up

WO 1
= U , Uo '

=  hi

a. '
= ( Yg ) ±=FgtEuH

in

E
'  

=

f( a ) d-
'

=f( in )



EXAMPLE AEROSPACE

Structural EQUAIRONS :

Mh "
t So . O

'

't hh . 4 = - [ ( h :o)
So - static  mass moment

Io =  mass moment of inertia
Soh "

+ too " the . O = M ( h '

,
O )

m  =  mass
.

#
consider just h ' and O '

IUoIEIOIOTMnEtEdkooioIEdikioaitt@w-flHNONAuT0N0nousODEsCScalar1ul-fCU.t

) rewrite it without a t
.

we can always do it
,

↳ explicit dependence
on time

.

T.CL : fate variable :

k= ( yo
,
)= ( y

,
)

↳
'

= foot ) → uo '=f( 6. a , )

hi '
= 1  = t

-

no dependence  on t
.

GRAPHICALLY
h ,

U Ede'=8c4

~w=f(
4 u :B → R2 Hoppy

Not  cross 'N° :

no Effiaofxeotc . £

exact solution
ho*w-E~

for a scalar  equation
, this lines should

\•\
is uncertain •

never cross If they do the future

t

u ,

STATE - SPACE

.
N * * @ → " °

'

ho



DISCRETHATION UCH

• u :# → Rm →

u
SCALAR SYSTEM Discrete solution :

,
~

-
U w~=f( k ) ( ) [ =

ECOI
Uo . '# Ec set"" : go.tn#e&ws../e*tanu:am

.
, t

At Zst Nst

If h : R -s RM E cpywtnm

Numerical METHOD To FWD wi
Reduced A infinite dimension U → finite . dimension vector .

• Aiming Lo approximate Trlint )~- hi

° Assume past  is known but future is unknown ho
,

Ul
, ... . ,Ui known

Uitr
, . . .

.

, UN UNUNOWN

predict the future usingthis
• • • • FHO hits in terms of hi

,
Wi - 1.

.
.

Ui . ] Uiz Ui . A Ui with Uri .cz

U '( ti ) I hiIwd win  =Ui  + Attflui ) FORDWARD Euler
ot

fcwi ) from

equation C 1 )

h SAMPLE  Powis
appnxnahon

, of stale * [ =f( E)

uo*n¥;q¥*¥*#*@
F- Euler DOES Not GOOD# approximation very • • • a

.

} decrease st to improve

> f
of E

ERROR .TN F- E Taylor expansion :

- taylor .

(

tlwcti
) .

. high + § =

hltitst ) - ultil
, g

st

(4) hltutst ) = wlti ) + whilst+ tzuiiz ) .st2 -3 E[ti , tin ]

E= - EU
'

' ( 5) . st Rearrange CHI → l t )

Next step µ Proportional to Ocsty

Ui '  
= fcwi )

U it ' . Wi
+ E = fcwi ) hits  = uitstfcui ) - st .E

st -

error  creach time step



Error in Un at t=T

Tale N steps
,

each sleep error ~G( sty

Et ~ N . GCAE) N depends on st - Ntftt
~ GC st ) → F- E is a first order accurate method .

BACKWARD EULER

predict the future using this
,

••••-•••
Ui . ] Uiz Ui . a Ui with Uitz fcuin ) Ujte =

k€4 + GC at )

at
- p

Use this
.

enteredhere
.

Rearrange :

BACKWARD EULER

bier = hi + St f( hits )
HOW TO USE METHOD :

• Assume f linear : flu = Au + B

hits = Uitst . [ Amin  + B ] [ I - st . A ] him  =Ui+AtB If Jnuehble

-

|Uitr=Tf. -

• Use root - finding at each time - step .

• diarize f
, error 0 to frewize

fcuin ) = fcuitsu ) = fcwis + fkwilou + Gbsuzj
-

Jacobian



COMPUTATIONAL MODELLING

PROCESS

dlsoetinatvn

modelling Algebraic Solution .

Physical MODEL Numerical
System System Solution

VerificationValidation

MODELLINB

UNCERTAINTIES

Epistemic : Due to unrecognized or unanticipated behaviour .

LEATORY : Impractical to Measure .

MODEL ERRORS

Due to the use of simplified equations , linearization and sub . models for difficult to

Compute phenomena .

DISCRETTZATION

Take a continuousfunction and male it discrete. Solve for discrete function it  is easier

for commuters
.

DLSCRETIZATIJN ERROR

Taylor : Uitr  = Wi + A×dY×|+ szIdoI×|+ . . .

÷  oetizahon error
.

SOLUTION

Iteration and Round - offerors .

LINEAR  ITERATION error : error due to halt 'Y of the iterative procedure for the solution

of a brew algebraic  system . ( < toe 2)

NON '  4 NEAR  Iteration  Error :  error due to halting of he iterative solution  of he non - linear

problem ( a  toll )



VERIFICATION

TYPE  1 Establishes consistency with the PDE  t Dcs done using exact solution .

Type 2 Provides error estimate .
done  with grid study .

VALID AMON

Stabhshes the magnitude of model errors and uncertainties
.

REQUIREMENTS

CONVERGENT :
I f when running he code ifi increase he* odes ,i get more close to the

solution
.

Consistency : when substituting as exact solution into he discrete  es - anons he

ones terms that remain are these that tend to 0
.

Stability : numerical solution is  unique . Smale charges to he  input produce

only small charges to He numerical solution .

It  is possible to have a consistent algorithm which is not stable .

ACCURACY : It  is possible to

design
methods with a certain order of accuracy .

Computers  are not better

AFFORDABILITY : Some solution methods are much faster than others . but  methods are
.

PARTIAL DIFFERENTIAL EQUATIONS

U AT EQUATION

du
of

-

- v .

In
0×2

CONVECTION EQUATION

a.

Unattenuated

Fe -1 off -
- o

.

ADVECTION - DIFFUSION EQUATION

off today = v.
the

• Combination  of two previous

2×2 •
.



SECOND ORDER WAVE EOWAPON

22W
•

jfz
= CZ In

2×2


