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Section 3.4

2. exp(2 — 3i) = e’e 3 = e*(cos 3 — isin3).
3. " =cosT+isinTt= —1.

4. e:cp(2 — %z) = GQ(COS% — 1 8in %) = —e’1.

6. m 1 = exp[( — 14 2i)Inw] = exp( — Inm)exp(2inmi) = L exp(2inTi) =
= %[cos (2Inm) +isin(2Iinn)].

8. The characteristic equation is 7> — 2r + 6 = 0, with roots r = 1 + z\/g . Hence the
general solution is y = ciefcos /5t + ¢y el sin /5.

9. The characteristic equation is 72 + 2r — 8 = 0, with roots »r = — 4,2. The roots
are real and different, hence the general solution is y = ce 4 + ¢, €.

10. The characteristic equation is 72 + 2r + 2 = 0, with roots r = — 1+ i. Hence the
general solution is y = cie ‘cost + c,e " tsint.

12. The characteristic equation is 472 4+ 9 = 0, with roots r = :I:% i. Hence the
general solution is y = ¢,cos %t + ¢y 811 %t .

13. The characteristic equation is 72 + 2r + 1.25 = 0, with roots r = — 14 %z Hence
the general solution is y = c,e cos %t + e tsin %t.

15. The characteristic equation is 7 4 r 4+ 1.25 = 0, with roots r = — % + 7. Hence
the general solution is y = cie”*cost + c,e /?sint.
16. The characteristic equation is 7% + 4r + 6.25 = 0, with roots 7 = — 2 i% i. Hence

the general solution is y = c;e % cos %t + e ?sin %t.

17. The characteristic equation is 7> 4+ 4 = 0, with roots r = 4= 2i. Hence the general
solution is y = c;cos 2t + ¢, sin 2t . Its derivative is y' = — 2¢,sin 2t + 2¢,cos 2t .
Based on the first condition, y(0) = 0, we require that ¢; = 0. In order to satisfy the
condition y’(0) = 1, we find that 2¢, = 1. The constants are ¢; = 0 and ¢, = 1/2.
Hence the specific solution is y(t) = §sin 2t.

19. The characteristic equation is 7> — 2r + 5 = 0, with roots r = 14-2i. Hence the
general solution is y = c,e'cos 2t + ¢, e'sin 2t . Based on the condition, y(7/2) =0,
we require that ¢, = 0. It follows that y = ¢, e!sin 2t, and so the first derivative is
y' = cyelsin 2t + 2cye’cos 2t . In order to satisfy the condition y'(7/2) = 2, we find
that — 2e™?c, = 2. Hence we have ¢, = — e ™% . Therefore the specific solution is
y(t) = —el"™?sin2t.
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20. The characteristic equation is 72 + 1 = 0, with roots r = #14. Hence the general
solution is y = c;cost + ¢y sint. Its derivative is y' = — ¢isint + ¢, cost. Based
on the first condition, y(7/3) = 2, we require that ¢; + /3¢, = 4. In order to satisfy
the condition y/(7/3) = — 4, we find that — /3¢, + ¢, = — 8. Solving these for
the constants, ¢, = 1+2/3 and ¢, = /3 — 2. Hence the specific solution is a steady
oscillation, given by y(t) = (1 + 2\/§> cost + (\/3 - 2) sint.

21. From Prob. 15, the general solution is y = cie ?cost + c,e /?sint. Invoking

the first initial condition, y(0) = 3, which implies that ¢; = 3. Substituting, it follows
that y = 3e "?cost + c,e”"?sint, and so the first derivative is

3 , _ Co 4y .
y' = — Qe_tﬁcost—Se_t/2smt+cge ecost — 526 sint.

Invoking the initial condition, y’(0) = 1, we find that — % +c,=1,andso ¢, = % )

Hence the specific solution is y(t) = 3¢ "?cost + 3 e/ sint.

0 SN B R
0.5

24(a). The characteristic equation is 5r% + 27 + 7 = 0, with roots r = — %ﬂ: i@.
The solution is u = ¢,e ¥ cos @t + e Psin @t. Invoking the given initial
conditions, we obtain the equations for the coefficients: ¢; =2, — 2 + \/3_4 c,=095.
Thatis,c; =2, ¢ =7/ \/374 . Hence the specific solution is
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u(t) = 2e Pcos Y—t + ——e Psin ~—t.
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(b). Based on the graph of w(t), 7" is in the interval 14 < t < 16. A numerical solution
on that interval yields 7" ~ 14.5115 .

26(a). The characteristic equation is 7> + 2a 7 + (a>+1) = 0, withroots r = —a+i.
Hence the general solution is y(t) = c;e”“cost + c,e “sint. Based on the initial
conditions, we find that ¢, = 1 and ¢, = a. Therefore the specific solution is given by

y(t) = e “cost +ae "sint
=V 1+a?e "cos(t—¢),

in which ¢ = tan™"'(a).

(b). For estimation, note that |y(¢)] < v/1+ a? e *. Now consider the inequality
V1+a? e <1/10. The inequality holds for ¢ > %ln [10 1+ aQ] Therefore

T < %ln[lO\/ 1+ aQ}. Setting @ = 1, numerical analysis gives 7'~ 1.8763 .

(¢). Similarly, T}/, ~ 7.4284, T}/, ~ 4.3003, T, ~ 1.5116, T; ~ 1.1496.

(d).

Twvals
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Note that the estimates T}, approach the graph of %ln [10 v1+ aQ] as a gets large.

27. Direct calculation gives the result. On the other hand, it was shown in Prob. 3.3.23
that W(fg,fh)= f°W(g,h). Hence

W(e”cos ut , eMsin pt) = e*M W (cos it , sin ut)
= 2 [cos pt(sin ut)" — (cos put)'sin put]

— pe,

28(a). Clearly, y; and y, are solutions. Also, W (cost, sint) = cos*t + sin’*t = 1.
P it o s2 it it . . : _
(b). y' =ie",y" =i*e" = — e". Evidently, y is a solution and so y = ¢,y; + ¢,».

(c). Settingt =0, 1 =c,cos0+ c,sin0, and ¢, = 0. Differentiating, i e’ = ¢, cost.
Settingt = 0, i = ¢, cos0 and hence ¢, = i. Therefore e = cost +isint.

29. Euler's formulais ¢" = cost + isint. It follows that e™" = cost — i sint.
Adding these equation, e + e~ = 2 cost. Subtracting the two equations results in

e —e ™ =i sint.

30. Letr, = A\ +ipy,and ry = Ay + 25 . Then

exp(ry + 1)t = exp[(A + Aot +i(py + po)t]

= eM N eos (1 + po)t + i sin(p + po)i]

6()\1+)\2)t[(005 pit + isin pit)(cos pyt + isin pot)]

= M (cos put + isin pt) - e (cos put + isin pt)

Hence ettt — ent grt

32. If ¢(t) = u(t) + i v(t) is a solution, then
(u + )" + p(t)(u +iv) + q(t)(u+iv) =0,

and (u” +iv") 4+ p(t)(u' + ') + q(t)(u + iv) = 0. After expanding the equation and
separating the real and imaginary parts,

u" + p(t)u” + q(t)u =10
o+ pt)v" +q(t)v =0

Hence both wu(t) and v(t) are solutions.

1 dz dz dx

34(a). By the chain rule, y(z) = % 2'. In genera , 5= 9. Setting z = 3,

E_
d’y _ dz dr _ d [dy dz1 da d*y dx dy d [dx
we have W_Eﬁ_d:r[ﬁ E]T_ o w2549 However,
&Ly _ Ay [d_:c] 4+ by &z

dt dx dt*"

d [de]de _ [dx]|dt dz _

i L3t @ = [dﬁ} % = G Hence i = 7%
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(b). Substituting the results in Part(a) into the general ODE, y" + p(t)y’ + ¢(t)y = 0,
“we find that

Ay [dz]?  dy d*x dy dz
2 22 )2 == +q(t)y =0.
dac?{dt} T ae TP g Ay =0

Collecting the terms,

dz]*d%y d*z dx | dy
g S =2 =0.
[dt] i " [dﬁ () dt}da: +alt)y

(¢). Assuming [%]* = kg(t), and ¢(t) > 0, we find that % = | /k q(Z), which can
be integrated. Thatis, x = £(t) = [/kq(t) dt.

(d). Let k = 1. It follows that ‘57? +p(t) % = 9 4 p(t)et) = % +p./q . Hence

d*x dz] [dz]®  q'(t) + 2p(t)q(t)
[W + p(t)E:| / [a} = 2[q(t)]3/2 .

As long as dx/dt # 0, the differential equation can be expressed as

d’y  [q'()+2p()q(t) ]| dy
da? [ 2[q(6)]" ] ERR
*For the case ¢(t) < 0, write ¢(t) = — [ — ¢q(t)], and set [%]2 = —q(t).

36. p(t) = 3tand q(t) =t*. Wehave z = [tdt =t*/2. Furthermore,

q'(t) + 2p(t)q(t)
2[q(t))"?

The ratio is not constant, and therefore the equation cannot be transformed.

= (14 3t%) /¢*.

37. p(t) =t —1/t and q(t) = t*. We have x = [tdt = t*/2. Furthermore,
q'(t) +2p(t)q(t) _
2[q (1))

The ratio is constant, and therefore the equation can be transformed. From Prob. 35,
the transformed equation is

d*y  dy
ST Sy =o.
dxz? + dx Tty

Based on the methods in this section, the characteristic equation is 72 + r + 1 = 0, with

/3
roots r = — 1iz‘/7—

5 . The general solution is
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y(x) = cre?cos \/3x/2 + e Psin\/31/2.

Since z = t?/2, the solution in the original variable ¢ is

y(t) = et/ [clcos <\/§t2/4> + ¢ sin <\/§t2/4>} :

40. p(t) =4/t and ¢(t) = 2/t*. Wehave z = /2 [t"'dt = \/2 Int. Furthermore,

q'(t) +2p(t)g(t) _ 3
2[q(t))"" V2

The ratio is constant, and therefore the equation can be transformed. In fact, we obtain

d?y 3 dy

-— + —F= =0

dz? + V2 dx ty
Based on the methods in this section, the characteristic equation is \/2 r2 +3r++/2 =0,
with roots r = — \/5 , — 1/ \/5 . The general solution is

y(zr) = cle_ﬁx + ¢ e UV,
Since =z = \/5 Int, the solution in the original variable ¢ is

y(t) — Cle—2lnt + e e—lnt
=ct 2+t h

41. p(t) = 3/t and ¢(t) = 1.25/t*. We have = = /1.25 [t'dt = \/1.25 Int.
Checking the feasibility of the transformation,
q'(t) +2p(t)g(t) _ 4
2[q(t)]"" V5

The ratio is constant, and therefore the equation can be transformed. In fact, we obtain

&y

4 dy
dac2+\/3%

+y=0.

Based on the methods in this section, the characteristic equation is
2 _ ; 2 41 L
V572 +4r 4+ /5 =0, with roots r = 75 +ie The general solution is

y(z) = e Vocos /5 + cre M Vosin /5.

Since 2x/ f = [nt, the solution in the original variable ¢ is
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y(t) = cie™lcos (ln\/t_) + e Msin (lnﬁ)
=t! [clcos (ln\/l?) + ¢y 810 (lnﬁ)] .

42. p(t) = —4/t andq(t) = —6/t>. Set = /6 [t 'dt = /6 Int.
Checking the feasibility of the transformation (*see Prob. 34 d, with q < 0),
—q'() = 2p()g(t) _ =5

2—q)” V6

The ratio is constant, and therefore the equation can be transformed. In fact, we obtain

Based on the methods in this section, the characteristic equation is \/6 r?—5

r—\/€=0,

with roots r = \/g , — 1/ \/E . The general solution is
y(z) = c1eV" + e V0,
Since = = /6 Int, the solution in the original variable ¢ is

y(t) _ cleGInt + e e—lnt
= C1t6 + Cgt_l.
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