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Section 2.6

1.   and .  Since , the equation isQ Bß C œ #B  $ R Bß C œ #C  # Q œ R œ !a b a b C B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  $B  2 C œ 2 C R# wa b a b.  Now , and equating with  results in the possible<C

function  .  Hence , and the solution is2 C œ C  #C Bß C œ B  $B  C  #Ca b a b# # #<
defined .implicitly as B  $B  C  #C œ -# #

2.   and .  Note that , and hence theQ Bß C œ #B  %C R Bß C œ #B  #C Q Á Ra b a b C B

differential equation is not exact.

4.  First divide both sides by   We now have a b#BC  # Þ Q Bß C œ C R Bß C œ Ba b a b and .
Since , the resulting equation is Q œ R œ !C B exact.  Integrating  with respect to ,Q B
while holding  constant, results in C <a b a bBß C œ BC  2 C .  Differentiating with respect
to , .  , we find that , and hence C œ B  2 C œ R 2 C œ ! 2 C œ !< <C C

w wa b a b a bSetting 
is acceptable.  Therefore the solution is defined .  Note that ifimplicitly as BC œ -
BC  " œ ! , the equation is trivially satisfied.

6.  Write the given equation as .  Now a b a b a b+B  ,C .B  ,B  -C .C Q Bß C œ +B  ,C
and .  Since , the differential equation is R Bß C œ ,B  -C Q Á Ra b C B not exact.

8.   and .  Note that , andQ Bß C œ / =38 C  $C R Bß C œ  $B  / =38 C Q Á Ra b a bB B
C B

hence the differential equation is not exact.

10.   and .  Since , the givenQ Bß C œ CÎB  'B R Bß C œ 68B  # Q œ R œ "ÎBa b a b C B

equation is exact.  Integrating  with respect to , while holding  constant, results inR C B
<a b a b a bBß C œ C 68 B  #C  2 B Þ B œ CÎB  2 B  Differentiating with respect to , .<B

w

Setting , we find that , and hence .  Therefore the<B œ Q 2 B œ 'B 2 B œ $Bw #a b a b
solution
is defined .implicitly as $B # C 68 B  #C œ -

11.   and .  Note that , and henceQ Bß C œ B 68 C  BC R Bß C œ C 68 B  BC Q Á Ra b a b C B

the differential equation is not exact.

13.  Q Bß C œ #B  C R Bß C œ #C  B Q œ R œ  "a b a b and .  Since , the equation isC B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  BC  2 C œ  B  2 C R 2 C œ #C# w wa b a b a b.  Now .  Equating  with  results in ,< <C C

and hence . Thus , and the solution is given 2 C œ C Bß C œ B  BC  Ca b a b# # #< implicitly
as B  BC  C œ - C " œ $# # .  Invoking the initial condition , the specific solution isa b
B  BC  C œ (# # .  The explicit form of the solution is C B œ B  #)  $B Þa b ’ “È"

#
#

Hence the solution is valid as long as $B Ÿ #) Þ#

16.  Q Bß C œ C /  B R Bß C œ ,B / Q œ /  #BC /a b a b#BC #BC #BC #BC and .  Note that ,C

and   The given equation is R œ , /  #,BC / ÞB
#BC #BC exact, as long as .  Integrating, œ "
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R C B with respect to , while holding  constant, results in <a b a bBß C œ / Î#  2 B Þ#BC   Now
differentiating with respect to , .  Setting , we find thatB œ C /  2 B œ Q< <B B

#BC wa b
2 B œ B 2 B œ B Î# Bß C œ / Î#  B Î#w # #BC #a b a b a b, and hence .  Conclude that .  Hence<
the solution is given .implicitly as /  B œ -#BC #

17.  Integrating , while holding  constant, yields<C œ R B
<a b a b a b'Bß C œ R Bß C .C  2 B Þ

Taking the partial derivative with respect to ,    NowB œ R Bß C .C  2 B Þ<B
' a b a b`

`B
w

set  and therefore .  Based on the fact<B œ Q Bß C 2 B œ Q Bß C  R Bß C .Ca b a b a b a b'w `
`B

that , it follows that .  Hence the expression for  can beQ œ R 2 B œ ! 2 BC B
`
`C

w wc d a ba b
integrated to obtain

2 B œ Q Bß C .B  R Bß C .C .B
`

`B
a b a b a b( ( (” • .

18.  Observe that ` `
`C `Bc d c da b a bQ B œ R C œ ! Þ

20.   and .  MultiplyingQ œ C -9= C  C =38 C R œ  # / -9= B  =38 B ÎCC B
" # Ba b

both sides by the integrating factor , the given equation can be written as.a bBß C œ C /Ba b a b/ =38 C  #C =38 B .B  / -9= C  #-9= B .C œ ! Q œ Q R œ RB B .  Let  and .. .

Observe that , and hence the latter ODE is Q œ R RC B exact.  Integrating  with respect
to , while holding  constant, results in C B <a b a bBß C œ / =38 C  #C -9= B  2 B ÞB   Now
differentiating with respect to , .  Setting ,B œ / =38 C  #C =38 B  2 B œ Q< <B B

B wa b
we find that , and hence  is feasible.  Hence the solution of the given2 B œ ! 2 B œ !wa b a b
equation is defined .implicitly by / =38 C  #C -9= B œB "

21.   and .  Multiply both sides by the integrating factor  toQ œ " R œ # Bß C œ CC B .a b
obtain .  Let  and .  It is easy to see thatC .B  #BC  C / .C œ ! Q œ CQ R œ CR# # Ca b
Q œ R QC B , and hence the latter ODE is exact.  Integrating  with respect to  yieldsB

<a b a b a bBß C œ BC  2 C R 2 C œ  C /# w # C.  Equating  with  results in , and hence<C

2 C œ  / C  #C  # Bß C œ BC  / C  #C  #a b a b a b a bC # # C #. Thus ,  and the solution<
is defined .implicitly by BC# C # / C  #C  # œ -a b
24.  The equation  has an integrating factor if , that is,. . . .Q  RC œ ! Q œ Rw a b a bC B

. . . .C B B C B CQ  R œ R  Q R Q œ V BQ  CR V.  Suppose that , in which  isa b
some function depending  on the quantity .  It follows that the modified formonly D œ BC
of the equation is .  Thisexact, if . . . . .C BQ  R œ V BQ  CR œ V BQ  CRa b a b
relation is satisfied if  and .  Now consider   Then. . . . . .C Bœ B V œ C V œ BC Þa b a b a b
the partial derivatives are  and .  Note that .  Thus  must. . . . . . .B Cœ C œ B œ . Î.Dw w w

satisfy   The latter equation is .wa b a bD œ V D Þ separable, with , and. œ V D .D. a b
. . .a b a b a b a b'D œ V D .D Þ V œ V BC œ BC  Therefore, given , it is possible to determine 
which becomes an integrating factor of the differential equation.
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28.  The equation is not exact, since R Q œ #C  " R Q ÎQ œB C B C.  However, a b
œ #C  " ÎC C œ Ca b a b is a function of  alone.  Hence there exists , which is a solution. .

of the differential equation .  The latter equation is . .w œ #  "ÎCa b separable, with
. Î œ #  "ÎC C œ /B: #C  68 C œ / ÎC. . ..  One solution is .  Now rewrite thea b a b #C

given ODE as .  This equation is , and it is easy to/ .B  #B /  "ÎC .C œ !#C #Ca b exact
see that <a bBß C œ B /  68 C#C .  Therefore the solution of the given equation is defined
implicitly by .B /  68 C œ -#C

30.  .  But note thatThe given equation is not exact, since R Q œ )B ÎC  'ÎCB C
$ $ #

a bR Q ÎQ œB C #ÎC C is a function of  alone, and hence there is an integrating factor
. . . . .œ C œ #ÎC C œ C Þa b a b a b.  Solving the equation , an integrating factor is   Noww #

rewrite the differential equation as .  By inspection,a b a b%B  $C .B  $B  %C .C œ !$ $

<a bBß C œ B  $BC  C% %, and the solution of the given equation is defined implicitly by
B  $BC  C œ -% % .

32.  Multiplying both sides of the ODE by , the given equation is. œ BC #B  Cc da b "

equivalent to   Rewritec d c da b a b a b a b$B  C Î #B  BC .B  B  C Î #BC  C .C œ ! Þ# #

the differential equation as

” • ” •# # " "

B #B  C C #B  C
 .B   .C œ ! .

It is easy to see that   Q œ R ÞC B Integrating  with respect to , while keeping Q B C
constant, results in <a b k k k k a bBß C œ #68 B  68 #B  C  2 C .  Now taking the partial
derivative with respect to , .  , we find thatC œ #B  C  2 C œ R< <C C

"a b a bw Setting 
2 C œ "ÎC 2 C œ 68 Cwa b a b k k, and hence .  Therefore

<a b k k k k k kBß C œ #68 B  68 #B  C  68 C ,

and the solution of the given equation is defined implicitly by .#B C  B C œ -$ # #


