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Section 6.5

2.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ /  /# w  = # =a b a b a b a b 1 1 .

Applying the initial conditions,

= ] =  %] = œ /  /#  = # =a b a b 1 1 .

Solving for the transform,

] = œ œ 
/  / / /

=  % =  % =  %
a b  = # =  = # =

# # #

1 1 1 1

.

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 #>  # ? >  =38 #>  % ? >
" "

# #

œ =38 #> ? >  ? > Þ
"

#

a b a b a b a b a b
a bc da b a b

1 11 1

1 1

#

#

4.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ  #! /# w $=a b a b a b a b .

Applying the initial conditions,

= ] =  ] =  = œ  #! /# $=a b a b .

Solving for the transform,

] = œ 
= #! /

=  " =  "
a b

# #

$=

.

Using a , and Theorem , the solution of the IVP istable of transforms 'Þ$Þ"

C > œ -9=2 >  #! =382 >  $ ? >a b a b a b$ .
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6.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  %] =  =Î# œ /# % =a b a b 1 .

Solving for the transform,

] = œ 
=Î# /

=  % =  %
a b

# #

% =1

.

Using a , and Theorem , the solution of the IVP istable of transforms 'Þ$Þ"

C > œ -9= #>  =38 #>  ) ? >
" "

# #

œ -9= #>  =38 #> ? > Þ
" "

# #

a b a b a b
a b a b

1 %

%

1

1

8.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ # /# w  Î% =a b a b a b a b a b1 .

Applying the initial conditions,

= ] =  %] = œ # /#  Î% =a b a b a b1 .

Solving for the transform,
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] = œ
# /

=  %
a b  Î% =

#

a b1

.

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 #>  ? > œ  -9= #> ? > Þ
#

a b a b a b a bŠ ‹1 1 1Î% Î%

9.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  ] = œ  $ / 
/ /

= =
#  $ Î# =

 Î# = # =a b a b a b a b1 1
1 .

Solving for the transform,

] = œ  
/ $ / /

= =  " =  " = =  "
a b a b a b

 Î# =  $ Î# = # =

# # #

a b a b1 1 1

.

Using partial fractions,

" " =

= =  " = =  "
œ  Þa b# #

Hence

] = œa b / = / $ / / = /

= =  " =  " = =  "
    Þ

 Î# =  Î# =  $ Î# = # = # =

# # #

a b a b a b1 1 1 1 1

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ ? >  -9= >  ? >  $ =38 >  ? > 
# #

$

 ? >  -9= >  # ? >

a b a b a b a bŠ ‹ Œ 
a b a b a b

1 1 1

1 1

Î# Î# $ Î#

# #

1 1

1 .

That is,

C > œ "  =38 > ? >  $ -9= > ? >  "  -9= > ? >a b c d a b a b a b c d a ba b a b1 1 1Î# $ Î# # .
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10.  Taking the transform of both sides of the ODE,

#= ] =  =] =  %] = œ / >  =38 > .>
'

œ / Þ
"

#

# =>

!

_

 Î' =

a b a b a b ( Š ‹$
1

a b1

Solving for the transform,

] = œ
/

# #=  =  %
a b a b

 Î' =

#

a b1

.

First write

"

# #=  =  %
œ

=  a b ˆ ‰#

"
%

" $"
% "'

# .

It follows that

C > œ ] = œ / † =38 >  ? > Þ
" $"

$" % '
a b c d a ba b È

È Š ‹_
1"  > Î' Î%a b1

1Î'
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11.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  #= ] =  #] = œ  /
=

=  "
#  Î# =

#
a b a b a b a b1 .

Solving for the transform,

] = œ 
= /

=  " =  #=  # =  #=  #
a b a ba b# # #

 Î# =a b1

.

Using partial fractions,

= " = # =  %

=  " =  #=  # & =  " =  " =  #=  #
œ   Þa ba b ” •# # # # #

We can also write

=  % =  "  $

=  #=  #
œ Þ

=  "  "# #

a b
a b

Let

] = œ Þ
=

=  " =  #=  #
" # #
a b a ba b

Then

_" >
"c d c da b] = œ -9= >  =38 >  / -9= >  $ =38 > Þ

" # "

& & &

Applying Theorem ,'Þ$Þ"

_
1"  >

 Î# =

#– — Š ‹ a b/

=  #=  # #
œ / =38 >  ? > Þ

a b ˆ ‰1
1
#

1Î#

Hence the solution of the IVP is

C > œ -9= >  =38 >  / -9= >  $ =38 > 
" # "

& & &

 / -9= > ? > Þ

a b c d
a b a b

>

 >ˆ ‰1
#

1Î#
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12.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  ] = œ /% =a b a b .

Solving for the transform,

] = œ
/

=  "
a b =

%
.

Using partial fractions,

" " " "

=  " # =  " =  "
œ  Þ

% # #” •
It follows that

_"
%” •" " "

=  " # #
œ =382 >  =38 > Þ

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =382 >  "  =38 >  " ? > Þ
"

#
a b c d a ba b a b "
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14 .  The Laplace transform of the ODE isa b+
= ] =  =] =  ] = œ /

"

#
# =a b a b a b .

Solving for the transform of the solution,

] = œ
/

=  =Î#  "
a b =

#
.

First write

" "

=  =Î#  "
œ Þ

=  
# " "&

% "'

#ˆ ‰
Taking the inverse transform and applying both ,shifting theorems

C > œ / =38 >  " ? >
% "&

"& %
a b a b a bÈ

È
 >" Î%a b

" .

a b, >  #.  As shown on the graph, the maximum is attained at some .  Note that for"

>  #,

C > œ / =38 >  " Þ
% "&

"& %
a b a bÈ

È
 >" Î%a b

Setting , we find that .  The maximum value is calculated asC > œ ! > ¸ #Þ$'"$wa b "

C #Þ$'"$ ¸ !Þ(""&$ Þa b
a b- œ "Î%.  Setting , the transform of the solution is#

] = œ
/

=  =Î%  "
a b =

#
.

Following the same steps, it follows that
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C > œ / =38 >  " ? >
) $ (

$ ( )
a b a b a bÈ

È
 >" Î)a b

" .

Once again, the maximum is attained at some .  Setting , we find that>  # C > œ !"
wa b

> ¸ #Þ%&'* C > ¸ !Þ)$$& Þ" ", with a b
a b. !   ".  Now suppose that .  Then the transform of the solution is#

] = œ
/

=  =  "
a b =

# #
.

First write

" "

=  =  "
œ Þ

=  Î#  "  Î%# # ## # #a b a b
It follows that

2 > œ œ / =38 "  Î% † > Þ
" #

=  =  " % 
a b ” • È Š ‹È_ #

# #

"  >Î#
# #

##

Hence the solution is

C > œ 2 >  " ? >a b a b a b" .

The solution is nonzero only if , in which case   Setting >  " C > œ 2 >  " Þ C > œ !a b a b a bw

,
we obtain

>+8 "  Î% † >  " œ % 
"’ “È a b È# #
#

# # ,

that is,

>+8 "  Î% † >  "

"  Î%
œ

# ‘È a bÈ #

# #

#

#
.
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As , we obtain the  equation .  Hence .  Setting#p! >+8 >  " œ _ > p" formal a b "
1
#

> œ Î# 2 > p ! C p" Þ1 # in , and letting , we find that   These conclusions agree witha b "

the case , for which it is easy to show that the solution is# œ !

C > œ =38 >  " ? >a b a b a b" .

15 .  See Prob. .  It follows that the solution of the IVP isa b+ "%

C > œ / =38 >  " ? >
%5 "&

"& %
a b a b a bÈ

È
 >" Î%a b

" .

This function is a  of the answer in Prob. .  Hence the peak value occurs atmultiple "% +a b
> ¸ #Þ$'"$ C #Þ$'"$ ¸ !Þ(""&$ 5 Þ" .  The maximum value is calculated as   We finda b
that the appropriate value of  is .5 5 œ #Î!Þ(""&$ ¸ #Þ)"!)"

a b a b, "% -.  Based on Prob. , the solution is

C > œ / =38 >  " ? >
) 5 $ (

$ ( )
a b a b a bÈ

È
 >" Î)a b

" .

Since this function is a  of the solution in Prob. , we have ,multiple "% - > ¸ #Þ%&'*a b "

with   The solution attains a value of , for ,C > ¸ !Þ)$$& 5 Þ C œ # 5 œ #Î!Þ)$$&a b" "

that is, .5 ¸ #Þ$**&"

a b a b- "% . !   ".  Similar to Prob. , for , the solution is#

C > œ 2 >  " ? >a b a b a b" ,

in which

2 > œ / =38 "  Î% † > Þ
# 5

% 
a b È Š ‹È

#
#

#

 >Î# ##

It follows that .  Setting  in , and letting , we find that>  "p Î# > œ Î# 2 > p !" 1 1 #a b
C p5 Þ C œ # 5"   Requiring that the  remains at , the limiting value of  ispeak value
5 œ # œ !" .  These conclusions agree with the case , for which it is easy to show#
that the solution is

C > œ 5 =38 >  " ? >a b a b a b" .

16 .  Taking the initial conditions into consideration, the transformation of the ODE isa b+
= ] =  ] = œ 

" / /

#5 = =
#

 %5 =  %5 =a b a b – —a b a b
.

Solving for the transform of the solution,
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] = œ  Þ
" / /

#5 = =  " = =  "
a b – —a b a b

 %5 =  %5 =

# #

a b a b

Using partial fractions,

" " =

= =  " = =  "
œ  Þa b# #

Now let

2 > œ œ "  -9= > Þ
"

= =  "
a b ” •a b_"

#

Applying Theorem , the solution is'Þ$Þ"

9a b c da b a b a b a b> ß 5 œ 2 >  %  5 ? >  2 >  %  5 ? > Þ
"

#5
%5 %5

That is,

9a b c da b a b
c da b a b a b a b

> ß 5 œ ? >  ? > 
"

#5

 -9= >  %  5 ? >  -9= >  %  5 ? > Þ
"

#5

%5 %5

%5 %5

a b a b, > >  % > ß 5 œ !.  Consider various values of .  For any fixed , , as long as9
%  5  >Þ >   % %  5  >  If , then for ,

9a b c da b a b> ß 5 œ  -9= >  %  5  -9= >  %  5 Þ
"

#5

It follows that

lim lim
5Ä! 5Ä!

9a b a b a b
a b

> ß 5 œ 
-9= >  %  5  -9= >  %  5

#5
œ =38 >  % Þ

Hence

lim
5Ä!

9a b a b a b> ß 5 œ =38 >  % ? >% .

a b- .  The Laplace transform of the differential equation

C  C œ >  %ww $a b,
with , isC ! œ C ! œ !a b a bw

= ] =  ] = œ /# %=a b a b .

Solving for the transform of the solution,
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] = œ Þ
/

=  "
a b %=

#

It follows that the solution is

9! %a b a b a b> œ =38 >  % ? > .

a b. .

18 .  The transform of the ODE given the specified initial conditions  isa b a b,

= ] =  ] = œ  " /# 5 =

5 œ"

#!
5"a b a b a b" 1 .

Solving for the transform of the solution,

] = œ  " /
"

=  "
a b a b"

#
5 œ"

#!
5" 5 =1 .

Applying Theorem , term-by-term,'Þ$Þ"

C > œ  " =38 >  5 ? >

œ  =38 > † ? > Þ

a b a b a b a b"
a b a b"

5 œ"

#!
5"

5 œ"

#!

1 5

5

1

1
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a b- .

19 .  Taking the initial conditions into consideration, the transform of the ODE  isa b,
= ] =  ] = œ /#  5 Î# =

5 œ"

#!a b a b " a b1 .

Solving for the transform of the solution,

] = œ /
"

=  "
a b "

#
5 œ"

#!
 5 Î# =a b1 .

Applying Theorem , term-by-term,'Þ$Þ"

C > œ =38 >  ? > Þ
5

#
a b a b" Œ 

5 œ"

#! 1
5 Î#1

a b- .
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20 .  The transform of the ODE given the specified initial conditions  isa b a b,

= ] =  ] = œ  " /#  5 Î# =

5 œ"

#!
5a b a b a b" +1 a b1 .

Solving for the transform of the solution,

] = œ  "
/

=  "
a b a b"

5 œ"

#!
5

 5 Î# =

#
+1

a b1

.

Applying Theorem , term-by-term,'Þ$Þ"

C > œ  " =38 >  ? > Þ
5

#
a b a b a b" Œ 

5 œ"

#!
5" 1

5 Î#1

a b- .

22 . Taking the initial conditions into consideration, the transform of the ODE  isa b,
= ] =  ] = œ  " /#  ""5Î% =

5 œ"

%!
5"a b a b a b" a b .

Solving for the transform of the solution,

] = œ  "
/

=  "
a b a b"

5 œ"

%!
5"

 ""5Î% =

#

a b
.

Applying Theorem , term-by-term,'Þ$Þ"
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C > œ  " =38 >  ? > Þ
""5

%
a b a b a b" Œ 

5 œ"

%!
5"

""5Î%

a b- .

23   The transform of the ODE given the specified initial conditions  isa b a b, Þ

= ] =  !Þ"= ] =  ] = œ  " /# 5 =

5 œ"

#!
5"a b a b a b a b" 1 .

Solving for the transform of the solution,

] = œ
/

=  !Þ"=  "
a b "

5 œ"

#! 5 =

#

1

.

First write

" "

=  !Þ"=  "
œ

=  
# " $**

#! %!!

#ˆ ‰ .

It follows that

_" >Î#!
#” • È  È" #! $**

=  !Þ"=  " #!
œ / =38 > Þ

$**

Applying Theorem , term-by-term,'Þ$Þ"
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C > œ  " 2 >  5 ? >a b a b a b a b"
5 œ"

#!
5" 1 51 ,

in which

2 > œ / =38 > Þ
#! $**

$** #!
a b È  È

>Î#!

a b- .

24   Taking the initial conditions into consideration, the transform of the ODE  isa b, Þ

= ] =  !Þ"= ] =  ] = œ /#  #5" =

5 œ"

"&a b a b a b " a b1 .

Solving for the transform of the solution,

] = œ
/

=  !Þ"=  "
a b "

5 œ"

"&  #5" =

#

a b1
.

As shown in Prob. ,#$

_" >Î#!
#” • È  È" #! $**

=  !Þ"=  " #!
œ / =38 > Þ

$**

Applying Theorem , term-by-term,'Þ$Þ"

C > œ 2 >  #5  " ? >a b c d a b" a b
5 œ"

"&

1 a b#5" 1 ,

in which
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2 > œ / =38 > Þ
#! $**

$** #!
a b È  È

>Î#!

a b- .

25 .  A fundamental set of solutions is  and .a b a b a b+ C > œ / -9= > C > œ / =38 >" #
> >

Based on Prob. , in Section , a particular solution is given by## $Þ(

C > œ 0 = .=
C = C >  C > C =

[ C ß C =
:

" # " #

" #

a b a b( a b a b a b a ba ba b!

>

.

In the given problem,

C > œ 0 = .=
/ -9= = =38 >  =38 = -9= >

/B:  #=

œ / =38 >  = 0 = .=

:a b a b( c da b a b a b a ba b
( a b a b
!

> =>

!

>
 >=a b .

.

Given the specified initial conditions,

C > œ / =38 >  = 0 = .=a b a b a b(
!

>
 >=a b .

a b a b a b a b, Þ 0 > œ >  >  C > œ ! >   Let .  It is easy to see that if , .  If ,$ 1 1 1

( a b a b a b
!

>
 >=  >/ =38 >  = =  .= œ / =38 > a b a b$ 1 11 .

Setting , and letting , we find that .  Hence> œ  p! C œ !1 & & 1a b
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C > œ / =38 >  ? > Þa b a b a b >a b1
11

a b- .  The Laplace transform of the solution is

] = œ
/

=  #=  #

œ Þ
/

=  "  "

a b
a b

 =

#

 =

#

1

1

Hence the solutions agree.


