CHAPTER 5. ——

Section 5.7

2. P(x) =0 only for z = 0. Furthermore, x p(z) = — 2 —z and z%q(x) = 2 + 2%
It follows that

p =lim(-2-z)= —2
qo =1im (2 + 2%) =2
and therefore x = 0 is a regular singular point. The indicial equation is given by
r(r—1)—2r+2=0,

thatis, 7> —3r +2 =0, withroots 7, =2 and r, = 1.

4. The coefficients P(z), Q(z), and R(x) are analytic for all x € R. Hence there are
no singular points.

5. P(z) =0 only for z = 0. Furthermore, z p(z) = 3*2% and z%q(z) = — 2. It
follows that
po=lim3 2% =3
z—0 T
qo — lim—-2= —2

z—0
and therefore z = 0 is a regular singular point. The indicial equation is given by
r(r—1)+3r—2=0,

thatis, 72 +2r — 2 =0, withroots 7, = —1++/3 and r, = — 1 — /3.

6. P(z)=0 forz =0 and z = — 2. We note that p(z) =z '(z+2)"'/2, and

q(z) = — (x+2)""/2. For the singularity at z = 0,
i 1 1
=lim — = -
Po x—0 2(IE+2) 4
2
-z
O =220z 1 2)

and therefore = = 0 is a regular singular point. The indicial equation is given by

1
r(r—l)—l—ZT:O,

2_3

that is, r 1

r = 0, with roots r, = % and r, = 0. For the singularity at x = — 2,
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1 1
=li 2 =lim — = — -
po = lim, (o +2)p(x) =lm, 57 =~
— 2
g = lim (2 +2)%g(z) = lim — =T _g
T——2 T——2 2
and therefore x = — 2 is a regular singular point. The indicial equation is given by

B

thatis, r* — 27 = 0, withroots r, = 2 and r, = 0.

+ ST and 2%q(x) = 1. It

7. P(z) = 0 only for x = 0. Furthermore, z p(z) = 5

follows that

1
2

po = lim xp(z) = 1

q = lim 2%q(z) = 1
z—0

and therefore = = 0 is a regular singular point. The indicial equation is given by
rr—=1)+r+1=0,
thatis, 72> + 1 = 0, with complex conjugate roots r = £ i.
8. Note that P(z) = 0 only forx = — 1. We find that p(z) = 3(x — 1)/(z + 1), and
q(z) = 3/(z +1)°. It follows that
o ::,;l_ilel (x + 1)p(x) ::L.lln_n1 3x—1)= —6
= Jim, (o 1a(o) = lim,3 =3

and therefore z = — 1 is a regular singular point. The indicial equation is given by

r(r—1)—6r+3=0,

that is, 7> — 7r +3 = 0, with roots 7, = (7 + \/37)/2 and r, = (7 . \/37>/2.

10. P(z) =0 forz =2 and = — 2. We note that p(z) = 2z(x — 2) *(z +2)"",
and q(z) = 3(x —2) ' (2 +2)"". For the singularity at z = 2,

i (&~ 2p(e) = iy .

which is undefined. Therefore x = 0 is an irregular singular point. For the singularity
at x = — 2,
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. . 2z
m = fim, (o +2)p(e) = lim, o = T

T 2 o 3@ +2)
o0 = lim, (e +2ale) = lim, =

B | =

=0
and therefore x = — 2 is a regular singular point. The indicial equation is given by

1
r(r—l)—zr:O,

that is, > — %r = 0, with roots r, = g and r, = 0.

I1. P(z) =0 forx =2 and z = — 2. We note that p(x) = 2z/(4 — 2?), and
q(z) = 3/(4 - 2?). For the singularity atx = 2,

and therefore © = 2 is a regular singular point. The indicial equation is given by

r(r—1)—r=0,

thatis, 7> — 2r = 0, with roots 7, = 2 and 7, = 0. For the singularity at x = — 2,
2x
=i 2 =1 = -1
P xEEQ(x—i_ (@) xinfz 22—z
. . 3(x+2)
=1 2)? =1 -
P =11, (z+2)q(x) P’ 2—zx 0
and therefore x* = — 2 is a regular singular point. The indicial equation is given by
r(r—1)—r=20,

thatis, r> — 2r = 0, withroots , =2 and r, = 0.

12. P(z) =0 forz = 0and z = — 3. We note that p(z) = — 2z (z +3) ', and

q(z) = —1/(z + 3)*. For the singularity at z = 0,
. . -2 2
m=limepln) =ln 25 = 73
’ lim —2
=lim 2°¢(z) = lm —— =
q0 20 q( ) 20 ($+3)2

and therefore © = 0 is a regular singular point. The indicial equation is given by
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2
r(r—1)—-r=0,

3
that is, > — gr = 0, with roots r, = % and r, = 0. For the singularity at x = — 3,
—lim (z+3)p(z) = li -2 2
Po= A W) = A T T 3
q = lim3 (x4 3)%q(z) = lim3 (-1)= -1
and therefore x = — 3 is a regular singular point. The indicial equation is given by

2
r(r—l)—i-gr—l:O,

thatis, ? — 37 — 1 = 0, with roots r, = (1+ \/37)/6 and r, = (1 - \/37)/6.

13(a). Note the p(x) = 1/x and ¢(z) = — 1/2. Furthermore, z p(z) = 1 and
2?q(r) = — x. It follows that
go = lim(—2) =0

and therefore x = 0 is a regular singular point.

(b). The indicial equation is given by
rr—1)+r=0,

2

thatis, 7 = 0, withroots r, = r, = 0.

(c). Lety = ag+ ayx + ayx® + -+ + a,x” + ---. Substitution into the ODE results in

Z (n42)(n 4 Va2 2™ + Z(n + Dapz" — Z a,x” =0.
n=0

n=0 n=0
After adjusting the indices in the first series, we obtain
o0
a; —ap + Z[n(n + Dapi1 + (n+ 1)apsr — ay)z" = 0.
n=1

Setting the coefficients equal to zero, it follows that for n > 0,
an

a = .
n+1 (n+ 1)2

Soforn>1,
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With ag = 1, one solution is

1 1
yi(z)=1+z+ -2+ —2°+ -+

1 36 (n!>2:c 4.

For a second solution, set y,(z) = v, (z) Inx + byx + byw® + - + bz + ---.
Substituting into the ODE, we obtain

Liy,(z)] - Inx +2y/(z) + L ibnx" =0.
n=1
Since L[y (z)] = 0, it follows that
L [ibn :1:”] = —2y/(x).
n—=1
More specifically,
b1 + i[n(n + Dbps1 + (n+ 1)bpyy — bylz" =
n=1

:_Q_x_lﬁ_i s_ 1 4_ ...

6" ~ 72" " 1440”
Equating the coefficients, we obtain the system of equations
by = —2
4by — by = —1
9b3 —by = —1/6
16by —bs = —1/72

Solving these equations for the coefficients, by = — 2, by = — 3/4, by = — 11/108,
by = — 25/3456, ---. Therefore a second solution is

3 11 25
Yo(x) =y(x)Inc + | — 2z — ZxQ - mx?’ - %:ﬁl -

14(a). Here zp(z) = 2z and 2?q(x) = 6 ze* . Both of these functions are analytic at
x = 0, therefore x = 0 is a regular singular point. Note that py = gy = 0.

(b). The indicial equation is given by
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r(r—1)=0,

2

thatis, 7 —r =0, withroots r, =1 and r, = 0.

o0
(¢). In order to find the solution correspondingto r; = 1,set y = = Y, a,z™. Upon
n=>0
substitution into the ODE, we have

i(n+2)(n+1)an+l xn+1+2§:(n+1)anlﬂ+l+6€$§: anxﬂJrl =0.
n=>0 n=>0 n=0

After adjusting the indices in the first two series, and expanding the exponential function,

Z n(n+ 1)a, " + 2Zn an12" + 6 agz + (6ag + 6ay)z* +
n=1 n=1
+ (6ag + 6a1 + 3a0):c3 + (6ag + 6as + 3a; + ao)x4 +---=0.

Equating the coefficients, we obtain the system of equations

2a1 + 2a9 + 6ag =0

6ay + 4a1 + 6ag + 6a; =0

12a3 + 6a9 + 6as + 6a1 + 3ag =0
20a4 + 8as + 6as + 6as +3a; + a9 =0

Setting ag = 1, solution of the system results in a; = — 4, a9 =17/3, a3 = — 47/12,
as = 191/120, ---. Therefore one solution is
17 47
yl(ﬂ?) =T — 41‘2 + EZES - EIA +

The exponents differ by an integer. So for a second solution, set
y(x) = ay(x)Ine + 14+ cx+ e + -+ cpr™ + -

Substituting into the ODE, we obtain

a L[y, (z)] - Inz + 2ay/(x) + 2ay,(z) — a% + L

1+§:cnx”] =0.

n=1

Since L[y (z)] = 0, it follows that

L

1+§:cnx"] = —2avy,(r) — 2ay () +ay1($) :

n=1

More specifically,
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o0
Zn (n+ Deppz” +2chnac +6 + (6 + 6¢1)x +
n=1 n=1

61 193
+ (6cy + 6¢y +3)z* +--- = —a+ 10az — 3w +§a:1:3+-~-.

Equating the coefficients, we obtain the system of equations

6= —a
202 + 801 + 6 = 10a
61
6c3 + 10cy + 6¢1 + 3 = —-?;a
193
12¢4 + 12¢3 + 6¢c9 + 3c1 + 1 = Ea
Solving these equations for the coefficients, a = — 6. In order to solve the remaining

equations, set c; = 0. Then ¢ = — 33, ¢3 =449/6,¢4 = —1595/24,---.
Therefore a second solution is
449 5 1595 v

= — 1— St Bt
Yo () 6y (z)Inx + 3322 + 5 " 51

15(a). Note the p(z) = 6x/(x — 1) and ¢(z) = 3z~ '(z — 1)~ . Furthermore,
rp(z) = 62°/(xr — 1) and 2?q(z) = 3z/(x — 1) . It follows that

622
=1 =
Po xlir(l).%‘—l 0
3z
=1 =
% 7%:1}—1 0

and therefore z = 0 is a regular singular point.
(b). The indicial equation is given by
r(r—1)=0,

thatis, r> —r = 0, withroots r, =1 and r, = 0.

o0
(¢). In order to find the solution correspondingto r; = 1,set y =z Y, a,z™. Upon
n=>0

substitution into the ODE, we have
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Mg

n(n+ a, z" +

o0
Z n(n+ 1)a, 2"
n=1

3

7 L

o
(n 4 Da,z"? + SZ apz" ™t =0.
0 n=0

+6

3
Il

After adjusting the indices, it follows that

o0 o0

Z (n—1)a,_1 2" —Zn(n+1)anx7”+

= n=

+6i n—1)a,_ 2m”+3Zan 1" =0.
n=1

n=

(V]

That is,
—2a; + 3ap + Z[ —n(n+1)a, + (n* —n+3)ay_1 +6(n — 1)a,_oJz" = 0.
n=2
Setting the coefficients equal to zero, we have a; = 3aq/2, and forn > 2,
n(n+ 1)a, = (n2 —n+ S)a,,,,_l +6(n—1)a, 2.

If we assign ag = 1, then we obtain a; = 3/2, a2 =9/4, a3 = 51/16, ---
Hence one solution is

111

35,95 51,
() =z + o+ -+ —at 4+ —a" + -

2 4 16" 40
The exponents differ by an integer. So for a second solution, set

y(z) = ay(x)Ine + 1+ cz+ e + -+ cpr™ + -

Substituting into the ODE, we obtain

+ L

2ax y, (v) — 2ay, (z) + 6az y,(v) — ay (z) + aylff)

1+ icn x"] =0,
n=1

since L[y, (x)] = 0. It follows that

L1 + ch Qj”] = 2a yll(m) — 2ax yl/(.’]f) —+ ayl(x) — 6azx yl(x) o ayliaf) .

Now

L 1+chx"] =3+ (—2cy+3c))x + (—6c3 + 5y + 6cy)x® +
B + (= 12¢4 + 9c3 + 12¢9)7* + ( — 20¢5 + 15¢4 + 18¢3)z* + -+

Substituting for y,(x), the right hand side of the ODE is
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+ + +§ 3 &7 4 44_1 r+
a 2ax 4a,x G 20 ar 10 ar

Equating the coefficients, we obtain the system of equations

3=a
7
— 202 + 361 = 5&
3
— 6c3 + 5cy + 61 = Za
33
—12¢4 +9¢c3 + 12¢9 = —a

We find that a = 3. In order to solve the second equation, set ¢; = 0. Solution of the
remaining equations results in ¢o = —21/4,¢c3 = —19/4,¢4 = — 597/64,---
Hence a second solution is

21 , 19 3 597

= 1 22 22,8 270
yo(z) =3y (x) Inx + T 17 64w+

16(a). After multiplying both sides of the ODE by x, we find that x p(x) = 0 and
2%q(z) = x. Both of these functions are analytic at x = 0, hence z = 0 is a regular
singular point.

(b). Furthermore, py = gy = 0. So the indicial equation is r(r — 1) = 0, with roots
leland TQZO.

o0
(¢). In order to find the solution corresponding to r, = 1,set y = = > . a,x”. Upon
n=0

substitution into the ODE, we have

o0

Z (n+1) anx"—i—Zan ntl— .

n= n=0

That is,
Z n(n+ 1)a, +ap,—1]2" =0.
n=1

Setting the coefficients equal to zero, we find that for n > 1,
— Qp—1

fin = n(n+1)"

It follows that
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e N Q2 _ .= (=D'a
"Tnn+1) (n—1n%(n+1) (n))*(n+1)"
Hence one solution is
_ 1, 1 4 r 5
y(z) ==z 2:1: + 123: 144:1: +2880$ 4

The exponents differ by an integer. So for a second solution, set
yo(z) = ay(z)ine + 14 x4+ cx® + - F ez + -+

Substituting into the ODE, we obtain

L 1 2 ! . yl(x) L1 " nl _ 0
aLly(2)] - Inz +2ay,(z) —a=—+ +;C x
Since Ly, (z)] = 0, it follows that
L 1+icnx” = —2ay’(ac)+ayl<x) :
n=1 1 x

Now

L

1+ e, x"] =1+ (2¢c2 +c1)x + (6c3 + co)x® 4 (12¢4 + c3)x® +
et + (20c5 + c4)z* + (30cg 4 c5)x° + ---.
Substituting for y,(x), the right hand side of the ODE is

—a+ -ar — —ar” + —ax” — ——ax" +---.
2 12 144 320

Equating the coefficients, we obtain the system of equations

1= —a
3
2co 41 = 5@
5)
6c3 +cp = — 2%
12405 = ——
ATE =
Evidently, a = — 1. In order to solve the second equation, set c; = 0. We then find
that co = —3/4,¢3 =7/36,c, = — 35/1728,---. Therefore a second solution is
3 7 35
y(z) = —y(z)ine+ |1 — “2? + o — ——a* +..-].

4 36 1728
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19(a). After dividing by the leading coefficient, we find that
y—(1+a+p)x

po = limz p(z) = lim
z—0

z—0 11—z
_ . —afz
= limz’q(z) = lim =0.
P = 250" a(x) 220 11—z 0

Hence x = 0 is a regular singular point. The indicial equationis r(r — 1) +yr =0,
withroots , =1 —~v and r, = 0.

(b). Forx =1,
—v+(14+a+P)x

=l pe) = lim AT <ty
Qo leiirr%(x— 1)2q(:c) = limM =0.

z—1 x
Hence x = 1 is a regular singular point. The indicial equation is
P —(y—a-B8)r=0,
withroots r, =y —a —f3 and r, = 0.

o0
(c). Given that r; — r, is not a positive integer, we can set y = > a,x". Substitution
n=0

into the ODE results in

o0 o0
z(l—=x Zn Dayx"™ 2 - (1+a+ ﬁ)x}Zn anz" !t — aﬁZan:c" =0
n=1 n=0

That is,

Zn (n+ Day1z" — Zn Da,z" ~|—’yZ n+ a2z —

n=1 n=2 n=0

—(14+a+p) Znanm —aﬂZan =

n=1
Combining the series, we obtain
var —afag+ [(2+2v)as — (1+a+ B+ af)al]r + ZA,,,,:C" =0,
n=2

in which
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Ay = (4 1)(n+ a1 — [n(n = 1) + (1 + a+ Bn + afla,

Note that n(n — 1) + (1 + a + B)n + af = (n + «a)(n + B) . Setting the coefficients
equal to zero, we have ya; — afag = 0, and

(n+a)(n+f)
(n+1)(n+7)

ap4+1 = an

for n > 1. Hence one solution is

of aletDBB+]) ,

v - 1! y(iy+1)-2!

oo+ D(e+2)BB+1D(BE+2) 5
Yy + 1) (v +2) -3

Since the nearest other singularity is at x = 1, the radius of convergence of y, () will
be at least p = 1.

yi(z) =1+

o0
(d). Given that r; — 7, is not a positive integer, we can set y = ' > b,z". Then

n=>0
Substitution into the ODE results in
o0
(1 — :L')Z(n +1—9)(n—"7)a,z" 7t +
B o0 o0
+h-(tatfa)d (n+1=7)aa"" —apfd ax™ 7 =0.
n=0 =
That is,
Y1) (n—yaa"" =Y (n+1—7)(n—y)aa" +
n=0 n=>0
+ vz (n+1—-7)az"7—(1+a+p) Z (n+1-— "t — aﬂZanx”+1‘7 =0.
n=20 n=>0 n=>0

After adjusting the indices,

[&°]

i(” +1=)(n—Yanz"" =Y (n=y)(n—1=7ag 1" +

=0 n=1

<

in—i—l— " 1+a+ﬂi

00
Yap—12"7 — af E an—12" 7 =0.
n=1 n=1

Combining the series, we obtain

o0
n—y __
E B,x"7 =0,

n=1

in which
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B, =n(n+1-7b,—[(n—7)(n—v+a+p8)+ablb,1.

Note that (n —y)(n—y+a+p)+af=n+a—7v)(n+ 6 —7). Setting B, =0,
it follows that for n > 1,

(n+ta—7)n+p-7)
nn+1-—7)

b, = bp_1.

Therefore a second solution is

Ly (Lra—)+8-7)
) = o1 |1 SR

(l+a—-7)C+a-7)A+8-72+8-7) 5,
+ 2-B-2! o ]'

T+

(e). Under the transformation z = 1/¢, the ODE becomes

2
541<1_1)Z_§+{2§33(1—1> —52[7—(1+a+ﬂ)1]}@—045?/:0-

£ £ £ 3 £1) d§

That is,

(53—52)@+ 262 - £2+(—1+a+6)€}@ —afy=0

de 7 dé =
Therefore £ = 0 is a singular point. Note that
2 — -1 —
pe = BT D g g - 27

It follows that

o = limg p(e) = lim = NEHCL¥RD) g

= -1
0 = limg?(¢) = lim 1 = af

Hence £ = 0 (x = o) is a regular singular point. The indicial equation is
rr—1)+(1—-a—-08)r+as8=0,

or 72 — (a+ B)r + af = 0. Evidently, the roots are 7 = a and r = (3.

21(a). Note that
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It follows that

limz p(z) = lima z' ",
z—0 z—0

. 2 1 2—s
ygg& q(é)—éhggﬁrc :

Hence if s > 1 or t > 2, one or both of the limits does not exist. Therefore x = 0 is an
irregular singular point.

(c). Let y = apz” + ajz" ™ + -+ + @,z + ---. Write the ODE as
:Egy”—i-oszy’-l—ﬁy:O.

Substitution of the assumed solution results in

0.

o
Z n+r)(n+r—1Daz"" 1+ ozz n 4+ r)a,z" 4 ﬁzan
Adjusting the indices, we obtain
Z n—1+r)(n+7r—2)a, 12" nr —|—O¢Z (n—1+7r)a, 12" nr —I-ﬁZan mr— ).
n= n=1 =
Combining the series,
o0
ﬁaO+ZAnxn+r:
n=1

in which A, = fBa,+(n—1+7r)(n+7r+ a—2)a,_1. Setting the coefficients equal
to zero, we have ayp = 0. Butforn > 1,

—1 -2
0 = (n +7‘)(nﬁ+r+a )Gn—l-

Therefore, regardless of the value of r, it follows that a,, =0, for n =1,2,---
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