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Section 2.3

5 .  Let  be the amount of salt in the tank.  Salt enters the tank of water at a rate ofa b+ U
# "  =38 > œ  =38 > Þ #UÎ"!! Þ" " " "

% # # %
ˆ ‰     It leaves the tank at a rate of   9DÎ738 9DÎ738

Hence the differential equation governing the amount of salt at any time is

.U " "

.> # %
œ  =38 >  UÎ&! Þ

The initial amount of salt is    The governing ODE is U œ &! 9D Þ! linear, with integrating
factor   Write the equation as   The.a b ˆ ‰ ˆ ‰> œ / Þ / U œ / Þ>Î&! >Î&! >Î&!w " "

# % =38 >

specific solution is  U > œ #&  "#Þ&=38 >  '#&-9= >  '$"&! / Î#&!" 9D Þa b  ‘>Î&!

a b, Þ

a b- Þ  The amount of salt approaches a , which is an oscillation of amplitudesteady state
"Î% #& 9D Þ about a level of  

6 .  The equation governing the value of the investment is .  The value ofa b+ .WÎ.> œ < W
the investment, at any time, is given by   Setting , the requiredW > œ W / Þ W X œ #Wa b a b! !

<>

time is X œ 68 # Î< Þa b
a b, Þ < œ ( œ Þ!( X ¸ *Þ* C<= Þ  For the case ,  %

a b a b a b- Þ + < œ 68 # ÎX X œ )  Referring to Part , .  Setting , the required interest rate is to
be approximately < œ )Þ'' Þ%

8 .  Based on the solution in , with , the value of the investments a b a b+ "' W œ !Eq. with!

contributions is given by   After  years, person A hasW > œ #&ß !!! /  " Þa b a b<> ten
W œ #&ß !!! "Þ##' œ $!ß '%! Þ $&E $ $a b   Beginning at age , the investments can now be
analyzed using the equations  and  W œ $!ß '%! / W œ #&ß !!! /  " ÞE F

Þ!)> Þ!)>a b
After  years, the balances are  and thirty $ $W œ $$(ß ($% W œ #&!ß &(*ÞE F

a b, Þ < W œ $!ß '%! /  For an  rate , the balances after  years are  andunspecified thirty E
$!<

W œ #&ß !!! /  " ÞF a b$!<
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a b- .

a b. Þ  The two balances can  be equal.never

11 .  Let  be the value of the mortgage.  The debt accumulates at a rate of , ina b+ W <W
which is the  interest rate.  Monthly payments of   are equivalent to< œ Þ!* )!!annual $
$ per year    The differential equation governing the value of the mortgage is*ß '!! Þ
.WÎ.> œ Þ!* W  *ß '!! Þ W  Given that  is the original amount borrowed, the debt is!

W > œ W /  "!'ß ''( /  " Þ W $! œ !a b a b a b!
Þ!*> Þ!*>   Setting , it follows that

W œ **ß &!!! $ .

a b, Þ $! #))ß !!!  The  payment, over  years, becomes .  The interest paid on thistotal $
purchase is .$ "))ß &!!

13 .  The balance  at a rate of  , and  at a constant rate of a b+ < W 5increases $/yr decreases
$ per year .  Hence the balance is modeled by the differential equation ..WÎ.> œ <W  5
The balance at any time is given by W > œ W /  /  " Þa b a b!

<> <>5
<

a b a b, W > œ ÐW  Ñ/  Þ.  The solution may also be expressed as   Note that if the!
5 5
< <

<>

withdrawal rate is , the balance will remain at a constant level 5 œ < W W Þ! ! !

a b a b ’ “- 5  5 W X œ ! X œ 68 Þ.  Assuming that ,  for ! ! !
" 5
< 55!

a b. < œ Þ!) 5 œ #5 X œ )Þ''.  If  and , then  ! ! years .

a b a b a b/ W > œ ! / , / œ Þ > œ X.  Setting  and solving for  in Part ,   Now setting <> <> 5
5<W!

results in  5 œ <W / Î /  " Þ!
X X< <a b

a b a b0 Þ / 5 œ "#ß !!! < œ Þ!) X œ #!  In part , let , , and .  The required investment
becomes .W œ ""*ß ("&! $

14   Let   The general solution is   Based on thea b a b+ Þ U œ  <U Þ U > œ U / Þw <>
!

definition of , consider the equation   It follows thathalf-life U Î# œ U / Þ! !
&($! <
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 &($! < œ 68Ð"Î#Ñ < œ "Þ#!*( ‚ "!, that is, % per year.

a b a b, U > œ U / Þ.  Hence the amount of carbon-14 is given by !
"Þ#!*(‚"! >%

a b a b- Þ U X œ U Î& "Î& œ / Þ  Given that , we have the equation   Solving for!
"Þ#!*(‚"! X%

the , the apparent age of the remains is approximately  decay time years .X œ "$ß $!%Þ'&

15.  Let  be the population of mosquitoes at any time .  The rate of  of theT > >a b increase
mosquito population is   The population  by  .  Hence the<T Þ #!ß !!!decreases per day
equation that models the population is given by .  Note that the.TÎ.> œ <T  #!ß !!!

variable  represents .  The solution is   In the> T > œ T /  /  " Þdays a b a b!
<> <>#!ß!!!

<

absence of predators, the governing equation is  , with solution.T Î.> œ <T" "

T > œ T / Þ T ( œ #T #T œ T / Þ" ! " ! ! !a b a b<> (<  Based on the data, set , that is,   The growth
rate is determined as    Therefore the population,< œ 68 # Î( œ Þ!**!# Þa b per day
including the  by birds, is predation T > œ # ‚ "! /  #!"ß **( /  " œa b a b& Þ!**> Þ!**>

œ #!"ß **(Þ$  "*((Þ$ / ÞÞ!**>

16 .    The  is a b a b c d+ C > œ /B: #Î"!  >Î"!  #-9=Ð>ÑÎ"! Þ ¸ #Þ*'$# Þdoubling-time 7

a b a b a b, Þ .CÎ.> œ CÎ"! C > œ C ! / Þ  The differential equation is , with solution   The>Î"!

doubling-time is given by 7 œ "!68 # ¸ 'Þ*$"& Þa b
a b a b- .CÎ.> œ !Þ&  =38Ð# >Ñ CÎ& Þ.  Consider the differential equation   The equation is1
separable, with   Integrating both sides, with respect to the" "

C &.C œ !Þ"  =38Ð# >Ñ .> Þˆ ‰1

appropriate variable, we obtain   Invoking the initial68 C œ >  -9=Ð# >Ñ Î"!  - Þa b1 1 1
condition, the solution is   The  isC > œ /B: "  >  -9=Ð# >Ñ Î"! Þa b c da b1 1 1 doubling-time
7 ¸ 'Þ$)!% Þ ,  The  approaches the value found in part .doubling-time a b
a b. .

17 .  The differential equation  is , with integrating factora b a b+ .CÎ.> œ < > C  5 linear
. . .a b a b a b a b ‘'> œ /B: < > .> Þ C œ  5 > Þ   Write the equation as   Integration of bothw
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sides yields the general solution .  In this problem,C œ  5 .  C ! Î > ‘' a b a b a b. 7 7 . .!

the
integrating factor is .a b c da b> œ /B: -9= >  > Î& Þ

a b a b, Þ C > œ ! > œ >  The population becomes , if , for some .  Referring toextinct ‡ ‡

part ,a b+
we find that C > œ ! Êa b‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ & / C Þ7 7 7

It can be shown that the integral on the left hand side increases , from monotonically zero
to a limiting value of approximately .  Hence extinction can happen &Þ!)*$ only if
& / C  &Þ!)*$ C  !Þ)$$$ Þ"Î&

- -, that is, 

a b a b a b- , C > œ ! Ê.  Repeating the argument in part , it follows that ‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ / C Þ
"

5
7 7 7

Hence extinction can happen  , that is, only if / C Î5  &Þ!)*$ C  %Þ"''( 5 Þ"Î&
- -

a b. C 5.  Evidently,  is a  function of the parameter .- linear

19 .  Let  be the  of carbon monoxide in the room.  The rate of  ofa b a b+ U > volume increase
CO CO leaves the room is    The amount of   at a rate ofa ba bÞ!% !Þ" œ !Þ!!% 0> Î738 Þ$

a b a b a b!Þ" U > Î"#!! œ U > Î"#!!! 0> Î738 Þ   Hence the total rate of change is given by$

the differential equation   This equation is  and.UÎ.> œ !Þ!!%  U > Î"#!!! Þa b linear
separable, with solution    Note that  U > œ %)  %) /B:  >Î"#!!! U œ !a b a b 0> Þ 0> Þ$ $

!

Hence the  at any time is given by  .concentration %B > œ U > Î"#!! œ U > Î"#a b a b a b
a b a b a b, B > œ %  %/B:  >Î"#!!!.  The  of  in the room is    A levelconcentration CO %Þ
of  corresponds to  .  Setting , the solution of the equation!Þ!!!"# !Þ!"# B œ !Þ!"#% a b7
%  %/B:  >Î"#!!! œ !Þ!"# ¸ $'a b  is  .7 minutes
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20   The concentration is   It is easy to seea b a b a b+ Þ - > œ 5  TÎ<  -  5  TÎ< / Þ!
<>ÎZ

that - >p_ œ 5  TÎ< Þa b
a b a b, Þ - > œ - / X œ 68Ð#ÑZ Î< X œ 68Ð"!ÑZ Î<Þ  .  The  are  and ! &! "!

<>ÎZ reduction times

a b a ba b- Þ X œ 68 "! '&Þ# Î"#ß #!! œ %$!Þ)&  The , in , are reduction times years W

      X œ 68 "! "&) Î%ß *!! œ ("Þ% à X œ 68 "! "(& Î%'! œ 'Þ!&Q Ia ba b a ba b
 X œ 68 "! #!* Î"'ß !!! œ "(Þ'$ ÞS a ba b
21a b- Þ

     

22 .  The differential equation for the motion is   Given thea b+ 7.@Î.> œ  @Î$! 71 Þ
initial condition   , the solution is .@ ! œ #! @ > œ  %%Þ"  '%Þ" /B:  >Î%Þ&a b a b a bm/s
Setting , the ball reaches the maximum height at  .  Integrating@ > œ ! > œ "Þ')$a b" " sec
@ > B > œ $")Þ%&  %%Þ" >  #))Þ%& /B:  >Î%Þ& Þa b a b a b, the position is given by   Hence
the  is  .maximum height mB > œ %&Þ()a b"
a b a b, Þ B > œ ! > œ &Þ"#)  Setting , the ball hits the ground at  .# # sec

a b- Þ

      

23   The differential equation for the  motion is ,a b+ Þ 7.@Î.> œ  @ 71upward . #

in which .  This equation is , with   Integrating. œ "Î"$#& .@ œ  .> Þseparable 7
@ 71. #
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both sides and invoking the initial condition,   Setting@ > œ %%Þ"$$ >+8 Þ%#&  Þ### > Þa b a b
@ > œ ! > œ "Þ*"' @ >a b a b" ", the ball reaches the maximum height at  .  Integrating , thesec
position is given by   Therefore theB > œ "*)Þ(& 68 -9= !Þ### >  !Þ%#&  %)Þ&( Þa b c da b
maximum height m is  .B > œ %)Þ&'a b"
a b, Þ 7.@Î.> œ  @ 71 Þ  The differential equation for the  motion is downward . #

This equation is also separable, with   For convenience, set  at7
71 @. # .@ œ  .> Þ > œ !

the  of the trajectory.  The new initial condition becomes .  Integrating bothtop @ ! œ !a b
sides and invoking the initial condition, we obtain 68 %%Þ"$  @ Î %%Þ"$  @ œ >Î#Þ#&c da b a b
Þ
Solving for the velocity,   Integrating , the@ > œ %%Þ"$ "  / Î "  / Þ @ >a b a b a b a b> >Î#Þ#& Î#Þ#&

position is given by   To estimate theB > œ **Þ#* 68 / Î "  /  ")'Þ# Þa b a b’ “> > #Î#Þ#& Î#Þ#&

duration sec of the downward motion, set , resulting in  .  Hence theB > œ ! > œ $Þ#('a b# #

total time sec that the ball remains in the air is  .>  > œ &Þ"*#1 #

a b- Þ

        

24   Measure the positive direction of motion .  Based on Newton's a b+ Þ #downward nd
law,
the equation of motion is given by

7 œ Þ
.@

.>

 !Þ(& @ 71 !  >  "!
 "# @ 71 >  "!œ   ,  

      ,  

Note that gravity acts in the  direction, and the drag force is .  During thepositive resistive
first ten seconds of fall, the initial value problem is  , with initial.@Î.> œ  @Î(Þ&  $#
velocity    This differential equation is separable and linear, with solution@ ! œ ! Þa b fps
@ > œ #%! "  / @ "! œ "('Þ( Þa b a b a b>Î(Þ& .  Hence  fps

a b a b, B > œ !.  Integrating the velocity, with ,  the distance fallen is given by

B > œ #%! >  ")!! /  ")!!a b >Î(Þ& .

Hence  .B "! œ "!(%Þ&a b ft
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a b- Þ > œ !  For computational purposes, reset time to .  For the remainder of the motion,
the initial value problem is , with specified initial velocity.@Î.> œ  $#@Î"&  $#
@ ! œ "('Þ( Þ @ > œ "&  "'"Þ( / Þ > p_a b a b   The solution is given by   As ,fps $# >Î"&

@ > p @ œ "& Þ B ! œ "!(%Þ&a b a bP    Integrating the velocity, with ,  the distance fallenfps
after the parachute is open is given by   To find theB > œ "& >  (&Þ) /  ""&!Þ$ Þa b $# >Î"&

duration of the second part of the motion, estimate the root of the transcendental equation
"& X  (&Þ) /  ""&!Þ$ œ &!!! Þ X œ #&'Þ' Þ$# XÎ"&   The result is  sec

a b. Þ

     

25 .  Measure the positive direction of motion .  The equation of motion isa b+ upward
given by .  The initial value problem is ,7.@Î.> œ  5 @ 71 .@Î.> œ  5@Î7  1
with .  The solution is   Setting@ ! œ @ @ > œ 71Î5  @ 71Î5 / Þa b a b a b! !

5>Î7

@ > œ ! > œ 7Î5 68 71  5 @ Î71 Þa b a b c da b7 7, the maximum height is reached at time !

Integrating the velocity, the position of the body is

B > œ 71 >Î5  1  Ð"  / ÑÞ
7 7@

5 5
a b ” •Š ‹#

5>Î7!

Hence the maximum height reached is

B œ B > œ  1 68 Þ
7@ 7 71  5 @

5 5 71
7 7

! !a b Š ‹ ” •#

a b a b, Þ ¥ " 68 "  œ    á  Recall that for  , $ $ $ $ $ $" " "
# $ %

# $ %

26 .    a b a b, œ  5 @ 71 / œ  1> Þlim lim
5Ä! 5Ä!

71 5 @ 71 /
5 7

> 5>Î7a b!
5>Î7

!

a b  ‘ˆ ‰- Þ   @ / œ ! / œ ! Þ     , since    lim lim
7Ä! 7Ä!

71 71
5 5

5>Î7 5>Î7
!

28 .  In terms of displacement, the differential equation is a b+ 7@ .@Î.B œ  5 @ 71 Þ
This follows from the :  .  The differential equation ischain rule .@ .@ .B .@

.> .B .> .>œ œ @

separable, with



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 47

B @ œ   68 Þ
7@ 7 1 71  5 @

5 5 71
a b º º#

#

The inverse , since both  and  are monotone increasing.  In terms of the givenexists B @
parameters, B @ œ  "Þ#& @  "&Þ$" 68 !Þ!)"' @  " Þa b k k

a b a b, Þ B "! œ "$Þ%& 5 œ !Þ#%   .  The required value is .meters

a b a b- Þ + @ œ "! B œ "!  In part , set   and  .m/s meters

29   Let  represent the height above the earth's surface.  The equation of motion isa b+ Þ B
given by , in which  is the universal gravitational constant.  The7 œ K K.@ Q7

.> VBa b#
symbols  and  are the  and  of the earth, respectively.  By the chain rule,Q V mass radius

7@ œ K
.@ Q7

.B V  Ba b# .

This equation is separable, with   Integrating both sides,@ .@ œ KQ V  B .B Þa b#

and
invoking the initial condition , the solution is @ ! œ #1V @ œ #KQ V  B a b a bÈ # "

 #1V  #KQÎV Þ 1 œ KQÎV  From elementary physics, it follows that .  Therefore#

@ B œ #1 VÎ V  B Þa b a bÈ ’ “È     Note that  mi/hr .1 œ ()ß &%& #

a b È ’ “È, Þ .BÎ.> œ #1 VÎ V  B  We now consider .  This equation is also separable,

with   By definition of the variable , the initial condition isÈ ÈV  B.B œ #1 V .> Þ B

B ! œ !Þ B > œ #1 V >  V V Þa b a b  ‘ˆ ‰È  Integrating both sides, we obtain $ #
# $

$Î# #Î$

Setting the distance , and solving for , the duration of such aB X  V œ #%!ß !!! Xa b
flight would be  X ¸ %* hours .

32   Both equations are linear and separable.  The initial conditions are a b a b+ Þ @ ! œ ? -9=
E
and .  The two solutions are  and A ! œ ?=38E @ > œ ? -9=E / A > œ  1Î< a b a b a b<>

 ? =38E  1Î< / Þa b <>
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a b a b, Þ +  Integrating the solutions in part , and invoking the initial conditions, the
coordinates are  andB > œ -9=E "  /a b a b?

<
<>

C > œ  1>Î<  1  ?< =38E  2< Î<  =38E  1Î< / Þ
?

<
a b ˆ ‰ Š ‹# # # <>

a b- Þ

a b. Þ X $&!  Let  be the time that it takes the ball to go   horizontally.  Then from above,ft
/ œ ? -9=E  (! Î? -9=E ÞXÎ& a b   At the same time, the height of the ball is given by
C X œ  "'!X  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E Þa b c da b
Hence  and  must satisfy the inequalityE ?

)!!68  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E   "! Þ
? -9=E  (!

? -9=E
” • c da b

33   Solving equation ,  .  The  answer isa b a b a b c da b+ Þ 3 C B œ 5  C ÎCw # "Î# positive
chosen, since  is an  function of .C Bincreasing

a b, C œ 5 =38 > .C œ #5 =38 > -9= > .> Þ.  Let .  Then   Substituting into the equation in# # #

part , we find thata b+
#5 =38 > -9= > .> -9= >

.B =38 >
œ Þ

#

Hence #5 =38 > .> œ .B Þ# #

a b- Þ œ #> 5 =38 . œ .B Þ  Letting , we further obtain    Integrating both sides of the) )# #
#
)

equation and noting that   corresponds to the , we obtain the solutions> œ œ !) origin
B œ 5  =38 Î# , C œ 5 "  -9= Î# Þa b a b c d a b a ba b) ) ) ) )# # and from part  

a b a b a b. CÎB œ "  -9= Î  =38 Þ B œ " C œ #.  Note that   Setting , , the solution of) ) )
the equation  is .  Substitution into either of thea b a b"  -9= Î  =38 œ # ¸ "Þ%!") ) ) )
expressions yields 5 ¸ #Þ"*$ Þ


