
—————————————————————————— ——CHAPTER 7. 

________________________________________________________________________
            page 404

Section 7.7

1.  The eigenvalues and eigenvectors were found in Prob. , Section ." (Þ&

< œ  " œ à < œ # œ Þ
" #

# "
" #

" #,    ,  0 0a b a bŒ  Œ 
The general solution is

x œ -  - Þ
/ # /

# / /
" #Œ  Œ > #>

> #>

Hence a fundamental matrix is given by

Ga b Œ > œ Þ
/ # /

# / /

> #>

> #>

We now have

G Ga b a bŒ  Œ ! œ ! œ
" #  " #
# " #  "

"

$
and ,"

So that

F G Ga b a b a b Œ > œ > ! œ Þ
"

$

 /  %/ #/  #/

 #/  #/ %/  /
"

> #> > #>

> #> > #>

3.  The eigenvalues and eigenvectors were found in Prob. , Section .  The general$ (Þ&
solution of the system is

x œ -  - Þ
/ /

/ $/
" #Œ  Œ > >

> >

Given the initial conditions , we solve the equationsx ea b! œ a b"
-  - œ "

-  $- œ !
" #

" # ,

to obtain , .  The corresponding solution is- œ $Î# - œ  "Î#" #

x œ Þ
/  /

/  / $ "
# #

> >

$ $
# #

> >

Given the initial conditions , we solve the equationsx ea b! œ a b#
-  - œ !

-  $- œ "
" #

" # ,

to obtain , .  The corresponding solution is- œ  "Î# - œ "Î#" #
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x œ Þ
 /  /

 /  / " "
# #

> >

" $
# #

> >

Therefore the fundamental matrix is

Fa b Œ > œ Þ
"

#

$

$

/  /  /  /

/  $/  /  $/

> > > >

> > > >

5.  The general solution, found in Prob. , Section , is given by$ (Þ'

x œ -  - Þ
& -9= > & =38 >

# -9= >  =38 >  -9= >  # =38 >
" #Œ  Œ 

Given the initial conditions , we solve the equationsx ea b! œ a b"
&- œ "

#-  - œ !
"

" # ,

resulting in , .  The corresponding solution is- œ "Î& - œ #Î&" #

x œ Þ
-9= >  # =38 >

=38 >
Œ 

Given the initial conditions , we solve the equationsx ea b! œ a b#
&- œ !

#-  - œ "
"

" # ,

resulting in , .  The corresponding solution is- œ ! - œ  "" #

x œ Þ
 & =38 >

-9= >  # =38 >
Œ 

Therefore the fundamental matrix is

Fa b Œ > œ Þ
=38 >

-9= >  # =38 >  & =38 >
-9= >  # =38 >

7.  The general solution, found in Prob. , Section , is given by"& (Þ&

x œ -  - Þ
/ /

$/ /
" #Œ  Œ #> %>

#> %>

Given the initial conditions , we solve the equationsx ea b! œ a b"
-  - œ "

$-  - œ !
" #

" # ,
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resulting in , .  The corresponding solution is- œ  "Î# - œ $Î#" #

x œ Þ
"  /  $/

#  $/  $/
Œ #> %>

#> %>

The initial conditions  require thatx ea b! œ a b#
-  - œ !

$-  - œ "
" #

" # ,

resulting in , .  The corresponding solution is- œ "Î# - œ  "Î#" #

x œ Þ
" /  /

# $/  /
Œ #> %>

#> %>

Therefore the fundamental matrix is

Fa b Œ > œ Þ
"

#

 /  $/ /  /

 $/  $/ $/  /

#> %> #> %>

#> %> #> %>

8.  The general solution, found in Prob. , Section , is given by& (Þ'

x œ - /  - / Þ
-9= > =38 >

# -9= >  =38 >  -9= >  # =38 >
" #

> >Œ  Œ 
The specific solution corresponding to the initial conditions  isx ea b! œ a b"

x œ / Þ
-9= >  # =38 >

&=38 >
>Œ 

For the initial conditions , the solution isx ea b! œ a b#

x œ / Þ
 =38 >

-9= >  #=38 >
>Œ 

Therefore the fundamental matrix is

Fa b Œ > œ / Þ
 =38 >> -9= >  # =38 >

&=38 > -9= >  #=38 >

9.  The general solution, found in Prob. , Section , is given by"$ (Þ&

x œ -  -  - Þ
%/

 &/

 (/

$/

 %/

 #/  /

!

/" # $

Î Ñ Î Ñ Î Ñ
Ï Ò Ï Ò Ï Ò

#>

#>

#>

>

>

> #>

#>

Given the initial conditions , we solve the equationsx ea b! œ a b"
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%-  $- œ "

 &-  %-  - œ !

 (-  #-  - œ !

" #

" # $

" # $ ,

resulting in , , .  The corresponding solution is- œ  "Î# - œ " - œ $Î#" # $

x œ Þ

 #/  $/

/  %/  /

/  #/  /

Î ÑÐ Ó
Ï Ò

#> >

& $
# #

#> > #>

( $
# #

#> > #>

The initial conditions , we solve the equationsx ea b! œ a b#
%-  $- œ !

 &-  %-  - œ "

 (-  #-  - œ !

" #

" # $

" # $ ,

resulting in , , .  The corresponding solution is- œ  "Î% - œ "Î$ - œ "$Î"#" # $

x œ Þ

 /  /

/  /  /

/  /  /

Î ÑÐ Ó
Ï Ò

#> >

& % "$
% $ "#

#> > #>

( # "$
% $ "#

#> > #>

The initial conditions , we solve the equationsx ea b! œ a b$
%-  $- œ !

 &-  %-  - œ !

 (-  #-  - œ "

" #

" # $

" # $ ,

resulting in , , .  The corresponding solution is- œ  "Î% - œ "Î$ - œ "Î"#" # $

x œ Þ

 /  /

/  /  /

/  /  /

Î ÑÐ Ó
Ï Ò

#> >

& % "
% $ "#

#> > #>

( # "
% $ "#

#> > #>

Therefore the fundamental matrix is

Fa b Î ÑÐ Ó
Ï Ò> œ

 #/  $/  /  /  /  /

/  %/  / /  /  / /  /  /

/  #/  / /  / 

#> > #> > #> >

& $ & % "$ & % "
# # % $ "# % $ "#

#> > #> #> > #> #> > #>

( $ ( # "$
# # % $

#> > #> #> >
"# % $ "#

#> #> > #>( # "/ /  /  /

Þ

12.  The solution of the initial value problem is given by
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x œ

œ
/ -9= #>  #/ =38 #> $

/ =38 #> / -9= #> "

œ / Þ
$-9= #>  #=38 #>

=38 #>  -9= #>

Fa b a b> !x

Œ Œ 
Œ 

> >

"
#

> >

>
$
#

13.  Let

Ga b Î Ñ
Ï Ò

a b a b
a b a b> œ Þ

B > â B >
ã ã

B > â B >

" "
" 8

8 8
" 8

a b a b

a b a b

It follows that

Ga b Î Ñ
Ï Ò

a b a b
a b a b> œ

B > â B >
ã ã

B > â B >
!

" "
" 8

! !

8 8
" 8

! !

a b a b

a b a b

is a scalar matrix, which is invertible, since the solutions are linearly independent.
Let G"

! 34a b a b> œ - .  Then

G Ga b a b Î ÑÎ Ñ
Ï ÒÏ Ò

a b a b
a b a b> > œ Þ

B > â B >
ã ã

B > â B >

- â -
ã ã

- â -

"
!

" "
" 8

8 8
" 8

"" "8

88

a b a b

a b a b
8"

The 4-th column of the product matrix is

c d "G Ga b a b> >"
!

a b a b4

5 œ"

8
5œ -54 x ,

which is a solution vector, since it is a linear combination of solutions.  Furthermore, the
columns are all linearly independent, since the vectors  are   Hence the product isxa b5 Þ
a fundamental matrix.  Finally, setting , > œ >! G Ga b a b> > œ! !

" I .  This is precisely the
definition of  .Fa b>
14.  The fundamental matrix  for the systemFa b>

x xw œ
" "
% "Œ 

is given by

Fa b Œ > œ Þ
"

%

#/  #/ /  /

%/  %/ #/  #/

$> > $> >

$> > $> >

Direct multiplication results in
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F Fa b a b Œ Œ 
Œ a b a ba b

> = œ
"

"'

#/  #/ /  / #/  #/ /  /

%/  %/ #/  #/ %/  %/ #/  #/

œ
"

"'

) /  / % /  /

"' /

$> > $> > $= = $= =

$> > $> > $= = $= =

$>$= >= $>$= >=

$>$= >= $>$= >= / ) /  /
Þa b

Hence

F Fa b a b Œ > = œ Þ
"

%

#/  #/ /  /

%/  %/ #/  #/

$ >=  >= $ >=  >=

$ >=  >= $ >=  >=

a b a b a b a b
a b a b a b a b

15 .  Let  be arbitrary, but a b+ = fixed, and  variable.  Similar to the argument in Prob. ,> "$
the  of the matrix columns F Fa b a b> =  are linear combinations of fundamental solutions.
Hence the columns of  are also solution of the system of equations.  Further,F Fa b a b> =
setting ,   That is,  is a solution of the> œ ! ! = œ = œ = Þ > =F F F F F Fa b a b a b a b a b a bI
initial value problem , with   Now consider the change ofZ AZ Zw œ ! œ = Þa b a bF
variable .  Let .  The given initial value problem can be7 7 7œ >  = œ  =W Za b a b
reformulated as

.

.
œ = œ = Þ

7
W AW W, with a b a bF

Since  is a fundamental matrix satisfying , with , it followsF F F Fa b a b> œ ! œw A I
that

Wa b a b a b a b ‘
a b7 7

7

œ = =

œ Þ

F F F

F

"

That is, .F F F Fa b a b a b a b a b a b>  = œ œ œ > œ > =7 7W Z

a b a b a b a b a b a ba b, + >  > œ >   > œ ! œ.  Based on Part , .  HenceF F F F I

F Fa b a b > œ > Þ"

a b a b a b a b a b a b a ba b- >  = œ >   = œ >  = œ > = Þ. It also follows that F F F F F F"

16.  Let  be a , with .  Note that for anyA A e e ediagonal matrix œ + ß + ßâß +c d" # 8
" # 8a b a b a b

positive integer, ,5

A e e e5 5 5 5œ + ß + ßâß + ‘
" # 8

" # 8a b a b a b .

It follows, from basic matrix algebra, that
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I A œ Þ
> ! + â !

5x

+ ! â !

ã ã ã

! ! â +

"
Î ÑÐ ÓÐ ÓÐ ÓÐ ÓÐ ÓÐ ÓÐ ÓÐ Ó
Ï Ò

!
!

!
5 œ"

7
5

5 5

5œ!

7
5 >
5x

5œ!

7
>
5x

5œ!

7
5 >
5x

"

#

8

5

5

5

It can be shown that the partial sums on the left hand side converge for all .  Taking the>
limit as  on both sides of the equation, we obtaina b7p_

/B: > œ Þ

/ ! â !

! / â !
ã ã ã

! ! â /

a b Î ÑÐ ÓÐ Ó
Ï Ò

A

+ >

+ >

+ >

"

#

8

Alternatively, consider the system  .  Since ODEs are x Axw œ uncoupled, the vectors
xa b4 œ /B: + > ß 4 œ "ß #ßâ8a b4

4ea b , are a set of linearly independent solutions.  Hence
the matrix

X e e eœ /B: + > ß /B: + > ßâß /B: + > ‘a b a b a b" # 8
" # 8a b a b a b

is a fundamental matrix.  Finally, since , it follows thatX Ia b! œ

 ‘a b a b a b a b a b/B: + > ß /B: + > ßâß /B: + > œ > œ /B: >" # 8
" # 8e e e Aa b a b a b F .

17 .  Assuming that  is a solution, then , with   Integratea b a b a b+ œ > œ ! œ Þx A x9 9 9 9w !

both sides of the equation to obtain

9 9 9a b a b a b(>  ! œ = .=
!

>

A .

Hence

9 9a b a b(> œ  = .=x A!

!

>

.

a b, .  Proceed with the iteration

9 9a b a b3" 3

!

>a b a b(> œ  = .=x A! .

With , and noting that  is a 9a b! !a b> œ x A constant matrix,
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9a b"
!

>a b (> œ  .=

œ  > Þ

x Ax

x Ax

! !

! !

That is, .9a b" a b a b> œ  >I A x!

a b- .  We then have

9a b#
!

>

#
#

#
#

a b a b(

Œ 

> œ   > .=

œ  > 
>

#

œ  > 
>

#

x A I A x

x Ax A x

I A A x

! !

! ! !

!.

Now suppose that

9a b8 # 8
# 8a b Œ > œ  >  â
> >

# 8x
I A A A x!.

It follows that

( Œ 
!

>
# 8

# 8

A I A A A x >  â .= œ
> >

# 8x
!

œ >   â
> > >

# $x 8  " x

œ >   â Þ
> > >

# $x 8x

A I A A A x

A A A A x

Œ a b
Œ 

# $ 8"
# 8

# $ 8"
# $ 8

!

!

Therefore

9a b8" # 8"
# 8"a b Œ a b> œ  >  â
> >

# 8  " x
I A A A x!.

By induction, the asserted form of  is valid for all 9a b8 a b> 8   ! Þ

a b a b a b. > œ >.  Define .  It can be shown that the limit does exist.  In fact,9 9a b a b_ 8lim
8Ä_

9a b_ !a b a b> œ /B: > ÞA x

Term-by-term differentiation results in
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. . > >

.> .> # 8x
> œ  >  â 

œ  > â 
>

8  " x

œ  >  â  Þ
> >

# 8  " x

9a b_ !

!

!

a b Œ 
Œ a b
Œ a b

I A A A x

A A A x

A I A A A x

# 8
# 8

# 8
8"

# 8"
# 8"

That is,

.

.>
> œ >9 9a b a b_ _a b a bA .

Furthermore, .  Based on  of solutions, .9 9 9a b a b_ ! _a b a b a b! œ > œ >x uniqueness


