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Section 8.5

1 .  The  solution of the ODE is   Imposing the initiala b a b+ C > œ - /  #  > Þgeneral >

condition, , the solution of the IVP is .C ! œ # > œ #  >a b a b9"

a b a b, C ! œ #Þ!!".  If instead, the initial condition  is given, the solution of the IVP is
9 9 9# # "a b a b a b> œ !Þ!!" /  #  > >  > œ !Þ!!" / Þ> >.  We then have 

3.  The solution of the initial value problem is 9a b> œ /  > Þ"!! >

a b+ß , Þ  Based on the exact solution, the  for both of the Eulerlocal truncation error
methods is

k k/ Ÿ / 2 Þ
"!

#
69-

%
"!! > #8

Hence , for all .  Furthermore, the local truncation error isk k/ Ÿ &!!! 2 !  >  "8 8
#

greatest near .  Therefore > œ ! k k/ Ÿ &!!! 2  !Þ!!!& 2  !Þ!!!$ Þ"
#  for   Now the

truncation error accumulates at each time step.  Therefore the actual time step should be
much smaller than .  For example, with , we obtain the data2 ¸ !Þ!!!$ 2 œ !Þ!!!#&

Euler B.Euler 9a b>
> œ !Þ!& !Þ!&'$#$ !Þ!&("'& !Þ!&'($)
> œ !Þ" !Þ"!!!%! !Þ"!!!&" !Þ"!!!%&

Note that the total number of time steps needed to reach  is .> œ !Þ" R œ %!!

a b- 2 À.  Using the Runge-Kutta method, comparisons are made for several values of 

2 œ !Þ" À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&(%"' !Þ!!!'()
> œ !Þ" !Þ"!!!%& !Þ"!!!&& !Þ!!!!"!

8 8 8

2 œ !Þ!!& À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&'('' !Þ!!!!#(
> œ !Þ" !Þ"!!!%& !Þ"!!!%' !Þ!!!!!!%

8 8 8

6 .  Using the method of , it is easy to show that the generala b+ undetermined coefficients
solution of the ODE is   Imposing the initial condition, it follows thatC > œ - /  > Þa b -> #

- œ ! > œ > Þ and hence the solution of the IVP is 9a b #

a b, 2 œ !Þ!".  Using the Runge-Kutta method, with , numerical solutions are generated
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for various values of - À

- œ " À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#& !Þ!'#%***ÞÞ # ‚ "!
> œ !Þ& !Þ#& !Þ#& !
> œ !Þ(& !Þ&'#& !Þ&'#& !
> œ "Þ! "Þ! "Þ! !

8 8 8
""

- œ "! À

9 9a b k ka b> C C  >

> œ !Þ#& !Þ!'#& !Þ!'#%**)ÞÞ #Þ#"& ‚ "!
> œ !Þ& !Þ#& !Þ#%***( #Þ*#! ‚ "!
> œ !Þ(& !Þ&'#& !Þ&'#%'% $Þ&(* ‚ "!

> œ "Þ! "Þ! !Þ***&'% %Þ$'# ‚

8 8 8
(

'

&

"!%

- œ #! À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#& !Þ!'#))*ÞÞ "Þ"! ‚ "!
> œ !Þ& !Þ#& !Þ#%)$%# "Þ'&) ‚ "!
> œ !Þ(& !Þ&'#& !Þ$"'%&) !Þ#%'!%#
> œ "Þ! "Þ!  $&Þ&"$* $'Þ&"$*

8 8 8
&

$

- œ &! À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#&  !Þ!%%)!$ÞÞ !Þ"!($!$
> œ !Þ& !Þ#&  #)''*Þ&& #)''*Þ)!%
> œ !Þ(& !Þ&'#&  (Þ''!"% ‚ "! (Þ''!"% ‚ "!

> œ "Þ! "Þ!  #Þ!%'') ‚ "!

8 8 8

* *

"& "&#Þ!%'') ‚ "!

The following table shows the calculated value, , at the  time stepC À" first

9 - - - -a b a b a b a b a b> C œ " C œ "! C œ #! C œ &!

"! *Þ***** ‚ "! *Þ***(* ‚ "! *Þ**)$$ ‚ "! *Þ*($*' ‚ "!
" " " "

% & & & &

a b a b- +.  Referring back to the  solution given in Part , if a  initial condition,exact nonzero
say , is specified, the solution of the IVP becomesC ! œa b &

9 &&
-a b> œ /  >> #.

We then have   It is evident that for any ,k k k ka b a b9 9 &>  > œ / Þ >  !&
->
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lim
-

&
Ä_

k ka b a b9 9>  > œ _ Þ

This implies that virtually any error introduced early in the calculations will be magnified
as .  The initial value problem is inherently .-p_ unstable


