CHAPTER 10. —

Section 10.2

1. The period of the function sin ax is T' = 27/a.. Therefore the function sin 5z has
period T'=27/5.

2. The period of the function cos ax is also 1" = 27/« . Therefore the function cos

2mx
has period 7' = 27 /27 = 1.

4. Based on Prob. 1, the period of the function sinnz/L is T = 27 /(w/L) = 2L.

6. Let T > 0 and consider the equation (x + T')* = 22. It follows that 2Tz + T2 = 0
and 2z + T = 0. Since the latter equation is not an identity, the function z? cannot be
periodic with finite period.

8. The function is defined on intervals of length (2n + 1) — (2n — 1) = 2. On any two
consecutive intervals, f(x) is identically equal to 1 on one of the intervals and alternates
between 1 and — 1 on the other. It follows that the period is 7' = 4.
9. On the interval L < x < 2L, a simple shift to the right results in
fx)= —(x—2L)=2L — .
On the interval — 3L < x < — 2L, a simple shift to the left results in
fle)= —(z+2L)= —2L —=z.

11. The next fundamental period to the left is on the interval — 2L < x < 0. Hence the
interval — L < x < 0 is the second half of a fundamental period. A simple shift to the
left results in

flz)=L—(x+2L)= —L—=x.

12. First note that

COS——— = — 4+ cos

mrx  nmr 1 (m —n)mrx (m+n)rz
cos— 7 5 |08 7 7

and

Ccos SIN—— = —

mrx . nrxr  1[  (n—m)rz
7 7 5 |51
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It follows that
L L
1 _
/Lcosmgmcos%dx = §/L {cosw + COSM} dx
1L {sin[(m—n)rz/L] N sin[(m +n)mz/L] ) |*
27 m—n m-+n I
=0,
as long as m + n and m — n are not zero. For the case m =n,
L L
nwx)z ﬁ{/‘[ 2nwx]
cos— ) dz = - 1+ cos dx
L/iL< L 2)_1 L
1 +_shﬂ2nﬂx/L) L
= - €T _—_—
2 2nm/L I
=1L.
Likewise,
L L
1 —
/_Lcosmgx sin—nzxd:z: = 5/_L [sm—<n 271)%:1: + sin—(m —}—Ln)mr] dx
_ 1L {fcos[(n—m)mz/L] cos[(m+n)rz/L] L
27 m-—n m+n _I
=0,
as long as m + n and m — n are not zero. For the case m =n,
/w max . PIE I{/L ,2nﬂxd
cos sin—-dxr = - [ sin x
7 L L 2)1 L
1 fcos(2nmx/L) L
2 2nm/L .

=0.
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14(a). For L =1,

(b). The Fourier coefficients are calculated using the Euler-Fourier formulas:

1 L
a =7 _Lf(:c)da:

Forn >0,
1 L
a, = — f(x)cos@dx
LJj_g
1 0
= E/LcosnLﬂdx
Likewise,

/ f(z sin@d:p

nmwT
= Z/_Lsdex
=14+ (=1)
- nmw

It follows that by, = 0 and by, , = — 2/[(2k — 1)7], k =1,2,3,---. Therefore the
Fourier series for the given function is

1 x 2k — 1)z
—5—;2 o
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16(a).

(b). The Fourier coefficients are calculated using the Euler-Fourier formulas:

_ %/if(m)dm

0 1
= (x+ 1)dz + /0 (1 —2x)dx

-1

=1.
Forn >0,
/ f(z cos@dx
1
= / (x + 1)cosnmx dx + / (1 —x)cosnrx dx
-1 0
-1 —1)\"
el Gt
n2m?
It follows that a,, = 0 and ay_, = 4/[(2k — 1)*7%], k =1,2,3,---. Likewise,

/ f(x sz’nwda:

1
:/ (x+1)sznn7rmdm+/ (1 — x)sinnmrdx
-1 0
=0.

Therefore the Fourier series for the given function is

f(x) = 7r2 Z cos(2k — )7z
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17(a). ForL =1,

1.84
1.67
1.44
1.24

0.4
0.2

(b). The Fourier coefficients are calculated using the Euler-Fourier formulas:

a, = /f

1 L
—Z/_L(:c—l—L)dx+L/O Ldx

= 3L/2.
Forn > 0,
a, = / f(x cos@dx
1 (L
= E/L(JC-I-L)cos—dx L/o LCOSnLﬂdI
L(1 — cosnm)
- n2m? .
Likewise,

nmwr

b, = /f sin—da:

1 (L
= E/L( +L)sm—da:+ L/o Lsin%dm

Lcosnm

nm

Note that cosnm = (— 1)". It follows that the Fourier series for the given function is
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18(a).

1 L

Forn > 0,
1 L
an =7 Lf(x)cos—mgxdx
]/’1 nwxd
=— | zcos—dx
2/ L
Likewise,
1 (L
b, = E/Lf(x)sm—nzmdm
1//1 . nﬁxd
=— | zsin—dx
2/, L
= — (2 sin@ — mrcosm).
n?m? 2 2
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Therefore the Fourier series for the given function is

[ 4  nr 2 nr| . nmx
flz) = ,,2_:1 [W SN~ = — oS- | sin——.

19(a).

(b). The Fourier cosine coefficients are given by

/ f(x COS@dIE

/ nm:d +1/2 mrxd
= — — cos——dzx cos——dzx
2/ 9 2 2 /o 2

=0.

The Fourier sine coefficients are given by

/ f(x sinmdx

/ ,nmcd +1/2, nwxd
= — — sin——dx sin——dx
2/, 2 2 /o 2

1 —cosnm

nim

Therefore the Fourier series for the given function is

4 1 . (2n— 1)z
f(x)_%;%—lsm 2
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20(a).

(b). The Fourier cosine coefficients are given by

/ f(z cos@dx

—/ rcosnrmxdr
1
=0.

The Fourier sine coefficients are given by
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nmwx

1 /L
b, = Z/_Lf(x)siana:
1

= / T sinnmrdx
-1

cosnm
= -2

nm

Therefore the Fourier series for the given function is

flxz) = — % io: (= l)nsinnmc.

n=1 n

0.8
06
0.4
0.z

02 04_ 06 08 1
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22(a).

(b). The Fourier cosine coefficients are given by

/ fla

— 5/_2(x+2)dx—|— ;/02(2—23:)@3

2

and forn > 0,

/ flx cos@dx

1 2
= 5/_2(3:—#2)0057@:4- 2/0 (2 —2x)cos ?dl’

(I —cosnm)
=0 n?m?

The Fourier sine coefficients are given by

/ f(z sin@dx

1 2
= —/ (x+ 2)3m—dm + / (2 — 2x)sin DY g
2/, 2/, 2
_ pcosnm
nm

Therefore the Fourier series for the given function is
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23(a).

1.8

164
1.44
1.24

084
067

0.2 x
0.4
06
0.8

(b). The Fourier cosine coefficients are given by
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| —

[ o

T I
1[0 1
:_/ (—— da:—{— /(2m——x2>dx
2/, 2
=11/6,
and forn > 0,
1 L
f(x cos@dx

L/,
1 /0 1 /2 1
= 5/_2(— g)cos%dm‘ﬁ- 2/0 (2:5‘— 5:172)603 n—gxd:z:

(5 — cosmm)

n2m2

The Fourier sine coefficients are given by

/ f(z sm@d:p

1 [? 1
= 5/_2( ;)sm?dm—l— 2/0 (2:6— ixQ)sm ?dm

4 — (4 + n*n?)cosnm
n3ms ’

Therefore the Fourier series for the given function is

= [(—1)" —5] nmwx
f(z) _E+ Z:l cos 9 +
> [4- (4+ )( n" .
LR AC
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(c).

24(a).
5]
4
3
21
1:

8 B 4 2 12 :i'}{' BB

1

(b). The Fourier cosine coefficients are given by
1 L
ay = E/Lf(x)dx
3
2

1
:5/0 (3 —x)dz
—9/4,

and forn > 0,
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/ f(x coswdaﬁ

nmnx

= 5/0 2%(3 — x)cos Tdm

2

(6 — 6 cosnm + n’r*cosnr)

= —27

nimd

The Fourier sine coefficients are given by

/ f(z sin@d:p

= g/o 2*(3 — x)sin %dm

_ 5y 1+ 230038 nmw
nsm

Therefore the Fourier series for the given function is

f(z) :2—272{6[1‘(—1>"]+(—1)" T

nimd n2m? 3

54 Z 1+2(-1)"] . nmz

Sin
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m=5 m=10
0s 0.2
0.24
0.223
0.4 0.23
0.183
03 015
0.4
0,123
0.2 0.1
0,084
0,05
b 0.04
0,023
O 0040606 1 12141618 2 22242628 3 D02 040608 1 12141618 2 22242628 3
¥ H
m=20
0.124
0.14
0.084
0.06
0.044
0.024

D702 040508 1 12141618 2 222426238 3
®

It is evident that |e,,,(z)| is greatest at = + 3. Increasing the number of terms in the
partials sums, we find that if m > 27, then |e,,(z)| < 0.1, forall z € [— 3, 3].

m=27
0.14

0.084
0.064
0.044

0.024

0702040608 1 12141618 2 22242628 3
H
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Graphing the partial sum s,;(x), the convergence is as predicted:

527 ()
4 4

28. Let z =T +a, forsome a € [0,T]. First note that for any value of A,

fle+h)—f(z) =f(T+a+h)— f(T+a)
= fla+h)— f(a).

Since f is differentiable,

f'(w) = lim, h
o flat k)~ f(@)
h—0 h

Thatis, f'(a +T) = f'(a). By induction, it follows that f'(a + T') = f'(a) for every
value of a .

On the other hand, if f(x) = 1 + cos z, then the function

T
F(z) = / [1+ cost]dt
0
=z 4+ sinx
is not periodic, unless its definition is restricted to a specific interval.
29(a). Based on the hypothesis, the vectors v, , v, and v; are a basis for R3. Given any

vector u € R?, it can be expressed as a linear combination u = a,v; + a,v, + azvs.
Taking the inner product of both sides of this equation with v; , we have

u-v; = (a,vy + ayvy + asvs) - v;
= a; ViV,
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since the basis vectors are mutually orthogonal. Hence

u-v;

,i=1,2,3.

a,; —
V;-V;

Recall that u - v; = uv; cos 6, in which 6 is the angle between u and v;. Therefore

ucos

i =

(%

Here w cos 6 is interpreted as the magnitude of the projection of u in the direction of v; .

(b). Assuming that a Fourier series converges to a periodic function, f(z),
a o o0
f(z) = §0¢0(x) + Z m @ () + Z by ()
m=1 m=1
Taking the inner product, defined by

(u,v) = /_Lu(x)'u(m)da:,

L

of both sides of the series expansion with the specified trigonometric functions, we have

(f,qbn)— 2 (o, bn) +Zam Grm + Bn) +Zb (Vm » 6n)

m=1 m=1

forn=0,1,2,---

(c). Ttalso follows that

(f ) = 5 (@0, n) +Zam G > Vn) +Zb (¥m > )

m=1 m=1
forn =1,2,---. Based on the orthogonality conditions,

(¢m,¢n) = L(Smn ) (wmal/}n) = Lémﬂ 5
and (¥, , ) = L 6y, . Note that (¢, ¢y) = 2L . Therefore

2y = (zwo_ /f ooz

and

ap = (¢n ,¢n / f ¢n n = 1727
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Likewise,

L
= % — 1] f@unade, n=1.2
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