CHAPTER 2. ——

Section 2.7

2(a). The Euler formula is v, = 9, + h(2y, — 1) = (1 +2h)y, — h.
(d). The differential equation is /inear, with solution y(t) = (1 + ') /2.
4(a). The Euler formula is y,., = (1 — 2h)y, + 3h cost, .

(d). The exact solution is y(t) = (6cost + 3sint —6e~2)/5.
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All solutions seem to converge to ¢(t) = 25/9.
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Solutions with positive initial conditions seem to converge to a specific function. On the
other hand, solutions with negative coefficients decrease without bound. ¢(¢) = 0 is an
equilibrium solution.
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the other hand, solutions to the 'right’ of the curve seem to converge to zero. Also, ¢(t)
;
;
/‘
-

Solutions with initial conditions to the 'eft’ of the curve t = 0.1y? seem to diverge. On
is an equilibrium solution.

All solutions seem to converge to a specific function.

All solutions seem to diverge.

10.



CHAPTER 2. ——

e RV & L)
il P A DA
T ik L
e e e S
e T e —— s
HHHH-—-‘-—_—H—Eﬂé/ A
Wi B,

e e e e M e

i
b
*
h
\
™
*
kS
*
M
}
{
j
{
{
!

L S S
e
s e
A e SR
R e e
LA e

N,

N,
Y
e
S
e N
e
e
e Ny
T

"Ihm

Solutions with positive initial conditions increase without bound. Solutions with
negative
initial conditions decrease without bound. Note that ¢(¢) = 0 is an equilibrium solution.

11. The Euler formulais y,,; = v, — 3h\/y, + 5h. The initial value is y, = 2.
12. The iteration formula is y,.; = (1 + 3h)y, — ht,y>. (to, ) = (0,0.5).
14. The iteration formula is 4, = (1 — ht, )y, + hy? /10. (to,5,) = (0,1).

17. The Euler formula is
h(y2 + 2t,y,)

yn+1 :yn+ 3+t2
The initial point is (¢y, yo) = (1,2).
18(a). See Problem 8.
19(a).
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(b). The iteration formula is v,,; = vy, + hy> — ht>. The critical value of @ appears
to be near oy ~ 0.6815. For y, > «, the iterations diverge.
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20(a). The ODE is linear, with general solution y(t) =t + ce’. Invoking the specified
initial condition, y(t,) = y,, we have y, = t, + ce®. Hence ¢ = (y, — t;)e . Thus
the solution is given by ¢(¢) = (yo — to)e' " +¢t.

(b). The Euler formulais y,.;, = (1+h)y, +h —ht,. Nowset k =n+1.

(c). Wehavey, = (1+h)yo+h —hty=(1+ h)y,+ (t, — ty) — ht,. Rearranging
the terms, 1, = (1 + h)(yo — to) + t;. Now suppose that 3, = (1 4+ h)"(yo — to) + s,
forsome k£ > 1. Theny,., = (1 + h)y, + h — ht,. Substituting for y,, we find that
Yr = (L+R)" (o —to)+ L+ R )ty +h—ht, = (L+ 1) (yo—to) +ti + 1.
Noting that t,,, = ¢, + k, the result is verified.

(d). Substituting h = (t — t;)/n, with t, = ¢,

t—to\"
yn:(1+ no) (yo_to)+t

Taking the limit of both sides, as n— oo, and using the fact that lim (1 + a/n)" = €°,

n—oo
pointwise convergence is proved.

21. The exact solution is ¢(t) = e’. The Euler formula is y,.;, = (1 + h)y, . Itis easy
to see that y, = (1 + h)"y, = (L + h)". Givent > 0, set h = t/n. Taking the limit,

we find that lim y, = lim (1 +¢/n)" = €.

23. The exact solution is ¢(t) = t/2 + e*. The Euler formula is y,,; = (1 + 2h)y, +
+h/2—ht,. Sincey, =1,y = (1 +2h)+h/2=(1+2h)+t,/2. Ttiseasy to

show by mathematical induction, that y, = (1 4+ 2h)" +¢,/2. Fort > 0,seth =t/n
and thus ¢, = ¢. Taking the limit, we find that nhrglo Yo = nhngo [(1+2t/n)"+t/2] =

= e?! +t/2. Hence pointwise convergence is proved.
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