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Section 5.8

3. Here zp(z) = 1 and 2°q(x) = 2z, which are both analytic everywhere. We set
y = 2" (ay + a1z + a,x® + --- + a,x"™ + --+). Substitution into the ODE results in

o
Z r+n)(r+n-1)a, T+"+Z P+ n)a, T 7+n+22a“ rentl _

n=>0 n=>0

After adjusting the indices in the /ast series, we obtain

aplr(r = 1) +7]a7 + Y[+ w7+ 1= Do + ¢+ m)as + 20 22" = 0.

n=1

Assuming ag # 0, the indicial equation is r* = 0, with double root r = . Setting the
remaining coefficients equal to zero, we have forn > 1,

2

m an—1(r) .

an(r) = -

It follows that

an(r) = (-p72 5a0, n>1.
[(n+r)(n+7r—1)-(1+7)]

Since r = 0, one solution is given by

y1(x) = ii( — 2 "

n=>0 (TL')2

For a second linearly independent solution, we follow the discussion in Section 5.7 .
First

note that
/ 1 1 1
a’n<r) - _ 2 .. _|_
an(r) n+r n4+r—1 1+r
Settingr =0,
— 1)t
a'(0) = —2H,a,(0) = —2Hn( )2
(n!)
Therefore,

(—1)" Q"H
yo(z) = y1(x ln:c—?Z x".

4. Here x p(r) = 4 and x?q(x) = 2 + x, which are both analytic everywhere. We set
y = 2" (ay + a1z + a,x® + - -+ + a,x"™ + --+). Substitution into the ODE results in
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o0 o0
Z (r+n)(r+n—1a, 2"+ Z (r+mn)a, 2" +
n: :0

o0

o0
+ E CanH_n-H + 2§ a/nxr-i-n =0
n=0

After adjusting the indices in the second-to-last series, we obtain

o0
aolr(r = 1) +4r + 22" + Y _[(r+n)(r +n — Day +4(r +n)ay +2a, + ay_1]a’" = 0.

n=1

Assuming ag # 0, the indicial equation is v* + 3r + 2 = 0, with roots r, = — 1 and
r, = — 2. Setting the remaining coefficients equal to zero, we have forn > 1,

@ 1 )

an(r) = — an—1(7).

: m+r+Dn+r+2) "

It follows that
— 1"
an(r) = ) ap, n>1.

[(n+r+Dn+7r)--C+r)l(n+r+2)(n+r)--@+7r)

Since r; = — 1, one solution is given by
o
— E n

For a second linearly independent solution, we follow the discussion in Section 5.7 .
Since v, — r, = N = 1, we find that

1
B TN

with ap = 1. Hence the leading coefficient in the solution is

a:‘limQ(r+2) ap(r)= —1.

Further,

(="

Let A, (r) = (r+2)ay(r). It follows that

Al (r) 1 1 1
A (r) n+r+2 n+r+1 n+r 3+
Setting r =1r, = — 2,
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A=) L o L b Ly
A (—2) n n—1 n-—2
- - Hn - anl
Hence
Cn( - 2) = - (Hn + Hn—l) An( - 2)
(-n”
- - Hn Hn— .
(Hy + 1)n!(n - 1)!
Therefore,
(-1)"(H,+ H,_
yo(z) = —y(z)Ine + 72 ; n——’i) ) ”] .
6. Let y(x z)/y/z . Then y' = 2720 — 273 v/2 and y" = a2 v" —

z 2 —I—Sx ’/2 v/4. Substitution into the ODE results in
1
[2°7 0" — 20 + 327 /4] + [2"7 0" — a7 u/2] + (51:2 — Z)x_mv =0.

Simplifying, we find that
v +0v=0,
with general solution v(x) = ¢,cosx + ¢, sinx . Hence

y(z) = c.x?cosx + ey ?sinz.

&. The absolute value of the ratio of consecutive terms is

Qoo T2 |2 [>™2 22 (m 4 1) m) _ Els
Oy T27 2 222 (m 4 2)(m 4+ 1) 4(m+2)(m+1)
Applying the ratio test,
2m+2 2
. a‘?'m,-‘rQ X . |x‘
1 _ | = 1 - O .
mggo Qs T2 mgréo 4m+2)(m+1)

Hence the series for J,(x) converges absolutely for all values of . Furthermore,
since the series for .J;(x) also converges absolutely for all z, term-by-term differentiation
results in
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_ l)mem—l

Jo (@) = Z 227(”—1 m!(m —1)!

1
_ 1)m+ x2m+1

o (
=2 22m+1(m, + 1)1 m!

—1 mem

T o
522 Im!

Therefore, J/(z) = — Ji(x).

9(a). Note that z p(z) = 1 and z%q(x) = 2% — 1%, which are both analytic at x=0.
Thus x = 0 is a regular singular point. Furthermore, py = 1 and ¢y = — v?. Hence
the indicial equation is > — v*> = 0, withroots r, = v and r, = — v.

(b). Set y = x"(ag + a;x + a,x® + -+ + a,x™ + ---). Substitution into the ODE
results in

o
Z r+n)(r+n—1)a, ”"%—Z r+n)a, 2"+
= n=0

[0.9] o
+ E apx T — 2 E a,z’" =0

After adjusting the indices in the second-to-last series, we obtain
ag[r(r—1)+r—v*a" +a[(r+ Dr+ (r+1) — %] +

+3 [+ n)(r +n = Day + (r +n)a, — va, + a, o)™ = 0.

n=2

Setting the coefficients equal to zero, we find that a; = 0, and

—1
An = — 5 - An-2,
o) =2
for n > 2. It follows that a3 = a5 = -+ = a9,4.1 = --- = 0. Furthermore, with
r=v,
-1
= A
n (n+21/) n—2
Soform=1,2,---,
-1
Aoy = ———————— A9y
2 2m(2m + 2v) 2m=2

( _ 1)7TL

22nml(1+v)24v)--(m—14v)(m+v) ¢
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Hence one solution is

yi(z) = 2"

o (_1)m T\ 2m
: +mz_1 m(1+v)2+v)--(m—1+v)(m+v) (5) ]

(c). Assuming that r, — r, = 2v is not an integer, simply setting » = — v in the above
results in a second linearly independent solution

S (-0 vy
43 e T () ]

m=1

yo(w) = 27"

(d). The absolute value of the ratio of consecutive terms in y,(z) is

2m+2 |'_,1»/.|27n"'_2 22m m‘(l + U)' . (m + ]/)

Qo2 L _
Qg T 2> 22m+2(m 4+ D1+ v)---(m + 14 v)
_ £
Am+1)(m+1+v)’
Applying the ratio test,
hm Qo2 x2m+2 — llm |x‘2 _
m—oo| Qg L m—oo 4(m+ 1)(m+ 1+ v)

Hence the series for y,(z) converges absolutely for all values of . The same can be
shown for y,(z). Note also, that if v is a positive integer, then the coefficients in the
series for y,(x) are undefined.

10(a). It suffices to calculate L[.Jy(x)In x|. Indeed,

(@) gl = I () i+ 28
X
and
J) ()  Jy(x
[Jo(z)inz]" = J) (z)Inz + 2 Ox( — ;2 ) :
Hence

L[Jy(z) Inz] = 2*J) (2) Inx + 22 J/ (x) — Jo(z) +
+aJ)(z)Inz + Jy(z) + 2Ty () Inz.

Since z2J) (z) + z J/(z) + 2*Jy(z) = 0,
L{Jy(z)Inz] =2z J)(x).
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(b). Given that L[y,(z)] = 0, after adjusting the indices in Part (a), we have

bix + 22b2 z? + Z (n2bn + bn—Q)xn = —2z JO/(:C) :
n=3
Using the series representation of J/(z) in Problem 8,

[ee] TL 277/)
2 _
bz + 22by 22 +Z by + byo)z" = Zl 2%”'

(c). Equating the coefficients on both sides of the equation, we find that
by=b3=-=byp1=--=0.
Also, withn = 1, 22by = 1/(11)*, that is, by = 1/[22(1!)2]. Furthermore, for m > 2,

(—1)"(2m)
22m(ml)?

by = L (]
1T T g2y 2

be — 1+1+1
67 924242 2 '3

It can be shown, in general, that

(2m)%bay, + boy 2 = — 2

More explicitly,

m HTTL
b = (— 1) I
22m (m)!)

11. Bessel's equation of order one is
?y" +zy + (2 - 1)y =0.

Based on Problem 9, the roots of the indicial equation are r, =1 and r, = — 1. Set
y=1z"(ay+ ayx + a4+ -+ apa” + --+). Substitution into the ODE results in

o0

o0
Z (r+n)(r+n—1a,z""" + Z (r+n)a, ™" +
n=0 n=0

o

o0
+ a xr+n+2__ a 1¢+n __0
E n E n — V.
n=0

After adjusting the indices in the second-to-last series, we obtain
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aglr(r—1)+r—1jz"+ a1 [(r+ Dr+ (r+1) - 1]+

+ Z[(r +n)(r+mn—1)a, + (r+n)a, —a, + a, o)z"™" = 0.
n=2

Setting the coefficients equal to zero, we find that a; = 0, and

-1

ap(r) = ———— a,_9o(r
( ) (7“ +n)2 1 2( )
_ (1)
= an—o(r),
m+r+)n+r—1) "7
for n > 2. It follows that a3 = a5 = -+ = ag;,+1 = --- = 0. Solving the recurrence
relation,
— 1)
agm (1) = ( ) a.

@m+r+1)2m+r—1)%(r+3)*(r+1)
With r =r, =1,

(=D"

D) = g 1)1l

For a second linearly independent solution, we follow the discussion in Section 5.7 .
Since r;, — r, = N = 2, we find that
1

N )

with ap = 1. Hence the leading coefficient in the solution is

1
a :,.lim1 (r+1)as(r) = — 5

Further,

( _ 1)’]7),

(r 1) azm(r) = @m+r+1)[2m+r—1)--@+r)]

Let A, (r) = (r+ 1) a,(r). It follows that

Al 1 1 1
M:_i_Q S W )

Aoy (1) 2m +r+1 2m +r —1 3+r
Setting » = r, = — 1, we calculate
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CQm( — 1) = (Hm + Hm 1)A2m( - 1)

( _ 1)7TL
om[(2m — 2)---2]°

(=D"
22m=1ml(m — 1)1

(Hp + Hy1)

(Hm + Hm 1)

[\DI)—k l\DIH[\DI)—‘

Note that ag,,+1(7) = 0 implies that Ay, 1(r) =0, so

d
Com1(—1) = |:%A2m+1<7’):| - =0.
Therefore,
1 S T\ 2m 0 m(H + H,_ 1) 2m
o) = = o3 i (5) i |- 3 e e (27

Based on the definition of .J,(x),

y(z) = — Ji(x )lnm+

-3 S0 ) (27

12. Consider a solution of the form

~ V& f(aa?).
Then

,:ﬂ'aﬁxﬂ_}_f(f)
AN NG

in which ¢ = ax®. Hence

B df e’ [
©de x\/g d¢ x\/7 4:1:\/5 ’

and

d2
$2y1/2a262x2ﬁ\/;d£2 62 5\/7___\/7./3
Substitution into the ODE results in

L rarar L Lie+ (e + 1810 =0,

Simplifying, and setting ¢ = ax®, we find that

52 203
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2
et ret i @-nr9=0, v

which is a Bessel equation of order v . Therefore, the general solution of the given ODE
1s

y(z) =z [c1 fi(az?) + ¢, fo(az?)],
in which f,(£) and f£,(¢) are the linearly independent solutions of ().
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