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Section 8.2

1.  The improved Euler formula for this problem is

C œ C  2 $  >  >  C  $  >  C Þ
" " 2

# # #
8" 8 8 8" 8 8 8

#Œ  a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 $  C  C  #  #8 
2 82

# #
8" 8 8 8

# $a b a b ,

with .C œ "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"# "Þ$)"#! "Þ&&*!* "Þ(#*&'
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"& "Þ$)"#& "Þ&&*"' "Þ(#*'&
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"' "Þ$)"#' "Þ&&*") "Þ(#*'(
8

8

2.  The improved Euler formula is

C œ C  & >  $ C  & >  $ O
2 2

# #
8" 8 8 8 8" 8ˆ ‰È Š ‹È ,

in which .  Since  and , we can alsoO œ C  2 & >  $ C > œ >  82 > œ !8 8 8 8 8ˆ ‰È ! !

write

C œ C  &82  $ C  & 8  " 2  $ O
2 2

# #
8" 8 8 8ˆ ‰È ’ “a b È ,

with .C œ #!

a b+ 2 œ !Þ!& À.  
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8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##)$ "Þ$$%'! "Þ"#)#! !Þ**&%%&
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##%$ "Þ$$$)' "Þ"#(") !Þ**%#"&
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##$% "Þ$$$') "Þ"#'*$ !Þ**$*#"
8

8

3.  The improved Euler formula for this problem is

C œ C  % C  $ >  $ >  2 # C  $ > Þ
2

#
8" 8 8 8 8" 8 8

#a b a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #2 C  % C  $  '8  $82
2

#
8" 8 8 8

#
$a b ,

with .C œ "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&#' "Þ%##($ "Þ'&&"" "Þ*!&(!
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$$ "Þ%##*! "Þ'&&%# "Þ*!'#"
8

8

a b- 2 œ !Þ!"#& À.  
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8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$% "Þ%##*% "Þ'&&&! "Þ*!'$%
8

8

5.  The improved Euler formula is

C œ C  2  2
C  # > C O  # > O

# $  > # $  >
8" 8

8 8
# #

8 8 8" 8

8
#

8"
#a b ˆ ‰ ,

in which

O œ C  2
C  # > C

$  >
8 8

8
#

8 8

8
#

.

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2  2
C  #82 C O  # 8  " 2O

# $  8 2 # $  8  " 2
8" 8

8 8
# #

8 8

# # # #a b a b ‘a b ,

with .C œ !Þ&!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!"'% !Þ&#%"#' !Þ&%!)$ !Þ&'%#&"
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!"') !Þ&#%"$& !Þ&%#"!! !Þ&'%#((
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!'* !Þ&#%"$( !Þ&%#"!% !Þ&'%#)%
8

8

6.  The improved Euler formula for this problem is

C œ C  >  C =38 C  > O =38O
2 2

# #
8" 8 8 88 8 8" 8

# # # #ˆ ‰ ˆ ‰ ,
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in which

O œ C  2 >  C =38 C8 8 88 8
# #ˆ ‰  .

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  8 2  C =38 C  8  " 2 O =38O
2 2

# #
8" 8 8 8

# # # # #
8 8

#ˆ ‰  ‘a b ,

with .C œ  "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%'&!  !Þ)'%$$)  !Þ)"''%#  !Þ()!!!)
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&&!  !Þ)'%"((  !Þ)"'%%#  !Þ((*()"
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&#&  !Þ)'%"$)  !Þ)"'$*$  !Þ((*(#&
8

8

7.  The improved Euler formula for this problem is

C œ C  % C  >  >  "  2 # C  >  !Þ& Þ
2

#
8" 8 8 8 8" 8 8

#a b a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 # C  !Þ&  2 # C  8  828" 8 8 8
# $a b a b ,

with .C œ "!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*'("* (Þ))$"$ #!Þ)""% &&Þ&"!'
8

8
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a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*')!! (Þ))(&& #!Þ)#*% &&Þ&(&)
8

8

8.  The improved Euler formula is

C œ C  & >  $ C  & >  $ O
2 2

# #
8" 8 8 8 8" 8ˆ ‰È Š ‹È ,

in which .  Since  and , we can alsoO œ C  2 & >  $ C > œ >  82 > œ !8 8 8 8 8ˆ ‰È ! !

write

C œ C  &82  $ C  & 8  " 2  $ O
2 2

# #
8" 8 8 8ˆ ‰È ’ “a b È ,

with .C œ #!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#'"$* "Þ#)&&) #Þ%!)*) %Þ"!$)'
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&)"& "Þ#)&#& #Þ%!)'* %Þ"!$&*
8

8

9.  The improved Euler formula for this problem is

C œ C  >  C  > O
2 2

# #
8" 8 8 8 8" 8È È ,

in which .  Since  and , we can also writeO œ C  2 >  C > œ >  82 > œ !8 8 8 8 8È ! !

C œ C  82  C  8  " 2 O
2 2

# #
8" 8 8 8

È Èa b ,

with .C œ $!

a b+ 2 œ !Þ!#& À.  
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8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#"( &Þ"!))( 'Þ%$"$% (Þ*#$$#
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#") &Þ"!))* 'Þ%$"$) (Þ*#$$(
8

8

10.  The improved Euler formula is

C œ C  # >  /B:  > C  # >  /B:  > O
2 2

# #
8" 8 8 8 8 8" 8" 8c d c da b a b ,

in which .  Since  and , we canO œ C  2 # >  /B:  > C > œ >  82 > œ !8 8 8 8 8 8c da b ! !

also write

C œ C  #82  /B:  82 C  # 8  " 2  /B:  8  " 2O
2 2

# #
8" 8 8 8c d e fa b a b c da b ,

with .C œ "!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'$ #Þ%)!*( $Þ(%&&' &Þ%*&*&
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'$ #Þ%)!*# $Þ(%&&! &Þ%*&)*
8

8

12.  The improved Euler formula is

C œ C  2  2
C  # > C O  # > O

# $  > # $  >
8" 8

8 8
# #

8 8 8" 8

8
#

8"
#a b ˆ ‰ ,

in which

O œ C  2
C  # > C

$  >
8 8

8
#

8 8

8
#

.
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Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2  2
C  #82 C O  # 8  " 2O

# $  8 2 # $  8  " 2
8" 8

8 8
# #

8 8

# # # #a b a b ‘a b ,

with .C œ !Þ&!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!)*( !Þ(***&! "Þ"''&$ "Þ(%*'*
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!' !Þ(***)) "Þ"'''$ "Þ(%**#
8

8

16.  The exact solution of the initial value problem is   Based on the9a b> œ  / Þ" "
# #

#>

result in Prob. , the local truncation error for a "% -a b linear differential equation is

/ œ > 2
"

'
8" 8

www $9 a b ,

where   Since >  >  > Þ8 8 8" 9 www #>a b> œ % / , the local truncation error is

/ œ /B: # > 2
#

$
8" 8

$a b .

Furthermore, with ,! Ÿ > Ÿ "8

k k/ Ÿ / 2
#

$
8"

# $.

It also follows that for ,2 œ !Þ"

k k a b/ Ÿ / !Þ" œ /
# "

$ "&!!
"

!Þ# !Þ#$ .

Using the improved Euler method, with , we have .  The exact2 œ !Þ" C ¸ "Þ""!!!"

value is given by 9a b!Þ" œ "Þ""!(!"% Þ

17.  The exact solution of the initial value problem is given by   Using9a b> œ >  / Þ"
#

#>

the modified Euler method, the local truncation error for a linear differential equation is

/ œ > 2
"

'
8" 8

www $9 a b ,
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where   Since >  >  > Þ8 8 8" 9 www #>a b> œ ) / , the local truncation error is

/ œ /B: # > 2
%

$
8" 8

$a b .

Furthermore, with , the  error is bounded by! Ÿ > Ÿ "8 local

k k/ Ÿ / 2
%

$
8"

# $.

It also follows that for ,2 œ !Þ"

k k a b/ Ÿ / !Þ" œ /
% "

$ (&!
"

!Þ# !Þ#$ .

Using the improved Euler method, with , we have .  The exact2 œ !Þ" C ¸ "Þ#(!!!"

value is given by 9a b!Þ" œ "Þ#("%!$ Þ

18.  Using the ,Euler method

C œ "  !Þ" !Þ&  !  # † "

œ "Þ#& Þ
" a b

Using the ,improved Euler method

C œ "  !Þ!& !Þ&  !  # † "  !Þ!& !Þ&  !Þ"  # † "Þ#&

œ "Þ#( Þ
" a b a b

The estimated error is   The step size should be adjusted by/ ¸ "Þ#(  "Þ#& œ !Þ!# Þ"

a factor of .  Hence the required step size is estimated asÈ!Þ!!#&Î!Þ!# ¸ !Þ$&%

2 ¸ !Þ" !Þ$' œ !Þ!$' Þa ba b
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20.  Using the ,Euler method

C œ $  !Þ" !  $

œ $Þ"($#!& Þ
"

È
Using the ,improved Euler method

C œ $  !Þ!& !  $  !Þ!& !Þ"  $Þ"($#!&

œ $Þ"((!'$ Þ
"

È È
The estimated error is   The step size should/ ¸ $Þ"((!'$  $Þ"($#!& œ !Þ!!$)&) Þ"

be adjusted by a factor of .  Hence the required step sizeÈ!Þ!!#&Î!Þ!!$)&) ¸ !Þ)!&
is estimated as

2 ¸ !Þ" !Þ)!& œ !Þ!)!& Þa ba b
21.  Using the ,Euler method

C œ !Þ&  !Þ"
!Þ&  !

$  !
œ !Þ&!)$$%

"

a b#

Using the ,improved Euler method

C œ !Þ&  !Þ!&  !Þ!&
!Þ&  ! !Þ&!)$$%  # !Þ" !Þ&!)$$%

$  ! $  !Þ"

œ !Þ&"!"%) Þ

"

a b a b a ba b
a b

# #

#

The estimated error is   The local truncation error/ ¸ !Þ&"!"%)  !Þ&!)$$% œ !Þ!!") Þ"

is  than the given tolerance.  The step size can be adjusted by a factor oflessÈ!Þ!!#&Î!Þ!!") ¸ "Þ"()& .  Hence it is possible to use a step size of

2 ¸ !Þ" "Þ"()& ¸ !Þ""( Þa ba b
22.  Assuming that the solution has continuous derivatives at least to the third order,

9 9 9
9 9a b a b a b a b a b

> œ >  > 2  2  2
> >

#x $x
8" 8 8

w # $
ww www

8 8 ,

where   Suppose that >  >  > Þ C œ > Þ8 8 8" 8 89a b
a b+ .  The local truncation error is given by

/ œ >  C Þ8" 8" 8"9a b
The  is defined asmodified Euler formula
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C œ C  2 0 >  2 ß C  2 0 > ß C Þ
" "

# #
8" 8 8 8 8 8” •a b

Observe that .  It follows that9 9w
8 8 8 8 8a b a b a ba b> œ 0 > ß > œ 0 > ß C

/ œ >  C

œ 2 0 > ß C  2  2 
> >

#x $x

 2 0 >  2 ß C  2 0 > ß C Þ
" "

# #

8" 8" 8"

8 8

ww www
8 8# $

8 8 8 8

9

9 9

a b
a b a b a b
” •a b

a b a b, "% ,.  As shown in Prob. ,

9 ww
8 > 8 8 C 8 8 8 8a b a b a b a b> œ 0 > ß C  0 > ß C 0 > ß C .

Furthermore,

0 œ 0 > ß C  0 > ß C  0 > ß C 5 
2

#

 0  25 0  5 0
" 2

#x %

” •a b>  2 ß C  2 0 > ß C
" "

# #
8 8 8 8 a b a b a b

” •
8 8 > 8 8 C 8 8

#

>> >C CC
#

>œ ß Cœ0 (

,

in which  and ,  .  Therefore5 œ 2 0 > ß C >   >  2Î# C   C  5"
# 8 8 8 8 8 8a b 0 (

/ œ 2  0  25 0  5 0 Þ
> 2 2

$x #x %
8" >> >C CC

www #
8 $ #

>œ ß Cœ

9 a b ” •
0 (

Note that each term in the brackets has a factor of .  Hence the local truncation error2#

is  to  .proportional 2$

a b a b- 0 >ß C 0 œ 0 œ 0 œ !.  If  is , then , andlinear >> >C CC

/ œ 2 Þ
>

$x
8"

www
8 $9 a b

23.  The  Euler formula for this problem ismodified

C œ C  2 $  >  2  C  2 $  >  C
" "

# #

œ C  2 $  >  C  C  >  # Þ
2

#

8" 8 8 8 8 8

8 8 8 8 8

#

œ ” •a b
a b a b

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 $  82  C  C  82  #
2

#
8" 8 8 8

#a b a b ,

with .  Setting , we obtain the following valuesC œ " 2 œ !Þ" À!
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8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&!! "Þ$)!*) "Þ&&)() "Þ(#*#!
8

8

25.  The  Euler formula ismodified

C œ C  2 #C  $>  2  2 #C  $>
$

#

œ C  2 #C  $>  %C  '>  $ Þ
2

#

8" 8 8 8 8 8

8 8 8 8 8

#

” •a b
a b a b

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 #C  $82  %C  '82  $
2

#
8" 8 8 8

#a b a b ,

with .  Setting , we obtainC œ " 2 œ !Þ" À!

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&!! "Þ%##"! "Þ'&$*' "Þ*!$)$
8

8

26.  The  Euler formula for this problem ismodified

C œ C  2 #>  2  /B:  >  O
2

#
8" 8 8 8 8œ ” •Œ  ,

in which   Now , with andO œ C  #>  /B:  > C Þ > œ >  82 > œ !8 8 8 8 8 8
2
# c da b ! !

C œ " 2 œ !Þ" À! .  Setting , we obtain the following values 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!%))& "Þ#")*# "Þ$%"&( "Þ%(#(#%
8

8
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27.  Let  be 0 >ß Ca b linear improved in both variables.  The  Euler formula is

C œ C  2 0 > ß C  0 >  2ß C  20 > ß C
"

#

œ C  20 > ß C  20 > ß C  20 2ß 20 > ß C
" " "

# # #

œ 20 2ß C  20 2ß 20 > ß C Þ
"

#

8" 8 8 8 8 8 8 8

8 8 8 8 8 8 8

8 8 8

c da b a ba b
a b a b c da b

a b c da b
The  Euler formula ismodified

C œ C  20 >  2ß C  20 > ß C
" "

# #

œ C  20 > ß C  20 2ß 20 > ß C Þ
" "

# #

8" 8 8 8 8 8

8 8 8 8 8

” •a b
a b a b” •

Since  in both variables,0 >ß Ca b is linear

0 2ß 20 > ß C œ 0 2ß 20 > ß C Þ
" " "

# # #
” •a b c da b8 8 8 8


