CHAPTER 4. ——

Section 4.3

2. The general solution of the homogeneous equation is y, = c,e! + c,e ™" + cscost +
+ ¢eysint. Let g,(t) = 3t and g,(t) = cost. By inspection, we find that Y;(t) = — 3t.
Since g¢,(t) is a solution of the homogeneous equation, set Y, (t) = t(Acost + Bsint).
Substitution into the given ODE and comparing the coefficients of similar term results in
A =0and B= —1/4. Hence the general solution of the nonhomogeneous problem is

t
y(t) = y.(t) — 3t — Zsint.

3. The characteristic equation corresponding to the homogeneous problem can be written
as (r+1)(r* + 1) = 0. The solution of the homogeneous equation is y, = c;e™ +

+ cycost + czsint. Let g(t) = e ' and g,(t) = 4t. Since g,(t) is a solution of the
homogeneous equation, set Y;(t) = Ate'. Substitution into the ODE results in A = 1/2.
Now let Y;(t) = Bt + C. We find that B = — C' = 4. Hence the general solution of
the nonhomogeneous problem is y(t) = y.(t) +te /2 + 4(t — 1).

4. The characteristic equation corresponding to the homogeneous problem can be written
as r(r+1)(r — 1) = 0. The solution of the homogeneous equation is y. = ¢, + c,e’ +
+ cse". Since g(t) = 2 sint is not a solution of the homogeneous problem, we can set
Y (t) = Acost + B sint. Substitution into the ODE resultsin A = 1 and B =0.

Thus

the general solution is y(t) = ¢; + c,e! + cse ™! + cost.

6. The characteristic equation corresponding to the homogeneous problem can be written
as (r2+1)> = 0. It follows that Yo = 1c08t + cysint + t(czcost + eysint). Since

¢g(t) is not a solution of the homogeneous problem, set Y (¢) = A + Bcos 2t + Csin 2t .
Substitution into the ODE results in A = 3, B = 1/9, C' = 0. Thus the general solution
is y(t) = y.(t) + 3+ scos2t.

7. The characteristic equation corresponding to the homogeneous problem can be written
as 73(r® +1) = 0. Thus the homogeneous solution is

Yo =1+ ot + st + ciet + et/? [c5cos<\/§t/2) +cgsin<\/§t/2)]

Note the g(t) = t is a solution of the homogenous problem. Consider a particular
solution

of the form Y (t) = t3(At + B). Substitution into the ODE results in A = 1/24 and
B = 0. Thus the general solution is y(t) = y.(t) + t*/24.

8. The characteristic equation corresponding to the homogeneous problem can be written
as 73(r + 1) = 0. Hence the homogeneous solution is y, = ¢; + ¢, t + c5t% + et

Since ¢(t) is not a solution of the homogeneous problem, set Y (t) = Acos 2t + Bsin 2t .
Substitution into the ODE results in A = 1/40 and B = 1/20. Thus the general solution
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is y(t) = y.(t) + (cos 2t + 2sin 2t) /40.

10. From Prob. 22 in Section 4.2, the homogeneous solution is
Yo = 108t + cysint + + t[ezcost + cysint].

Since g(t) is not a solution of the homogeneous problem, substitute Y (¢) = At + B into
the ODE to obtain A = 3 and B = 4. Thus the general solution is y(t) = y.(t) + 3t + 4.
Invoking the initial conditions, we findthatc, = —4,¢, = —4,c3=1,¢, = — 3/2.
Therefore the solution of the initial value problem is

y(t) = (t —4)cost — (3t/2 +4)sint + 3t + 4.

B0
a0
407
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11. The characteristic equation can be written as 7(r?> — 3r + 2) = 0. Hence the
homogeneous solution is y. = ¢; + c,e! + cse?’. Let gy (t) = e’ and g,(t) = t. Note
that g, is a solution of the homogeneous problem. Set Y;(¢) = Ate'. Substitution into
the ODE results in A = — 1. Now let Y,(t) = Bt*> + C't. Substitution into the ODE
results in B = 1/4 and C' = 3/4. Therefore the general solution is

y(t) = c1 + e’ + cye* —te' + (t* 4 3t) /4.

Invoking the initial conditions, we find that ¢, = 1, ¢, = ¢; = 0. The solution of the
initial value problem is y(t) = 1 — te’ + (t + 3t) /4.
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12. The characteristic equation can be written as (r — 1)(r + 3)(r? + 4) = 0. Hence

the homogeneous solution is y, = c;e’ + c,e ' + cycos 2t + c4sin 2t. None of the

terms in g(t) is a solution of the homogeneous problem. Therefore we can assume a form
Y(t) = Ae ' + Bceost + Csint. Substitution into the ODE results in A = 1/20,

B= —2/5,C = —4/5. Hence the general solution is

y(t) = cie’ + e + cyc08 2t + cy5in 2t + 71 /20 — (2cost + 4sint) /5.
Invoking the initial conditions, we find that ¢, = 81/40, ¢, = 73/520, ¢; = 77/65,
¢ = —49/130.

36
36

3.4

3.21

14. From Prob. 4, the homogeneous solution is 3. = ¢, + c,e’ + c;e”!. Consider the
terms g,(t) = te”' and ¢,(t) = 2cost. Note that since r = — 1 is a simple root of the
characteristic equation, Table 4.3.1 suggests that we set Y, (¢) = t(At + B)e™'. The
function 2cos t is not a solution of the homogeneous equation. We can simply choose
Y,(t) = Ccost + Dsint. Hence the particular solution has the form

Y (t) = t(At + B)e " + Ccost + Dsint.

15. The characteristic equation can be written as (r* — 1)2 = 0. The roots are given

page 159



CHAPTER 4. ——

as r = =+ 1, each with multiplicity two. Hence the solution of the homogeneous problem
is y. = cie! + cote! + cse + cqte!. Let g, (t) = e! and g,(t) = sint. The function

e’ is a solution of the homogeneous problem. Since r = 1 has multiplicity two, we set
Yi(t) = At?e’. The function sin t is not a solution of the homogeneous equation. We
can set Y, (t) = Bcost + Csint. Hence the particular solution has the form

Y (t) = At*e¢' + Bcost + Csint.

16. The characteristic equation can be written as 72(r? 4+ 4) = 0, with roots r = 0, 4-2i.
The root » = 0 has multiplicity two, hence the homogeneous solution is y. = ¢, + cot +
+ c3c08 2t + ¢,sin 2t . The functions g, (t) = sin 2t and ¢,(t) = 4 are solutions of the
homogenous equation. The complex roots have multiplicity one, therefore we need to set
Yi(t) = At cos2t + Bt sin2t. Now g,(t) = 4 is associated with the double root r = 0.
Based on Table 4.3.1, set Y5(t) = C't?. Finally, gs(t) = te! (and its derivatives) is
independent of the homogeneous solution. Therefore set Y;(¢) = (Dt + E)e'. Conclude
that the particular solution has the form

Y (t) = At cos 2t + Bt sin 2t + Ct* + (Dt + E)e'.

18. The characteristic equation can be written as 72(r? 4+ 2r + 2) = 0, with roots 7 = 0,
with multiplicity two, and r = — 1 +¢. The homogeneous solution is y. = ¢; + ¢t +
+ csecost + cietsint. The function g, (t) = 3e! + 2te™?, and all of its derivatives,
is independent of the homogeneous solution. Therefore set Y;(t) = Ae! + (Bt + C)e .
Now ¢,(t) = e 'sint is a solution of the homogeneous equation, associated with the
complex roots. We need to set Y;(t) = t(De ‘cost + Ee 'sint). It follows that the
particular solution has the form

Y(t) = Ae' + (Bt + C)e " + t(D e lcost+ Eetsin t).

19. Differentiating y = u(t)wv(t), successively, we have

y' =u'v+uv’
y// — u//’U—i_ 2u/'U/ —"—U’U”

=3 (”) (190
=0 \J

Setting v(t) = e, 1) = ade®. So foranyp=1,2,---,n,

p
YO =y <1?) )

=0 \J

It follows that
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Lle*] = e Z [a n_,,i (]7 ) o ul? —ﬁ] (%)

=0 =o \J
It is evident that the right hand side of Eq. (x) is of the form
et [k:o u™ ke u™ Y ek, qu + Ky, u} .

Hence operator equation L[e®u] = e (byt™ + by t™ 1 + --- +b,,_1t + b, ) can be
written as

ko U(n) + ]ﬁ U(nil) + -+ kn_lu’ + knu =

=D t" + bt b, by,

The coefficients k;,7 = 0,1, ---,n can be determined by collecting the like terms in

the double summation in Eq. (). For example, k; is the coefficient of u(™). The only
term that contains ©(™ is when p=mnand j=0. Hence k, = a,. On the other hand,

k, is the coefficient of w(¢). The inner summation in () contains terms with u, given by
aPu (when j = p), foreach p =0,1,---,n. Hence

n
k, = E appal.
p=0

21(a). Clearly, € is a solution of 3’ — 2y = 0, and te™" is a solution of the differential
equation y” + 2y’ +y = 0. The latter ODE has characteristic equation (r 4+ 1)* = 0.
Hence (D — 2)[3e%] = 3(D — 2)[e*] = 0 and (D + 1)*[te!] = 0. Furthermore,

we have (D — 2)(D + 1)*[te™"] = (D — 2)[0] = 0, and (D — 2)(D + 1)*[3e¥] =

= (D+1)*(D - 2)[3¢%] = (D +1)%[0] = 0.

(b). Based on Part (a),
(D—2)(D+1)°[(D-2*D+1)Y] = (D—2)(D+1)*[3e* — te]
=0,

since the operators are linear. The implied operations are associative and commutative.
Hence

(D-2"(D+1)’Y =0.

The operator equation corresponds to the solution of a linear homogeneous ODE with
characteristic equation (r — 2)*(r 4+ 1)* = 0. The roots are » = 2, with multiplicity 4
and r = — 1, with multiplicity 3. It follows that the given homogeneous solution is

Y(t) = cre?t 4 epte® + cyt?e® + et3e + cse Tt + cte ! + ertle

which is a linear combination of seven independent solutions.
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22(15). Observe that (D — 1)[e!] = 0 and (D? + 1)[sint] = 0. Hence the operator
H(D) = (D — 1)(D? + 1) is an annihilator of e’ + sint. The operator corresponding

to the left hand side of the given ODE is (D? — 1)2. It follows that
(D+1)*(D-1)*(D*+1)Y =0.
The resulting ODE is homogeneous, with solution
Y(t) = e’ + eyte ™ + czel + eyte! + estPe! 4 cocost + crsint.

After examining the homogeneous solution of Prob. 15, and eliminating duplicate terms,
we have

Y (t) = cstde’ + cocost + crsint .

22(16). We find that D[4] = 0, (D — 1)*[te’] = 0, and (D? + 4)[sin2t] = 0.
The operator H (D) = D(D — 1)*(D? + 4)is an annihilator of 2 + te’ 4+ sin 2t. The
operator corresponding to the left hand side of the ODE is D?(D? + 4). It follows that

DD —1)*(D*+4)Y =0.
The resulting ODE is homogeneous, with solution
Y (t) = ¢, + ot + c5t® + cie’ + cste! + cgeos 2t + cr5in 2t + cstcos 2t + cotsin 2t

After examining the homogeneous solution of Prob. 16, and eliminating duplicate terms,
we have

Y(t) = C3t2 + el + este! + cgtcos 2t + cotsin 2t .

22(18). Observe that (D — 1)[e!] = 0, (D + 1)*[te™"] = 0. The function e 'sint is
a solution of a second order ODE with characteristic roots r = — 1+4. It follows that
(D* + 2D + 2)[e 'sint] = 0. Therefore the operator

H(D) = (D —1)(D+1)*(D*+2D +2)

is an annihilator of 3e! + 2te™! + e~!sint. The operator corresponding to the left hand
side of the given ODE is D?(D? 4 2D + 2). It follows that

D*(D —1)(D+1)*(D*+2D +2)°Y = 0.
The resulting ODE is homogeneous, with solution

Y(t) = ¢ + et + e’ +eet +este T +
+ e (cgeost + crsint) + te ' (cscost + cysint ).

After examining the homogeneous solution of Prob. 18, and eliminating duplicate terms,
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we have

Y(t) = cse’ + cie Tt 4 este T + t€7t<CgCOSt + cosint).
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