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Section 10.7

2 .  T Therefore the solution, as given by Eq. , isa b a b+ #!he initial velocity is zero.  

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
,

in which the coefficients are the Fourier  coefficients of .  That is,sine 0 Ba b
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Therefore the displacement of the string is given by
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4 .  As given by Eq. , the solution isa b a b+ #!
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5 .  T Therefore the solution, as given by Eq. , isa b a b+ $%he initial displacement is zero.  
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in which the coefficients are the Fourier  coefficients of .  It followssine ? B ß ! œ 1 B>a b a b
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8 .  As given by Eq. , the solution isa b a b+ $%
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11 .  As shown in Prob. , the solution isa b+ *
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12.  The  is given bywave equation

+ œ
` ? ` ?

`B `>
#

# #

# #
.

Setting , we have= œ BÎP

`? `? .= " `?

`B `= .B P `=
œ œ .

It follows that
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` ? " ` ?

`B P `=
œ

# #

# # #
.

Likewise, with ,7 œ +>ÎP

`? + `? ` ? + ` ?

`> P ` `> P `
œ œ

7 7
  and   .

# # #

# # #

Substitution into the original equation results in

` ? ` ?

`= `
œ

# #

# #7
.

15.  The given specifications are , , and  per unit lengthP œ & X œ &!ft lb weight
# 3 #œ !Þ!#' œ Î$#Þ# œ )!Þ(& ‚ "! .  It follows that .lb/ft slugs/ft&

a b È+ + œ XÎ œ #%).  The transverse waves propagate with a speed of .3 ft/sec

a b, œ 8 +ÎP œ %*Þ) 8 Þ.  The  are natural frequencies rad/sec= 1 18

a b a bÈ- + œ X  X Î.  The new wave speed is .  For a string with fixed ends, the? 3

natural modes are proportional to the functions

Q B œ =38
8 B

P
8a b 1

,

which are independent of .+

19.  The solution of the wave equation

+ @ œ @#
BB >>

in an infinite one-dimensional medium subject to the initial conditions

@ B ß ! œ 0 B @ B ß ! œ ! _  B  _a b a b a b,   ,   >

is given by

@ B ß > œ 0 B  +>  0 B  +>
"

#
a b c da b a b .

The solution of the wave equation

+ A œ A#
BB >> ,

on the same domain, subject to the initial conditions

A B ß ! œ ! A B ß ! œ 1 B _  B  _a b a b a b,   ,   >

is given by



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 705

A B ß > œ 1 .
"

#+
a b a b(

B+>

B+>

0 0 .

Let .  Since the PDE is , it is easy to see that ? B ß > œ @ B ß >  A B ß > ? B ß >a b a b a b a blinear
is a solution of the wave equation .  Furthermore, we have+ ? œ ?#

BB >>

? B ß ! œ @ B ß !  A B ß ! œ 0 Ba b a b a b a b
and

? B ß ! œ @ B ß !  A B ß ! œ 1 B> > >a b a b a b a b .

Hence  is a solution of the general wave propagation problem.? B ß >a b
20.  The solution of the specified wave propagation problem is

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
.

Using a standard trigonometric identity,

=38 -9= œ =38   =38 
8 B 8 + > " 8 B 8 + > 8 B 8 + >

P P # P P P P

œ =38 B  +>  =38 B  +> Þ
" 8 8

# P P

1 1 1 1 1 1

1 1

” •Œ  Œ 
’ “a b a b

We can therefore also write the solution as

? B ß > œ - =38 B  +>  =38 B  +>
" 8 8

# P P
a b a b a b" ’ “

8œ"

_

8

1 1
.

Assuming that the series can be split up,

? B ß > œ - =38 B  +>  - =38 B  +>
" 8 8

# P P
a b a b a b– —" "

8œ" 8œ"

_ _

8 8  .
1 1

Comparing the solution to the one given by Eq. , we can infer thata b#)

2 B œ - =38
8 B

P
a b "

8œ"

_

8 .
1

21.  Let  be a -periodic function defined by2 #Pa b0
2 œ

0 ! Ÿ Ÿ P à
 0   P Ÿ Ÿ !

a b œ a ba b0
0 0
0 0

,
, .

Set .  Assuming the appropriate differentiability? B ß > œ 2 B  +>  2 B  +>a b c da b a b"
#
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conditions on ,2

`? "

`B #
œ 2 B  +>  2 B  +>c da b a bw w

and

` ? "

`B #
œ 2 B  +>  2 B  +>

#

#
ww wwc da b a b .

Likewise,

` ? +

`> #
œ 2 B  +>  2 B  +>

# #

#
ww wwc da b a b .

It follows immediately that

+ œ
` ? ` ?

`B `>
#

# #

# #
.

Let .  Checking the first boundary condition,>   !

? ! ß > œ 2  +>  2 +> œ  2 +>  2 +> œ !
" "

# #
a b c d c da b a b a b a b .

Checking the other boundary condition,

? P ß > œ 2 P  +>  2 P  +>
"

#

œ  2 +>  P  2 +>  P Þ
"

#

a b c da b a b
c da b a b

Since  is -periodic, .  Therefore .2 #P 2 +>  P œ 2 +>  P  #P ? P ß > œ !a b a b a b
Furthermore, for ,! Ÿ B Ÿ P

? B ß ! œ 2 B  2 B œ 2 B œ 0 B Þ
"

#
a b c d a b a ba b a b

Hence  is a solution of the problem.? B ß >a b
23.  Assuming that we can differentiate term-by-term,

`? - 8 8 B 8 + >

`> P P P
œ  + =38 =381

1 1"
8œ"

_
8

and

`? - 8 8 B 8 + >

`B P P P
œ -9= -9= Þ1

1 1"
8œ"

_
8

Formally,
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Œ  "Š ‹
" a b
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#
# # # #

8œ"

_ #

# #

8Á7

_

87

1
1 1

1

8

and

Œ  "Š ‹
" a b

`? - 8 8 B 8 + >

`B P P P
œ -9= -9= 

 K Bß >

#
# # #

8œ"

_ #

#

8Á7

_

87

1
1 1

1

8

,

in which  and  contain  of the natural modes and theirJ Bß > K Bß >87 87a b a b products
derivatives.  Based on the  of the natural modes,orthogonality

( Œ  "Š ‹
!

P #
# # #

8œ"

_ #`? P - 8 8 + >

`> # P P
.B œ + =381

18

and

( Œ  "Š ‹
!

P #
# #

8œ"

_ #`? P - 8 8 + >

`B # P P
.B œ -9= Þ1

18

Recall that .  It follows that+ œ XÎ# 3

( – —Œ  Œ  "Š ‹
"Š ‹

!

P # #
# #

8œ"

_ #

# #

8œ"

_ #

3 1
1

1
1

`? `? XP - 8 8 + >

`> `B # P P
 X .B œ =38 

 -9=
XP - 8 8 + >

# P P

8

8 .

Therefore,

( – —Œ  Œ  "
!

P # #
# # #

8œ"

_" `? " `? X

# `> # `B %P
 X .B œ 8 -3 1 8 .


