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Section 5.4

2.  We see that  when  and .  Since the three coefficients have noT B œ ! B œ ! "a b
factors
in common, both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! # #

B : B œ B œ # Þ
#B

B "  B
a b a b

lim lim
BÄ! BÄ!

# #

# #B ; B œ B œ % Þ
%

B "  B
a b a b

The singular point  is Considering ,B œ ! B œ "regular.  

lim lim
BÄ" BÄ" # #a b a b a b a bB  " : B œ B  " Þ

#B

B "  B

The latter limit .  Hence  is an  singular point.does not exist irregularB œ "

3.   when  and .  Since the three coefficients have no common factors,T B œ ! B œ ! "a b
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! #

B : B œ B Þ
B  #

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Considering ,B œ ! B œ "

lim lim
BÄ" BÄ" #

a b a b a b a bB  " : B œ B  " œ " Þ
B  #

B "  B

lim lim
BÄ" BÄ"

# #
#

a b a b a b a bB  " ; B œ B  " œ ! Þ
 $B

B "  B

Hence  is a B œ " regular singular point.

4.  T B œ ! B œ ! „"a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! $ #

B : B œ B Þ
#

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Near ,B œ ! B œ  "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B
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lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ  " regular singular point.  At ,B œ "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B

lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ " regular singular point.

6.  The only singular point is at .  We find thatB œ !

lim lim
BÄ! BÄ! #

B : B œ B œ " Þ
B

B
a b

lim lim
BÄ! BÄ!

# # #
# #

#
B ; B œ B œ  Þ

B 

B
a b /

/

Hence  is a B œ ! regular singular point.

7.  The only singular point is at .  We find thatB œ  $

lim lim
BÄ$ BÄ$

a b a b a bB  $ : B œ B  $ œ ' Þ
 #B

B  $

lim lim
BÄ$ BÄ$

# #
#a b a b a bB  $ ; B œ B  $ œ !Þ

"  B

B  $

Hence  is a B œ  $ regular singular point.

8.  Dividing the ODE by , we find thatB "  Ba b# $

: B œ ; B œ
" #

B "  B B "  B "  B
a b a ba b a b a b# # $  and   .

The singular points are at B œ ! „" B œ ! and .  For ,

lim lim
BÄ! BÄ!

B : B œ B œ " Þa b "

B "  Ba b#
lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þa b #

B "  B "  Ba b a b# $

Hence  is a B œ ! regular singular point.  For ,B œ  "
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lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim

BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ  Þ
"

%

#

B "  B "  Ba b a b# $

Hence  is a B œ  " regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " Þ
#

B "  B "  Ba b a b# $

The latter limit does not exist irregular.  Hence  is an  singular point.B œ "

9. Dividing the ODE by , we find that  a b a bB  # B  "#

: B œ ; B œ
$  #

B  # B  # B  "
a b a ba b a ba b#   and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a b a bB  # : B œ B  # Þ
$

B  #a b#
The limit does not exist irregular.  Hence  is an  singular point.  For ,B œ  # B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ ! Þ
$

B  #a b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ ! Þ
 #

B  # B  "a ba b
Hence  is a B œ " regular singular point.

10.  T B œ ! B œ ! $a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ!

B : B œ B œ Þ
B  " "

B $  B $
a b a b

lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þ
 #

B $  B
a b a b

Hence  is a B œ ! regular singular point.  For ,B œ $
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lim lim
BÄ$ BÄ$

a b a b a b a bB  $ : B œ B  $ œ  Þ
B  " %

B $  B $

lim lim
BÄ$ BÄ$

# #a b a b a b a bB  $ ; B œ B  $ œ ! Þ
 #

B $  B

Hence  is a B œ $ regular singular point.

11.  Dividing the ODE by , we find thata bB  B  ##

: B œ ; B œ
B  " #

B  # B  " B  # B  "
a b a ba ba b a ba b  and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a bB  # : B œ Þ
B  " "

B  " $
œ

lim lim
BÄ# BÄ#

#a b a bB  # ; B œ Þ
# B  #

B  "
œ !

a b
Hence  is a B œ  # regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a bB  " : B œ œ Þ
#

$

B  "

B  #

lim lim
BÄ" BÄ"

#a b a bB  " ; B œ œ ! Þ
# B  "

B  #

a ba b
Hence  is a B œ " regular singular point.

13.  Note that  and .  Evidently,  is  analytic at .: B œ 68 B ; B œ $B : B B œ !a b k k a b a b not !

Furthermore, the function  does  have a Taylor series about .B : B œ B 68 B B œ !a b k k not !

Hence  is an B œ ! irregular singular point.

14.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is/  " B œ !B

/  " œ B  B Î#  B Î' âB # $ .

Hence the function  is analytic at .  Similarly, the TaylorB : B œ # /  " ÎB B œ !a b a bB

series of , about , is/ -9= B B œ !B

/ -9= B œ "  B  B Î$  B Î' âB $ % .

The function  is also analytic at .  Hence  is a B ; B œ / -9= B B œ ! B œ !# Ba b regular
singular point.
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15.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is=38 B B œ !

=38 B œ B  B Î$x  B Î&x â$ & .

Hence the function  is analytic at .  On the other hand, B : B œ  $=38 BÎB B œ ! ; Ba b a b
is a rational function, with

lim lim
BÄ! BÄ!

# #
#

#
B ; B œ B œ " Þ

"  B

B
a b

Hence  is a B œ ! regular singular point.

16.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  We find that

lim lim
BÄ! BÄ!

B : B œ B œ " Þ
"

B
a b

Although the function  does not have a Taylor series about , note thatV B œ -9> B B œ !a b
B ; B œ B -9> B œ "  B Î$  B Î%&  #B Î*%& â B œ !# # % 'a b .  Hence  is a regular
singular point.  Furthermore, ;a bB œ -9> BÎB B œ „8# is undefined at .  Therefore the1
points  are B œ „81 also singular points.  First note that

lim lim
BÄ„8 BÄ„81 1

a b a b a bB…8 : B œ B…8 œ ! Þ
"

B
1 1

Furthermore, since  has period ,-9> B 1

; B œ -9> BÎB œ -9> B…8 ÎB

œ -9> B…8 Þ
"

B…8 „8

a b a b
a b a b

1

1
1 1

Therefore

a b a b a b a b” •a ba bB…8 ; B œ B…8 -9> B…8 Þ
B…8

B…8 „8
1 1 1

1

1 1
#

From above,

a b a b a b a bB…8 -9> B…8 œ "  B…8 Î$  B…8 Î%& â1 1 1 1# % .

Note that the function in brackets near is analytic  .  It follows that the functionB œ „81a b a bB…8 ; B B œ „81 1#  is also analytic near .  Hence all the singular points are regular.

18.  The singular points are located at , .  Dividing the ODE byB œ „8 8 œ !ß "ßâ1
B =38 B B : B œ $ -=- B B ; B œ B -=- B B : B, we find that  and .  Evidently,   isa b a b a b# #

not even defined at .  Hence  is an On the otherB œ ! B œ ! irregular singular point.  
hand, the Taylor series of , about , isB -=- B B œ !
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B -=- B œ "  B Î'  (B $'! â# % .

Noting that ,-=- B…8 œ  " -=- Ba b a b1 8

a b a b a b a b a b
a b a b a b” •a b

B…8 : B œ $  " B…8 -=- B…8 ÎB

œ $  " B…8 -=- B…8 Þ
"

B…8 „8

1 1 1

1 1
1 1

8

8

It is apparent that  is analytic at .  Similarly,a b a bB…8 : B B œ „81 1

a b a b a ba b a b a bB…8 ; B œ B…8 -=- B

œ  " B…8 -=- B…8

1 1

1 1

# #

8 # ,

which is also analytic at .  Hence all other singular points are B œ „81 regular.

20.   is the only singular point.  Dividing the ODE by , we have B œ ! #B : B œ $Î #B# a b a b
and   It follows that; B œ  B "  B Î#Þa b a b#

lim lim
BÄ! BÄ!

B : B œ B œ
$ $

#B #
a b ,

lim lim
BÄ! BÄ!

# #
#

B ; B œ B œ  Þ
 "  B "

#B #
a b a b

Hence  is a Let .B œ ! C œ +  + B  + B â + B âregular singular point.  ! " #
# 8

8

Substitution into the ODE results in

#B 8  # 8  " + B  $B 8  " + B  "  B + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8" " "a ba b a b a b .

That is,

# 8 8  " + B  $ 8+ B  + B  + B œ !" " " "a b
8œ# 8œ" 8œ! 8œ"

_ _ _ _

8 8 8 8"
8 8 8 8 .

It follows that

 +  #+  + B  #8 8  " +  $8+  +  + B œ ! Þ! " ! 8 8 8 8"

8œ#

_
8a b c d" a b

Equating the coefficients to , andzero, we find that , + œ !! #+  + œ !" !

a ba b#8  " 8  " + œ + 8 œ #ß $ßâ8 8" ,   .

We conclude that all the  are .  Hence  is the only solution that+ C B œ !8 equal to zero a b
can be obtained.

22.  Based on Prob. , the change of variable, , transforms the ODE into the#" B œ "Î0
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form

0 0
0 0

% $
#

#

. C .C

. .
 #  C œ ! .

Evidently,  is a singular point.  Now  and .  Since the value0 0 0 0 0œ ! : œ #Î ; œ "Îa b a b %

of    does not exist, , that is, , is an  singular point.lim
0Ä!

#0 0 0; œ ! B œ _a b irregular

24.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 ! !
0 0 0 0 0

% $ #
# # #

#Œ  ” •Œ  a b"   # "   #   " C œ !
" . C " " .C

. .
,

that is,

ˆ ‰ a b0 0 0 ! !
0 0

% # $
#

#
  #   " C œ !

. C .C

. .
.

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "

 "  "
a b a b a ba b0 0

0 ! !

0 0 0# # #
 and .

It follows that

lim lim
0 0Ä! Ä!

0 0 0: œ œ !a b #

 "

0

0#
,

lim lim
0 0Ä! Ä!

# #0 0 0; œ œ  Þa b ! !

0 0
! !

a ba b a b "

 "
 "

# #

Hence   is a 0 œ ! B œ _a b regular singular point.

26.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 -
0 0 0

% $ #
#

#

. C " .C

. .
 #  #  C œ !” • ,

that is,

0 0 0 -
0 0

% $
#

#

. C .C

. .
 #   C œ !ˆ ‰ .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a ba b

0 0
0 -

0 0

#

$ %
 and .

It immediately follows that the limit  lim
0Ä!

0 0 0: œ ! B œ _a b a b Hence  does not exist.  
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is an irregular singular point.

27.  Under the transformation , the ODE becomesB œ "Î0

0 0
0 0 0

% $
#

#

. C .C "

. .
 #  C œ ! .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a b0 0
0 0

 and .
&

We find that

lim lim
0 0Ä! Ä!

0 0 0: œ œ #a b #

0
,

but

lim lim
0 0Ä! Ä!

# #0 0 0; œa b a b "

0&
.

The latter limit Hence   is an does not exist irregular.   singular point.0 œ ! B œ _a b


