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Section 2.8

2.  Let  and .  It follows that .D œ C  $ œ >  " .DÎ. œ .DÎ.> .>Î. œ .DÎ.>7 7 7a ba b
Furthermore, .  Hence .  The new initial.DÎ.> œ .CÎ.> œ "  C .DÎ. œ "  D  $$ $7 a b
condition is D œ ! œ ! Þa b7

3.  The approximating functions are defined recursively by .9 98" 8!

>a b c d' a b> œ # =  " .=

Setting , .  Continuing, , ,9 9 9 9! " # $a b a b a b a b> œ ! > œ #> > œ #>  #> > œ >  #>  #># $ #%
$

9%a b> œ >  >  #>  #> â# %
$ $

% $ # , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ #>  >
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5œ"

_

5œ#

_
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Comparing coefficients, , , .  It follows that ,+ Î$x œ %Î$ + Î%x œ #Î$ â + œ )$ % $

+ œ "'% ,
and so on.  We find that in general, that .  Hence+ œ #5

5

9a b "> œ >
5 x

œ /  "

5œ"

_
5

#>

#5

.

   

5.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ  = Î#  = .= .

Setting , .  Continuing, ,9 9 9 9! " # $a b a b a b a b> œ ! > œ > Î# > œ > Î#  > Î"# > œ > Î# # # $ #

 > Î"#  > Î*' > œ > Î#  > Î"#  > Î*'  > Î*'! â$ % # $ % &, , .  Given convergence, set9%a b



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 68

9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ > Î#  >
+
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" 5" 5
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5œ"
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# 5

5œ$

_

.

Comparing coefficients, , , , .  We+ Î$x œ  "Î"# + Î%x œ "Î*' + Î&x œ  "Î*'! â$ % &

find that , , ,   In general, .  Hence+ œ  "Î# + œ "Î% + œ  "Î) â Þ + œ #$ % & 5
5"

9a b a b"> œ  >
#
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œ % /  #>  %

5œ#

_
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>

5#
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6.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ =  "  = .= .

Setting , , , , 9 9 9 9 9! " $ %a b a b a b a b a b> œ ! > œ >  > Î# > œ >  > Î' > œ >  > Î#% > œ# $ %
2

œ >  > Î"#! â& , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
 ‘  ‘

> œ >  >  >

œ >  > Î#  > Î#  > Î'  > Î'  > Î#% â

œ >  !  ! â

" 5" 5

5œ"

_

# # $ $ %

 .

Note that the terms can be rearranged, as long as the series converges uniformly.
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8 .  a b+ The approximating functions are defined recursively by

9 98" 8

!

>a b a b(  ‘> œ = =  = .=# .

Set .  The iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ  > Î# > œ  > Î#  > Î"!# # &
2

9 9$ %a b a b> œ  > Î#  > Î"!  > Î)! > œ  > Î#  > Î"!  > Î)!  > Î))! â# & ) # & ) "", , .
Upon inspection, it becomes apparent that

98

$ 8"

$ 5"

a b ” •c d
" c d

> œ  >   â
" > >

# # † & # † & † ) # † & † )â #  $

œ  > Þ
# † & † )â #  $

#
$ '

#

5œ"

8

a b
a b

a b
a b

>

8  "

>

5  "

a b, .

The iterates appear to be converging.

9 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ =  = .=# # .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > Î$ > œ > Î$  > Î'$$ $ (
2

9$a b> œ > Î$  > Î'$  #> Î#!(*  > Î&*&$&$ ( "" "& .
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a b, .

The iterates appear to be converging.

10 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ "  = .=$ .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > > œ >  > Î%2
%

9$a b> œ >  > Î%  $> Î#)  $> Î"'!  > Î)$$% ( "! "$ .

a b, .

The approximations appear to be diverging.

12 .  The approximating functions are defined recursively bya b+
9

9
8"

!

>

8

a b ( ” •a ba b> œ .=
$=  %=  #

# =  "

#

.

Note that  .  For computational purposes, replace the"Î #C  # œ  C  Sa b !"
#

5œ!

'
5 ˆ ‰C(

above iteration formula by
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9 98"

!

>

8a b a b( – —ˆ ‰"> œ  $=  %=  # = .=
"

#
# 5

5œ!

'

.

Set .  The first four approximations are given by ,9 9! "a b a b> œ ! > œ  >  >  > Î## $

92a b> œ  >  > Î#  > Î'  > Î%  > Î&  > Î#% â# $ % & ' ,
9$a b> œ  >  > Î#  > Î"#  $> Î#!  %> Î%& â# % & ' ,
9%a b> œ  >  > Î#  > Î)  (> Î'!  > Î"& â# % & '

a b, .

The approximations appear to be converging to the exact solution,

9a b È> œ "  "  #>  #>  > Þ# $

13.  Note that  and ,  .  Let .  Then .9 9 98 8 8a b a b a b a b! œ ! " œ " a 8   " + − ! ß " + œ +8

Clearly,   .  Hence the assertion is true.lim
8Ä_

+ œ !8

14 .  ,  .  Let .  Then a b a b a b+ ! œ ! a 8   " + − Ð! ß "Ó + œ #8+ / œ #8+Î/ Þ9 98 8
8+ 8+# #

Using l'Hospital's rule,   .  Hence   lim lim lim
DÄ_ DÄ_ 8Ä_

+D +D#+DÎ/ œ "ÎD/ œ ! + œ ! Þ
# #

98a b
a b ' ¸, #8B / .B œ  / œ "  / Þ.    Therefore,

!

"

!

"8B 8B 8# #

lim lim
8Ä_ 8Ä_! !

" "( (a b a b9 98 8B .B Á B .B .

15.  Let  be fixed, such that .  Without loss of generality, assume that> > ß C ß > ß C − Ha b a b" #

C  C 0 C" # .  Since  is differentiable with respect to , the mean value theorem asserts that
b − C ß C 0 > ß C  0 > ß C œ 0 > ß C  C Þ  such that   Taking the absolute0 0a b a b a b a ba b" # " # " #C

value of both sides,   Since, by assumption,k k k k k ka b a b a b0 > ß C  0 > ß C œ 0 > ß C  C Þ" # " #C 0

`0Î`C H 0 is continuous in ,  attains a C maximum on any closed and bounded subset of H
.



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 72

Hence k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C Þ" # " #

16.  For a  interval of ,  , .  Since  satisfies asufficiently small > > > − H 09 98" 8a b a b
Lipschitz condition,   Herek k k ka b a b a b a ba b a b0 > ß >  0 > ß > Ÿ O >  > Þ9 9 9 98 8" 8 8"

O œ 7+B 0k kC .

17   .  Hence , ina b a b a b k k k k k k' ' 'a b a b+ Þ > œ 0 = ß ! .= > Ÿ 0 = ß ! .= Ÿ Q.= œ Q >9 9" "! ! !

> k k k k> >

which  is the maximum value of  on .Q 0 > ß C Hk ka b
a b a b a b c d' a b a ba b, >  > œ 0 = ß =  0 = ß ! .=.  By definition, .  Taking the absolute9 9 9# " "!

>

value of both sides,  .  Based on thek k k ka b a b c d' a b a ba b9 9 9# " "!

>
>  > Ÿ 0 = ß =  0 = ß ! .=

k k
results in Problems 16 and 17, .k k k k k ka b a b a b' '9 9 9# " "! !

> >
>  > Ÿ O =  ! .= Ÿ OQ = .=

k k k k
Evaluating the last integral, we obtain .k k k ka b a b9 9# ">  > Ÿ QO > Î##

a b- .  Suppose that

k ka b a b k k
9 93 3"

"

>  > Ÿ
QO >

3 x

3 3

for some .  By definition, .3   " >  > œ 0 > ß =  0 = ß = .=9 9 9 93" 3 3 3"!

>a b a b c d' a b a ba b a b
It follows that

k k k ka b a b a b a b( a b a b
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( k k
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!

!
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!

"
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Hence, by mathematical induction, the assertion is true.

18 .  Use the triangle inequality, .a b k k k k k k+ +  , Ÿ +  ,

a b k k k k k k a ba b a b a b, > Ÿ 2 > Ÿ Q2 >  > Ÿ QO 2 Î 8 x.  For , , and .  Hence9 9 9" 8 8"
8" 8

k ka b "
"a b
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a b a b ˆ ‰- , /  " Þ.  The sequence of partial sums in  converges to   By the Q
O

O2 comparison
test bounded, the sums in  also converge.  Furthermore, the sequence , anda b+ k ka b98 >  is 
hence has a convergent subsequence.  Finally, since individual terms of the series must
tend to zero, it follows that the sequence k k k ka b a b a b9 9 98 8" 8>  > p ! >, and  is convergent.

19 .  Let  and   Then by  ofa b a b a b a b a b' 'a b a b+ > œ 0 = ß = .= > œ 0 = ß = .= Þ9 9 < <
! !

> > linearity
the integral, 9 < 9 <a b a b c d' a b a ba b a b>  > œ 0 = ß =  0 = ß = .= Þ

!

>

a b k k k ka b a b a b a b' a b a b, >  > Ÿ 0 = ß =  0 = ß = .= Þ.  It follows that 9 < 9 <
!

>

a b- .  We know that  satisfies a Lipschitz condition,0

k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C" # " # ,

based on  in .  Therefore,k k`0Î`C Ÿ O H

k k k ka b a b a b a b( a b a b
( k ka b a b

9 < 9 <

9 <

>  > Ÿ 0 = ß =  0 = ß = .=

Ÿ O =  = .=

!

>

!

>

.


