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Section 5.3

2.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  =38B C  -9= B C Þww wa b a b

Differentiating twice,

C œ  =38B C  # -9= B C  =38 B C

C œ  =38B C  $ -9= B C  $ =38 B C  -9= B C Þ

www ww w

3@ www ww w

a b a b a ba b a b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ ! ! œ " ! œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  # ! œ !

3.  Let  be a solution of the initial value problem.  First writeC œ B9a b
C œ  C  C Þ

"  B $ 68 B

B B
ww w

# #

Differentiating twice,

C œ B  B C  $B 68 B  B  # C  $  ' 68 B C Þ
 "

B
www # ww w

$
 ‘ˆ ‰ a b a b

C œ B  B C  $B 68 B  #B  %B C 
 "

B

 '  )B  "#B 68 B C  ") 68 B  "& C Þ

3@ # $ www # # ww
%

w

’ˆ ‰ ˆ ‰
a b a b “

Given that  and , the  and the last9 9 9a b a b a b" œ # " œ ! " œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  ' ! œ %#

4.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  B C  =38B C Þww # w a b

Differentiating twice,

C œ  B C  #B  =38B C  -9= B C

C œ  B C  %B  =38B C  #  #-9= B C  =38 B C Þ

www # ww w

3@ # www ww w

a b a ba b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ + ! œ + ! œ !! "

w wwfirst equation gives 
two equations give  and .9 9www 3@

! "a b a b! œ  + ! œ  %+

5.  Clearly,  and  are analytic for all .  Hence the series solutions: B œ % ; B œ 'B Ba b a b
converge everywhere.

7.  The  of  are the  cube roots of .  They all lie on thezeroes threeT B œ "  B  "a b $

unit circle in the complex plane.  So for , .  For , the B œ ! œ " B œ #! !3738 nearest
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root is , hence ./ œ "  3 $ Î# œ $3 Î$
738

1 Š ‹È È3

8.  The only root of  is .  Hence .T B œ B œ "a b zero 3738

9 .  a b, : B œ  B ; B œ  " Ba b a b and  are analytic for all .a b a b a b- : B œ  B ; B œ  " B.   and  are analytic for all .a b a b a b. : B œ ! ; B œ 5B B.   and  are analytic for all .#

a b a b/ T B œ "  B " œ ". The only root of  is .  Hence .  3738a b1 .  : B œ B ; B œ # Ba b a b and  are analytic for all .a b3 Þ  The  of  are .  Hence .zeroes T B œ "  B „ 3 œ "a b #
7383a b a b4 Þ T B œ %  B „# œ #  The  of  are .  Hence .zeroes #
7383a b a b È È5 Þ T B œ $  B „ $ œ $  The  of  are .  Hence .zeroes #

7383a b a b6 Þ T B œ "  B " œ "  The only root of  is .  Hence .3738a b7 .  : B œ BÎ# ; B œ $Î# Ba b a b and  are analytic for all .a b a b a b a b8 : B œ "  B Î# ; B œ $Î# B.   and  are analytic for all .

12.  The Taylor series expansion of , about , is/ B œ !B
!

/ œ Þ
B

8 x
B

8œ!

_ 8"
Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

– —– —" " "a ba b
8œ! 8œ! 8œ!

_ _ _8

8# 8
8 8B

8 x
8  # 8  " + B  B + B œ ! Þ

First note that

B + B œ + B œ + B  + B  + B â + B â" "
8œ! 8œ"

_ _

8 8" 8"
8 8 # $ 8

! " # .

The coefficient of  in the B8 product of the two series is

- œ8 #+  '+  "#+ â 8  " 8 +  8  # 8  " +
" " "

8 x 8  " x 8  # x
# $ % 8" 8#a b a b a b a ba b Þ

Expanding the individual series, it follows that

#+  #+  '+ B  +  '+  "#+ B  +  '+  "#+  #!+ B â



# # $ # $ % # $ % &
# $a b a b a b

+ B  + B  + B â œ ! Þ! " #
# $

Setting the coefficients equal to zero, we obtain the system , ,#+ œ ! #+  '+  + œ !# # !$

+  '+  "#+  + œ ! +  '+  "#+  #!+  + œ ! â# $ % " # $ % & #, , .  Hence the
general solution is
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C B œ +  + B  +  +  +  #+  +  â
B B B B

' "# %! "#!
a b a b a b! " ! ! " " !

$ % & 'Œ %

$
+  #+! " .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# %!
"a b $ % &

C B œ B    â
B B B

"# #! '!
#a b % & '

Since  and  converge everywhere, .: B œ ! ; B œ B/ œ _a b a b B 3

13.  The Taylor series expansion of , about , is-9= B B œ !!

-9= B œ Þ
B

#8 x
" a b
8œ!

_ #8a b " 8

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —– —" " " "
8œ! 8œ! 8œ" 8œ!

_ _ _ _

8 8
8 8a ba b a ba b " B

#8 x
8  # 8  " + B

8 #8

8#
8  8+ B  # + B œ ! Þ

The coefficient of  in the B8 product of the two series is

- œ8 #+ ,  '+ ,  "#+ , â 8  " 8 + ,  8  # 8  " + ,# 8 $ 8" % 8# 8" " 8# !a b a ba b ,

in which -9= B œ ,! " # , B  , B â , B â# 8
8 .  It follows that

#+  #+  - B  8  # + B œ ! Þ# ! 8 8

8œ" 8œ"

_ _
8 8" "a b

Expanding the product of the series, it follows that

#+  '+ B   +  "#+ B   $+  #!+ B â



# $ # % $ &
# $ #+

+ B  + B  #+ B â œ ! Þ

!

$ %
$ %

a b a b
1

Setting the coefficients equal to , , zero, ,+  + œ ! '+  + œ !# ! $ "  +  "#+ œ !# %

 $+  #!+  + œ ! â Þ$ & $ ,    Hence the general solution is

C B œ +  + B  + B  +  +  +  +  + â
B B B B B

' "# '! "#! &'!
a b ! " ! " ! " ! "

#
$ % & ' (

.

We find that two linearly independent solutions are

C B œ "  B   â
B B

"# "#!
"a b #

% '
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C B œ B    â
B B B

' '! &'!
#a b $ & (

The  zero of  is at   Hence nearest T B œ -9= B B œ „ Î# Þ œ Î# Þa b 1 3 1738

14.  The Taylor series expansion of , about , is68 "  B B œ !a b !

68 "  B œ Þ
B

8
a b "

8œ"

_ 8a b " 8"

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —" "
– —" " "a b

8œ! 8œ!

_ _8

8œ" 8œ! 8œ!

_ _ _8

8" 8
8 8

a b a ba b
a b

 "
8  # 8  " + B

 "

8

8#
8

8"

B

8 x


 8  " + B  B + B œ ! Þ
B

8

The first product is the series

#+   #+  '+ B  +  '+  "#+ B   +  '+  "#+  #!+ B # # $ # $ % # $ % &
# $a b a b a b â .

The second product is the series

+ B  #+  + Î# B  $+  +  + Î$ B  %+  $+ Î#  #+ Î$  + Î% B " # " $ # " % $ # "
# $ $a b a b a b âÞ

Combining the series and equating the coefficients to , we obtainzero

#+ œ !

 #+  '+  +  + œ !

"#+  '+  $+  $+ Î# œ !

#!+  "#+  *+  $+  + Î$ œ !

ã

#

# $ " !

% $ # "

& % $ # "

                                

Hence the general solution is

C B œ +  + B  +  +  #+  +  +  â
B B (B B

' #% "#! "#!
a b a b a b! " ! " ! " "

$ % & 'Œ &

$
+  +" ! .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# "#!
"a b $ % '

C B œ B    â
B B (B

' #% "#!
#a b $ % &

The coefficient  is analytic at , but its power series has a: B œ / 68 "  B B œ !a b a bB
!

radius of convergence .3 œ "
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15.  If  and  are solutions, then substituting  into the ODE results inC œ B C œ B C" # #
#

# T B  #BU B  B V B œ !a b a b a b# .

Setting , we find that .  Similarly, substituting  into the ODE resultsB œ ! T ! œ ! Ca b "

in .  Therefore  and  may not be analytic.  If they were,U ! œ ! T B ÎU B V B ÎT Ba b a b a b a b a b
Theorem  would guarantee that  and  were the  two solutions.  But note$Þ#Þ" C C" # only
that an  value of  cannot be a linear combination of  and   Hencearbitrary C ! C ! C ! Þa b a b a b" #

B œ !!  must be a singular point.

16.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  + B œ ! Þ

That is,

" c da b
8œ!

_

8" 8
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtainzero

+ œ
+

8  "
8"

8

for  .  It is easy to see that .  Therefore the general solution8 œ !ß "ß #ßâ + œ + Î 8 x8 ! a b
is

C B œ + "  B   â
B B

# x $ x

œ + / Þ

a b ” •!

# $

!
B

The coefficient , which can be arbitrary.+ œ C !! a b
17.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ ! Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ ! Þ

Combining the series, we have
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+ " "c da b
8œ"

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficient equal to ,  and  for .zero + œ ! + œ + Î 8 œ "ß #ßâ" 8" 8" a b8  "

Note that the indices differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
+ + +

#5 #5  # #5 # † %â #5
#5

#5# #5% !a b a ba b a b
and

+ œ ! Þ#5"

Hence the general solution is

C B œ + "    â â
B B B B

# # # x # $ x # 8 x

œ + /B: B Î#

a b ” •
ˆ ‰

!

# % ' #8

# $ 8

!
# .

The coefficient , which can be arbitrary.+ œ C !! a b
19.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

a b a b" ""  B 8  " + B  + B œ ! Þ
8œ! 8œ!

_ _

8" 8
8 8

That is,

" " "a b
8œ! 8œ" 8œ!

_ _ _

8" 8 8
8 8 88  " + B  8+ B  + B œ ! Þ

Combining the series, we have

+  + " ! "c da b
8œ"

_

8" 8 8
88  " +  8+  + B œ ! Þ

Setting the coefficients equal to ,  and for .zero + œ + + œ + 8 œ !ß "ß #ßâ" ! 8" 8

Hence the general solution is

C B œ + "  B  B  B â B â

œ + Þ
"

"  B

a b  ‘!
# $ 8

!

The coefficient , which can be arbitrary.+ œ C !! a b
21.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8
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" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ "  B Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ "  B Þ

Combining the series, and the nonhomogeneous terms, we have

a b a b+  "  #+  +  " B " # ! "c da b
8œ#

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtain , , andzero + œ " #+  +  " œ !" # !

+ œ  8 œ $ß %ßâ
+

8
8

8#  ,    .

The indices differ by , so for two 5 œ #ß $ßâ

+ œ  œ œ â œ œ
+ +  " +  " +  "

#5 #5  # #5 % † 'â #5 # † % † 'â #5
#5

#5# #5% # !
5" 5

a b a ba b a b a ba b a b a b
,

and for 5 œ "ß #ßâ

+ œ œ  œ œ â œ Þ
+ +  "

#5  " #5  " #5  " $ † &â #5  "
#5"

#5" #5$
5

a b a ba b a ba b
Hence the general solution is

C B œ +  B  B   +   + â
"  + B B B B

# $ # # x $ † & # $ x
a b ! ! !

! #
$ % & '

# $

Collecting the terms containing ,+!

C B œ + "    â 
B B B

# # # x # $ x

 B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (

a b ” •
” •
!

# % '

# $

# $ % & ' (

# $

Upon inspection, we find that

C B œ + /B:  B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (
a b ” •!

# $ % & ' (

# $
ˆ ‰ B Î##

Note that the given ODE is , with integrating factor .  Thefirst order linear .a b> œ /B Î##

general solution is given by
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C B œ / / .?  C !  " /  " Þa b a b( a bB Î# ? Î# B Î#
B

# # #

!

23.  If , then .  If , then  for .  As a result,! !œ ! C B œ " œ #8 + œ ! 7   8  ""a b #7

C B œ "  Þ"
7

7
#7a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  " #8  $ â #8  #7 "

#7 x

!

!

!

œ ! "

œ # "  $B

œ % "  "!B  B

#

# %$&
$

If , then  for .  As a result,! œ #8  " + œ ! 7   8  "#7"

C B œ B  Þ#
7

7
#7"a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  $ #8  & â #8  #7 "

#7  " x

!

!

!

œ " B

œ $ B  B

œ & B  B  B

&
$

$

"% #"
$ &

$ &

24 .  Based on Prob. ,a b+ #$

!

!

!

œ ! " C " œ "

œ # "  $B C " œ  #

œ % "  "!B  B C " œ

"

"

"

a ba ba b
#

# %$& )
$ $

Normalizing the polynomials, we obtain

T B œ "

T B œ   B
" $

# #

T B œ  B  B
$ "& $&

) % )

!

#

%

a b
a b
a b

#

# %

!

!

!

œ " B C " œ "

œ $ B  B C " œ 

œ & B  B  B C " œ

#

#

#

a ba ba b
& #
$ $

$

"% #" )
$ & "&

$ &

Similarly,
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T B œ B

T B œ  B  B
$ &

# #

T B œ B  B  B
"& $& '$

) % )

"

$

&

a b
a b
a b

$

$ &

a b, .

a b a b a b a b- T B T B B œ ! T B.   has no roots.   has one root at .  The  of  are at! " #zeros
B œ „"Î $ Þ T B B œ ! „ $Î& T BÈ a b a bÈ  The  of  are , .  The roots of  are givenzeros $ %

by , .  The roots of  are given byB œ "&  # $! Î$& "&  # $! Î$& T B# Š ‹ Š ‹È È a b&

B œ ! B œ $&  # (! Î'$ $&  # (! Î'$ and , .# Š ‹ Š ‹È È
25.  Observe that

T  " œ
 "  " #8  #5 x

# 5 x 8  5 x 8  #5 x

œ  " T "

8

8

a b a b a b a b" a b a b
a b a b

8 5

8
5 œ!

Ò8Î#Ó

8

 

.

But  for  nonnegative integers .T " œ " 88a b all

27.  We have

ˆ ‰ "a ba bB  " œ B
 " 8 x

5 x 8  5 x
# #58

5 œ!

8 85

,

which is a polynomial of  .  Differentiating degree n times#8 ,

.

.B

8

8
ˆ ‰ "a ba b a ba b a bB  " œ #5 #5  " â #5  8  " B

 " 8 x

5 x 8  5 x
# #588

5 œ

8 85

.

,

in which the  is .  Note that if , then .lower index . .œ 8Î#  " 8 œ #7 " œ 7 "c d
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Now shift the index, by setting

5 œ 8  4 .

Hence

.

.B

8

8
ˆ ‰ " a ba b a ba b a b

" a b a ba b a b

B  " œ #8  #4 #8  #4  " â 8 #4  " B
 " 8 x

8  4 x4 x

œ 8x B Þ
 " #8  #4 x

8  4 x4 x 8  #4 x

# 8#48

4œ!

8Î# 4

4œ !

8Î# 4
8#4

c d

c d

Based on Prob. ,#&

.

.B

8

8
ˆ ‰ a bB  " œ 8x # T B Þ# 88

8

29.  Since the  polynomials , , ,  are , and the 8  " T T â T! " 8 linearly independent degree
of  is , any polynomial, , of degree  can be expressed as a linear combinationT 5 0 85

0 B œ + T Ba b a b"
5 œ!

8

5 5 .

Multiplying both sides by  and integrating,T7

( (a b a b a b a b"
" "

" "

5 œ!

8

0 B T B .B œ + T B T B .B7 5 5 7 .

Based on Prob. ,#)

( a b a b
"

"

57T B T B .B œ
#

#7 "
5 7 $ .

Hence

( a b a b
"

"

70 B T B .B œ + Þ
#

#7 "
7


