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Section 3.5

2.  The characteristic equation is , with the  root *<  '<  " œ ! < œ  "Î$ Þ# double
Based on the discussion in this section, the general solution is .C > œ - /  - > /a b " #

 Î$  Î$> >

3.  The characteristic equation is , with roots ,   The%<  %<  $ œ ! < œ  "Î# $Î# Þ#

general solution is .C > œ - /  - /a b " #
 Î# $ Î#> >

4.  The characteristic equation is , with the  root %<  "#<  * œ ! < œ  $Î# Þ# double
Based on the discussion in this section, the general solution is .C > œ -  - > /a b a b" #

$ Î#>

5.  The characteristic equation is , with complex roots <  #<  "! œ ! < œ "„$3Þ#

The general solution is .C > œ - / -9= $>  - / =38 $>a b " #
> >

6.  The characteristic equation is , with the  root   The<  '<  * œ ! < œ $ Þ# double
general solution is .C > œ - /  - > /a b " #

$ $> >

7.  The characteristic equation is , with roots , %<  "(<  % œ ! < œ  "Î%  % Þ#

The general solution is .C > œ - /  - /a b " #
 Î% > %>

8.  The characteristic equation is , with the  root "'<  #%<  * œ ! < œ  $Î% Þ# double
The general solution is .C > œ - /  - > /a b " #

$ $>Î% >Î%

10.  The characteristic equation is , with complex roots #<  #<  " œ ! < œ  „ 3Þ# " "
# #

The general solution is .C > œ - / -9= >Î#  - / =38 >Î#a b " #
 >Î# >Î#

11.  The characteristic equation is , with the  root *<  "#<  % œ ! < œ #Î$ Þ# double
The general solution is .  Invoking the first initial condition, itC > œ - /  - > /a b " #

# Î$ # Î$> >

follows that   Now .  Invoking the second- œ # Þ C > œ %Î$  - /  #- > / Î$" # #
# Î$ # Î$w > >a b a b

initial condition,  , or  .  Hence .%Î$  - œ  " - œ  (Î$ C > œ #/  > /# #
# Î$ # Î$a b > >(

$

Since the second term dominates for large ,  .> C > p _a b
13.  The characteristic equation is , with complex roots *<  '<  )# œ ! < œ  „$ 3Þ# "

$

The general solution is .  Based on the first initialC > œ - / -9= $>  - / =38 $>a b " #
 >Î$ >Î$

condition,   Invoking the second initial condition,  , or  .- œ  " Þ "Î$  $- œ # - œ" # #
&
*

Hence .C > œ  / -9= $>  / =38 $>a b  >Î$ >Î$&
*
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15 .  The characteristic equation is , with the  root a b+ %<  "#<  * œ ! < œ  Þ# $
#double

The general solution is .  Invoking the first initial condition,C > œ - /  - > /a b " #
$ Î# $ Î#> >

it follows that   Now .  The second- œ " Þ C > œ  $Î#  - /  - > /" # #
# Î$ # Î$w > >$

#a b a b
initial condition requires that , or  .  Hence the specific $Î#  - œ  % - œ  &Î## #

solution is .C > œ /  > /a b $ Î# $ Î#> >&
#

a b, .  The solution crosses the x-axis at .> œ !Þ%

a b- .  The solution has a minimum at the point .a b"'Î"& ß  &/ Î$)Î&

a b a b. C ! œ ,.  Given that , we have w  $Î#  - œ , - œ ,  $Î## #, or  .  Hence the
solution is .  Since the C > œ /  ,  > /a b ˆ ‰$ Î# $ Î#> >$

# second long- term dominates, the 
term sign solution depends on the  of the coefficient .  The critical value is ,  , œ  Þ$ $

# #

16.  The characteristic roots are .  Hence the general solution is given by< œ < œ "Î#" #

C > œ - /  - > / - œ #a b " # "
Î# Î#> > .  Invoking the initial conditions, we require that , and that

"  - œ , C > œ #/  ,  " > /#
Î# Î#.  The specific solution is .  Since the a b a b> > second term

dominates, the  solution depends on the  of the coefficient .  Thelong-term sign ,  "

critical value is , œ "Þ
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18 .  The characteristic roots are .  Therefore the general solution isa b+ < œ < œ  #Î$" #

given by .  Invoking the initial conditions, we require thatC > œ - /  - > /a b " #
# Î$ #>Î$>

- œ +  #+Î$  - œ  "" #, and that .  After solving for the coefficients, the specific
solution is .C > œ +/   " > /a b ˆ ‰# Î$ #>Î$> #+

$

a b, .  Since the second long-term sign term dominates, the  solution depends on the  of the
coefficient .  The critical value is #+

$  " + œ $Î# Þ

20 .  The characteristic equation is , with  root a b+ <  #+<  + œ ! < œ +Þ# # double 

Hence one solution is .C > œ - /" "a b +>

a b, [  #+[ œ !.  Recall that the Wronskian satisfies the differential equation .  Thew

solution of this equation is .[ > œ - /a b #+>

a b- [ œ C C  C C - / C  +- / C œ - /.  By definition, .  Hence ." # " " ## " #
w w +> w +> #+>

That is, .  This equation is first order C  + C œ - /# # #
w +> linear, with general solution

C > œ - >/  - / - œ " - œ ! C > œ >/ Þ# # $ # $ #a b a b+> +> +>.  Setting  and , we obtain 

22 .  Write .  It follows that  and a b ˆ ‰+ +<  ,<  - œ + <  <  œ  #< œ < Þ# # #, - , -
+ + + +" "

Hence   We+<  ,<  - œ +<  #+< <  +< œ + <  #< <  < œ + <  < Þ# # # # # #
" " "" "a b a b

find that   Setting , .P / œ +<  ,<  - / œ + <  < / Þ < œ < P / œ !c d a b a b c d<> # <> <> < >#
" "

"

a b a b, 3 <.  Differentiating Eq.  with respect to ,

`

`<
P / œ +>/ <  <  #+/ <  < ‘ a b a b<> <> <>#

" " .

Now observe that

` ` ` `

`< `< `> `>
P / œ + /  , / - /

œ + /  , / - /
` ` ` ` `

`> `< `> `< `<

œ + >/  , >/ - >/
` `

`> `>

 ‘ ˆ ‰ ˆ ‰ ˆ ‰” •
” •Œ  Œ  Œ 

ˆ ‰ ˆ ‰ ˆ ‰

<> <> <> <>
#

#

#

#
<> <> <>

#

#
<> <> <> .

Hence .  Setting , .P >/ œ +>/ <  <  #+/ <  < < œ < P >/ œ !c d a b a b c d<> <> <> < >#
" " "

"

23.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b#

> > @  %>@  #@  %> > @  #>@  '> @ œ !# # ww w # w #ˆ ‰ ˆ ‰ .

After collecting terms, we end up with .  Hence , and thus> @ œ ! @ > œ -  - >% ww a b " #

C > œ - >  - > - œ ! - œ " C > œ > Þ# " # " # #a b a b# $ $.  Setting  and , we obtain 

24.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b
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> >@  #@  #> >@  @  #>@ œ !# ww w wa b a b .

After collecting terms, we end up with .  This equation is > @  %> @ œ !$ ww # w linear in
the variable A œ @ @ > œ - > @ > œ - >  -w w.  It follows that , and .  Thusa b a b% $

" #

C > œ - >  - > - œ " - œ ! C > œ > Þ# " # " # #
# #a b a b.  Setting  and , we obtain 

26.  Set .  Substitution into the ODE results in .  This ODEC > œ > @ > @  @ œ !#a b a b ww w

is .  It follows that , and .linear in the variable A œ @ @ > œ - / @ > œ - /  -w w > >a b a b" " #

Thus .  Setting  and , we obtain C > œ - >/  - > - œ " - œ ! C > œ >/ Þ# " # " # #a b a b> >

28.  Set .  Substitution into the ODE results inC B œ / @ B#a b a bB

@  @ œ !
B  #

B  "
ww w .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: .B

œ Þ
/

B  "

Œ ( B  #

B  "
B

Rewrite the equation as , from which it follows that . ‘ a b a b/ @
B"

w w BB w

œ ! @ B œ - B  " /

Hence  and .  Setting  and , we@ B œ - B/  - C B œ - B  - / - œ " - œ !a b a b" # # " # " #
B B

obtain C B œ BÞ#a b
29.  Set , in which .  It can be verified thatC B œ C B @ B C B œ B /B: # B#

"Î%a b a b a b a b ˆ ‰È1 1

C B C  B  !Þ")(& C œ !1 is a solution of the ODE, that is, .  Substitution of the# ww
" "a b

given form of   results in the differential equationC#

#B @  %B  B @ œ !*Î% (Î% &Î%ww wˆ ‰ .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: #B  .B
"

#B

œ B /B: % B Þ

Œ ( ” •
È Èˆ ‰

"Î#

Rewrite the equation as  , from which it follows that ‘È ˆ ‰ÈB /B: % B @ œ !w w

@ B œ - /B:  % B Î Bwa b ˆ ‰È È .

Integrating,  and as a result,@ B œ - /B:  % B  -a b ˆ ‰È" #

C B œ - B /B:  # B  - B /B: # B# " #
"Î% "Î%a b ˆ ‰ ˆ ‰È È .

Setting  and , we obtain - œ " - œ ! C B œ B /B:  # B Þ" # #
"Î%a b ˆ ‰È
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32.  Direct substitution verifies that  is a solution of the ODE.C > œ /B:  B Î#"a b a b$ #

Now set .  Substitution of  into the ODE results inC B œ C B @ B C# #a b a b a b1

@  B@ œ !ww w$ .

This ODE is .  An integrating factor is .linear in the variable A œ @ œ /B:w . a b B Î#$ #

Rewrite the equation as  , from which it follows thatc d/B: @ œ !a b B Î#$ # w w

@ B œ - /B: B Î#w #a b ˆ ‰" $ .

Integrating, we obtain

@ B œ - /B: ? Î# .?  @ Ba b a b( ˆ ‰" !

B

B
#

!

$ .

Hence

C B œ - /B:  B Î# /B: ? Î# .?  - /B:  B Î## " #a b ˆ ‰ ˆ ‰ ˆ ‰($ $ $# # #

B

B

!

.

Setting , we obtain a second independent solution.- œ !#

34.  After writing the ODE in standard form, we have .  Based on : > œ $Î>a b Abel's
identity,   As shown in Prob. 33, two solutions[ C ß C œ - /B:  .> œ - > Þa b ˆ ‰'

" # " "
$
>

$

of a second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating both sides of theC > œ > > C œ - > Þ" # "a b a b" "w

equation, C > œ - > 68 >  - > Þ# " #
"a b "

36.  After writing the ODE in standard form, we have .  Based on: B œ  BÎ B  "a b a b
Abel's identity,   Two solutions of a[ C ß C œ - /B: .B œ - / B  " Þa b a bˆ ‰'

" #
B

B"
B

 
second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating bothC B œ / / C œ - / B  " Þ" #a b a b a bB B Bw

sides of the equation,   C B œ - B  - / Þ# " #a b B Setting  and , we obtain- œ " - œ !" #

C B œ B Þ#a b
37.  W ,rite the ODE in standard form to find .  Based on : B œ "ÎBa b Abel's identity
[ C ß C œ - /B: .B œ - B Þa b ˆ ‰'

" #  "
B

"   Two solutions of a second order linear ODE
satisfy .  In the given problem, .  Hencea b a b a bC ÎC œ [ C ß C ÎC C B œ B =38 B# " " # ""

# "Î#w

 ÈB

=38 B =38 B
C œ - Þ

"
#

w

#
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Integrating both sides of the equation,   C B œ - B -9= B  - B =38 BÞ# " #
"Î# "Î#a b Setting

- œ " - œ ! C B œ Þ" # # and , we obtain a b B -9= B"Î#

39 .  The characteristic equation is .  If , , then the roots area b+ +<  - œ ! + -  !#

< œ „ 3 -Î+"ß#
È .  The general solution is

C > œ - -9= >  - =38 >
- -

+ +
a b Ê Ê" # ,

which is bounded.

a b, Þ +<  ,< œ ! < œ !  ,Î+  The characteristic equation is .  The roots are , ,#
"ß#

and hence the general solution is   Clearly, .C > œ -  - /B:  ,>Î+ Þ C > p -a b a b a b" # "

40.  Note that .  So that .  If-9= > =38 > œ =38 #> "  5 -9= > =38 > œ "  =38 #>" 5
# #

!  5  # =38 #>  =38 #>  =38 #>   =38 #>, then  and .  Hence5 5
# #k k k k

"  5 -9= > =38 > œ "  =38 #>
5

#
 "  =38 #>

  ! Þ

k k

41.  : > œ  $Î> ; > œ %Î> B œ # > .> œ # 68 > > œ / Þa b a b ' and .  We have , and # BÎ#"

Furthermore,

; >  #: > ; >

# ; >
œ  #

wa b a b a bc da b $Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C .C

.B .B
 #  C œ ! Þ

#

#

The general solution of this ODE is .  In terms of the originalC B œ - /  - B/a b " #
B B

independent variable, .C > œ - >  - > 68 >a b " #
# #


