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Section 10.7

2(a). The initial velocity is zero. Therefore the solution, as given by Eq. (20), is

o0
nmwe nrat

t) = n n— )
u(x,t) Cn SIN—F— COS—F

n=1

in which the coefficients are the Fourier sine coefficients of f(x). That is,

/f sin@dm
2

/L/44J: ) nm:d +/3L/4 . mrxd +/L 41, — 4x . nm:d
= — —sin——dzx sin——dx sin T
Llj), L L L/4 srja L L

sinnm/4 + sin 3n7r/4
8 2.2
n’m

Therefore the displacement of the string is given by

8 & [ ) BnW] . nrx nmat
= — Z n— + sin Sin coS .
72 —

4 L L

(b). Witha =1 and L = 10,

8 & 3 t
= —Z sinﬂ—l—sm nn sinmm cosn7T
7r2n:1 4 4 )
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3(a). The initial velocity is zero. As given by Eq. (20), the solution is

o0

t
u(x,t) = ch sinn% cos m;a ,

n=1

in which the coefficients are the Fourier sine coefficients of f(z). That is,
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/ f(x sinwda}

L 2
8z(L —x)” . nmx
= E/O 73 sin— dx

2+ cosnm

=32 373

Therefore the displacement of the string is given by

3224 cosnm . nmx nmat
u(:v,t)—; 3 sin—— cos—

n=1

(b). Witha =1 and L = 10,
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4(a). As given by Eq. (20), the solution is

in which the coefficients are the Fourier sine coefficients of f(z). That is,
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/ f(x sin@dx

/L/2+1 NI
= — sin——dx
LJypa L

0 I i) N0
siny sin'y
nmw

Therefore the displacement of the string is given by

(z.1) 4 i 1 [ onm . nw] . nmx nmat
u(z ,t) = — — |sin— sin— | sin—— cos )
’ T n 2 L L L
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(b). Witha =1 and L = 10,
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5(a). The initial displacement is zero. Therefore the solution, as given by Eq. (34), is

o
t
u(x,t) = an sz’nnLﬂ sinm;a ,
n=1

in which the coefficients are the Fourier sine coefficients of w;(x,0) = g(z). It follows
that
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L

2 . nmx
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Therefore the displacement of the string is given by
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7(a). The initial displacement is zero. As given by Eq. (34), the solution is

(o ¢]
t
u(zx,t) = an sin? sinm;a ,
n=1

in which the coefficients are the Fourier sine coefficients of w;(z,0) = g(x). It follows
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that

2 L nwT
k, = — in—:d
ol g(x)sin 7 de
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= 32L

niria
Therefore the displacement of the string is given by
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(b). Witha =1 and L = 10,
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15
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8(a). As given by Eq. (34), the solution is

in which the coefficients are the Fourier sine coefficients of w;(z,0) = g(x). It follows
that
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2 [F nmwx
k, = — n—d
= ma ), g(x)sin 7 de

2 L/2+1 nrx
= — sin——dx
nma. )1 L
szn% szn"L—7r
=4 —
nmia

Therefore the displacement of the string is given by

4L XK1 [ nr . nﬁ} _nmr . nwat
— $in— Sin— | sin—— sin
am? n:1n2 2 L L L

u(x,t) =

(b). Witha =1 and L = 10,
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11(a). As shown in Prob. 9, the solution is

= (2n—Dmz  (2n—1)wat

u(x,t) = ;cn sin 5T cos 5T

in which the coefficients are the Fourier sine coefficients of f(x). It follows
that

page 700



CHAPTER 10. —

/f )sin 2= Ve 2n—1) z
:_/0 (L_““)Qsm(zn_l) dz

L L3 2L
2n —1
519 3cosn7r+(11 )
(2n — 1) 7

Therefore the displacement of the string is given by

2n _ 1) sStn o7, COS o,

_ 512 i 3cosnmt+ (2n—1)r . 2n—1)mz  (2n— 1)mat
Note that the periodis T'=4L/a.

(b). Witha =1 and L = 10,
512 K 3cosnm+ (2n— 1) . 2n—Drxz (2n— 1)t
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12. The wave equation is given by
20U
“orr T e
Setting s = /L, we have
Ju Ouds 10u

Or Osdr LOs’
It follows that
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Pu 1 du
Ox?2 L2 0s?
Likewise, with 7 = at/L,

o _atu | Ou_ a0
ot Lot o2 L2972

Substitution into the original equation results in

u  O*u

s> Or*

15. The given specifications are L = 5ft,T = 501b, and weight per unit length
v = 0.026 Ib/ft. 1t follows that p = 7/32.2 = 80.75 x 10~° slugs/ft.

(a). The transverse waves propagate with a speed of a = /T'/p = 248 ft/sec .

(b). The natural frequencies are w, = nma/L = 49.8 mn rad/sec .

(¢). The new wave speed is a = /(T + AT')/p . For a string with fixed ends, the
natural modes are proportional to the functions

nwx
n = s1 o
M, (x) = sin 7

which are independent of a .
19. The solution of the wave equation
a*0yy = vt
in an infinite one-dimensional medium subject to the initial conditions
v(xz,0) = f(z), w(x,0)=0, —oco<z<o0

is given by

[f(x —at) + f(z + at)].

N | —

v(x,t) =

The solution of the wave equation
@’ Wep = Wy ,
on the same domain, subject to the initial conditions
w(z,0) =0, w(z,0)=g(zr), —c0<z<0

is given by
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r+at
wait) =5 [ o€,

—at

Let u(x,t) = v(x,t) + w(z,t). Since the PDE is linear, it is easy to see that u(z , )
is a solution of the wave equation a’u,, = uy . Furthermore, we have

u(z,0) =v(z,0) +w(z,0) = f(x)
and
ug(x,0) = v(2z,0) + w(x,0) = g(x) .

Hence u(z,t) is a solution of the general wave propagation problem.

20. The solution of the specified wave propagation problem is

(z.1) > . nrx nrat
u(x,t) = E ¢, Sin—-— cos )
— L L

Using a standard trigonometric identity,

. nmx nrat B 11 . nmwx n nrat 4 s nmwe nmat
sin i cos I~ 3 sin i i sin i i

—1['@( +at) + sin" (v — at)]
—2SZan a SZan a .

We can therefore also write the solution as

1 (0.¢]
u(zx,t) = 3 ch [smn%(x + at) + sm%(m - at)} :
n=1

Assuming that the series can be split up,

1 0.¢] o
u(z,t) = 3 [ch smn—;(m —at) + ch szn%(z + at)
n=1

n=1

Comparing the solution to the one given by Eq. (28), we can infer that

00
. T

h(z) = nr.
(z) C ST~

n=1

21. Let h(€) be a 2L-periodic function defined by

_ f(§), 0<¢<L;
MO_{—fo% L<e<o.

Set u(z,t) = 3[h(x — at) + h(z + at)]. Assuming the appropriate differentiability
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conditions on A ,

% = %[h’(w —at) + h'(x + at)]
and

% — %[h”(m —at) +h"(z + at)].
Likewise,

% — a;[h”(x —at) + h"(x + at)].

It follows immediately that

,0%u  O%u
Q' —— =

ox? o2
Lett > 0. Checking the first boundary condition,
(0 1) = %[h( — at) + h(at)] = %[ ~ h(at) + h(at)] = 0.
Checking the other boundary condition,
w(L,t) = =[h(L — at) + h(L + at)]

[ — h(at — L) + h(at + L)].

N =D =

Since h is 2L-periodic, h(at — L) = h(at — L + 2L). Therefore u(L,t) =0.
Furthermore, for0 < z < L,

1
u(@,0) = 5[h(z) + h(z)] = h(z) = f(=).
Hence u(z,t) is a solution of the problem.

23. Assuming that we can differentiate term-by-term,

ou icnn . nmx . nrwat
— = —T7a sin 5in
ot 2. 3
and
ou X.c,n  nTT nmat
B = W; 7 Cos—— Cos—
Formally,
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(51) = o S () o P i

+ 72a? Zan z,t)
n#m

and

in which F,,,(z,t) and G, (x,t) contain products of the natural modes and their
derivatives. Based on the orthogonality of the natural modes,

ou L& /c,n\2 . ,nmat
[ (5 ae- 5> () o'

1

and

0 L3N /e,n\2 t
/0 (GZ) dx—7r2§Z(CLn> cos® n7;a .

n=1

Recall that a> = T'/p. It follows that

LErou\? ou\ ZyTLNyc,n\2 . 4nmat
/0 [,O(E) +T(%) der=m TZ( ) sin I +
2

Therefore,
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