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Section 3.9

2.  We have .  Subtracting the two identities, we=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
obtain .  Setting  and ,=38   =38  œ # -9= =38  œ (>  œ '>a b a b! " ! " ! " ! " ! "
! "œ 'Þ&> œ !Þ&> =38 (>  =38 '> œ # =38 -9= and .  Hence .> "$>

# #

3.  Consider the trigonometric identity .  Adding-9= „ œ -9= -9= … =38 =38a b! " ! " ! "
the two identities, we obtain .  Comparing the-9=   -9=  œ # -9= -9=a b a b! " ! " ! "
expressions, set  and .  Hence  and .  Upon! " 1 ! " 1 ! 1 " 1 œ # >  œ > œ $ >Î# œ >Î#
substitution, we have .-9= >  -9= # > œ # -9= $ >Î# -9= >Î#a b a b a b a b1 1 1 1

4.  Adding the two identities , it follows that=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
=38   =38  œ #=38 -9=  œ %>  œ $>a b a b! " ! " ! " ! " ! ".  Setting  and , we
have  and .  Hence .! "œ (>Î# œ >Î# =38 $>  =38 %> œ # =38 (>Î# -9= >Î#a b a b
6.  Using  units, the spring constant is  , and the dampingmks N/m5 œ & *Þ) Î!Þ" œ %*!a b
coefficient is  .  The equation of motion is# œ #Î!Þ!% œ &! N-sec/m

&?  &!?  %*!? œ "! =38 >Î#ww w a b .

The initial conditions are   and  .? ! œ ! ? ! œ !Þ!$a b a bm m/sw

8 .  The homogeneous solution is   Baseda b a b È È+ ? > œ E/ -9= ($ >  F/ =38 ($ > Þ-
&> &>

on the method of , the particular solution isundetermined coefficients

Y > œ  "'! -9= >Î#  $"#) =38 >Î# Þ
"

"&$#)"
a b c da b a b

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   HenceE œ "'!Î"&$#)" F œ $)$%%$ ($ Î""")*&"$!! ÞÈ
the response is

? > œ "'! / -9= ($ >  / =38 ($ >  Y >
" $)$%%$ ($

"&$#)" ($!!
a b a b– —È ÈÈ

&> &> .

a b a b a b, ? > Y >.   is the transient part and  is the steady state part of the response.-
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a b- .

a b a b a b. * "!.  Based on Eqs.  and , the amplitude of the forced response is given by
V œ #Î?, in which

? = =œ #& *)   #&!! ÞÉ a b# ##

The maximum amplitude is attained when  is a .  Hence the amplitude is? minimum
maximum at   .= œ % $È rad/s

9.  The spring constant is   and hence the equation of motion is5 œ "# lb/ft

'

$#
?  "#? œ % -9= (>ww ,

that is, .  The initial conditions are  ,  .?  '%? œ -9= (> ? ! œ ! ? ! œ !ww w'%
$ a b a bft fps

The general solution is    Invoking the initial? > œ E-9= )>  F=38 )>  -9= (> Þa b '%
%&

conditions, we have ? > œ  -9= )>  -9= (> œ =38 >Î# =38 "&>Î# Þa b a b a b'% '% "#)
%& %& %&

12.  The equation of motion is

#?  ?  $? œ $-9= $>  #=38 $>ww w .

Since the system is , the steady state response is equal to the particular solution.damped
Using the method of , we obtainundetermined coefficients
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? > œ =38 $>  -9= $>
"

'
==a b a b.

Further, we find that  and .  Hence we can writeV œ #Î' œ +<->+8  " œ $ Î%È a b$ 1

? > œ -9= $>  $ Î%==a b a bÈ#
' 1 .

13.  The amplitude of the steady-state response is given by

V œ
J!

É a b7  # # # ## #
= = # =!

.

Since  is constant, the amplitude is  when the denominator of  is .J V! maximum minimum
Let , and consider the function D œ 0 D œ=# a b 7  D  D 0 D# # ##a b a b= #! .  Note that  is
a quadratic, with  at .  Hence the amplitude  attains aminimum D œ  Î#7 V= #!

# # #

maximum at .  Furthermore, since , and therefore= = # =7+B ! !
# # # # #œ  Î#7 œ 5Î7

= =
#

7+B !
# #

#

œ " 
#57

” •.

Substituting into the expression for the amplitude,= =# #œ 7+B

V œ
Î%7   Î#7

œ
 Î%7

œ
"  Î%75

J

J

J
Þ

!

!

!

!

È a b
È

È

# # = #

= # #

#

% # # # ##

# # % #

#

!

!

#=

14 .  The forced response is   The constants are obtain bya b a b+ ? > œ E-9= >  F=38 > Þ== = =
the method of .  That is, comparing the coefficients of undetermined coefficients -9= >=
and , we find that=38 >=

7 E F  5E œ J 7 F  E 5F œ != #= = #=# #
! , and .

Solving this system results in

E œ 7  Î F œ Îˆ ‰= = ? #= ?!
# #    and    ,

in which   It follows that? = = # =œ 7   ÞÉ a b# # # ## #
!

>+8 œ FÎE œ
7 

$
#=

= =a b!
# #

.

a b a b, 7 œ " œ !Þ"#& œ " >+8 œ !Þ"#& Î "  Þ.  Here , , .  Hence # = $ = =!
#
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17 .  Here , , , .  Hence ,a b a b a b+ 7 œ " œ !Þ#& œ # J œ # ? > œ -9= > # = = $! ! ==
# #

?

where  , and ? = = = = $œ #   Î"' œ '%  '$  "' >+8 œ ÞÉa b È# # # %# "
% % #

=
=a b#

a b, Þ  The amplitude is

V œ
)

'%  '$  "'È = =# %
.

a b- .

a b. V.  .  The amplitude is maximum when the denominator of  is minimum.See Prob. 13
That is, when .  Hence .= = = =œ œ $ "% Î) ¸ "Þ%!$" V œ œ '%Î "#(7+B 7+B

È a b È

18 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   Hence the response isE œ $Î F œ ! Þa b=#  "
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? > œ -9= >  -9= >
$

" 
a b c d

=
=

#
.

a b, .
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Note that

? > œ =38 =38
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

19 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution is .  Invoking the initial conditions, we? > œ ? >  Y >a b a b a b-

find that  and   Hence the response isE œ Î F œ " Þa b a b= =# # #  "

? > œ $ -9= >   # -9= >  =38 >
"

" 
a b  ‘ˆ ‰

=
= =

#
# .

a b,.
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Note that

? > œ =38 =38  -9= >  =38 >
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

20.
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21.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ /  -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' "("$&) #&((&)

"$#(#" "$#(#" #&&È
and

Y > œ %$')!! -9= Þ$>  ")!!! =38 Þ$> Þ
"

"$#(#"
a b c da b a b
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a b+ .

a b, .

23.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ / -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' *(%' "#&)

%"!& )#" #&&È
and

Y > œ  "&$' -9= $>  (# =38 $> Þ
"

%"!&
a b c da b a b
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a b+ .

a b, .

24.

25 .a b+
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a b, .

a b- .  The amplitude for a similar system with a  spring is given bylinear

V œ
&

#&  %*  #&È = =# %
.
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