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Section 11.4

1.  Let  be the eigenfunctions of the singular problem9 -8 8a b ˆ ‰ÈB œ N B!
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Let  be a solution of the given BVP, and set9a bB
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Substituting , we obtaina b‡
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It follows that if ,B Á !
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As long as , linear independence of the eigenfunctions implies that. -Á 8
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Therefore a formal solution is given by
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in which  are the positive roots of .È a b-8 N B œ !!



—————————————————————————— ——CHAPTER 11. 

________________________________________________________________________
            page 756

3 .  Setting , it follows thata b È+ > œ B-

.C .C . C . C

.B .> .B .>
œ œÈ- -  and .

# #

# #

The given ODE can be expressed as

  œ > C
. > .C 5

.> .> >
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È
- - -

-

-#
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 >  œ > C Þ
. .C 5

.> .> >
Œ  #

An equivalent form is given by

>  >  >  5 C œ !
.C .C

.> .>
# # #ˆ ‰ ,

which is known as a Bessel equation of order .  A  solution is .5 N >bounded 5a b
a b Š ‹È, N B B œ !.   satisfies the boundary condition at .  Imposing the other5 -

boundary
condition, it is necessary that .  Therefore the eigenvalues are given byN œ !5Š ‹È-

- -8 8 5, , where  are the positive zeroes of .  The eigenfunctions of8 œ "ß #â N BÈ a b
the BVP are 9 -8 5 8a b ˆ ‰ÈB œ N B Þ

a b- .  The BVP is a singular Sturm-Liouville problem with
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So for , we have and8 Á 7 Á- -8 7

(
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B9 98 7a b a bB B .B œ ! Þ

a b. .  Consider the expansion

0a b a b"B œ + B Þ
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Multiplying both sides of equation by B94a bB ! " and integrating from  to , and using the
orthogonality of the eigenfunction,
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a b a b/ B.  Let  be a solution of the given BVP, and set9
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It follows that if ,B Á !
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Therefore a formal solution is given by
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5 .  Setting  in Prob.  of Section , a b+ œ "& ""Þ"- !#  the  can also beChebyshev equation
written as
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’ “È È# w
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Note that

: B œ "  B ; B œ ! < B œ "Î "  Ba b a b a bÈ È# # , , and ,

hence both boundary points are singular.

a b a b a bÈ È, : "  œ #  :  "  œ #  Þ.  Observe that  and   It follows& & & & & &# #

that if  and  satisfy the boundary conditions , then? B @ B 333a b a b a b
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Therefore Eq.  is satisfied and the boundary value problem is .a b"( self-adjoint
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since P X œ ! † X œ !c d! ! .  Otherwise,
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