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Section 5.6

1.   when .  Since the three coefficients have no common factors, T B œ ! B œ ! B œ !a b
is a singular point.  Near ,B œ !

lim lim
BÄ! BÄ!

B : B œ B œ Þ
" "

#B #
a b

lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þ
"

#
a b

Hence  is a LetB œ ! regular singular point.  

C œ B +  + B  + B â + B â œ + B< # 8 <8
8 8

8œ!

_ˆ ‰ "! " # .

Then

C œ <  8 + Bw <8"

8œ!

_

8" a b
and

C œ <  8 <  8  " + B Þww <8#

8œ!

_

8" a ba b
Substitution into the ODE results in

# <  8 <  8  " + B  <  8 + B 

 + B œ !

" "a ba b a b
"

8œ! 8œ!

_ _

8 8
<8" <8"

8œ!

_

8
<8" .

That is,

# <  8 <  8  " + B  <  8 + B  + B œ !" " "a ba b a b
8œ! 8œ! 8œ#

_ _ _

8 8 8#
<8 <8 <8 .

It follows that

+ #< <  "  < B  + # <  " <  <  " B 

 # <  8 <  8  " +  <  8 +  + B œ ! Þ

! "
< <"

8œ#

_

8 8 8#
<8

c d c da b a b
"c da ba b a b

Assuming that , we obtain the + Á !! indicial equation , with roots #<  < œ ! < œ "Î##
"
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and .  It immediately follows that .  Setting the remaining coefficients< œ ! + œ !# "

equal
to , we havezero

+ œ 8 œ #ß $ßâ
 +

<  8 # <  8  "
8

8#a bc da b ,   .

For , the recurrence relation becomes< œ "Î#

+ œ 8 œ #ß $ßâ
 +

8 "  #8
8

8#a b ,   .

Since , the  coefficients are .  Furthermore, for ,+ œ ! 5 œ "ß #ßâ" odd zero

+ œ œ œ Þ
 + +  " +

#5 "  %5 #5  # #5 %5  $ %5  " # 5x & † * † "$â %5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
For , the recurrence relation becomes< œ !

+ œ 8 œ #ß $ßâ
 +

8 #8  "
8

8#a b ,   .

Since , the  coefficients are , and for ,+ œ ! 5 œ "ß #ßâ" odd zero

+ œ œ œ Þ
 + +  " +

#5 %5  " #5  # #5 %5  & %5  " # 5x $ † ( † ""â %5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
The two linearly independent solutions are

C B œ B " 
 " B

# 5x & † * † "$â %5  "
"a b È – —" a b a b

5 œ"

_ 5 #5

5

C B œ "  Þ
 " B

# 5x $ † ( † ""â %5  "
#a b " a b a b

5 œ"

_ 5 #5

5

3.  Note that  and , which are  analytic at .  SetB : B œ ! B ; B œ B B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8 8
<8" <8<  8 <  8  " + B  + B œ ! ,

and after multiplying both sides of the equation by ,B

" "a ba b
8œ! 8œ"

_ _

8 8"
<8 <8<  8 <  8  " + B  + B œ ! .

It follows that
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+ < <  " B  <  8 <  8  " +  + B œ ! Þ! 8 8"
< <8

8œ"

_c d c da b a ba b"
Setting the coefficients equal to zero indicial equation, the  is .  The roots< <  " œ !a b
are  and .  Here .  The recurrence relation is< œ " < œ ! <  < œ "" # " #

+ œ 8 œ "ß #ßâ
 +

<  8 <  8  "
8

8"a ba b ,   .

For ,< œ "

+ œ 8 œ "ß #ßâ
 +

8 8  "
8

8"a b ,   .

Hence for ,8   "

+ œ œ œ â œ
 + +  " +

8 8  " 8  " 8 8  " 8x 8  " x
8

8" 8# !

#

8

a b a b a b a ba b
.

Therefore one solution is

C B œ B
 " B

8x 8  " x
"a b " a ba b

8œ!

_ 8 8

.

5.  Here  and , which are  analytic at .  SetB : B œ #Î$ B ; B œ B Î$ B œ !a b a b# # both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

$ <  8 <  8  " + B  # <  8 + B  + B œ ! Þ" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8 <8#

It follows that

+ $< <  "  #< B  + $ <  " <  # <  " B 

 $ <  8 <  8  " +  # <  8 +  + B œ !

! "
< <"

8œ#

_

8 8 8#
<8

c d c da b a b a b
"c da ba b a b .

Assuming , the + Á !! indicial equation is , with roots , $<  < œ ! < œ "Î$ < œ ! Þ#
" #

Setting the remaining coefficients equal to , we have , andzero + œ !"

+ œ 8 œ #ß $ßâ
 +

<  8 $ <  8  "
8

8#a bc da b ,   .

It immediately follows that the  coefficients are equal to .  For ,odd zero < œ "Î$

+ œ 8 œ #ß $ßâ
 +

8 "  $8
8

8#a b ,   .

So for ,5 œ "ß #ßâ



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 223

+ œ œ œ
 + +  " +

#5 '5  " #5  # #5 '5  & '5" # 5x ( † "$â '5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
.

For ,< œ !

+ œ 8 œ #ß $ßâ
 +

8 $8  "
8

8#a b ,   .

So for ,5 œ "ß #ßâ

+ œ œ œ
 + +  " +

#5 '5  " #5  # #5 '5  ( '5  " # 5x & † ""â '5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
.

The two linearly independent solutions are

C B œ B " 
 "

5x ( † "$â '5  "
"

#a b – —" a ba b"Î$

5 œ"

_ 5 5Œ B

#

C B œ "  Þ
 "

5x & † ""â '5  "
#

#a b " a ba b
5 œ"

_ 5 5Œ B

#

6.  Note that  and , which are  analytic at .  SetB : B œ " B ; B œ B  # B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8" <8

<  8 <  8  " + B  <  8 + B 

 + B  # + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last

+ < <  "  <  # B  B œ !Þ!
< <8

8œ"

_c d c da b " a ba b a b<  8 <  8  " +  <  8 +  # +  +8 8 8 8"

Assuming , the + Á !! indicial equation is , with roots .  Setting<  # œ ! < œ „ ## È
the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
 +

<  8  #
8

8"

#a b ,   .

First note that .  So for ,a b Š ‹Š ‹È È È<  8  # œ <  8  # <  8  # < œ ##

+ œ 8 œ "ß #ßâ
 +

8 8  # #
8

8"

Š ‹È ,   .
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It follows that

+ œ 8 œ "ß #ßâ
 " +

8x "  # # #  # # â 8 # #
8

8
!a b

Š ‹Š ‹ Š ‹È È È ,   .

For ,< œ  #È
+ œ 8 œ "ß #ßâ

 +

8 8  # #
8

8"

Š ‹È ,   ,

and therefore

+ œ 8 œ "ß #ßâ
 " +

8x "  # # #  # # â 8 # #
8

8
!a b

Š ‹Š ‹ Š ‹È È È ,   .

The two linearly independent solutions are

C B œ B " 
 " B

8x "  # # #  # # â 8 # #
"a b Ô ×Ö ÙÕ Ø" a b

Š ‹Š ‹ Š ‹È È ÈÈ#

8œ"

_ 8 8

C B œ B "  Þ
 " B

8x "  # # #  # # â 8 # #
#a b Ô ×Ö ÙÕ Ø" a b

Š ‹Š ‹ Š ‹È È È #

8œ"

_ 8 8È

7.  Here  and , which are  analytic at .  SetB : B œ "  B B ; B œ  B B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b a b
" "a b

8œ! 8œ!

_ _

8 8
<8" <8"

8œ! 8œ!

_ _

8 8
<8 <8

<  8 <  8  " + B  <  8 + B 

 <  8 + B  + B œ ! Þ

After multiplying both sides by ,B

" "a ba b a b
" "a b

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8 <8

<  8 <  8  " + B  <  8 + B 

 <  8 + B  + B œ !Þ+1 +1

After adjusting the indices in the  series, we obtainlast two
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+ < <  "  < B  B œ ! Þ!
< <8

8œ"

_c da b "c da ba b a b a b<  8 <  8  " +  <  8 +  <  8 +8 8 8"

Assuming , the + Á !! indicial equation is , with roots .  Setting< œ ! < œ < œ !#
" #

the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
+

<8
8

8" ,   .

With ,< œ !

+ œ 8 œ "ß #ßâ
+

8
8

8" ,   .

Hence one solution is

C B œ "   â â œ /
B B B

"x #x 8x
"a b # 8

B.

8.  Note that  and , which are  analytic at .B : B œ $Î# B ; B œ B  "Î# B œ !a b a b# # both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

# <  8 <  8  " + B  $ <  8 + B 

 # + B  + B œ ! Þ

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8# <8

After adjusting the indices in the  series, we obtainsecond-to-last

+ #< <  "  $<  " B  + # <  " <  $ <  "  " 

 # <  8 <  8  " +  $ <  8 +  +  #+ B œ !Þ

! "
<

8œ#

_

8 8 8 8#
<8

c d c da b a b a b
"c da ba b a b

Assuming , the + Á !! indicial equation is , with roots  and#<  <  " œ ! < œ "Î##
"

< œ  "# .  Setting the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ #ß $ßâ
 #+

<  8  " # <  8  "
8

8#a bc da b ,   .

Setting the remaining coefficients equal to , we have , which implies that allzero + œ !"

of the  coefficients are .  With ,odd zero < œ "Î#

+ œ 8 œ #ß $ßâ
 #+

8 #8  $
8

8#a b ,   .

So for ,5 œ "ß #ßâ
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+ œ œ œ
 + +  " +

5 %5  $ 5  " 5 %5  & %5  $ 5x ( † ""â %5  $
#5

#5# #5% !
5

a b a b a ba b a ba b
.

With ,< œ  "

+ œ 8 œ #ß $ßâ
 #+

8 #8  $
8

8#a b ,   .

So for ,5 œ "ß #ßâ

+ œ œ œ
 + +  " +

5 %5  $ 5  " 5 %5  "" %5  $ 5x & † *â %5  $
#5

#5# #5% !
5

a b a b a ba b a ba b
.

The two linearly independent solutions are

C B œ B " 
 " B

8x ( † ""â %8  $
"a b – —" a b a b"Î#

8œ"

_ 8 #8

C B œ B "  Þ
 " B

8x & † *â %8  $
#a b – —" a ba b"

8œ"

_ 8 #8

9.  Note that  and , which are  analytic at .B : B œ  B  $ B ; B œ B  $ B œ !a b a b# both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" " "a ba b a b a b
" "

8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8" <8

8œ! 8œ!

_ _

8 8
<8" <8

<  8 <  8  " + B  <  8 + B  $ <  8 + B

 + B  $ + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last

+ < <  "  $<  $ B 

 <  8 <  8  " +  <  8  # +  $ <  8  " + B œ !Þ

!
<

8œ"

_

8 8" 8
<8

c da b
"c da ba b a b a b

Assuming , the + Á !! indicial equation is , with roots  and<  %<  $ œ ! < œ $#
"

< œ "# .  Setting the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
<  8  # +

<  8  " <  8  $
8

8"a ba ba b ,   .

With ,< œ $
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+ œ 8 œ "ß #ßâ
8  " +

8 8  #
8

8"a ba b ,   .

It follows that for ,8   "

+ œ œ œ â œ
8 " + + # +

8 8  # 8  " 8  # 8x 8  #
8

8" 8# !a ba b a ba b a b .

Therefore one solution is

C B œ B " 
#B

8x 8  #
"a b – —" a b$

8œ"

_ 8

.

10.  Here  and , which are  analytic at .B : B œ ! B ; B œ B  "Î% B œ !a b a b# # both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" " "a ba b
8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8# <8<  8 <  8  " + B  + B  + B œ ! Þ

"

%

After adjusting the indices in the  series, we obtainsecond

+ < <  "  B  + <  " <  B 
" "

% %

 <  8 <  8  " +  +  + B œ ! Þ
"

%

! "
< <"

8œ#

_

8 8 8#
<8

” • ” •a b a b
"” •a ba b

Assuming , the + Á !! indicial equation is , with roots <  <  œ ! < œ < œ "Î#Þ# "
% " #

Setting the remaining coefficients equal to , we find that .  The recurrencezero + œ !"

relation is

+ œ 8 œ #ß $ßâ
 %+

#<  #8  "
8

8#

#a b ,   .

With ,< œ "Î#

+ œ 8 œ #ß $ßâ
 +

8
8

8#

#
,   .

Since , the  coefficients are .  So for ,+ œ ! 5   "" odd zero

+ œ œ œ â œ
 + +  " +

%5 % 5  " 5 % 5x
#5

#5# #5% !

# # # 5# #

5

a b a b
a b

.

Therefore one solution is
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C B œ B " 
 " B

# 8x
"a b È – —"a b

a b8œ"

_ 8 #8

#8 #
.

12 .  Dividing through by the leading coefficient, the ODE can be written asa b+
C  C  C œ !

B

"  B "  B
ww w

# #

#!
.

For ,B œ "

: œ B  " : B œ Þ!
BÄ" BÄ"
lim lima b a b B "

B  " #
œ

; œ B  " ; B œ Þ!
BÄ" BÄ"

#lim lima b a b !#a b"  B

B  "
œ !

For ,B œ  "

: œ B  " : B œ œ Þ
"

#
!

BÄ" BÄ"
lim lima b a b B

B  "

; œ B  " ; B œ œ ! Þ!
BÄ" BÄ"

#lim lima b a b !#a ba bB  "

"  B

Hence both  and  are B œ  " B œ " regular singular points.  As shown in Example ,"
the indicial equation is given by

< <  "  : <  ; œ !a b ! ! .

In this case,  sets of roots are  and .both < œ "Î# < œ !" #

a b a b a b, > œ B  " ? > œ C >  " Þ.  Let , and   Under this change of variable, the differential
equation becomes

ˆ ‰ a b>  #> ?  >  " ?  ? œ ! Þ# ww w #!

Based on Part ,  is a  singular point.  Set   a b !+ > œ ! ? œ + > Þregular
8œ!

_

8
<8 Substitution

into the ODE results in

" "a ba b a ba b
" " "a b a b

8œ! 8œ!

_ _

8 8
<8 <8"

8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8" # <8

<  8 <  8  " + >  # <  8 <  8  " + > 

 <  8 + >  <  8 + >  + > œ ! Þ!

Upon inspection, we can also write
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" " "a b a b
8œ! 8œ! 8œ!

_ _ _
#

8 8 8
<8 <8" <8<  8 + >  # <  8 + >  + > œ !ÞŒ <  8 

"

#
!#

After adjusting the indices in the second series, it follows that

+ >  > œ !Þ!
<" <8

8œ!

_

” • ” •Œ  Œ a b a b#< <  <  8 +  # <  8  " <  8  +  +
" "

# #
" #

8 8" 8
#!

Assuming that , the  is , with roots , .+ Á ! #<  < œ ! < œ ! "Î#!
#indicial equation

The recurrence relation is

a b a bŒ <  8 +  # <  8  " <  8  +  + œ ! 8 œ !ß "ß #ßâ
"

#
#

8 8" 8
#! ,    .

With , we find that for ,< œ "Î# 8   ""

+ œ +
%  #8  "

%8 #8  "

œ  " + Þ
"  % *  % â #8  "  %

# #8  " x

8 8"

# #

8
# # ##

8 !

!

! ! !

a ba b
a b c dc d a b ‘

a b
With , we find that for ,< œ ! 8   "#

+ œ +
 8  "

8 #8  "

œ  " + Þ
 "  %  â 8 " 

8x † $ † &â #8  "

8 8"

# #

8
# # ##

!

!

! ! ! ! !

a ba b
a b a bc dc d a b ‘

a b
The two linearly independent solutions of the areChebyshev equation 

C B œ B  " "  B  ""
8

# # ##

8
a b k k a b– —""Î# 8

8œ"

_ a b c dc d a b ‘
a b "

"  % *  % â #8  "  %

# #8  " x

! ! !

C B œ "  B  " Þ#
8

# # ##a b a b"
8œ"

_
8a b a bc dc d a b ‘

a b "
 "  %  â 8 " 

8x † $ † &â #8  "

! ! ! ! !

13.  Here  and  , which are  analytic at .B : B œ "  B B ; B œ B B œ !a b a b# - both
In fact,

: œ B: B œ " ; œ B ; B œ !! !
BÄ! BÄ!

#lim lima b a band .

Hence the  is  , with roots .  Setindicial equation < <  "  < œ ! < œ !a b "ß#
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C œ +  + B  + B â + B â! " #
# 8

8 .

Substitution into the ODE results in

" "a b
" "

8œ# 8œ"

_ _

8 8
8" 8"

8œ! 8œ!

_ _

8 8
8 8

8 8  " + B  8+ B 

 8+ B  + B œ ! Þ-

That is,

" "a b a b
" "

8œ" 8œ!

_ _

8" 8"
8 8

8œ" 8œ!

_ _

8 8
8 8

8 8  " + B  8  " + B 

 8+ B  + B œ ! Þ-

It follows that

+  +  8  " +  8  + B œ !" ! 8" 8

8œ"

_
# 8- -" ‘a b a b .

Setting the coefficients equal to , we find that , andzero + œ  +" !-

+ œ + 8 œ #ß $ßâ
8  " 

8
8 8"#

a b-
,   .

That is, for ,8   #

+ œ8
a b a ba b a b

a b
8  "   "  â 8 " 

8
+ œ â œ +

8x

- - - -
# 8" !# .

Therefore one solution of the Laguerre equation is

C B œ "  B Þ
 "  â 8 " 

8x
"a b "a ba b a b

a b8œ"

_

#
8- - -

Note that if , a  , then  for .  In that case, the- œ 7 + œ ! 8   7 "positive integer 8

solution is a polynomial

C B œ "  B Þ
 "  â 8 " 

8x
"a b "a ba b a b

a b8œ"

7

#
8- - -
 


