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Section 3.6

2.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Since the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

function  is not proportional to the solutions of the homogeneous equation,1 > œ $ =38 #>a b
set .  Substitution into the given ODE, and comparing the] œ E-9= #>  F =38 #>
coefficients, results in the system of equations  and .  HenceF  %E œ $ E  %F œ !
] œ  -9= #>  =38 #> C > œ C >  ] Þ"# $

"( "( .  The general solution is a b a b-

3.  The characteristic equation for the homogeneous problem is , with<  #<  $ œ !#

roots , .  Hence .  Note that the assignment < œ  " $ C > œ - /  - / ] œ E>/- " #
 $a b > > >

is  .  Substitution intonot sufficient to match the coefficients.  Try ] œ E>/  F> /> # >

the differential equation, and comparing the coefficients, results in the system of
equations  and .  Hence .  The %E  #F œ !  )F œ  $ ] œ >/  > /$ $

"' )
> # >

general
solution is C > œ C >  ] Þa b a b-

5.  The characteristic equation for the homogeneous problem is , with<  * œ !#

complex roots .  Hence .  To simplify the analysis,< œ „$3 C > œ - -9= $>  - =38 $>- " #a b
set  and .  By inspection, we have .  Based on the form1 > œ ' 1 > œ > / ] œ #Î$" # "a b a b # $>

of , set .  Substitution into the differential equation, and1 ] œ E/  F>/  G> /# #
$> $> # $>

comparing the coefficients, results in the system of equations ,")E  'F  #G œ !
")F  "#G œ ! ")G œ ", and .  Hence

] œ /  >/  > /
" " "

"'# #( ")
#

$> $> # $>.

The general solution is C > œ C >  ]  ] Þa b a b- " #

7.  The characteristic equation for the homogeneous problem is , with#<  $<  " œ !#

roots , .  Hence .  To simplify the analysis,< œ  "  "Î# C > œ - /  - /- " #a b > >Î#

set  and .  Based on the form of , set 1 > œ > 1 > œ $ =38 > 1 ] œ E F>  G> Þ" # " "a b a b# #

Substitution into the differential equation, and comparing the coefficients, results in the
system of equations , , and .  Hence we obtainE $F  %G œ ! F  'G œ ! G œ "
] œ "%  '>  > Þ ] œ H -9= >  I =38 >" #

#   On the other hand, set .  After substitution
into the ODE, we find that  and .  The general solution isH œ  *Î"! I œ  $Î"!
C > œ C >  ]  ] Þa b a b- " #

9.  The characteristic equation for the homogeneous problem is , with<  œ !# #=!

complex roots .  Hence .  Since ,< œ „ 3 C > œ - -9= >  - =38 > Á= = = = =! - " ! # ! !a b
set .  Substitution into the ODE and comparing the coefficients] œ E-9= >  F =38 >= =
results in the system of equations and .  Hencea b a b= = = =! !

# # # # E œ "  F œ !

] œ -9= > Þ
"

= =
=

!
# #

The general solution is .C > œ C >  ]a b a b-
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10.  From Prob. 9, .  Since  is a solution of the homogeneous problem,C > œ - -9= >- !a b =
set .  Substitution into the given ODE and comparing the] œ E> -9= >  F> =38 >= =! !

coefficients results in and   Hence the general solution isE œ ! F œ Þ"
#=!

C > œ - -9= >  - =38 >  =38 >a b " ! # ! != = =>
#=!

.

12.  The characteristic equation for the homogeneous problem is , with<  <  # œ !#

roots , .  Hence .  Based on the form of the right hand< œ  " # C > œ - /  - /- " #a b > #>

side, that is, , set  .  Substitution into the-9=2Ð#>Ñ œ Î# ] œ E> /  F/a b/  /#> #> #> #>

given ODE and comparing the coefficients results in and   Hence theE œ "Î' F œ "Î) Þ
general solution is .C > œ - /  - /  > / Î'  / Î)a b " #

> #> #> #>

14.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> ] œ E F>  G> Þ.  Hence .  Set   Comparing- " # "a b #

the coefficients of the respective terms, we find that , , .E œ  "Î) F œ ! G œ "Î%
Now set , and obtain .  Hence the general solution is] œ H/ H œ $Î&#

>

C > œ - -9= #>  - =38 #>  "Î)  > Î%  $ / Î&a b " #
# > .

Invoking the initial conditions, we require that  and ."*Î%!  - œ ! $Î&  #- œ #" #

Hence  and .- œ  "*Î%! - œ (Î"!" #

15.  The characteristic equation for the homogeneous problem is , with<  #<  " œ !#

a double root .  Hence .  Consider .  Note that< œ " C > œ - /  - > / 1 > œ > /- " # "a b a b> > >

1 ] œ E> /  F> / Ð" " is a solution of the homogeneous problem.  Set  the  term is# > $ > first
not sufficient for a match .  Upon substitution, we obtain .  By inspection,Ñ ] œ > / Î'"

$ >

] œ % C > œ - /  - > /  > / Î'  %# " #.  Hence the general solution is .  Invoking thea b > > $ >

initial conditions, we require that  and .  Hence  and-  % œ " -  - œ " - œ  $" " # "

- œ %# .

17.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> =38 #>.  Hence .  Since the function  is a solution of- " #a b
the homogeneous problem, set .  Upon substitution, we obtain] œ E> -9= #>  F> =38 #>
] œ  > -9= #> C > œ - -9= #>  - =38 #>  > -9= #>$ "

% %.  Hence the general solution is .a b " #

Invoking the initial conditions, we require that  and .  Hence- œ # #-  œ  "" #
$
%

- œ # - œ  "Î)" # and .

18.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Based on the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

form of , set .  After comparing coefficients, we1 > ] œ E> / -9= #>  F> / =38 #>a b  > >

obtain .  Hence the general solution is] œ > / =38 #>>

C > œ - / -9= #>  - / =38 #>  > / =38 #>a b " #
  > > > .

Invoking the initial conditions, we require that  and .  Hence- œ "  -  #- œ !" " #

- œ " - œ "Î#" # and .
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20.  The characteristic equation for the homogeneous problem is , with<  " œ !#

complex roots  .  Hence .  Let  and< œ „ 3 C > œ - -9= >  - =38 > 1 > œ > =38 >- " # "a b a b
1 > œ > ] > œ " 1 ># # "a b a b a b.  By inspection, it is easy to see that .  Based on the form of ,
set   Substitution into the equation] > œ E> -9= >  F> =38 >  G> -9= >  H> =38 > Þ"a b # #

and comparing the coefficients results in , , , and E œ ! F œ "Î% G œ  "Î% H œ ! Þ
Hence .] > œ "  > =38 >  > -9= >a b " "

% %
#

21.  The characteristic equation for the homogeneous problem is , with<  &<  ' œ !#

roots , .  Hence .  Consider , and< œ # $ C > œ - /  - / 1 > œ / $>  % =38 >- " # "a b a b a b#> $> #>

1 > œ / -9= #>#a b > .  Based on the form of these functions on the right hand side of the
ODE,
set , .] > œ / -9= #>  =38 #> ] > œ  > / =38 >   > / -9= ># "" # " # " #a b a b a b a b a b> #> #>E E F F G G

Substitution into the equation and comparing the coefficients results in

] > œ  / -9= #>  $/ =38 #>  >/ -9= >  =38 >  / -9= >  &=38 >
" $

#! #
a b a bˆ ‰ Š ‹> > #> #> "

#
.

23.  The characteristic roots are , .  Hence .  Consider the< œ # # C > œ - /  - >/- " #a b #> #>

functions , , and .  The corresponding forms of1 > œ #> 1 > œ %>/ 1 > œ > =38 #>" # $a b a b a b# #>

the respective parts of the particular solution are , ] > œ E E >  E > ] > œ" #a b a b! " #
#

œ / F >  F > ] > œ > G -9= #>  G =38 #>  H -9=#>  H =38#>#> # $
# $ " # " #a b a b a b a b, and .$

Substitution into the equation and comparing the coefficients results in

] > œ $  %>  #>  > /  > -9= #>  -9= #>  =38 #>
" # " "

% $ ) "'
a b a bˆ ‰# $ #> .

24.  The homogeneous solution is .  Since  and C > œ - -9= #>  - =38 #> -9= #> =38 #>- " #a b
are both solutions of the homogeneous equation, set

] > œ > E  E >  E > -9= #>  > F  F >  F > =38 #>a b ˆ ‰ ˆ ‰! " # ! " #
# # .

Substitution into the equation and comparing the coefficients results in

] > œ >  > -9= #>  #)>  "$> =38 #>
"$ " "

$# "# "'
a b Œ  ˆ ‰$ # .

25.  The homogeneous solution is .  None of the functions on theC > œ - /  - >/- " #a b > #>

right hand side are solutions of the homogenous equation.  In order to include all possible
combinations of the derivatives, consider ] > œ / E  E >  E > -9= #> a b a b> #

! " #

 / F  F >  F > =38 #>  / G -9= >  G =38 >  H/> # > >
! " # #a b a b" .  Substitution into the

differential equation and comparing the coefficients results in

] > œ / E  E >  E > -9= #>   / F  F >  F > =38 #> 

 /  -9= >  =38 >  #/ Î$

a b ˆ ‰ ˆ ‰
Š ‹

> # > #
! " # ! " #

> ># #

$ $
,
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in which E œ  %"!&Î$&"&# ß E œ ($Î'(' ß E œ  &Î&# ßF œ  "#$$Î$&"&# ß! " # !

F œ "!Î"'* ßF œ "Î&# Þ" #

26.  The homogeneous solution is .  None of the termsC > œ - / -9= #>  - / =38 #>- " #a b > >

on the right hand side are solutions of the homogenous equation.  In order to include the
appropriate combinations of derivatives, consider ] > œ / E >  E > -9= #> a b a b> #

" #

 / F >  F > =38 #>  / G  G > -9= #>  / H H > =38 #>> # #> #>
" # ! " ! "a b a b a b .

Substitution into the differential equation and comparing the coefficients results in

] > œ >/ -9= #>  > / =38 #>  / (  "!> -9= #> 

 / "  &> =38 #>

a b a b
a b

$ $ "

"' ) #&
"

#&

> # > #>

#> .

27.  The homogeneous solution is .  Since the differentialC > œ - -9= >  - =38 >- " #a b - -
operator does not contain a first derivative a band , we can set- 1Á 7

] > œ G =387 >a b "
7œ"

R

7 1 .

Substitution into the ODE yields

 7 G =387 >  G =387 > œ + =387 >" " "
7œ" 7œ" 7œ"

R R R
# # #1 1 - 1 17 7 7 .

Equating coefficients of the individual terms, we obtain

G œ 7 œ "ß #âR
+

7
7

7

- 1# # #
,  .

29.  The homogeneous solution is .  The input functionC > œ - / -9= #>  - / =38 #>- " #a b > >

is independent of the homogeneous solutions, on any interval.  Since the right hand side
is
piecewise constant, it follows by inspection that

] > œ Þ
"Î& ! Ÿ > Ÿ Î#
! >  Î#

a b œ ,
     ,

1
1

For , the general solution is ! Ÿ > Ÿ Î# C > œ1 a b - / -9= #>  - / =38 #>  "Î&" #
> > .

Invoking the initial conditions , we require that , and thatC ! œ C ! œ ! - œ  "Î&a b a bw
"

- œ  "Î"!# .  Hence

C > œ  #/ -9= #>  / =38 #>
" "

& "!
a b ˆ ‰> >

on the interval ! Ÿ > Ÿ Î# C Î# œ "  / Î&1 1.  We now have the values , anda b ˆ ‰ Î#1

C Î# œ ! >  Î# C > œ .wa b a b1 1.  For , the general solution is " #/ -9= #>  . / =38 #>> > .
It follows that C Î# œ  / . C Î# œ / .  #/ .a b a b1 1 Î# w  Î#  Î#1 1 1

" " # and .  Since the
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solution is continuously differentiable, we  require that

 / . œ "  / Î&

/ .  #/ . œ !

 Î#  Î#

 Î#  Î#

1 1

1 1

"

" #

ˆ ‰
.

Solving for the coefficients, .. œ #. œ  /  " Î&" # ˆ ‰1Î#

31.  Since , the roots of the characteristic equation has real parts.+ ß ,ß -  ! negative 
That is, , where .  Hence the homogeneous solution is< œ „ 3  !! " !

C > œ-a b - / -9= >  - / =38 >" #
! !> >" " .

If , then the general solution is1 > œ .a b
C > œ .Î- a b - / -9= >  - / =38 >" #

! !> >" " .

Since ,  as .  If , then that characteristic roots are and!  ! C > p.Î- >p_ - œ ! < œ !a b
< œ  ,Î+ +C  ,C œ ..  The ODE becomes .  Integrating both sides, we find thatww w

+C  ,C œ . >  -w
".  The general solution can be expressed as

C > œ . >Î,  -  - / Þa b " #
,>Î+

In this case, the solution grows without bound.  If , , then the differential, œ ! also
equation
can be written as , which has general solution .C œ .Î+ C > œ . > Î#+  -  -ww #a b " #

Hence the assertion is true only if the coefficients are .positive

32 .  Since  is a linear operator,a b+ H

H C  ,HC  -C œ H C  <  < HC  < < C

œ H C  < HC  < HC  < < C

œ H HC  < C  < HC  < C

œ H  < H  < C

# #

#

a b
a b a ba ba b

" # " #

# " " #

# " #

" # .

a b a b a b a b a b, ? œ H  < C 3 H  < ? œ 1 >.  Let .  Then the ODE  can be written as , that is,# "
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?  < ? œ 1 > ?w
" a b.  The latter is a linear  equation in .  Its general solution isfirst order

? > œ / / 1 .  - /a b a b(< > < < >

>

>
" " "

!

7 7 7 " .

From above, we have .  This equation is also a first order ODE.  HenceC  < C œ ? >w
# a b

the general solution of the original second order equation is

C > œ / / ? .  - /a b a b(< > < < >

>

>
# # #

!

7 7 7 # .

Note that the solution  contains  arbitrary constants.C >a b two

34.  Note that .  Let , and solvea b a ba b a b#H  $H  " C œ #H  " H  " C ? œ H  " C#

the ODE   This equation is a linear first order ODE, with solution#?  ? œ >  $=38 > Þw #

? > œ / / Î#  =38 .  - /

œ >  %>  )  -9= >  =38 >  - / Þ
' $

& &

a b ( ’ “>Î# # >Î#

>

>

# >Î#

!

7Î# 7 7 7
$

#

Now consider the ODE .  The general solution of this first order ODE isC  C œ ? >w a b
C > œ / / ? .  - /a b a b(> >

>

>

!

7 7 7 # ,

in which  is given above.  Substituting for  and performing the integration,? > ? >a b a b
C > œ >  '>  "%  -9= >  =38 >  - /  - / Þ

* $

"! "!
a b # >Î# >

" #

35.  We have .  Let , and considera b a ba b a bH  #H  " C œ H  " H  " C ? œ H  " C#

the ODE   The general solution is   We therefore?  ? œ #/ Þ ? > œ #> /  - / Þw > > >a b
have the first order equation   The general solution of the latter?  ? œ #> /  - / Þw > >

"

differential equation is

C > œ / #  - .  - /

œ / >  - >  - Þ

a b c d(
ˆ ‰

> >

>

>

> #
!

7 7" #

" #

36.  We have .  Let , and consider the equationa b a b a bH  #H C œ H H  # C ? œ H  # C#

? œ $  %=38 #> Þ ? > œ $>  #-9= #>  - Þw   Direct integration results in   The problema b
is reduced to solving the ODE   The general solution of thisC  #C œ $>  #-9= #>  - Þw

first order differential equation is
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C > œ / / $  #-9= #  - .  - /

œ >  -9= #>  =38 #>  -  - / Þ
$ "

# #

a b c d(
a b

#> #>

>

>

#>

!

#
#

" #

7 7 7 7


