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Section 3.2
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7. Write the equation as y” + (3/t)y’ = 1. p(t) = 3/t is continuous for all ¢ > 0.
Since t, > 0, the IVP has a unique solution for all ¢ > 0.

9. Write the equation as y"” + %y’ + 75y = 757 - The coefficients are not

continuous at ¢ = 0 and ¢ = 4. Since t, € (0,4), the largest interval is 0 < t < 4.

10. The coefficient 3in|t| is discontinuous att = 0. Since ¢, > 0, the largest interval
of existence is 0 <t < 00.

11. Write the equation as y” + —5y" + %y = 0. The coefficients are discontinuous

at  =0and z = 3. Since z, € (0, 3), the largest interval is 0 < z < 3.

13. y/' = 2. Wesee that t>(2) — 2(#?) = 0. y)/ = 2t 73, with t*>(yJ) — 2(y,) = 0.
Let ys = ;2 + ot 7%, then y)' = 2¢; + 2¢,t73. It is evident that ys is also a solution.

16. No. Substituting y = sin(¢?) into the differential equation,
— 4t*sin(t*) + 2cos(t*) + 2t cos(t*) p(t) + sin(t*)q(t) = 0.

For the equation to be valid, we must have p(t) = — 1/t¢, which is not continuous, or
even defined, att = 0.
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17. W(e?,g(t)) = e¥g'(t) — 2e*g(t) = 3e*. Dividing both sides by e, we find
that g must satisfy the ODE ¢’ — 2g = 3e?. Hence g(t) = 3t e? + ce?.

19. W(f,9)=fg' — f'g. Also, W(u,v) =W (2f —g,f+2g). Upon evaluation,
W(u,v)=5fg"—5f'g =5W(f,g).

20. W(f,9)=fg' — f'g =tcost—sint,and W(u,v) = —4fg" +4f'g.
Hence W(u,v) = —4tcost + 4sint.

22. The general solution is y = c;e 3 + c,e™!. W(e 3, e ) = 2e*, and hence

the exponentials form a fundamental set of solutions. On the other hand, the fundamental
solutions must also satisfy the conditions 3,(1) = 1,y/(1) =0;3,(1) =0,y,(1) = 1.
For y, , the initial conditions require ¢, + ¢, = e, — 3¢; — ¢, = 0. The coefficients are
c, = —e*/2,c, =3e/2. For the solution, y, , the initial conditions require ¢, + ¢, = 0
, —3c, — ¢, = e. The coefficients are ¢, = — €*/2, ¢, = ¢/2. Hence the fundamental
solutions are {y, = — e 37D 4 37D 1y, = — L7301 4 Le=(=1}

23. Yes. y/' = —4cos2t; y' = —4sin2t. W(cos2t,sin2t) =2.

24. Clearly, y, = €' is a solution. y, = (1 +t)e’, y;/ = (2 + t)e’. Substitution into the
ODE results in (2 +t)e! — 2(1 +t)e’ +te! = 0. Furthermore, W (e, te!) = e?.
Hence the solutions form a fundamental set of solutions.

26. Clearly, y, = x is a solution. y, = cosz,y, = — sinz. Substitution into the
ODE results in (1 — z cotx)( — sinx) — z(cosz) + sinxz = 0. W (y,,y.) = x cos
T — sinx,

which is nonzero for 0 < x < w. Hence {z, sin xz} is a fundamental set of solutions.

28. P=1,Q=x,R=1. Wehave P" — Q'+ R = 0. The equation is exact. Note
that (y')" + (zy)’ = 0. Hence y’ + 2y = c¢,. This equation is linear, with integrating
factor p = e?’/2, Therefore the general solution is

y(z) = clexp( — IE2/2> /xexp(u2/2)du + cgexp( — x2/2).

0

29. P=1,Q =32%, R =x. Note that P — Q' + R = — 5z, and therefore the
differential equation is not exact.

31. P=2?,Q=x2,R= —1. Wehave P" — Q'+ R = 0. The equation is exact.
Write the equation as (z2y’)’ — (zy)' = 0. Integrating, we find that 2%y’ — zy = c.
Divide both sides of the ODE by x?. The resulting equation is /inear, with integrating
factor u = 1/z. Hence (y/x)' = cx~>. The solution is y(t) = c,z~" + ¢,
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33. P=2%,Q =z, R = x> — v°. Hence the coefficients are 2P’ — () = 3z and
P" — Q'+ R = 22+1 — v%. The adjoint of the original differential equation is given
by 2°u" + 3z p'+(2*+1 — ) = 0.

35. P=1,Q =0, R = — x. Hence the coefficients are given by 2P’ — ) = 0 and
P" — Q'+ R = — x. Therefore the adjoint of the original equationis u” —xpu =0.
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