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Section 2.5

1.

For , the only equilibrium point is .  , hence the equilibriumC   ! C œ ! 0 ! œ +  !!
‡ wa b

solution  is .9a b> œ ! unstable

2.

The equilibrium points are  and .  , therefore theC œ  +Î, C œ ! 0  +Î,  !‡ ‡ wa b
equilibrium solution  is .9a b> œ  +Î, asymptotically stable

3.
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4.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .unstable

5.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .+=C7:>9>3-+66C stable

6.
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7 .a b,

8.

The only equilibrium point is .  Note that , and that  for .C œ " 0 " œ ! C  ! C Á "‡ w wa b
As long as , the corresponding solution is .  Hence theC Á "! monotone decreasing
equilibrium solution  is .9a b> œ " semistable

9.



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 56

10.

The equilibrium points are , .  .  The equilibrium solutionC œ ! „" 0 C œ "  $C‡ w #a b
9a b> œ ! is , and the remaining two are .unstable asymptotically stable

11.

12.

The equilibrium points are , .  .  The equilibrium solutionsC œ ! „# 0 C œ )C  %C‡ w $a b
9 9a b a b> œ  # > œ  # and  are  and , respectively.  Theunstable asymptotically stable
equilibrium solution  is .9a b> œ ! semistable
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13.

The equilibrium points are and .  .  Both equilibriumC œ ! " 0 C œ #C  'C  %C‡ w # $a b
solutions are .semistable

15 .  Inverting the Solution , Eq.  shows  as a function of the population a b a b a b+ "" "$ > C
and
the carrying capacity .  With ,O C œ OÎ$!

> œ  68 Þ
" "Î$ "  CÎO

< CÎO "  "Î$
º ºa bc da ba bc da b

Setting ,C œ #C!

7 œ  68 Þ
" "Î$ "  #Î$

< #Î$ "  "Î$
º ºa bc da ba bc da b

That is,   If  ,  .7 7œ 68 % Þ < œ !Þ!#& œ &&Þ%&"
< per year years

a b a b, Þ "$ C ÎO œ CÎO œ  In Eq. , set  and .  As a result, we obtain! ! "

X œ  68 Þ
" " 

< " 
º ºc dc d! "

" !

Given ,  and  ,  .! " 7œ !Þ" œ !Þ* < œ !Þ!#& œ "(&Þ()per year years

16 .a b+
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17.  Consider the change of variable   Differentiating both sides with? œ 68 CÎO Þa b
respect
to ,   Substitution into the Gompertz equation yields , with> ? œ C ÎCÞ ? œ  <?w w w

solution   It follows that   That is,? œ ? / Þ 68 CÎO œ 68 C ÎO / Þ! !
<> <>a b a b

C

O
œ /B: 68 C ÎO / Þ ‘a b!

<>

a b a b+ O œ )!Þ& ‚ "! C ÎO œ !Þ#& < œ !Þ(" C # œ &(Þ&) ‚ "!.  Given ,  and  , .' '
! per year

a b, Þ >  Solving for ,

> œ  68 Þ
" 68 CÎO

< 68 C ÎO
” •a ba b!

Setting , the corresponding time is  .C œ !Þ(&O œ #Þ#"a b7 7 years

19 .  The rate of  of the volume is given by rate of rate of .a b+ increase flow in  flow out
That is,   Since the cross section is , .Z Î.> œ 5  + #12 Þ .Z Î.> œ E.2Î.>Þ! È constant
Hence the governing equation is .2Î.> œ 5  + #12 ÎEÞˆ ‰È!

a b ˆ ‰, Þ .2Î.> œ ! 2 œ Þ  Setting , the equilibrium height is   Furthermore, since/
" 5
#1 +

#

!

0 2  !wa b/ , it follows that the equilibrium height is .asymptotically stable

a b a b- , 2.  Based on the answer in part , the water level will intrinsically tend to approach ./
Therefore the height of the tank must be  than ; that is, .greater 2 2  Z ÎE/ /

22 .  The equilibrium points are at  and .  Since , thea b a b+ C œ ! C œ " 0 C œ  # C‡ ‡ w ! !
equilibrium solution  is  and the equilibrium solution  is9 9œ ! œ "unstable
asymptotically stable.

a b c da b, C "  C .C œ .>.  The ODE is separable, with .  Integrating both sides and" !
invoking the initial condition, the solution is

C > œ Þ
C /

"  C  C /
a b !

! !

!

!

>

>

It is evident that independent of      and    .a b a b a bC C > œ ! C > œ "!
_ _

lim lim
>Ä >Ä

23 .  a b a b+ C > œ C / Þ!
 >"

a b a b, + .BÎ.> œ B C / Þ .BÎB œ C / .> Þ.  From part ,   Separating variables, ! !! !
 >  >" "

Integrating both sides, the solution is B > œ B /B: C Î "  / Þa b  ‘ˆ ‰! !! "  >"

a b a b a b a b- >p_ C > p! B > pB /B: C Î Þ.  As ,   and   Over a  period of time, the! !! " long
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proportion of carriers .  Therefore the proportion of the population that escapesvanishes
the epidemic is the proportion of  left at that time, susceptibles B /B: C Î Þ! !a b! "

25 .  Note that , and .  So ifa b a b c d a b a ba b+ 0 B œ B V V  +B 0 B œ V V  $+B- -
# w #

a b a bV V  ! B œ ! 0 !  !- , the only equilibrium point is .  , and hence the solution‡ w

9a b> œ !  is .asymptotically stable

a b a b a bÈ, V  V  ! B œ ! „ V V Î+ Þ.  If , there are  equilibrium points ,- -three ‡

Now , and .  Hence the solution  is ,0 !  ! 0 „ V V Î+  ! œ !w wa b a bˆ ‰È
- 9 unstable

and the solutions  are .9 œ „ V V Î+Èa b- asymptotically stable

a b- .


