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Chapter Eight

Section 8.1

2.  The Euler formula for this problem is

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  &82  $2 C8" 8 8
# È ,

with .C œ #!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ&**)! "Þ#*#)) "Þ!(#%# !Þ*$!"(&
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'""#% "Þ$"$'" "Þ"!!"# !Þ*'#&&#
8

8

The Euler formula isbackward 

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È+1 +1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  & 8  " 2  $2 C8" 8 8"
#a b È ,

with .  Solving for , and choosing the C œ # C! 8" positive root, we find that

C œ  2  #!8  #* 2  %C Þ
$ "

# #
8" 8

#

#” •Èa b
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'%$$( "Þ$("'% "Þ"(('$ "Þ!&$$%
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'$$!" "Þ$&#*& "Þ"&#'( "Þ!#%!(
8

8

3.  The Euler formula for this problem is

C œ C  2 # C  $ >8" 8 8 8a b,
in which   Since ,> œ >  82 Þ > œ !8 ! !

C œ C  #2C  $828" 8 8
# ,

with .C œ "!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!#& "Þ%"'!$ "Þ'%#)* "Þ))&*!
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!$)) "Þ%"*$' "Þ'%)*' "Þ)*&(#
8

8

The Euler formula isbackward 

C œ C  2 # C  $ >8" 8 8 8"a b+1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  #2 C  $ 8  " 28" 8 8"
#a b ,

with .  Solving for , C œ " C! 8" we find that

C œ Þ
C  $ 8  " 2

"  #2
8"

8
#a b
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!)'% "Þ%$"!% "Þ'(!%# "Þ*$!('
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!'*$ "Þ%#')$ "Þ''#'& "Þ*")!#
8

8

4.  The Euler formula is

C œ C  2 # >  /B:  > C Þ8" 8 8 8 8c da b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #82  2 /B:  82 C8" 8 8
# a b,

with C œ " Þ!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!#%% "Þ#"%#' "Þ$$%)% "Þ%'$**
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!$'& "Þ#"'&' "Þ$$)"( "Þ%')$#
8

8

The Euler formula isbackward 

C œ C  2 # >  /B:  > C Þ8" 8 8" 8" 8"c da b
Since  and , we can also write> œ ! > œ 8  " 2! 8" a b

C œ C  #2 8  "  2 /B:  8  " 2 C8" 8 8"
#a b c da b ,

with   This equation cannot be solved  for .  At each step, givenC œ " Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!(#! "Þ##$$$ "Þ$%(*( "Þ%)""!
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!'!$ "Þ##""! "Þ$%%($ "Þ%('))
8

8

6.  The Euler formula for this problem is

C œ C  2 >  C =38 C8" 8 88 8
# #ˆ ‰ .

Here  and .  So that> œ ! > œ 82! 8

C œ C  2 8 2  C =38 C8" 8 8
# # #

8
ˆ ‰ ,

with .C œ  "!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#!%*)  !Þ)&(&$)  !Þ)!)!$!  !Þ((!!$)
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*##&(&  !Þ)'!*#$  !Þ)#$!!  !Þ((%*'&
8

8
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The Euler formula isbackward 

C œ C  2 >  C =38 C Þ8" 8 8"8" 8"
# #ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C œ C  2 8  " 2  C =38 C8" 8 8"

# # #
8"

 ‘a b ,

with .  Note that this equation cannot be solved  for .  Given ,C œ  " C C! explicitly 8" 8

the transcendental equation

C  2 C =38 C œ C  2 8  " 28" 8" 88"
# ##a b

must be solved numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#)!&*  !Þ)(!!&%  !Þ)#%!#"  !Þ())')'
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#'$%"  !Þ)'("'$  !Þ)#!#(*  !Þ()%#(&
8

8

8.  The Euler formula

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  &82  $2 C8" 8 8
# È ,

with .C œ #!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ)*")$! "Þ#&##& #Þ$()") %Þ!(#&(
8

8
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a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*!)*!# "Þ#')(# #Þ$*$$' %Þ!)(**
8

8

The Euler formula isbackward 

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È+1 +1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  & 8  " 2  $2 C8" 8 8"
#a b È ,

with .  Solving for , and choosing the C œ # C! 8" positive root, we find that

C œ  2  #!8  #* 2  %C Þ
$ "

# #
8" 8

#

#” •Èa b

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*&)&'& "Þ$"()' #Þ%$*#% %Þ"$%(%
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*%##'" "Þ$!"&$ #Þ#%$)* %Þ""*!)
8

8

9.  The Euler formula for this problem is

C œ C  2 >  C8" 8 8 8È .

Here  and .  So that> œ ! > œ 82! 8

C œ C  2 82  C8" 8 8
È ,

with .C œ $!
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10.  The Euler formula is

C œ C  2 # >  /B:  > C Þ8" 8 8 8 8c da b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #82  2 /B:  82 C8" 8 8
# a b,

with C œ " Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'!(#* #Þ%')$! $Þ(#"'( &Þ%&*'$
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'!**' #Þ%(%'! $Þ($$&' &Þ%(((%
8

8

The Euler formula isbackward 

C œ C  2 # >  /B:  > C Þ8" 8 8" 8" 8"c da b
Since  and , we can also write> œ ! > œ 8  " 2! 8" a b

C œ C  #2 8  "  2 /B:  8  " 2 C8" 8 8"
#a b c da b ,

with   This equation cannot be solved  for .  At each step, givenC œ " Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"(*# #Þ%*$&' $Þ('*%! &Þ&$##$
8

8
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a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"&#) #Þ%)(#$ $Þ(&(%# &Þ&"%!%
8

8

11.  The Euler formula is

C œ C  2 %  > C Î "  C Þ8" 8 8 8 8
#a b ˆ ‰

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  %2  82 C Î "  C8" 8 8
# #

8
ˆ ‰ ˆ ‰,

with C œ  # Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%&)'&  !Þ#"(&%& "Þ!&("& "Þ%"%)(
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%&$##  !Þ")!)"$ "Þ!&*!$ "Þ%"#%%
8

8

The Euler formula isbackward 

C œ C  2 %  > C Î "  C Þ8" 8 8" 8" 8"
#a b ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C "  C œ C "  C  %2  8  " 2 C8" 8 8"8" 8"

# # #ˆ ‰ ˆ ‰  ‘a b ,

with   This equation cannot be solved  for .  At each step, givenC œ  # Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"
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a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%$'!!  !Þ!')"'&( "Þ!'%)* "Þ%!&(&
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%"*!  !Þ"!&($( "Þ!'#*! "Þ%!()*
8

8

12.  The Euler formula is

C œ C  2 C  # > C Î $  > Þ8" 8 8 88 8
# #ˆ ‰ ˆ ‰

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 C  #82 C Î $  8 28" 8 88
# # # #ˆ ‰ ˆ ‰,

with C œ !Þ& Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&)(*)( !Þ(*"&)* "Þ"%(%$ "Þ(!*($
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&)*%%! !Þ(*&(&) "Þ"&'*$ "Þ(#*&&
8

8

The Euler formula isbackward 

C œ C  2 C  # > C Î $  > Þ8" 8 8" 8"8" 8"
# #ˆ ‰ ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C $  8  " 2  2 C œ C $  8  " 2  # 8  " 2 C8" 8 8"

# ## # # #
8"

 ‘  ‘a b a b a b ,

with   Note that although this equation can be solved  for , it isC œ !Þ& Þ C! explicitly 8"

also possible to use a numerical equation solver.  At each time step, given the current
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value of , the equation may be solved C8 numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*$*!" !Þ)!)("' "Þ")')( "Þ(*#*"
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*#$*' !Þ)!%$"* "Þ"(''% "Þ(("""
8

8

13.  The Euler formula for this problem is

C œ C  2 "  >  % C8" 8 8 8a b,
in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  2  82  %2 C8" 8 8
# ,

with .  With , a total number of  iterations is needed to reach C œ " 2 œ !Þ!" #!! > œ # Þ!

With , a total of  iterations are necessary.2 œ !Þ!!" #!!!

14.  The backward Euler formula is

C œ C  2 "  >  % C Þ8" 8 8" 8"a b
Since the equation is linear, we can solve for  in terms of C C À8" 8

C œ
C  2  2 >

"  %2
8"

8 8" .

Here  and   With , a total number of  iterations is needed to> œ ! C œ " Þ 2 œ !Þ!" #!!! !

reach   With , a total of  iterations are necessary.> œ # Þ 2 œ !Þ!!" #!!!

18.  Let  be a solution of the initial value problem.  The 9a b> local truncation error for the
Euler method, on the interval , is given by> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Since , it follows that>  >  > Þ > œ >  >8 8 8"
w # #9 9a b c da b

9 9 9

9 9

ww w

# $

a b a b a ba b c da b> œ #>  # > >

œ #>  #> >  # > Þ
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Hence

k k  ‘/ Ÿ >  > Q Q 28" 8" 8"8" 8"
# $ #,

in which Q œ 7+B > l > Ÿ > Ÿ > Þ8" 8 8"e fa b9

20.  Given that  is a solution of the initial value problem, the 9a b> local truncation error
for the Euler method, on the interval , is> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Based on the ODE, , and hence>  >  > Þ > œ >  >8 8 8"
w9 9a b a bÈ

9
9

9

9

ww
wa b a bÈ a b

È a b
> œ

"  >

# >  >

œ  Þ
" "

# >  > #

Therefore

k k – —È a b/ Ÿ "  2 Þ
" "

% >  >
8"

8 8

#

9

21.   truncation error for theLet  be a solution of the initial value problem.  The 9a b> local
Euler method, on the interval , is given by> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Since , it follows that>  >  > Þ > œ #>  /B:  > >8 8 8"
w9 9a b c da b

9 9 9 9

9 9 9

ww w

#

a b c d c da b a b a b˜ ™a b c d c da b a b> œ #  # >  > > † /B:  > >

œ #  >  #>  > /B:  > > † /B:  > > Þ

Hence

/ œ 2  >  # >  > /B:  > > † /B:  > > Þ
2

#
8" 8 8 8 8 8 8

#
#

8
#š ›a b c d c da b a b9 9 9

22 .  Direct integration yields a b a b+ > œ =38 & >  " Þ9 1"
&1
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a b, Þ

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ# !Þ% !Þ'
C "Þ! "Þ# "Þ! "Þ#
8

8

a b- Þ

8 œ ! 8 œ # 8 œ % 8 œ '
> !Þ! !Þ# !Þ% !Þ'
C "Þ! "Þ" "Þ! "Þ"
8

8
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a b. .  Since he 9 1 1wwa b> œ  & =38 & > , t  truncation error for the Euler method, onlocal
the interval , is given by> Ÿ > Ÿ >8 8"

/ œ  =38 & > Þ
& 2

#
8" 8

#1
1

In order to satisfy

k k/ Ÿ  !Þ!&
& 2

#
8"

#1
,

it is necessary that

2  ¸ !Þ!) Þ
"

&!È 1

25 .  The Euler formula isa b+
C œ C  2 "  >  % C8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ&& #Þ$% $Þ%' &Þ!(
8

8

a b, .  The Euler formula for this problem is

C œ C  2 $  >  C8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ#! "Þ$* "Þ&( "Þ(%
8

8

a b- .  The Euler formula is
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C œ C  2 # C  $ >8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ#! "Þ%# "Þ'& "Þ*!
8

8

26 .a b+
"!!! † œ "!!! † ! œ ! Þ

'Þ! ")
#Þ! 'Þ!º º a b

a b, .

"!!! † œ "!!! !Þ!' œ '! Þ
'Þ!" ")Þ!
#Þ!! 'Þ!!º º a b

a b- .

"!!! † œ "!!!  !Þ!*#"' œ  *# Þ"' Þ
'Þ!"! ")Þ!%
#Þ!!% 'Þ!!!º º a b

27.  Rounding to to three three digits, .  Likewise,  digits, + ,  - ¸ !Þ##% +, ¸ !Þ(!#a b
and   It follows that +- ¸ !Þ%(( Þ +,  +- ¸ !Þ##& Þ


