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Section 5.5

1. Substitution of y = " results in the quadratic equation F'(r) = 0, where

Fir)y =r(r—1)+4r+2
=r’+3r+2.
The roots are r = — 2, — 1. Hence the general solution, for z # 0, is

Y= clx_2 + ¢ x L.

3. Substitution of y = 2" results in the quadratic equation F'(r) = 0, where

F(r)y=r(r—1)—3r+4
=72 —dr+4.

The root is » = 2, with multiplicity two . Hence the general solution, for x # 0, is

y = (c1 + ¢ In|z|) 2*.

5. Substitution of y = 2" results in the quadratic equation F'(r) = 0, where

F(r)y=r(r—1)—r+1
=72 —2r+1.

The root is » = 1, with multiplicity two . Hence the general solution, for = # 0, is

y= (a1 +elinlz|)x.

6. Substitution of y = (x — 1)" results in the quadratic equation F'(r) = 0, where
F(ry=r*+1Tr+12.
The roots are r = — 3, — 4. Hence the general solution, for z # 1, is

y=c(z—1 " +e@@-1)""

7. Substitution of y = z" results in the quadratic equation F'(r) = 0, where

F(ry=r*+5r—1.
The roots are r = — (5 + 29> /2. Hence the general solution, for x # 0, is

(5+\/@)/2 (5—\/5)/2.

y=cilz| + elz|

8. Substitution of y = z" results in the quadratic equation F'(r) = 0, where

page 212



CHAPTER 5. ——

F(r)y=r*=3r+3.

The roots are complex, with r = (3 £ Z\/g ) /2. Hence the general solution, for x # 0,

1S

y = ¢ |z[**cos (@ ln|x|) + |z ?sin (@ ln|x|)

10. Substitution of y = (x — 2)" results in the quadratic equation F'(r) = 0, where
F(r)=r?+4r+8.
The roots are complex, with » = — 2+ 2¢. Hence the general solution, for x # 2, is

y=c (z—2)cos(2In|z — 2|) + co(x — 2) sin(2In|z — 2|).

11. Substitution of y = " results in the quadratic equation F'(r) = 0, where
Fry=r*4r+4.

The roots are complex, with r = — (1 +14/15 ) /2. Hence the general solution, for
x #0,1s

y = c |z| V2cos (@ ln|x|) + cg|:c|_1/23in(@ ln|x|)

12. Substitution of y = z" results in the quadratic equation F'(r) = 0, where
F(r)y=7r*—5r+4.
The roots are » = 1, 4. Hence the general solution, for x # 0, is

y:clx+02x4.

14. Substitution of y = z" results in the quadratic equation F'(r) = 0, where
F(r)=4r* 4+ 4r +17.

The roots are complex, with » = — 1/2 4 2i. Hence the general solution, for
x> 0,is

y=cz Ycos(2inz) + e, a2 sin(2In ).

Invoking the initial conditions, we obtain the system of equations
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C = 2
1
- — 2c,= —3
201 + 2¢y
Hence the solution of the initial value problem is

y(z) =227 2cos(2Inz) — 2 2sin(2In x).

40608 1 1214 TH18 2 22242628 3

As £ — 07", the solution decreases without bound.

15. Substitution of y = " results in the quadratic equation F'(r) = 0, where
F(r)y=7r*—4r +4.
The root is » = 2, with multiplicity two. Hence the general solution, for z < 0, is
y = (c, + ¢ In|z|) 2
Invoking the initial conditions, we obtain the system of equations

01:2
—201—02:3

Hence the solution of the initial value problem is

y(x) = (2 — Tin|z|) 2*.
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2.2
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A 0.8 06 0.4 02 0
We find that y(z) >0 asz—0".

18. Substitution of y = z" results in the quadratic equation 7> — r + 3 = 0. The roots
are

1+/1-48
5 .

If 3> 1/4, the roots are complex, with 7, = (1£14y/43 — 1) /2. Hence the general
solution, for x # 0, is

1 1
y=c \x|l/2003<§\/4ﬂ -1 ln|x|) + 02|x|1/28in<§\/46 -1 ln\x|)

Since the trigonometric factors are bounded, y(x)—0as x—0. If 3 = 1/4, the roots
are equal, and

r =

Y2 In|z|.

y=clz|'? + ||
Since limox/\x|ln|a:| =0, y(x)=>0as x—=0. If § < 1/4, the roots are real, with
r2 = (1£+/1—43)/2. Hence the general solution, for z # 0, is

y=c |$|1/2+V1_4ﬁ/2 + 02|m|1/2—\/1—4[3/2'

Evidently, solutions approach zero as long as 1/2 — /1 —4(3/2 > 0. That s,
0<p<1/4.

Hence all solutions approach zero, for g > 0.

19. Substitution of 3 = " results in the quadratic equation 7> — r — 2 = 0. The roots
are 7 = — 1, 2. Hence the general solution, for x # 0, is

Y= clx_l +c z2.

Invoking the initial conditions, we obtain the system of equations
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G +e=1
—c+2c =y

Hence the solution of the initial value problem is

2= 4 147
y(x) = 3 ¢ + 5 &

The solution is bounded, as x—0,1if v = 2.

20. Substitution of y = 2" results in the quadratic equation 72 + (o — 1)r +5/2 = 0.
Formally, the roots are given by

_l-a+ a? —2a—9
2

1—ai\/(a—1—\/ﬁ>(a—1+\/ﬁ)

5 .

(7) The roots 7, will be complex, if |1 — a| < /10 For solutions to approach zero,
as x—o00,weneed — \/ﬁ< 1-a<0.

(i7) The roots will be equal, if |1 — | = \/10 . In this case, all solutions approach
zeroaslongas 1 —a = — \/ﬁ

(iii) The roots will be real and distinct, if |1 — | > 1/10. It follows that

l—a+ Va2—2a-9
5 .

Tmaf, -

For solutions to approach zero, weneed 1 — a + vV a? —2a — 9 < 0. That s,
l-a< —+/10.

Hence all solutions approach zero, as z =00, aslongas a > 1.

23(a). Giventhat z = e?, y(x) = y(e®) = w(z). By the chain rule,

dy d () dw dz 1 dw
= —wE)=—— = - —.
dx dx dz dx T dz
Similarly,
By _drde] L 1dwa
dz?  dzx |z dz 2 dz 1z dz2? dx
1d_w 1 d*w

(b). Direct substitution results in
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22 dz?2 2?2 dz x dz o
that is,
d*w dw
—1)== =
7.2 + (« )dz+ﬁw

The associated characteristic equation is r? + (o — 1)r + 3 = 0. Since z = Inz,
it follows that y(x) = w(in x).

(c). Ifthe roots r, are real and distinct, then

y — 0167‘12 + 0267‘22
=2 + ",

(d). If the roots r, , are real and equal, then

y =c e+ cze'?
=cz"' +czlng.

(e). If the roots are complex conjugates, then r = X\ +ip, and

y = eM(cicos pz + ¢, sin pz)
= 2Me,cos(pinz) + ¢ sin(pln x)].

24. Based on Prob. 23, the change of variable x = e transforms the ODE into

d*w  dw
— — — —2w=0.
dz?2 dz
The associated characteristic equation is r> —r —2 = 0, withroots r = — 1, 2.

Hence w(z) = cie* + ,e?*, and y(z) = ¢,z ! + ¢, 2%

26. The change of variable x = e* transforms the ODE into

d*w dw .
The associated characteristic equation is > +6r +5 =0, withroots r = —5, — 1.
Hence w,(2) = c;e™* + c,e %, Since the right hand side is not a solution of the
homogeneous equation, we can use the method of undetermined coefficients to show
that a particular solution is W = e”/12. Therefore the general solution is given by
w(z) = cie™* + e % + 7 /12, thatis, y(z) = o '+ 270 + /12,

27. The change of variable x = e* transforms the given ODE into
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d*w dw 9z

The associated characteristic equation is r> — 37 +2 = 0, withroots r =1, 2.
Hence w,(z) = c,e* + c,e?*. Using the method of undetermined coefficients, let
W = Ae?* + Bze?* + Cz + D. It follows that the general solution is given by
w(z) = c;€* + c,e* + 3ze* + z + 3/2, that is,

y(z) = clx+cza:2+3x2ln:r+lnx+3/2.

28. The change of variable x = e* transforms the given ODE into

d*w 4 )
— W= sinz.
dz?

The solution of the homogeneous equation is w,(z) = ¢,cos 2z + c¢,sin 2z . The right

hand side is not a solution of the homogeneous equation. We can use the method of

undetermined coefficients to show that a particular solution is W = %sin z. Hence

the general solution is given by w(z) = ¢,cos 2z + c;sin 2z + 3sin z, that is,
y(z) = cicos(2Inx) + cysin(2inz) + 3sin(in).

29. After dividing the equation by 3, the change of variable x = e* transforms the ODE
into

The associated characteristic equation is v* + 37 + 3 = 0, with complex roots
r= — (3 +iy/3 ) /2. Hence the general solution is

w(z) = e 32 [c1c03<\/§z/2) + cgsin(\/gz/Zﬂ ,

and therefore

y(z) = x~%? [clcos (@ In x) + c23m<§ In :1:)]

30. Letx < 0. Settingy = ( — )", successive differentiation gives y’ = —r( — )
and y” = r(r —1)( — z)"*. It follows that

Li(=2)]=r( -1z - x)T_Q —arz(— x)7'_1 +6(—x)".

Since 2? = ( — x)°, we find that
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LI(=2)] =r(r=1)(=2) +ar(-z)"+6(—z)
=(—a)[r(r—1)+ar+7g.
Given that r, and 7, are roots of F'(r) = r(r — 1) + ar + 3, we have L[( — 2)"] = 0.

Therefore y, = (— x)"™ and y, = ( — x)" are linearly independent solutions of the
differential equation, L[y] = 0, forx < 0, as long as r, # r,.
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