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Section 10.4

1.  Since the function contains only odd powers of , the function is B odd.

2.  Since the function contains both odd and even powers of , the function is B neither
even nor odd.

4.  We have .  Since the  of two even functions is even, the=/- B œ "Î-9= B quotient
function is .even

5.  We can write .  Since both factors are even, it follows thatk k k k k k k kB œ B † B œ B † B$ # #

the function is .even

8.  .P œ #
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9.  .P œ #

11.  .P œ #
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12.  .P œ "

16.  .  For an  extension of the function, the cosine coefficients are .  TheP œ # odd zero
sine coefficients are given by
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, œ 0 B =38 .B
# 8 B

P P

œ B=38 .B  =38 .B
8 B 8 B

# #

œ # Þ
# =38  8 -9= 8

8

8
!

P

! "

" #

8
#

# #

( a b
( (

1

1 1

1 1

1

1

Observe that

=38 œ 5 œ "ß #ßâ
8

#

! 8 œ #5

 " 8 œ #5  "
Š ‹ œ a b1 ,  

 ,  
, .5+1

Likewise,

-9= 8 œ 5 œ "ß #ßâ
" 8 œ #5

 " 8 œ #5  "
1 œ ,  

 ,  , .

Therefore the Fourier sine series of the specified function is

0 B œ  =388 B  =38
" " # #  "  #8  " #8  " B

8 ##8  "
a b " " a b a b a b

a b1 1
1

1 1

8œ" 8œ"

_ _

#

8"

# .

17.  .  For an  extension of the function, the sine coefficients are .P œ 1 even zero
The cosine coefficients are given by

+ œ 0 B .B
#

P

œ " .B
#

œ #

! ( a b
( a b
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,
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and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ " -9= 8B .B
#

œ ! Þ

8
!

P

!

( a b
( a b

1

1

1

The even extension of the given function is a  function.  As expected, the Fourierconstant
cosine series is

0 B œ œ "
+

#
a b ! .

19.  .  For an  extension of the function, the cosine coefficients are .  TheP œ $1 odd zero
sine coefficients are given by

, œ 0 B =38 .B
# 8 B

P P

œ =38 .B  # =38 .B
# 8B # 8B

$ $ $ $

œ  # Þ
# -9= 8  -9=  -9=

8

8
!
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# $

#
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1
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Therefore the Fourier sine series of the specified function is

0 B œ -9=  -9=  # -9= 8 =38
# " 8 #8 8B

8 $ $ $
a b " ” •

1

1 1
1

8œ"

_

.
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21.  Extend the function over the interval  asc d P ßP

0 B œ
B  P  P Ÿ B  !
P  B ! Ÿ B Ÿ P

a b œ ,
, .

Since the extended function is , the sine coefficients are .  The cosineeven zero
coefficients
are given by

+ œ 0 B .B
#

P

œ P B .B
#

P

œ P

! ( a b
( a b
!

P

!

P

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ P B -9= .B
# 8 B

P P

œ #P Þ
"  -9= 8

8

8
!

P

!

P

# #

( a b
( a b

1

1

1

1

Therefore the Fourier cosine series of the extended function is

0 B œ  -9=
P %P " #8  " B

# P#8  "
a b " a b

a b
1

1
#

8œ"

_

# .

In order to compare the result with Example  of Section , set .  The cosine" "!Þ# P œ #
series converges to the function graphed below:

This function is a  of the function in Example  of Section shift " "!Þ# Þ
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22.  Extend the function over the interval  asc d P ßP

0 B œ
 B  P  P Ÿ B  !
P  B !  B Ÿ P

a b œ ,
, ,

with .  Since the extended function is , the cosine coefficients are .  The0 ! œ !a b odd zero
sine coefficients are given by

, œ 0 B =38 .B
# 8 B

P P

œ P B =38 .B
# 8 B

P P

œ Þ
#P

8

8
!

P

!

P
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Therefore the Fourier cosine series of the extended function is

0 B œ =38
#P " 8 B

8 P
a b "

1

1

8œ"

_

.
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Setting , for example, the series converges to the function graphed below:P œ #

23 .  .  For an  extension of the function, the sine coefficients are .a b+ P œ #1 even zero
The cosine coefficients are given by

+ œ 0 B .B
#
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œ Î#

! ( a b
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1

,

and for ,8  !
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Therefore the Fourier cosine series of the given function is

0 B œ  =38  -9=  " -9=
% 8 # 8 # #

# 8 # 8 8Ba b " ” •Š ‹1 1 1 1

1
8œ"

_

#
.

Observe that

=38 œ 5 œ "ß #ßâ
8

#

! 8 œ #5

 " 8 œ #5  "
Š ‹ œ a b1 ,  

 ,  
, .5+1

Likewise,
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-9= œ 5 œ "ß #ßâ
8

#
 " 8 œ #5

! 8 œ #5  "
Š ‹ œ a b1 5 ,  

 ,  
, .

a b, .

a b- .

    

24 .  .  For an  extension of the function, the cosine coefficients are .a b+ P œ 1 odd zero
Note that  on .  The sine coefficients are given by0 B œ  B ! Ÿ B a b 1

, œ 0 B =38 .B
# 8 B
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œ  B=388B.B
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Therefore the Fourier sine series of the given function is
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0 B œ # =388B
 "
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a b " a b

8œ"
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a b, .

a b- .

    

26 .  .  For an  extension of the function, the sine coefficients are .  Thea b+ P œ % even zero
cosine coefficients are given by

+ œ 0 B .B
#

P

œ B  #B .B
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and for ,8  !
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+ œ 0 B -9= .B
# 8 B
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Therefore the Fourier cosine series of the given function is
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27 .a b+

    

a b, P œ $.  .  For an  extension of the function, the cosine coefficients are given byeven
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and for ,8  !
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Therefore the Fourier cosine series of the given function is
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For an  extension of the function, the sine coefficients are given byodd
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Therefore the Fourier sine series of the given function is
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2 B œ =38
' " 8 B

8 $
a b "

1

1
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_
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a b- .  For the  extension:even

    

For the  extension:odd

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of .8



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 642

29 .a b+

    

a b, P œ #.  .  For an  extension of the function, the cosine coefficients are given byeven
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and for ,8  !
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Therefore the Fourier cosine series of the given function is
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For an  extension of the function, the sine coefficients are given byodd
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Therefore the Fourier sine series of the given function is



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 643

2 B œ  =38
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a b- .  For the  extension:even

    

For the  extension:9..

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of .8
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30 .a b+

    

a b, P œ $.  .  For an  extension of the function, the cosine coefficients are given byeven
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Therefore the Fourier cosine series of the given function is
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For an  extension of the function, the sine coefficients are given byodd
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Therefore the Fourier sine series of the given function is
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2 B œ =38
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1
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a b- .  For the  extension:even

   

For the  extension:odd

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of ; particularly at .8 B œ „$

33.  Let  be a differentiable  function.  For any in its domain,0 B Ba b even

0  B  2  0  B œ 0 B  2  0 Ba b a b a b a b .

It follows that
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Therefore .0  B œ  0 Bw wa b a b
If  is a differentiable  function, for any in its domain,0 B Ba b odd

0  B  2  0  B œ  0 B  2  0 Ba b a b a b a b .

It follows that
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Setting , we have2 œ  $
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Therefore .0  B œ 0 Bw wa b a b
36.  From Example  of Section , the function" "!Þ#

0 B œ
 B  # Ÿ B  !

B ! Ÿ B  #
a b œ ,

, ,

a bP œ #  has a convergent Fourier series
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Since  is continuous, the series converges everywhere.  In particular, at ,0 B B œ !a b
we have
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It follows immediately that
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40.  Since one objective is to obtain a Fourier series containing only  terms, anycosine
extension of  should be an  function.  Another objective is to derive a series0 Ba b even
containing only the terms

-9= 8 œ "ß #ßâ
#8  " B

#P

a b1
,  .

First note that the functions

-9= 8 œ "ß #ßâ
8 B

P

1
,  

are  about .  Indeed,symmetric B œ P
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It follows that if  is extended into  as an  function about0 B P ß #Pa b a b antisymmetric
B œ P,
that is,  for , then0 #P  B œ  0 B ! Ÿ B Ÿ #Pa b a b

( a b
!

#P

0 B -9= .B œ !
8 B

P

1
.

This follows from the fact that the integrand is  function about .antisymmetric B œ P
Now
extend the function  to obtain0 Ba b

0 B œ
0 B ! Ÿ B  P

 0 #P  B P  B  #P

µ a b œ a ba b,, .

Finally, extend the resulting function into  as an  function, and then as aa b #P ß ! even
periodic function of period .%P

By construction, the Fourier series will contain only terms.  We first note thatcosine 
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For ,8  !
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For the second integral, let .  Then? œ #P  B
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8 B 8 #P  ? 8 ?

#P #P #P
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and therefore

( (a b a b a b
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Hence
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It immediately follows that  for , , and+ œ ! 8 œ #5 5 œ !ß "ß #ßâ8

+ œ 0 B -9= .B 5 œ "ß #ßâ
# #5  " B

P #P
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, for .

The associated Fourier series representation

0 B œ + -9=
#8  " B

#P
a b " a b

8œ!

_

#8"
1

converges almost everywhere on  and hence on .a b a b #P ß #P ! ß P

For example, if  for , the graph of the extended function is:0 B œ B ! Ÿ B Ÿ P œ "a b


