CHAPTER 7. ——

Section 7.2
2(a).
A_2B:(1+i—% -—L+%—6):( 1—i —7+%)
342—4 2—i+4i — 142 2+3i
(0).
savne (GraL ST (B 0),
(c).

_ ()i 2(—=14+2i) 3(1+4) + (= 1+ 2i)(—2i)
AB_( (B+20i +22—1)  3(3+2)+ (2~ i)~ 2) )

(=345 T+5i
“\ 244 742 )

(d).
BA — (1 +4)i+3(3+ 2i) (—1+2i)i+3(2—1)
T2+ )+ (20034 20) 2(—1+42)+(—2)(2—1)
(84T 4—4i
“\6—4 —4 )
3.
-2 1 2 1 3 =2
AT+BT = | 1 0 —-1]+]2 -1 1
2 -3 1 3 —1 0
-1 4 0
= 3 -1 0
5 —4 1
= (A+B)".
4(b)

(c). By definition, A* = (AT) = (A)".

5.
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-2 10 6 —4
=10 4 10
2 4 6

2(A+B) =2

— O Ot
N DN W
ot

7. Let A = (a;;) and B = (b;;) . The given operations in (a) — (d) are performed
elementwise. That is,

(a). a;; + bLJ = b,] + a;;.
(b) a;; + (bU + Cz‘j) = (aij + sz) + ¢ij.
(C). a(aij +b¢j) = aaij-l-abij.
(d) (Oé + 6) aij = aij + « aij .
In the following, let A = (a;;), B = (b;;)and C = (¢;;) -

(e). Calculating the generic element,
(Bc)z‘j = Z bzk Ckj -
k=1

Therefore

[A(BC)];; = Z Qir (Z by, ij)
r=1 k=1
= Z Zair brk Ckj

r=1 k=1

The last summation is recognized as

n

Z Qi brk = (AB)lk 5

r=1

which is the 7k-th element of the matrix AB.

(f). Likewise,

page 345



CHAPTER 7. ——

[A(B + C)],L-j = air(brj + cxj)
k=1

= @y b + Z Qij; Cij
=1 =1
= (AB)V:J' + (Ac)ij'

8(a). xly =2(—1+4)+2(3i) + (1 —i)(3—1) = 4i.
(b (=14 +22+(3—i)’=12—8i.
Ez)) (XaY):%(—1—i)+2(3i)+(1—i)(3+i):2+2i.

(y,y)=(—14+i)(—1—-4)+22+(3—14)(3+1i) =16.
9. Indeed,
X'y=) zjy;=y'x,
=1
and

(,¥) =Dz =) ya=p Yz = (y.%) .
J=1 j=1 J=1

11. First augment the given matrix by the identity matrix:

wn=(3 38 Y)

Divide the first row by 3, to obtain

1 1
Y
6 2 0 1

Adding — 6 times the first row to the second row results in

1 1
L -3 5 0}
0 4 -2 1

Divide the second row by 4, to obtain

1 1
0 1 -3 1

Finally, adding 1/3 times the second row to the first row results in
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VR
O =
_ O
I o
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Hence
3 -1\ _ 1/ 2 1
6 2 12\ —6 3)°

13. The augmented matrix is

1 1 -1 1 0 O
2 -1 1 010
1 1 2 0 01

Combining the elements of the first row with the elements of the second and third rows
results in

1 1 -1 1 0 O
0 -3 3 -2 1 0
0 O 3 -1 0 1

Divide the elements of the second row by — 3, and the elements of the third row by 3 .
Now subtracting the new second row from the first row yields

1 1
Lo o0 50
01 -1 5 -3 0
oo 1 -1 o !

Finally, combine the third row with the second row to obtain

1 1
01031—§§
o001 -1 o |

Hence
11—1‘11110
2 -1 1 :§1—11
1 1 2 -1 0 1

15. Elementary row operations yield
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2 10100 1 5035 00
021010]-{01 35 0 4§ 0]
0 0 2 0 0 1 00 1 0 0 %
1 1 1 1 1 1
1o -z 3 -3 0 10 -z 3 -3 0
o1 0o o &+ —-ii)sjo1 o o L -1
00 1 0 0 3 00 1 0 0 3
Finally, combining the first and third rows results in
Loo g -t
o100 5 -1
0010 0 3
16. Elementary row operations yield
1 -1 -1 10 0 1 -1 -1 1 0 0
2 1 0 01 0f|-f[0 3 2 -2 1 0]-
3 -2 1 0 01 0 1 4 -3 0 1
1 1 1 1 3 1
IR P S T T
P S S P I SR TR
00 5 -3 -3 1 00 3 -3 -3 1
Finally, normalizing the /ast row results in
1 00 15 3 35
010 -% -}
001 —3% —5% 1

17. Elementary row operations on the augmented matrix yield the row-reduced form of
the augmented matrix

=
I 3=
= o

0
0
1

o O =
o = O
O ~lw

|

[\

|

—

The left submatrix cannot be converted to the identity matrix. Hence the given matrix is
singular.

18. Elementary row operations on the augmented matrix yield
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1 0 0 -1 1 0 0 O 1 0 0 -1 1 0 0 O
0 -1 1 0 0 1 00 . 0 -1 1 0 01 00 .
-1 0 1 0 0 0 10 0 1 -1 1 0 1 0
0 1 -1 1 0 0 0 1 0 1 -1 1 0 0 0 1
1 0 O -1 1 0 0 0 100 01 101
01 -1 0 0 =1 00 o 01 001011
0 0 1 -1 1 0 1 0 00101111
00 O 1 0 1 01 0001 0101
19. Elementary row operations on the augmented matrix yield
1 -1 2 0 1 0 00 1 -1 2 0 1 0 00
-1 2 -4 2 01 00 . 0 1 -2 2 1 1 00 5
1 0 1 3 0 010 0 1 -1 3 -1 010
-2 2 0 -1 0 0 0 1 0 0 4 -1 2 0 0 1
1 0 O 2 2 1 0 0 1 0 0 2 2 1 0 O
o1 -2 2 1 1 0 0 . 01 0 4 -3 -1 2 0
0 0 1 1 -2 -1 10 0 0 1 1 -2 -1 1 0
0 0 4 -1 2 0 01 0 00 =5 10 4 -4 1
Normalizing the /ast row and combining it with the others results in
1002 2 1 0 0 Looo ¢ F -5 2
0104 -3 -1 2 0 o100 5 ¥ % 2
0011 -2 -11 0 |7loo10 0o 1Lt 1 1
4 ) bl bl
0001 -2 -5 § —3 0001 —2 —4 & _1

20. Suppose that A is nonsingular, and that there exist matrices B and C, such that
AB =1Tand AC = 1. Based on the properties of matrices, it follows that

AB—-C)=AY=0,,,.
Write the difference of the two matrices, Y , in terms of its columns as
Y = [y y?) |y

The j-th column of the product matrix, AY , can be expressed as Ayl . Now since all
columns of the product matrix consist only of zeros, we end up with n homogeneous
systems of linear equations

Ayl =0,.,, j=1,2,---,n.

Since A is nonsingular, each system must have a trivial solution. Thatis,y} =0, ,
forj=1,2,---,n. Hence Y=0,,, and B=C.

21(a).

page 349



CHAPTER 7. ——

et 2et 2
A+ 3B ( 2t et — %

—et 3e7t 2e2
5e~t

Te! b 10e*
—el Tet
8e! 0

)|
)

262t

2

Get 3e~t 9%t
—3e! 6Ge? 3e%
9¢! —3et  —3e

(b). Based on the standard definition of matrix multiplication,

2e% — 2 4 3e3t 1+ 4e 2 — et 3e3t 4 2et — e
AB = 4e? — 1 — 3e3t 2+ 2e % 4 et 6e3t + et + et
—2e? —34+6e3 — 14662 -2t —3e3 + et — 2
(c).
JA el —2e7t 2e2
s = 2¢t — et — 2¢2
—et —3et 4
(d). Note that
el —2et )2
/A(t)dt =1 2 —et —€*/2|4+C.
_et et o2t
Therefore
1 e —2l €22 1 =2 1/2
/A(t)dt 2 —et e |- 2 -1 —1p2
0 —e —3e! e? -1 =3 1
e—1 2—-21 €2/2-1/2
=12-2 1—-e! 1/2—¢€2/2
l—e 3—3e! e? —1
The result can also be written as
L2 gle+1)
e—1f 2 L —1e+1)
-1 % e+1

23. First note that
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x’:(é)et+2<i)(et+tet):(2?1;??).
We also have
(5 2= (0 22)0) (5 22 (e
-Gy (oo

. 2¢et + 2t el
T\ 3et +2tet )

e A U A P 3¢’ + 2t e
3 -2 —1)7  \ 2 +2te' )

24. It is easy to see that

It follows that

-6 0 — 6e !
x' = 8 lel+ 4 e = 8e !+ 4e
4 —4 et — 42

On the other hand,
1 1 1 1 1 6 1 1 1 0
1 —1lx=[2 1 -1 —8let+|2 1 -1 2 e
-1 1 0 —1 1 —4 0 -1 1 -2
-6 0
= 8 et 4+ 4 et
4 —4

26. Differentiation, clementwise, results in

SN =

el —2e72t 33t
U= —4det 2% 6
— el 2e 2 3e¥

On the other hand,
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—2e %
2672t
267215

— 4¢t

— €
36315
663t
36315

672t eSt
o 67225 26315
_ 6—215 83t
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