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Section 1.3

1. The differential equation is second order, since the highest derivative in the equation
is of order two. The equation is linear, since the left hand side is a linear function of y
and

its derivatives.

3. The differential equation is fourth order, since the highest derivative of the function y
is of order four. The equation is also l/inear, since the terms containing the dependent
variable is linear in y and its derivatives.

4. The differential equation is first order, since the only derivative is of order one. The
dependent variable is squared, hence the equation is nonlinear.

5. The differential equation is second order. Furthermore, the equation is nonlinear,
since the dependent variable y is an argument of the sine function, which is not a linear
function.

7. yi(t) = e = y/(t) =y/(t) = e'. Hence y/ —y, =0.
Also, y,(t) = cosht = y/(t) = sinht and y,'(t) = cosht. Thus y; —y, = 0.

9. y(t) = 3t +t*> = y'(t) = 3 + 2t. Substituting into the differential equation, we have
t(3 +2t) — (3t +t%) = 3t + 2t> — 3t — t> = t*. Hence the given function is a solution.

10. yy(t) =t/3 = y/(t) =1/3 and y/"(t) = v, (t) = y""(t) = 0. Clearly, y,(t) is
a solution. Likewise, y,(t) = e ' +t/3 = yj(t) = —e ' +1/3, y)/(t) =,

y) (t) = —e™ ', y,”"(t) = e”'. Substituting into the left hand side of the equation, we
find that e " +4( —e ") +3(e"+t/3) =e ' —4e "+ 3e "+t =t. Hence both
functions are solutions of the differential equation.

1. y(¢t) =t = y/(t) =t7*/2 and y/'(t) = — t~**/4. Substituting into the left
hand side of the equation, we have

207 (=t /4) + 3L (t2)2) — 1P = — 12 /2 4 3¢ )2 — 12
=0

Likewise, y,(t) =t' = y,(t) = —t*and y, (t) = 2¢™*. Substituting into the left
hand side of the differential equation, we have 2t*(2¢7%) + 3t( —t2) — ¢t = 4t~ —
— 3t ' —t' = 0. Hence both functions are solutions of the differential equation.

12. y(t) =t2=y/(t)= — 2t and y,"(t) = 6¢*. Substituting into the left hand
side of the differential equation, we have t2(6¢*) + 5t( — 2t %) + 42 = 62 —
—10t2+4t2=0. Likewise, y,(t) =t *Int = y,(t) =t* — 2t *Int and

y, (t) = —5t™* 4+ 6t *Int. Substituting into the left hand side of the equation, we have
t2( =5t + 6t nt) +5t(t° — 2t%Int) +4(t2nt) = — 5t +6t2Int +
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+5t2—10t2Int+4t%Int = 0. Hence both functions are solutions of the
differential equation.

13. y(t) = (cost)incost +tsint = y'(t) = — (sint)lncost + tcost and

y"(t) = — (cost)incost — t sint + sect. Substituting into the left hand side of the
differential equation, we have ( — (cost)lncost — tsint + sect) + (cost)lncost +
+tsint = — (cost)lncost —tsint + sect + (cost)lncost +tsint = sect .

Hence the function y(t) is a solution of the differential equation.

15. Let y(t) = ™. Theny”(t) = r?e", and substitution into the differential equation
results in 72e™ + 2™ = 0. Since "’ # 0, we obtain the algebraic equation r* + 2 = 0.

The roots of this equation are r,, = + z\/§ .

17. y(t) = e™ = y'(t) = re™ and y”(t) = r’e™ . Substituting into the differential
equation, we have r2e’ + re’’ — 6e™ = 0. Since €™ # 0, we obtain the algebraic
equation > +7r — 6 = 0, thatis, (r — 2)(r +3) = 0. Theroots are 7, = — 3, 2.

18. Let y(t) = €. Theny'(t) = re™, y"(t) = r?e" and y"'(t) = r3e™ . Substituting

the derivatives into the differential equation, we have r3e™ — 3r2e’ + 2re™ = 0. Since
e # 0, we obtain the algebraic equation r® — 3r2 + 2r = 0. By inspection, it follows
that r(r — 1)(r — 2) = 0. Clearly, the rootsare r, = 0,7, = 1 and 73 = 2.

20. y(t) =t"=y'(t) =rt"" andy”(t) = r(r — 1)t"*. Substituting the derivatives
into the differential equation, we have t2[r(r — 1)#"72] — 4t(rt"™') + 4" = 0. After
some algebra, it follows that (r — 1)t" — 4rt" +4t" = 0. Fort # 0, we obtain the
algebraic equation 72 — 57 4+ 4 = 0. The roots of this equation are 7, = 1 and 7, = 4.

21. The order of the partial differential equation is two, since the highest derivative, in
fact each one of the derivatives, is of second order. The equation is linear, since the left
hand side is a linear function of the partial derivatives.

23. The partial differential equation is fourth order, since the highest derivative, and in
fact each of the derivatives, is of order four. The equation is /inear, since the left hand
side is a linear function of the partial derivatives.

24. The partial differential equation is second order, since the highest derivative of the
function u(z, y) is of order two. The equation is nonlinear, due to the product u - u, on
the left hand side of the equation.

0%u 0%u
25. uy(x,y) = cosx coshy = G4 = — cosx coshyand W“’l = cosxcoshy.

It is evident that % + %2;? = 0. Likewise, given u,(z,y) = In(z* + y?), the second

derivatives are
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0%u, B 2 422
or2 :c2—|—y2 (x2+y2)2
821,(/2 2 4y2

Oy? 22 + 12 o (:1:2 —I—y2)2

Adding the partial derivatives,

u,  O0*u, 2 A2 2 4y
912 + 2 = 22 + 12 B <$2+y2)2 + 72 + 32 o ($2+y2)2
4 4(2? +y?)
Calty? (22 +y2)°
=0.

Hence u,(x,y) is also a solution of the differential equation.

27. Let u,(z,t) = sin Ax sin Aat. Then the second derivatives are

%2;21 = — \sin Az sin Aat
3;:;1 = — Ma’sin Az sin \at
It is easy to see that a2% = % . Likewise, given u,(z,t) = sin(x — at), we have
%2;22 = — sin(x — at)
8;22 = — a’sin(z — at)

Clearly, u,(x, t) is also a solution of the partial differential equation.

28. Given the function u(xz,t) = \/7/t e *"/4 | the partial derivatives are
me—ﬁ/llazt \/ml.Qe—szaZt

a 202t * 4at?
Tt efx2/4a2t T x267x2/4a2t

Jaterht \fr

2t 4022/t

UCECE -

Ut = —

24 p2 71‘2/4(12t
It follows that o u,, = uy = — V7 (20%t—a%)e .

4022/t

Hence u(z,t) is a solution of the partial differential equation.
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(b). The path of the particle is a circle, therefore polar coordinates are intrinsic to the
problem. The variable r is radial distance and the angle # is measured from the vertical.
Newton's Second Law states that > F = ma . In the tangential direction, the equation of

motion may be expressed as Y F;, = m ay, in which the tangential acceleration, that is,

the linear acceleration along the path is ay = L d*0/dt*. (ay is positive in the direction
of increasing # ). Since the only force acting in the tangential direction is the component
of weight, the equation of motion is

d*0

—mgsind =mlL—s; .

dt?
ote that the equation of motion in the radial direction will include the tension in the
Note that the equat f mot the radial direct 11 include the t th
rod).

(c). Rearranging the terms results in the differential equation

a0 g .
E-ﬁ-zsmH—O.
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