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Section 10.6

1.  The steady-state solution, , satisfies the boundary value problem@ Ba b
@ B œ ! !  B  &! @ ! œ "! @ &! œ %!wwa b a b a b,  ,   , .

The general solution of the ODE is .  Imposing the boundary conditions,@ B œ EB  Fa b
we have

@ B œ B  "! œ  "! Þ
%!  "! $B

&! &
a b

2.  The steady-state solution, , satisfies the boundary value problem@ Ba b
@ B œ ! !  B  %! @ ! œ $! @ %! œ  #!wwa b a b a b,  ,   , .

The solution of the ODE is Imposing the boundary conditions, we havelinear.  

@ B œ B  $! œ   $! Þ
 #!  $! &B

%! %
a b

4.  The steady-state solution is also a solution of the boundary value problem given by
@ B œ ! !  B  P @ ! œ ! @ P œ Xww wa b a b a b,   , and the conditions , .  The solution of the
ODE is .  The boundary condition  requires that .  The@ B œ EB  F @ ! œ ! E œ !a b a bw

other condition requires that   Hence F œ X Þ @ B œ X Þa b
5.  As in Prob. , the steady-state solution has the form .  The boundary% @ B œ EB  Fa b
condition  requires that .  The boundary condition  requires@ ! œ ! F œ ! @ P œ !a b a bw

that .  Hence E œ ! @ B œ ! Þa b
6.  The steady-state solution has the form .  The first boundary@ B œ EB  Fa b
condition, , requires that .  The other boundary condition, ,@ ! œ X F œ X @ P œ !a b a bw

requires that .  Hence E œ ! @ B œ X Þa b
8.  The steady-state solution, , satisfies the differential equation , along@ B @ B œ !a b a bww

with the boundary conditions

@ ! œ X @ P  @ P œ !a b a b a b , .w

The general solution of the ODE is .  The boundary condition @ B œ EB  F @ ! œ !a b a bw

requires that .  It follows that , andF œ X @ B œ EB  Xa b
@ P  @ P œ EEP Xwa b a b .

The second boundary condition requires that .  ThereforeE œ  XÎ "  Pa b
@ B œ   X

XB

"  P
a b .
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10 .  Based on the a b+ symmetry left of the problem, consider only  half of the bar.  The
steady-state solution satisfies the ODE @ B œ !wwa b , along with the boundary conditions
@ ! œ ! @ &! œ "!! @ B œ #Ba b a b a b and .  The solution of this boundary value problem is .
It follows that the steady-state temperature is the entire rod is given by

0 B œ
#B ! Ÿ B Ÿ &!

#!!  #B &! Ÿ B Ÿ "!! Þ
a b œ ,

,

a b, .  The heat conduction problem is formulated as

!#
BB >? œ ? !  B  "!! >  ! à

? ! ß > œ #! ? "!! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  "!!

,           ,  
,            ,  

 ,          .
a b a ba b a b

First express the solution as , where  and? B ß > œ 1 B  A B ß > 1 B œ  BÎ&  #!a b a b a b a b
A satisfies the heat conduction problem

!#
BB >A œ A !  B  "!! >  ! à

A ! ß > œ ! A "!! ß > œ ! >  ! à

A B ß ! œ 0 B  1 B !  B  "!!

,           ,  
,            ,  

 ,          .
a b a ba b a b a b

Based on the results in Section ,"!Þ&

A B ß > œ - /a b "
8œ"

_


8
8 >Î"!!!!# # #1 ! =38

8 B

"!!

1
,

in which the coefficients  are the Fourier sine coefficients of .  That is,- 0 B  1 B8 a b a b
- œ =38 .B

# 8 B

P P

œ =38 .B
" 8 B

&! "!!

œ %! Þ
#! =38  8

8

8
!

P

!

"!!

8
#
# #

( c d
( c d

0 B  1 B

0 B  1 B

a b a b
a b a b

1

1

1

1

1

Finally, the  of copper is .  Therefore the temperaturethermal diffusivity "Þ"% -7 Î=/-#

distribution in the rod is

? B ß > œ #!   /
B

&
a b "%! 8 B#! =38  8

8 "!!
=38 Þ

1

1 1
# #

8
# 8 >Î"!!!!  

8œ"

_
"Þ"%

1
1# #
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a b- > œ & ß "!ß #!ß %! =/- À.  

> œ "!!ß #!!ß $!!ß &!! =/- À
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a b a b. 1 &! œ "! G.  The steady-state temperature of the center of the rod will be ° .

Using a one-term approximation,

? B ß > ¸ "!  /a b )!!  %!
Þ

1

1#
>Î"!!!! "Þ"%1#

Numerical investigation shows that  for ."!  ? &! ß >  "" >   $(&& =/-a b
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11   The heat conduction problem is formulated asa b+ Þ

? œ ? !  B  $! >  ! à

? ! ß > œ $! ? $! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  $!

BB > ,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .  Express the solution as0 B œ B '!  B Î$!a b a b
? B ß > œ @ B  A B ß > @ B œ $!  B Aa b a b a b a b, where  and  satisfies the heat conduction
problem

A œ A !  B  $! >  ! à

A ! ß > œ ! A $! ß > œ ! >  ! à

A B ß ! œ 0 B  @ B !  B  $!

BB > ,           ,  
,            ,  

 ,          .
a b a ba b a b a b

As shown in Section ,"!Þ&

A B ß > œ - /a b "
8œ"

_


8
8 >Î*!!# #1 =38

8 B

$!

1
,

in which the coefficients  are the Fourier sine coefficients of .  That is,- 0 B  @ B8 a b a b
- œ =38 .B

# 8 B

P P

œ =38 .B
" 8 B

"& $!

œ '! Þ
# "  -9= 8  8 "  -9= 8

8

8
!

P

!

$!

# #

$ $

( c d
( c d
a b a b

0 B  1 B

0 B  1 B

a b a b
a b a b

1

1

1 1 1

1

Therefore the temperature distribution in the rod is

? B ß > œ $!  B  /a b "'! 8 B
=38 Þ

$!1

1
$

8 >Î*!!  
8œ"

_
# "  -9= 8  8 "  -9= 8

8

a b a b1 1 1# #

$

# #1

a b, > œ & ß "!ß #!ß %! =/- À.  
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> œ &!ß (&ß "!!ß #!! =/- À
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a b- .

Based on the , the rate of change of the temperature at any givenheat conduction equation
point is proportional to the  of the graph of  versus , that is, .  Evidently,concavity ? B ?BB

near , the concavity of   changes.> œ '! ? B ß >a b
13 .  a b+ The heat conduction problem is formulated as

? œ %? !  B  %! >  ! à

? ! ß > œ ! ? %! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  %!

BB >

B B

,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .0 B œ B '!  B Î$!a b a b
As shown in the discussion on rods with insulated ends, the solution is given by

? B ß > œ  - / -9
-

#
a b "!

8 ,
8œ"

_
8 >Î"'!!# # #1 ! =

8 B

%!

1

where  are the Fourier cosine coefficients.  In this problem,-8
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- œ 0 B .B
#

P

œ .B
"

#! $!

œ %!!Î*

! ( a b
(
!

P

!

%! B '!  Ba b
,

and for ,8   "

- œ 0 B -9= .B
# 8 B

P P

œ -9= .B
" 8 B

#! $! %!

œ  Þ
"'! $  -9= 8

$8

8
!

P

!

%!

# #

( a b
(

a b

1

1

1

1

B '!  Ba b

Therefore the temperature distribution in the rod is

? B ß > œ  / -9
#!! "'!

* $
a b "

1

1 1
# #

8 >Î'%!! .
8œ"

_
a b$  -9= 8 8 B

8 %!
=

# #1

a b, .  > œ &!ß "!!ß "&!ß #!! =/- À
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> œ %!ß '!!ß )!!ß "!!! =/- À

    

    

a b- .  Since

lim
>Ä_

8 >Î'%!!/ -9 # #1 = œ !
8 B

%!

1

for each , it follows that the steady-state temperature is .B ? œ #!!Î*_
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a b. .  We first note that

? %! ß > œ  /
#!! "'!

* $
a b "

1

1
# #

8
8 >Î'%!! .

8œ"

_
a b a b " $  -9= 8

8

# #1

For large values of , an approximation is given by>

? %! ß > ¸  /
#!! $#!

* $
a b

1#
>Î'%!! .1#

Numerical investigation shows that  for .##Þ##  ? %! ß >  #$Þ## >   "&&! =/-a b
16 .  The heat conduction problem is formulated asa b+

? œ ? !  B  $! >  ! à

? ! ß > œ ! ? $! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .  Based on the results of Prob.0 B œ $!  Ba b
"&,
the solution is given by

? B ß > œ - /a b " ,
8œ"

_
 #8"

8
a b# #1 >Î$'!!=38

8 B

'!

1

in which

- œ 0 B =38 .B
# #8  " B

P '!

œ =38 .B
" #8  " B

"& '!

œ "#! Þ
# -9= 8  #8  "

#8  "

8
!

P

!

$!

# #

( a b a b
( a b a b

a b
a b

1

1

1 1

1

$!  B
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Therefore the solution of the heat conduction problem is

? B ß > œ "#! /a b " .
8œ"

_
 #8"# -9= 8  #8  " 8 B

#8  "
=38

'!

1 1 1

1

a b
a b# #

>Î$'!!a b# #1

a b, .  > œ "!ß #!ß $!ß %! =/- À

> œ %!ß '!ß )!ß "!! =/- À
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> œ "!!ß "&!ß #!!ß #&! =/- À

   



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 677

a b- .

The location of  moves from  to .B B œ ! B œ $!2

a b. .

17 .  a b+ The heat conduction problem is formulated as

? œ ? !  B  $! >  ! à

? ! ß > œ %! ? $! ß > œ ! >  ! à

? B ß ! œ $!  B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          ,
a b a ba b

The steady-state temperature satisfies the boundary value problem

@ œ ! @ ! œ %! @ $! œ !ww w,  and .a b a b
It easy to see we must have .  Express the solution as@ B œ %!a b

? B ß > œ %!  A B ß >a b a b ,
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in which  satisfies the heat conduction problemA

A œ A !  B  $! >  ! à

A ! ß > œ ! A $! ß > œ ! >  ! à

A B ß ! œ  "!  B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          .
a b a ba b

As shown in Prob. , the solution is given by"&

A B ß > œ - /a b " ,
8œ"

_
 #8"

8
a b# #1 >Î$'!!=38

8 B

'!

1

in which

- œ 0 B =38 .B
# #8  " B

P '!

œ  " =38 .B
" #8  " B

"& '!

œ %! Þ
' -9= 8  #8  "

#8  "

8
!

P

!

$!

# #

( a b a b
( a b a b

a b
a b

1

1

1 1

1

!  B

Therefore the solution of the  heat conduction problem isoriginal

? B ß > œ %!  %! /a b " .
8œ"

_
 #8"' -9= 8  #8  " 8 B

#8  "
=38

'!

1 1 1

1

a b
a b# #

>Î$'!!a b# #1

a b, .  > œ "!ß $!ß &!ß (! =/- À
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> œ "!!ß #!!ß $!!ß %!! =/- À

a b- .  Observe the concavity of the curves.  Note also that the temperature at the insulated
end tends to the value of the fixed temperature at the boundary .B œ !

18.  Setting , the general solution of the ODE  is- . .œ \  \ œ !# ww #

\ B œ 5 /  5 / Þa b " #
3 B  3 B. .

The boundary conditions  lead to the system of equationsC ! œ C P œ !w wa b a b
. .

. .

5  5 œ ! ‡

5 /  5 / œ ! Þ

" #

" #
3 P  3 P. .

a b
If , then the solution of the ODE is .  The boundary conditions. œ ! \ œ EB  F
require that .\ œ F

If , then the system algebraic equations has a  solution if and only if the. Á ! nontrivial
coefficient matrix is .  Set the determinant equal to zero to obtainsingular

/  / œ !3 P 3 P. . .
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Let .  Then , and the previous equation can be written. / 5 . / 5œ  3 3 P œ 3 P  P
as

/ /  / / œ !5 / 5 /P  3 P  P 3 P .

Using Euler's relation, , we obtain/ œ -9= P  3 =38 P3 P/ / /

/ -9=  3 =38  / -9=  3 =38 œ !5 5P  Pa b a b/ / / / .

Equating the real and imaginary parts of the equation,

ˆ ‰
ˆ ‰/  / -9= P œ !

/  / =38 P œ ! Þ

5 5

5 5

P  P

P  P

/

/

Based on the second equation, , .  Since , it follows that/ 1 ˆP œ 8 8 − -9= 8P Á !
/ œ / / œ " œ ! œ 8 ÎP 8 −5 5 5P  P # P, or .  Hence , and , .5 . 1 ˆ

Note that if , then the last two equations have no solution.  It follows that the5 Á !
system
of equations  has .a b‡ no nontrivial solutions

20 .  Considera b+  solutions of the form .  Substitution into the partial? B ß > œ \ B X >a b a b a b
differential equation results in

!# ww w\ X œ X .

Divide both sides of the differential equation by the product  to obtain\X

\ X

\ X
œ

ww w

#!
.

Since both sides of the resulting equation are functions of different variables, each must
be equal to a constant, say .  We obtain the ordinary differential equations -

\  \ œ ! X  X œ !ww w #- -! and .

Invoking the first boundary condition,

? ! ß > œ \ ! X > œ !a b a b a b .

At the other boundary,

? P ß >  ? P ß > œ \ P  \ P X > œ !B
wa b a b c d a ba b a b# # .

Since these conditions are valid for all , it follows that>  !

\ ! œ ! \ P  \ P œ !a b a b a b and  .w #
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a b, Þ  We consider the boundary value problem

\  \ œ ! !  B  P à ‡

\ ! œ ! \ P  \ P œ !

ww

w

-

#

,  
,  .a b a b a b a b

Assume that  is real, with .  The general solution of the ODE is- - .œ  #

\ B œ - -9=2 B  - =382 Ba b a b a b" #. . .

The first boundary condition requires that   Imposing the second boundary- œ !Þ"

condition,

- -9=2 P  - =382 P œ !# # .. . # .a b a b
If , then , which can also be written as- Á ! -9=2 P  =382 P œ !# . . # .a b a b

a b a b. # . # /   / œ !. .P  P .

If , then it follows that , and hence .  If ,# . . . . # .œ  -9=2 P œ =382 P œ ! Á a b a b
then   again implies that .  For the case , the general solution is/ œ / œ ! œ !. .P  P . .
\ B œ EB  F F œ !a b .  Imposing the boundary conditions, we have  and

E EP œ !# .

If , then  is a solution of .  Otherwise .# œ  "ÎP \ B œ EB ‡ E œ !a b a b
a b a b- œ  ! ‡.  Let , with .  The general solution of  is- . .#

\ B œ - -9= B  - =38 Ba b a b a b" #. . .

The first boundary condition requires that   From the second boundary condition,- œ !Þ"

- -9= P  - =38 P œ !# #. . # .a b a b .

For a nontrivial solution, we must have

. . # .-9= P  =38 P œ !a b a b .

a b. .  The last equation can also be written as

>+8 P œ  Þ ‡‡.
.

#
a b

The eigenvalues  obtained from the solutions of , which are - a b‡‡ infinite in number.
In the graph below, we assume .#P œ "
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For #P œ  " À

Denote the nonzero solutions of  by , , , .a b‡‡ â. . ." # $

a b/ œ.  We can in principle calculate the eigenvalues .  Hence the associated- .8 8
#

eigenfunctions are .  Furthermore, the solutions of the temporal equations\ œ =38 B8 .8

are   The fundamental solutions of the heat conduction problemX œ /B:  > Þ8
# #

8a b! .
are given as

? B ß > œ / =38 B8
 >a b ! .# #

8 .8 ,

which lead to the general solution

? B ß > œ - / =38 Ba b "
8œ"

_
 >

8 8
! .# #

8 . .


