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Section 2.4

2.  Considering the roots of the coefficient of the leading term, the ODE has unique
solutions on intervals not containing  or .  Since , the initial value problem! % # − ! ß %a b
has a unique solution on the interval  a b! ß % Þ

3.  The function  is discontinuous at  of .  Since , the>+8 >  odd multiples 1 1 1
# # #

$1

initial value problem has a unique solution on the interval ˆ ‰1 1
# #

$ß Þ

5.  and .  These functions are discontinuous at: > œ #>Î 1 > œ $> Îa b a ba b a b%  > %  ># ##

B œ „#  # ß # Þ.  The initial value problem has a unique solution on the interval a b
6.  The function  is defined and continuous on the interval .  Therefore the68 > ! ß_a b
initial value problem has a unique solution on the interval .a b! ß_

7.  The function  is continuous everywhere on the plane,  along the straight0 > ß Ca b except
line   The partial derivative  has the C œ  #>Î& Þ `0Î`C œ  (>Î #>  &Ca b# same
region of continuity.

9.  The function  is discontinuous along the coordinate axes, and on the hyperbola0 > ß Ca b
>  C œ "# # .  Furthermore,

`0 „" C 68 >C

`C C "  >  C
œ  #

"  >  Ca b k k
a b# # # # #

has the  points of discontinuity.same

10.   is continuous everywhere on the plane.  The partial derivative  is also0 > ß C `0Î`Ca b
continuous everywhere.

12.  The function  is discontinuous along the lines  and .  The0 > ß C > œ „5 C œ  "a b 1
partial derivative  has the region of continuity.`0Î`C œ -9> > Î "  Ca b a b# same 

14.  The equation is separable, with   Integrating both sides, the solution.CÎC œ #> .> Þ#

is given by   For , solutions exist as long as .C > œ C ÎÐ"  C > ÑÞ C  ! >  "ÎCa b ! ! ! !
# #

For , solutions are defined for  .C Ÿ ! >! all

15.  The equation is separable, with   Integrating both sides and invoking.CÎC œ  .> Þ$

the initial condition,   Solutions exist as long as ,C > œ C Î #C >  " Þ #C >  "  !a b È
! ! !

that is, .  If , solutions exist for .  If , then the#C >   " C  ! >   "Î#C C œ !! ! ! !

solution  exists for all .  If , solutions exist for .C > œ ! > C  ! >   "Î#Ca b ! !

16.  The function  is discontinuous along the straight lines  and .0 > ß C > œ  " C œ !a b
The partial derivative  is discontinuous along the same lines.  The equation is`0Î`C
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separable, with   Integrating and invoking the initial condition, theC .C œ > .>Î Þ# a b"  >$

solution is   Solutions exist as long asC > œ 68 "  >  C Þa b k k ‘#
$

$ #
!

"Î#

#

$
68 "  >  C   !¸ ¸$ #

! ,

that is,   For all  it can be verified that  yields a validC    68 "  > Þ C Ð C œ !! ! !
# $#

$ k k
solution, even though Theorem  does not guarantee one , solutions exists as long as#Þ%Þ# Ñk k a b"  >   /B:  $C Î# Þ >   "$ #

!   From above, we must have .  Hence the inequality
may be written as   It follows that the solutions are valid for>   /B:  $C Î#  " Þ$ #a b!c da b/B:  $C Î#  "  >  _!

"Î$# .

17.

18.

Based on the direction field, and the differential equation, for , the slopesC  !!

eventually  become negative, and hence solutions tend to .  For , solutions_ C  !!

increase without bound if   Otherwise, the slopes  become negative, and>  ! Þ! eventually
solutions tend to .  Furthermore,  is an .  Note that slopeszero equilibrium solutionC œ !!

are  along the curves  and .zero C œ ! >C œ $

19.
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For initial conditions  satisfying , the respective solutions all tend to .a b> ß C >C  $! ! zero
Solutions with initial conditions  the hyperbola  eventually tend toabove or below >C œ $
„_ C œ !.  Also,  is an .! equilibrium solution

20.

Solutions with  all tend to .  Solutions with initial conditions  to the>  ! _ > ß C! ! !a b
right of the parabola  asymptotically approach the parabola as .  Integral> œ "  C >p_#

curves with initial conditions  the parabola and  also approach the curve.above a bC  !!

The slopes for solutions with initial conditions  the parabola and  are allbelow a bC  !!

negative.  These solutions tend to _Þ

21.  Define , in which  is the Heaviside step function.C > œ >  - ? >  - ? >-
$Î#a b a b a b a b#

$

Note that  and C - œ C ! œ ! C -  $Î# œ "Þ- - -
#Î$a b a b a bˆ ‰

a b a b+ Þ - œ "  $Î# Þ  Let #Î$

a b a b, Þ - œ #  $Î# Þ  Let #Î$

a b a b a b a b a b a b- Þ C # œ # C >  # !  -  # C # œ !  Observe that ,  for , and that  for! - -
$Î# $Î## #

$ $

-   #Þ -   ! „C # −  #ß # Þ  So for any , -a b c d
26   Recalling Eq.  in Section ,a b a b+ Þ $& #Þ"
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C œ = 1 = .=  Þ
" -

> >. .
.a b a b( a b a b

It is evident that  and .C > œ C > œ = 1 = .=" #a b a b a b a b'" "
> >. .a b a b .

a b a b a b a bˆ ‰', œ /B:  : > .> C œ  : > œ  : > C Þ.  By definition, .  Hence  " "
> >

w
. .a b a b" "

That is, C  : > C œ !Þ" "
w a b

a b a b a b a b a b a b a b a bŠ ‹ Š ‹'- Þ C œ  : > = 1 = .=  > 1 > œ  : > C  1 > Þ    # ! #
w " "

> >

>

. .a b a b. .

That is, C  : > C œ 1 > Þ# #
w a b a b

30.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

Substitution into the differential equation yields , which further  C œ  CC
# .>

.@$

& 5 $

results in   The latter differential equation is linear, and can be written as@  # @ œ # Þw & 5a b a b/ œ # Þ @ > œ # > /  -/ Þ# > # > # >w& & &5 5  The solution is given by   Converting back to
the original dependent variable, C œ „@ Þ"Î#

31.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

The differential equation is written as , which upon  -9= >  X C œ CC
# .>

.@$ a b> 5 $

further substitution is   This ODE is linear, with integrating@  # -9= >  X @ œ #Þw a b>
factor   The solution is. > >a b a b a bˆ ‰'> œ /B: # -9= >  X .> œ /B:  # =38 >  #X > Þ

@ > œ #/B: # =38 >  #X > /B:  # =38  #X .  - /B:  # =38 >  #X > Þa b a b a b a b(> > 7 7 7 >
!

>

Converting back to the original dependent variable, C œ „@ Þ"Î#

33.  The solution of the initial value problem ,  is C  #C œ ! C ! œ " C > œ / Þ" " " "
w #>a b a b

Therefore y   On the interval  the differential equation isa b a b a b" œ C " œ / Þ "ß_ ß
"

#

C  C œ ! C > œ -/ Þ C " œ C " œ -/ Þ# # # #
w > ", with   Therefore   Equating the limitsa b a b a b

C " œ C " - œ / Þa b a b  , we require that   Hence the global solution of the initial value"

problem is

C > œ Þ
/ ! Ÿ > Ÿ "

/ >  "
a b œ #>

">

,
,

Note the discontinuity of the derivative

C > œ Þ
 #/ !  >  "

 / >  "
a b œ #>

">

,
,


