CHAPTER 6. ——

Chapter Six
Section 6.1

3.
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The function f(¢) is continuous.
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The function f(t) has a jump discontinuity at t = 1.

7. Integration is a linear operation. It follows that

A 1 A
/ coshbt - e *'dt = —/ e e dt + / =0t o=ty
0 2.Jo 2
1 A
:_/ (b— sfdt / b+sfdt
2.Jo

1— e*(b‘FS)A

s+b

Hence

1
2

A b—s)A
1{1—elt)
/coshbt-e_‘gtdt:—lei
0 2 s—b

Taking a limit, as A— o,
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/ cosh bt - e 'dt =
0

Note that the above is valid for s > |b].

8. Proceeding as in Prob. 7,

A b—s)A
1|1—et9 1
/sinhbt-e_Stdt:— S I
0 2 S—b 2

Taking a limit, as A— o,

o 11 1 11 1
mh bt - e *'dt = = - =
/0 s ‘ 2|:S—b:| 2|:S—|—b:|

The limit exists as long as s > |b].

10. Observe that e sinh bt = (el — el@=0)) /2 It follows that

A _ latb—s)A _ —(b—a+s)A
1)1 1
/ e sinh bt - e ' dt = 3 [6— e—] .
0

1
s—a-+b 2 s+b—a

Taking a /imit, as A— oo,

o 1 1 1 1

@ sinhbt-edt = S| ———— | — - | =
/0 oo c 2[s—a+b] 2[s+b—a]
b
(s—a)* — b2

The limit exists as long as s —a > |b].

11. Using the /inearity of the Laplace transform,
1

. 1 ib —ib
L[sinbt] = Zﬁ[e - Zﬁ[e .
Since
/Ooe(a-i-ib)te—stdt — 1 _
0 s—a—1b
we have
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0 ) 1
/ eizbt efstdt — _
0 sF b

Therefore
1 1 1
Llsinbt] = — -
[sin b4 QiL—z’b s + ib
B b
s2 4027

12. Using the linearity of the Laplace transform,
1

L[cosbt] = 5,6[67:“] + %E[e_ibt].

oL 1
/ e:I: bt e—stdt — |
0 sFib

From Prob. 11, we have

Therefore
1 1 1
bt] = =
Lleos bl 2[s—ib+s+ib
B s
o242

14. Using the /inearity of the Laplace transform,
1 - 1 -
L]e"cosbt] = §£ [e(aﬂb)t] + §£ [e(“_“’)t] :

Based on the integration in Prob. 11,

00 ] 1
/ e(aizb)tefstdt: _
0 s—aFib
Therefore
1 1 1
Lle™cosbt] = =
[e cos ] 2[3—@—ib+s—a+ib
B s—a
(s—a)’ +b2°

The above is valid for s > a .

15. Integrating by parts,
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A A 1

+ [ e
0 0 S—a
1 — eA(a—s) + A(a _ S>€A(a,—s)

(5 —a)”

A _
/ te e dt = — tet
0

sS—a

Taking a limit, as A— o,

o0 1
/ te® . etdt = —.
0 (s —a)

Note that the limit exists as long as s > a.

17. Observe that t cosh at = (te™ +te ™)/2. For any value of ¢,

A (c—s)t |4 A
t 1
/ et . ety = — 25 +/ G
0 0 0 S—C

s—c
1 —ed9) 4 A(c — 5)ede?)

(s —c)’

Taking a limit, as A— o,

>0 1
/ te et = ——— .
0 (s —c)

Note that the limit exists as long as s > |c|. Therefore,

o0 : 1 1 1
/ tcoshat - e *tdt = = 5 + 5
0 2| (s—a) (s+a)

2+ a?
(s—a)(s+a)®

18. Integrating by parts,

A a—s)t
/ te e dt = — ey
0

A A
+ / B pntlas)t gy
S—a 0

0 sSs—a

n,—(s—a)A A
- _ w _|_/ n tn—le(a—s)tdt '
0

Ss—a sS—a

Continuing to integrate by parts, it follows that
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A - — —
n_a —5 Ane(a 5)4 nA" 1@(“ 5)A
/te’t~e‘tdt:_ _ I
’ s—4a (s —a)
nlAelo—9)4 nl(ele=94 — 1)
(TL — 2)'(3 — CL)3 (S . a)n-l—l
That is,
. |
tneat . efstdt =, A . e(afs)A + n.: ’
A p ( ) (8 - a>n+1

in which p, (&) is a polynomial of degree n. For any given polynomial,

lim p,(A)-e =94 =0,

A—o0

as long as s > a. Therefore,
> , n!
/ tnea,t . e_“dt — — .
0 (s —a)

20. Observe that t?sinh at = (t?e® — t?e¢~%) /2. Using the result in Prob. 18,

o0 1 21 21
/ t’sinhat - e *tdt = = 5 — 3
0 2|(s—a)” (s+a)

2a(3s% + a?)

(" =)

The above is valid for s > |a|.

A A A
/ te ldt = —tet| + / e tdt
0 0 0

=1—e4 - Ae 4.

/ teldt=1—¢e4.
0

23. Based on a series expansion, note that for ¢ > 0,

22. Integrating by parts,

Taking a limit, as A— o,

Hence the integral converges .

el >1+t+1t2/2>1/2.
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It follows that for ¢ > 0,

t_2 t

Hence for any finite A > 1,

A
A—1
/ t2etdt > .
) 2

It is evident that the limit as A = oo does not exist.

24. Using the fact that |cost| < 1, and the fact that

/ e tdt =1,
0

it follows that the given integral converges.

25(a). Let p > 0. Integrating by parts,

A
/ e xldr = —e "zl
0

Taking a limit, as A— o,
/ e “xPdr = p/ e TP .
0 0
Thatis, I'(p+1) = pI'(p).

(b). Setting p=0,

(c¢). Let p=n. Using the result in Part (b),

I'(n+1) =nl(n)
= n(n —1)I'(n—1)

—n(n—1)(n—2)--2-1-T(1).
Since I'(1) =1, I'(n+ 1) =n!.

(d). Using the result in Part (b),
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F(p+n) =(p+n—1)T(p+n-1)
=(p+n—1(p+n-2T(p+n-—2)

=(@+n-1p+n-2)-(p+1)pl(p).
Hence

I'(p+n)
['(p)

Given that T'(1/2) = /7 , it follows that

=plp+Dp+1)---(p+n—-1).

and
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