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Section 8.4

1 .  Using the notation he a b+ 0 œ 0 > ß C8 8 8a b , t  formula ispredictor

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C "Þ! "Þ"*&"' "Þ$)"#( "Þ&&*")
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C "Þ(#*'('*! "Þ(#*)')!" "Þ)*$%'%$' "Þ)*$%'*($

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we can solve for0 œ $  >  C Þ8 8 8" " " linear

C œ #% C  #(2  *2 >  2 "* 0  & 0  0 Þ
"

#%  *2
8 8 8 8 8 8" " " #c da b  

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ(#*')!! "Þ)*$%'*&
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

In this problem,   Since the ODE is , we can solve for0 œ $  >  C Þ8 8 8" " " linear

C œ $'2  "#2 >  %) C  $' C  "' C  $ C Þ
"

#&  "#2
8 8 8 8 8 8" " " # $c d 
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8 œ % 8 œ &
> !Þ% !Þ&
C "Þ(#*')!& "Þ)*$%(""
8

8

The exact solution of the IVP is C > œ #  >  / Þa b >

2 .  Using the notation he a b+ 0 œ 0 > ß C8 8 8a b , t  formula ispredictor

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C #Þ! "Þ'##$" "Þ$$$'# "Þ"#')'
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C !Þ**$(&" !Þ**$)&# !Þ*#&%'* !Þ*#&('%

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , an equation0 œ &>  $ C Þ8 8 8" " "È 898linear
solver is needed to approximate the solution of

C œ C  %&>  #( C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.  We obtain the approximate values:

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ**$)%( !Þ*#&(%'
8

8

a b- .  The fourth order formula isbackward differentiation 
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C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is used to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 &>  $ C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘ˆ ‰È

at each time step.

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ**$)'* !Þ*#&)$(
8

8

The exact solution of the IVP is given implicitly by

" #

# C  &> >  C
œ Þ

&"#ˆ ‰ ˆ ‰È È
È

& #

3 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C "Þ! "Þ#!&$&! "Þ%##*&% "Þ'&&&#(
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C "Þ*!'$%! "Þ*!'$)# #Þ"(*%&& #Þ"(*&'(

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we can solve for0 œ # C  $ > Þ8 8 8" " " linear
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C œ #% C  #(2 >  2 "* 0  & 0  0 Þ
"

#%  ")2
8 8 8 8 8 8" " " #c da b  

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ*!'$)& #Þ"(*&('
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

In this problem,   Since the ODE is , we can solve for0 œ # C  $ > Þ8 8 8" " " linear

C œ %) C  $' C  "' C  $ C  $'2 > Þ
"

#&  #%2
8 8 8 8 8 8" " # $ "c d 

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ*!'$*& #Þ"(*'""
8

8

The exact solution of the IVP is C > œ / Î%  $>Î#  $Î% Þa b #>

5 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 
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Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C !Þ& !Þ&"!"'*&! !Þ&#%"$(*& !Þ&%#"!&#*
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C !Þ&'%#)&$# !Þ&'%#)&(( !Þ&*!*!)"' !Þ&*!*!*")

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,

0 œ Þ
C  # > C

$  >
8

8
#

8 8

8
#"

" " "

"

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ C  *  "* 0  & 0  0
2

#%

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " #

" " "

"

” • 

at each time step.

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ&'%#)&() !Þ&*!*!*#!
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2
"

#&

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " # $

" " "

"

” •
at each time step.  We obtain the approximate values:

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ&'%#)&)) !Þ&*!*!*&#
8

8



—————————————————————————— ——CHAPTER 8. 

________________________________________________________________________
            page 477

The exact solution of the IVP is C > œ $  > Î '  > Þa b a b a b#

6 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C  "Þ!  !Þ*#%&"(  !Þ)'%"#&  !Þ)"'$((
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C  !Þ((*)$#  !Þ((*'*$  !Þ(&$$""  !Þ(&$"$&

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we obtain0 œ =38 C Þ8 8" "8" 8"
# #a b>  C 898linear

the  equationimplicit

C œ C  * >  C =38 C  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 88" 8"

# #
" " " # ‘ˆ ‰  

8 œ % 8 œ &
> !Þ% !Þ&
C  !Þ((*(!!  !Þ(&$"%%
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 >  C =38 C Þ
"

#&
8 8 8 8 8 88" 8"

# #
" " # $ " ‘ˆ ‰

8 œ % 8 œ &
> !Þ% !Þ&
C  !Þ((*')!  !Þ(&$!)*
8

8

8 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C #Þ! "Þ(**'#*' "Þ'##$!%# "Þ%'(#&!$
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&("$$ "Þ#)&"%) #Þ%!)&*& %Þ"!$%*&
8

8

a b, .  Since the ODE is , an equation solver is needed to approximate the898linear
solution of

C œ C  %&>  #( C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.  We obtain the approximate values:

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&("#& "Þ#)&"%) #Þ%!)&*& %Þ"!$%*&
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 &>  $ C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘ˆ ‰È

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&(#%) "Þ#)&"&) #Þ%!)&*% %Þ"!$%*$
8

8

The exact solution of the IVP is given implicitly by

" #

# C  &> >  C
œ Þ

&"#ˆ ‰ ˆ ‰È È
È

& #

9 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C $Þ! $Þ!)(&)' $Þ"(("#( $Þ#')'!*
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 
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In this problem,   Since the ODE is , an equation0 œ >  C Þ8 8 8" " "È 898linear
solver must be implemented in order to approximate the solution of

C œ C  * >  C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 >  C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘È  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

The exact solution is given implicitly by

68  # >  C  #+<->+82 >  C œ >  # $  #+<->+82 $ Þ
#

C  >  "
” • È È È È
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10 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C "Þ! "Þ!&"#$! "Þ"!%)%$ "Þ"'!(%!
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'## #Þ%)!*!* $Þ(%&"%(* &Þ%*&)(#
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , an0 œ # >  /B: Þ8 8" " 8" 8"a b > C 898linear
equation solver must be implemented in order to approximate the solution of

C œ C  * # >  /B:  > C  "* 0  & 0  0
2

#%
8 8 8 8" 8" 8 8 8" " " #e fc da b  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'## #Þ%)!*!* $Þ(%&"%(* &Þ%*&)(#
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 Þ
"

#&
8 8 8 8 8" " # $ 8" 8" 8"e fc da b# >  /B:  > C
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8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'#$ #Þ%)!*!& $Þ(%&"%($ &Þ%*&)'*
8

8

11 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C  #Þ!  "Þ*&))$$  "Þ*"&##"  "Þ)')*(&
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('$*  !Þ"%$'#)" "Þ!'!*%' "Þ%"!"##
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,

0 œ Þ
%  > C

"  C
8

8 8

8
#"
" "

"

Since the differential equation is , an equation solver is used to approximate898linear
the solution of

C œ C  *  "* 0  & 0  0
2 %  > C

#% "  C
8 8 8 8 8

8 8

8
#" " #
" "

"

” • 

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('$)  !Þ"%$'('( "Þ!'!*"$ "Þ%"!"!$
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver must be implemented in order to898linear
approximate the solution of

C œ %) C  $' C  "' C  $ C  "#2
" %  > C

#& "  C
8 8 8 8 8

8 8

8
#" " # $
" "

"

” •
at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('#"  !Þ"%%('"* "Þ!'!("( "Þ%"!!#(
8

8

12 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C !Þ& !Þ&!%'#") !Þ&"!"'*& !Þ&"'''''
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*" !Þ)!!!!!! "Þ"''''( "Þ(&!!!!
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,
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0 œ Þ
C  # > C

$  >
8

8
#

8 8

8
#"

" " "

"

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ C  *  "* 0  & 0  0
2

#%

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " #

" " "

"

” • 

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*" !Þ)!!!!!! "Þ"''''( "Þ(&!!!!
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 Þ
"

#&

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " # $

" " "

"

” •
8 œ "! 8 œ #! 8 œ $! 8 œ %!

> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*# !Þ)!!!!!# "Þ"''''( "Þ(&!!!"
8

8

The exact solution of the IVP is C > œ $  > Î '  > Þa b a b a b#

13.  Both Adams methods entail the approximation of , on the interval ,0 > ß C > ßa b c d8 >8"

by a polynomial.   polynomial,Approximating , which is a 9 wa b a b> œ T > ´ E" constant
we  have

9 9a b a b (
a b

>  > œ E.>

œ E >  > œ E2 Þ

8 8
>

>

8 8

"

"

8

8"

Setting , where , we obtain the approximationE œ 0  "  0 ! Ÿ Ÿ "- - -8 8a b "

C œ C  2 0  "  0 Þ8 8 8 8" "c da b- -

An appropriate choice of  yields the familiar Euler formula.  Similarly, setting-

E œ 0  "  0- -8 8a b " ,

where , we obtain the approximation! Ÿ Ÿ "-
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C œ C  2 0  "  0 Þ8 8 8 8" "c da b- -

14.  For a third order Adams-Bashforth formula, we approximate , on the interval0 > ß Ca bc d a b a b> ß > ß C > ß C8 8 8 8 8>8" , by a  polynomial using the points ,  andquadratic # # " "a b a b> ß C Þ T > œ E>  F>  G Þ8 8
#  Let   We obtain the system of equations$

E>  F>  G œ 0

E>  F>  G œ 0

E>  F>  G œ 0

8
#

8 8

8
#

8 8

8
#

8 8

# # #

" " "

.

For computational purposes, assume that , and   It follows that> œ ! > œ 82 Þ! 8

E œ
0  #0  0

#2

F œ
$  #8 0  %8  % 0  "  #8 0

# 2

G œ 0  #8  8 0  0 Þ
8  $8  # 8  8

# #

8 8 8

#

8 8 8

# #

8 8 8
#

" #

" #

" #

a b a b a b
ˆ ‰

We then have

C  C œ E>  F>  G .>

œ E2 8  8  F2 8   G2
" "

$ #

8 8
>

>
#

$ # #

" (  ‘
Œ  Œ 

8

8"

,

which yields

C  C œ #$ 0  "' 0  & 0 Þ
2

"#
8 8 8 8 8" " #a b

15.   Adams-Moulton formula, we approximate , on the intervalFor a third order 0 > ß Ca bc d a b a b> ß > ß C > ß C8 8 8 8 8>8" , by a  polynomial using the points ,  andquadratic " "a b a b> ß C Þ T > œ >  >  Þ8 8
#

" " $  Let   This time we obtain the system of algebraic! " #
equations

! " #

! " #

! " #

>  >  œ 0

>  >  œ 0

>  >  œ 0

8
#

8 8

8
#

8 8

8
#

8 8

" " "

" " " .

For computational purposes, again assume that , and   It follows that> œ ! > œ 82 Þ! 8
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!

"

#

œ
0  #0  0

#2

œ
 #8  " 0  %80  "  #8 0

# 2

œ 0  "  8 0  0 Þ
8  8 8  8

# #

8 8 8

#

8 8 8

# #

8 8 8
#

" "

" "

" "

a b a b
ˆ ‰

We then have

C  C œ >  >  .>

œ 2 8  8   2 8   2
" "

$ #

8 8
>

>
#

$ # #

" (  ‘
Œ  Œ 

8

8"

! " #

! " # ,

which results in

C  C œ &0  )0  0 Þ
2

"#
8 8 8 8 8" " "a b
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Section 8.5

1 .  The  solution of the ODE is   Imposing the initiala b a b+ C > œ - /  #  > Þgeneral >

condition, , the solution of the IVP is .C ! œ # > œ #  >a b a b9"

a b a b, C ! œ #Þ!!".  If instead, the initial condition  is given, the solution of the IVP is
9 9 9# # "a b a b a b> œ !Þ!!" /  #  > >  > œ !Þ!!" / Þ> >.  We then have 

3.  The solution of the initial value problem is 9a b> œ /  > Þ"!! >

a b+ß , Þ  Based on the exact solution, the  for both of the Eulerlocal truncation error
methods is

k k/ Ÿ / 2 Þ
"!

#
69-

%
"!! > #8

Hence , for all .  Furthermore, the local truncation error isk k/ Ÿ &!!! 2 !  >  "8 8
#

greatest near .  Therefore > œ ! k k/ Ÿ &!!! 2  !Þ!!!& 2  !Þ!!!$ Þ"
#  for   Now the

truncation error accumulates at each time step.  Therefore the actual time step should be
much smaller than .  For example, with , we obtain the data2 ¸ !Þ!!!$ 2 œ !Þ!!!#&

Euler B.Euler 9a b>
> œ !Þ!& !Þ!&'$#$ !Þ!&("'& !Þ!&'($)
> œ !Þ" !Þ"!!!%! !Þ"!!!&" !Þ"!!!%&

Note that the total number of time steps needed to reach  is .> œ !Þ" R œ %!!

a b- 2 À.  Using the Runge-Kutta method, comparisons are made for several values of 

2 œ !Þ" À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&(%"' !Þ!!!'()
> œ !Þ" !Þ"!!!%& !Þ"!!!&& !Þ!!!!"!

8 8 8

2 œ !Þ!!& À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&'('' !Þ!!!!#(
> œ !Þ" !Þ"!!!%& !Þ"!!!%' !Þ!!!!!!%

8 8 8

6 .  Using the method of , it is easy to show that the generala b+ undetermined coefficients
solution of the ODE is   Imposing the initial condition, it follows thatC > œ - /  > Þa b -> #

- œ ! > œ > Þ and hence the solution of the IVP is 9a b #

a b, 2 œ !Þ!".  Using the Runge-Kutta method, with , numerical solutions are generated


