CHAPTER 6. ——

Section 6.6

1(a). The convolution integral is defined as

Frot= [ 't = Dg(r)dr

Consider the change of variable v =t — 7. It follows that

/Otf@—f dT—/f ot — u)( — du)

- / g(t — u) f (u)du

0

=gxf(t).

(b). Based on the distributive property of the real numbers, the convolution is also
distributive.

(c). By definition,

f*(gxh)(t /ft—T [gxh (T)ldT

_ / se=n| [ atr = mncninas
= /Ot/OTf(t —7)g(T —n)h(n) dndr.

The region of integration, in the double integral is the area between the straight lines
n=0,n=7 and 7 =t. Interchanging the order of integration,

/OtATf(t — 7)g(r — n)h(n) dndr = /Ot/ntf(t — P)g(r — )h(n) drdy

-/ | =)0t e ey an
Now let 7 —n = w. Then

/ft—T T—n dT_/ ft—n—u)g(u)du
=[xg(t—mn).

Hence

[s6-mlg=ntar = [ 17490~ mine)ar.
0 0
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2. Let f(t) =¢'. Then

3. It follows directly that
t
fxf(t) = / sin(t — 7) sin(7) dr
0

- /O [cos(t — 27) — cos(t))dr
_ %[sin(t) — teos(t)).

The range of the resulting function is R .

5. Wehave Lle '] =1/(s+ 1) and L[sint] = 1/(s*>+1). Based on Theorem 6.6.1,
! 1 1
L[/ e~ sin(r) dT:| = :
0

s+1 s2+1
1

(s+1)(s2+1)

6. Let g(t) =t and h(t) = e'. Then f(t) = gxh (t). Applying Theorem 6.6.1,
! 11
c| [ gt — () dr| = =
[ote=nnmar] =51
B 1
S os2(s—1)°

7. Wehave f(t) = gxh (t),in which g(t) = sint and h(t) = cost. The transform
of the convolution integral is

c Uotg(t — P)h(r) dT} _ ! s

241 s2+1
B S
(s2+1)°

9. Itis easy to see that
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L_l[ 1 ]:e_t and E‘l{

} = cos 2t.
s+1

s2+4
Applying Theorem 6.6.1,

¢
~1 S _ —(t—7)
L [(3+1)(32+4)] /Oe cos 2T dT .

10. We first note that

1
(s+1)°

-1

1 1
=te ! and £‘1{ 2+4} :§8in2t.
S

Based on the convolution theorem

1 1/
£t 5 = —/ (t —m)e " sin2r dr
(s+1)7°(s*+4)]  2Jo
1

t
= —/ Te "sin(2t — 27)dT.
2.Jo

11. Let g(t) = L7YG(s)]. Since L7'[1/(s> +1)] = sint, the inverse transform of

the product is
t
£t [ G(s) ] = / g(t — 1) sinTdr
0

= /Otsm(t —7)g(T)dT.

12. Taking the initial conditions into consideration, the transform of the ODE is
s2Y(s) — 14+ W’ Y(s) = G(s).
Solving for the transform of the solution,

1 G(s)

Y = .
(5) s24w? s 4 w?

As shown in a related situation, Prob. 11,

cl[ G(s) ] _ l/otsinw(t—T) o(r)dr.

52 + w? w

Hence the solution of the IVP is

page 328



CHAPTER 6. ——

1 1
y(t) = — sinwt + —/ sinw(t — 1) g(T)dT.
0

w w
14. The transform of the ODE (given the specified initial conditions) is
45 Y (s) +4sY (s) + 17Y (s) = G(s).
Solving for the transform of the solution,

G(s)
452 4 4s + 17"

Y(s) =

First write
1 _
482 +4s+ 17 (s+ 1) +4°

Based on the elementary properties of the Laplace transform,

t/2

= —e "“sin2t.

1 1
482 +4s+ 17 8
Applying the convolution theorem, the solution of the IVP is

1

t
y(t) = 3 / e 2 sin 2(t — 1) g(7) dr.
0

16. Taking the initial conditions into consideration, the transform of the ODE is
s2Y(s) — 25 +3+4[sY(s) — 2] +4Y(s) = G(s).
Solving for the transform of the solution,

2545 G(s)
YO = T et

We can write

25+ 5 2 1

= + .
(s+2)° s+2 (s+2)°

It follows that

1
(s +2)°

El{ ~2|—2} =22 and £7!
s

Based on the convolution theorem, the solution of the IVP is
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t
y(t) = 2% f e+ / (t — T)€_2(t_T)g(T) dr.
0

18. The transform of the ODE (given the specified initial conditions) is

'Y (s) — Y(s) = G(s).

Solving for the transform of the solution,

First write

It follows that

_ G(s)
st

1

s2—1 s241]

1
[,1[ ! 1] =§[sinht—sint].

Based on the convolution theorem, the solution of the IVP is

y(t) = %/0 [sinh(t — ) — sin(t — 7)]|g(T) dT .

19. Taking the initial conditions into consideration, the transform of the ODE is

'Y (s) — s +552Y(s) — bs +4Y (s) = G(s).

Solving for the transform of the solution,

s> + bs

Y(s) =

G(s)

Using partial fractions, we find that

s3 + 5s
(s2+1)(s>+4)

and

1
(s2+1)(s>+4)

It follows that

(s2+1)(s>+4)

i

3

ir

3

(s24+1)(s2+4)

4s s
|s2+1 244
1 1
(241 244
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1
= —cost — = cos2t,
3

= e |-3

T2+ 4] 3
and
1 1 1
-1 e — Zsinot.
£ [(32+1)(52+4)} gomt g

Based on the convolution theorem, the solution of the IVP is

4 1 L[
y(t) = 3 cost — 3 €08 2t + 6/ [2sin(t — 1) — sin2(t — 7)]g(7) dT.
0

21(a). Let ¢(t) = u”(t). Substitution into the integral equation results in
¢
u”(t) + / (t—&u"(€&)dé = sin2t.
0

Integrating by parts,
=t

/ (t—&u"(©)de = (t—Ou'(©)| + / W (€) de
0 £=0 0
= —tu'(0) + u(t) — u(0).

Hence

u"(t) +u(t) — tu'(0) — u(0) = sin2t.

(b). Substituting the given initial conditions for the function wu(t),
u”(t) + u(t) = sin2t.

Hence the solution of the IVP is equivalent to solving the integral equation in Part (a).

(¢). Taking the Laplace transform of the integral equation, with ®(s) = L[¢(¢)],

1 2
@(8)4—8—2-(1)(8): R

Note that the convolution theorem was applied. Solving for the transform ®(s) ,

252
(s2+1)(s2+4)

d(s) =

Using partial fractions, we can write
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(s2+1)(s>+4) 3

25 o[ 4 1
244 241\

Therefore the solution of the integral equation is

4 2
o(t) = gsin%— gsint.

(d). Taking the Laplace transform of the ODE, with U(s) = L[u(t)],

2
2 _
SU(S)"‘U(S)—m

Solving for the transform of the solution,

2

Ve =erneEra

Using partial fractions, we can write

2 [ 2 2
(s24+1)(s24+4) 3|s2+1 s24+4]

It follows that the solution of the IVP is

(1) = Zsint — - sin2t
u(t) = —sint — = sin2t.
3 3

We find that u”(t) = — %sint + 5 sin2t.

22(a). First note that

b
fly 1
/ ) dy = x f | (b).
0 vVb—y VY
Take the Laplace transformation of both sides of the equation. Using the convolution
theorem, with F(s) = L[f(y)],

Hence
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with

(b). Combining equations (i) and (iv),

2
29 T02 — 1 + d_ﬂ? .
T2y dy

Solving for the derivative dz/dy,

dz 200 — y

dy y

in which « = gT? /7.

(¢). Consider the change of variable y = 2 sin®(6/2). Using the chain rule,

dy . do

%9 _ 9 9 2). 27

o asin(f/2)cos(0/2) .
and

dx 1 dx

dy ~ 2a sin(0/2)cos(6/2) do -

It follows that

i . cos?(6/2)
o =2 sin(60/2)cos(60/2) sin?(0/2)
=2« 0082(9/2)
—a+acost.

Direct integration results in

z(0) =ab+asinfd+C.

Since the curve passes through the origin, we require y(0) = z(0) = 0. Hence C' = 0,
and z(0) = a0 + asinf. We also have
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y(0) = 2asin*(0/2)
=a—«acost.
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