CHAPTER 10. —

Section 10.4
1. Since the function contains only odd powers of x, the function is odd.

2. Since the function contains both odd and even powers of x, the function is neither
even nor odd.

4. We have secx = 1/cos x . Since the quotient of two even functions is even, the
function is even.

5. We can write |z|* = |z| - |2|> = |z| - 2. Since both factors are even, it follows that
the function is even.

8. L=2.

Ewven Extension
2_

Odd Extension
2_
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9. L=2.

11. L =2.

Even Extension

0dd Extension

2

Even Extension

2
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Odd Extension
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12. L=1.

Even Extension
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16. L = 2. For an odd extension of the function, the cosine coefficients are zero. The
sine coefficients are given by
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nmwx

b, = /f sm—d:c

2
:/ xsmwd:ﬁ—l—/ Sin@dx
0 2 | 2

2 sm7 — NT COSNT
=2 2.9
nAm
Observe that
nmw 0, n=2k
— | = ’ k=1,2,
szn(2) {( 1)k+1,n:2k_1
Likewise,
1, n=2k _
cosmr—{ .n=2k—1 yk=1,2,--

Therefore the Fourier sine series of the specified function is

D"+ -1 . (2n— 1)z

:——Z—sznnmp—i—pz n—1)2 sin 5

n=1

A
AV

17. L = w. For an even extension of the function, the sine coefficients are zero.
The cosine coefficients are given by

ay = %/OLf(x)dx
_ %/Oﬂ(l)dx

=2,

page 632



CHAPTER 10. —

and forn > 0,

/ fx coswdx

= —/ (1)cos nx dx
TJo

=0.

The even extension of the given function is a constant function. As expected, the Fourier
cosine series 18

19. L = 3. For an odd extension of the function, the cosine coefficients are zero. The
sine coefficients are given by

/ f(x sin@d:p

3

n 2 n
sm—dac + — 2 sin—dx
T 37 x 3 3 3
2cosnm — cos%7r — cos 2’:;”
nm

Therefore the Fourier sine series of the specified function is

2 X1 nmw 2nm . nx
f(x) = — E —|cos— + cos—— — 2cosnm| sin—.
T “—~n 3 3 3
n=1
3_
—_— 2_ —_— —_—
o o o
- 1_ - -
o o [+]
20 i o, 20
[+ [+] [+]
—_— R "]_ R
o o o
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21. Extend the function over the interval [ — L, L] as

f(z) = z+ L, —L<zx<0
| L—=x, 0<z<L.

Since the extended function is even, the sine coefficients are zero. The cosine
coefficients
are given by

and forn > 0,
9 L
an = Z .

9 (L
= E/o (L — :v)cosnl_/ix dx

1 —cosnm

f(x)cos?d:c

=2L 12

Therefore the Fourier cosine series of the extended function is

L AL & 1 (2n — 1)z
f(x)—g—i—pz(%z_lfcos 7 :

n=1

In order to compare the result with Example 1 of Section 10.2, set L = 2. The cosine
series converges to the function graphed below:

3_

-1

This function is a shift of the function in Example 1 of Section 10.2.
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22. Extend the function over the interval [ — L, L] as

oy [ roL. —L<z<0
t)= L—x, 0<$§L,

with f(0) = 0. Since the extended function is odd, the cosine coefficients are zero. The
sine coefficients are given by

9 (L
b, = Z/o f(x)sinnl_/ﬂdx
9 (L

= z/o (L — x)sm? dx
B 2L
o

Therefore the Fourier cosine series of the extended function is

2L <1 . nmx
f(a:):?;ﬁsm 7
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Setting L. = 2, for example, the series converges to the function graphed below:

2_

4
e 4
o

23(a). L = 27. For an even extension of the function, the sine coefficients are zero.
The cosine coefficients are given by
=2 [ 1)

——/ rdx
T™Jo

=7/2,

and forn > 0,

/ f(z cos@dx

== " a
7'('/0 336082 x

2008( ) —H’msm(%) -2
2 i .

Therefore the Fourier cosine series of the given function is

2 & 2
flz) = Z + — nz_:l [Esmm + ﬁ<cosm — 1)]003@.

Observe that

Likewise,
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cos(@):{(_l)k’n:% k=12,

2 0, n=2k-1 T
(0).
4
3_
2_
[+] [+] [+] [+] [+] [+]
45 0 & g 10 15
®
(c).
m=10 m=40
49 4
3]
5]
1_
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24(a). L = 7. For an odd extension of the function, the cosine coefficients are zero.
Note that f(x) = —x on 0 < x < 7. The sine coefficients are given by

/ flx sin@dm

= — — xsmmsda:
T™Jo

2cosnm

n

Therefore the Fourier sine series of the given function is
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26(a). L =4. For an even extension of the function, the sine coefficients are zero. The
cosine coefficients are given by

L
ay = %/0 f(x)dz
1

4
_ - 2
= 2/0 (:1: 2:1:)d3:

—8/3,

and forn > 0,

page 638



CHAPTER 10. —

/ f(z COS@CZQT

= 5/ (x —Qx)cosan:I:

0
1+ 3cosnm

=16 22

Therefore the Fourier cosine series of the given function is

4 16 =1+3(-1)" nmx
f(x):§+pn:1 o cos— —.

=40

m
5
G- ]
44 44
21 5]
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27(a).

Odd

=3,
and forn > 0,
o L
=7 f(x cos—da:
0

9 3
= §/0 (3— x)cos% dz
. L—cosnm
N n2m?

Therefore the Fourier cosine series of the given function is

1— —1 nmwe
9( = W2ZI 083.

For an odd extension of the function, the sine coefficients are given by

b, = / f(x zn—da:

= §/0 (3 — :z:)smn% dz

6

nmw

Therefore the Fourier sine series of the given function is
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(d). Since the even extension is continuous, the series converges uniformly. On the

other
hand, the odd extension is discontinuous. Gibbs' phenomenon results in a finite error for

all values of n .
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29(a).

(b). L = 2. For an even extension of the function, the cosine coefficients are given by
=2 [ e
4z — 3
= / [—a: ] dx
0 4

= —5/6,

/ f(x cos—d:c
/ [ —4x — 3] nwr
= ————— |cos—— dx
0 4 2

:41+3cosn7r

and forn > 0,

n?m?

Therefore the Fourier cosine series of the given function is

1+ 3( —1)” nwx
g(az)——— WQZ cos——.

For an odd extension of the function, the sine coefficients are given by

/ f(z sm—dm

/ [ —4x — 3] . nmx
= sin dx
0 4 2

32 + 3n272 + 5n?rlcos nm — 32 cosnw
2n3m3 ’

Therefore the Fourier sine series of the given function is
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Sin

1 & 32(1 —cosnn) +n’*n?(3+5cosnw) . nrw
h(z) = — 273 Z n3 9

n=1

(c). For the even extension:

m=10 m =40
121
E ]
087 0
061 06
0.43 0.4
02 0]
* 1 027 i ? 2 ! 2
047
064
0
-14

For the odd extension:

(d). Since the even extension is continuous, the series converges uniformly. On the
other

hand, the odd extension is discontinuous. Gibbs' phenomenon results in a finite error for
all values of n .
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30(a).

Even Odd

(b). L = 3. For an even extension of the function, the cosine coefficients are given by

/f

:—/ (w — 522 +5:L'+1)d
3.Jo

=1/2,

and forn > 0,

N
a, = /f cos—d:c

:—/ (x — 522 +5x+1)cos@da:
3Jo 3

162 — 15n27? + 6 n’w2cosnm — 162 cos nw
nimt '

Therefore the Fourier cosine series of the given function is

1 2 162(1 — cosnm) — 3n*7*(5 — 2cosnw) nmx
9(>_Z+—Z " cos—o—.
n=1

For an odd extension of the function, the sine coefficients are given by

/ f(x sm—dm

25/0 ( — 52 +5x+1)sdex

90 4+ n?x2 4+ 2n2n2cosnw + 72 cosnw

=2
n3m3

Therefore the Fourier sine series of the given function is
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sin
n3 3

2 K 18(5 +4cosnm) + n*n?(1+2cosnm) . nmx
hiz) =5 ) .

For the odd extension:

m=10 m =40

(d). Since the even extension is continuous, the series converges uniformly. On the

other
hand, the odd extension is discontinuous. Gibbs' phenomenon results in a finite error for

all values of n ; particularly at x = £+ 3.

33. Let f(x) be a differentiable even function. For any z in its domain,
fl—z+h)=f(—2)=flz—h)-fz).

It follows that
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h—0 h
S h) - f@)
h—0 h
e fle—h) - f(=z)
= M
Setting h = — 6, we have
o @8~ f@)
—6—0 0

= @),
Therefore f/'( —xz) = — f'(z).

If f(z) is a differentiable odd function, for any z in its domain,

fl=z+h)=f(—2)= - flz—h)+ fz).

It follows that
o S =)+ (@)
h—0 h
_ o fl@=h) = f(z)
=T =R
Setting h = — 6, we have
S8~ f)
—5—0 )
= f'(z).

Therefore f'( —z) = f'(x).
36. From Example 1 of Section 10.2, the function

-z, —2<xz<0
f(ac)—{ x, 0<z<?2,

(L = 2) has a convergent Fourier series
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- -4 2 2, 4 B

Since f(x) is continuous, the series converges everywhere. In particular, at x = 0,
we have

It follows immediately that

i ety
— 2n_1 32 52 72 :

40. Since one objective is to obtain a Fourier series containing only cosine terms, any
extension of f(z) should be an even function. Another objective is to derive a series
containing only the terms

(2n — 1)z
RSt —-1.9....
cos 5T , N , 2,
First note that the functions
nmT
— =12
cos 7 n ,2,

are symmetric about x = L. Indeed,
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nmw(2L — x) <2 nm;)
co§——— = cos(2nm — —
L L
B ( nm;)
= cos| — —
L
nw
= cos—.
L

It follows that if f(x) is extended into (L ,2L) as an antisymmetric function about
=1L,
thatis, f(2L —xz) = — f(z) for 0 < x < 2L, then

2L

f(x)cosw dr=0.
0 L

This follows from the fact that the integrand is antisymmetric function about x = L.
Now
extend the function f(z) to obtain

Yo f(x), 0<z<L
f(x)_{ —f(2L-1z), L<z<2L.

Finally, extend the resulting function into ( — 2L, 0) as an even function, and then as a
periodic function of period 4L.

By construction, the Fourier series will contain only cosine terms. We first note that

) 2L

Cl():_ f()

_ / f(z)dz — —/ F2L — 2)da
_ f/o F(z)da — f/o F(u)du

=0.
Forn > 0,
2 [~ nmr
n — 571 —d
a f (x)cos 5L 4%
1 2L
/ f(x cos@dx— /), f(2L—x)cos%dx.
For the second integral, let ©w = 2L — x. Then
2L
cos L COSM =(-1)" cos

2L 2L 2L
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and therefore

2L L
/L f2L — x)cos%dw =(- 1)”/0 f(u)cos%du.
Hence
1—(—-1 n L
a, = #/0 f(m)cos%dm.

It immediately follows that a,, = 0 forn =2k, k=0,1,2,---, and

2 F 2k — 1
o1 = E/ f(x)cos%dm, for k=1,2,---.
0

The associated Fourier series representation

R (2n — )7z
f(x) = 7;0@2,,,,_1605 5T

converges almost everywhere on ( — 2L ,2L) and hence on (0, L).

For example, if f(z) = x for 0 < x < L = 1, the graph of the extended function is:
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