CHAPTER 11. ——

Section 11.4

1. Let ¢,(x) = J; (\ / An x) be the eigenfunctions of the singular problem

—(xy) =Xy, O<z<1,
v,y bounded as z—0, y(1) =0.

Let ¢(z) be a solution of the given BVP, and set

=S bu(a). (+)
n=>0

Then
—(20) = pxo + f(x)
:uxqb+x@.

Substituting (), we obtain

Zb A Op(x) = px anqbn + xicngbn(x)
n=>0

in which the ¢, are the expansion coefficients of f(z)/x forz > 0. That s,

YA€
[0Sy

1
rwuxna/f =)n(z

Cp =

It follows that if « # 0,
Z[Cn —by(An — #)]Cbn(x) =0
n=0

As long as u # A, , linear independence of the eigenfunctions implies that

Cn

bn: 5
Ap — b

n=12:--.
Therefore a formal solution is given by
= i)\ . JO( v )\nx),
n=0""1" " K

in which /), are the positive roots of J;(z) = 0.
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3(a). Setting ¢t = /A z, it follows that

dy dy d’y d*y
Y A and &Y 22
dz VA at Mg TN ae

The given ODE can be expressed as

—ﬁ%(%ﬁ‘;—i)ﬁgf i,

or

AR
a\"at) "t Y
An equivalent form is given by

dy dy

= +t—+ F-k)Ny=0

at lar T )y =0,

which is known as a Bessel equation of order k. A bounded solution is Jj(t) .

(b). Jy (\/X a:) satisfies the boundary condition at x = 0. Imposing the other
boundary
condition, it is necessary that Jj <\/X ) = 0. Therefore the eigenvalues are given by

An,n =1,2--- where y/\, are the positive zeroes of J;(z). The eigenfunctions of
the BVP are ¢,(z) = Ji,(v/ Ao 7).
(¢). The BVP is a singular Sturm-Liouville problem with

]{72

Ly = — (zy") + —yand r(z) = 1.

We note that

1

)\n/o x On(x) o (x)dx :/0 L{oy] dm(z)dx

1
= )\m/o x On () om(z)dx .

Therefore

1
()\’n, - )\m)/o 3:¢n($)¢m($)dx =0.
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So for n # m, we have A\, # A\, and

1
/0 x ¢p(x)dm(z)dz = 0.

(d). Consider the expansion

= iand)n(x)

Multiplying both sides of equation by x ¢;(x) and integrating from 0 to 1, and using the
orthogonality of the eigenfunction,

/ F(2)éi(z)dw _Zan/ T ¢j(z)pn(z)dx
—af 1x¢j<x>¢j<x>dx

Therefore

o= [ @ s [ sl @Par, =12,

(e). Let ¢(z) be a solution of the given BVP, and set

_ ibnm:c), (+)

where ¢, (z) = Jk(mx) Then

Ll¢] = pxo + f(x)

:,ux¢+x@.

Substituting (*), we obtain

an)\,,x ¢n(x) = px an¢n +z icnﬁbn(x)
n=>0

in which the ¢, are the expansion coefficients of f(x)/x for x > 0. That is,

= L le(:z:) z)dz
o = ||¢n<x>||2/o z n(@)

1 1
= it/ Fn (V) ds,
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It follows that if  # 0,
Z[Cn - bn()\n - U)]Jk<\/ )\’n, «'13> =0.
n=>0

As long as i # A, , linear independence of the eigenfunctions implies that

, n=1,2 -

Therefore a formal solution is given by

5(a). Setting A = o in Prob. 15 of Section 11.1, the Chebyshev equation can also be
written as

Note that

plx) =vV1—2?,q(x)=0,and r(z) =1/V1— 22,

hence both boundary points are singular.
(b). Observe that p(1 —¢) = /2e —¢? and p(—1+¢) = /2e —? . It follows
that if u(z) and v(x) satisfy the boundary conditions (i7i), then
lin&p(l —g)u'1—ew(l—¢e)—u(l—¢e)'(1-¢)]=0
g —

and

limp(—1+4+e)u'(-1+e)v(—1+¢)—u(—1+e)w'(—1+¢)]=0.

e— 0t

Therefore Eq. (17) is satisfied and the boundary value problem is self-adjoint.

(c). Forn #0,

n2/_j%\/%(f)dx = /lTu(a:)LT dz

Il
)
I~
!

since L[T)] =0T, = 0. Otherwise,
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lTn
2 [ B [ i o
-1 1——x2
:/ ) L[T,]d
LT, (2) T,
V1— 22
Therefore
(nQ—m2)/ —@dx:().
1 A1 = 2
So for n # m,
x)dfz::O.

Lﬁ
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