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Chapter Ten

Section 10.1

1.  The general solution of the ODE  is   Imposing the firstC B œ - -9= B  - =38 B Þa b " #

boundary condition, it is necessary that .  Therefore .  Taking its- œ ! C B œ - =38 B" #a b
derivative, .  Imposing the second boundary condition, we require thatC B œ - -9= Bwa b #

- -9= œ " - œ  "# #1 .  The latter equation is satisfied only if .  Hence the solution of
the boundary value problem is .C B œ  =38Ba b
4.  The general solution of the differential equation is   ItC B œ - -9= B  - =38 B Þa b " #

follows that   Imposing the first boundary condition, weC B œ  - =38 B  - -9= B Þwa b " #

find that .  Therefore   Imposing the second boundary- œ " C B œ - -9= B  =38 B Þ# "a b
condition, we require that .  If , that is, as long as- -9=P  =38P œ ! -9=P Á !"

P Á #5  " Î# 5 - œ  >+8Pa b1 , with  an integer, then .  The solution of the boundary"

value problem is

C B œ  >+8P -9= B  =38 B Þa b
If , the boundary condition results in .   The latter two equations-9=P œ ! =38P œ !
are inconsistent, which implies that the BVP has no solution.

5.  The general solution of the  differential equation ishomogeneous

C B œ - -9= B  - =38 B Þa b " #

Using any of a number of methods, including the , itmethod of undetermined coefficients
is easy to show that a  is .  Hence the general solution ofparticular solution ] B œ Ba b
the given differential equation is   The first boundaryC B œ - -9= B  - =38 B  B Þa b " #

condition requires that .  Imposing the second boundary condition, it is necessary- œ !"

that   The resulting equation has .  We conclude that the- =38  œ ! Þ# 1 1 no solution
boundary value problem has no solution.

6.  Using the , it is easy to show that the generalmethod of undetermined coefficients
solution of the ODE is   Imposing the firstC B œ - -9= # B  - =38 # B  BÎ# Þa b È È

" #

boundary condition, we find that .  The second boundary condition requires that- œ !"

- =38 #  Î# œ ! Þ - œ  Î#=38 # Þ# #
È È1 1 1 1  It follows that   Hence the solution of

the boundary value problem is

C B œ  =38 # B  Þ
#=38 #

B

#
a b È È1

1

8.  The general solution of the  differential equation ishomogeneous

C B œ - -9= #B  - =38 #B Þa b " #

Using the , a  is .method of undetermined coefficients particular solution ] B œ =38BÎ$a b
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Hence the general solution of the given differential equation is

C B œ - -9= #B  - =38 #B  =38 B Þ
"

$
a b " #

The first boundary condition requires that .  The second boundary requires that- œ !"

- =38 #  =38 œ ! Þ# 1 1"
$   The latter equation is valid for all values of .  Therefore the-#

solution of the boundary value problem is

C B œ - =38 #B  =38 B Þ
"

$
a b #

9.  Using the , it is easy to show that the generalmethod of undetermined coefficients
solution of the ODE is   It follows thatC B œ - -9= #B  - =38 #B  -9= BÎ$ Þa b " #

C B œ  #- =38 #B  #- -9= #B  =38 BÎ$wa b " # .  Imposing the first boundary condition,
we find that .  The second boundary condition requires that- œ !#

 #- =38 #  =38 œ ! Þ
"

$
" 1 1

The resulting equation is satisfied for all values of   Hence the solution is the family of- Þ"
functions

C B œ - -9= #B  -9= B Þ
"

$
a b "

10.  The general solution of the differential equation is

C B œ - -9= $ B  - =38 $ B  -9= B Þ
"

#
a b È È

" #

Its derivative is .  The firstC B œ  $ - =38 $ B  $ - -9= $ B  =38 BÎ#wa b È È È È
" #

boundary condition requires that .  Imposing the second boundary condition, we- œ !#

obtain .  It follows that .  Hence the solution of the BVP $ - =38 $ œ ! - œ !È È
" "1

is .C B œ -9= BÎ#a b
12.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9= B  - =38 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ  - =38 B  - -9= Bwa b . . . ." #

follows that .  Therefore .  The second boundary condition- œ ! C B œ - -9= B# "a b .
requires that .  For a nontrivial solution, it is necessary that ,- -9= œ ! -9= œ !" .1 .1
that is, , with .  Therefore the .1 1œ #8  " Î# 8 œ "ß #ßâa b eigenvalues are

-8

#

œ 8 œ "ß #ßâ Þ
#8  "

%

a b
, 
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The corresponding  are given byeigenfunctions

C œ -9= 8 œ "ß #ßâ Þ
#8  " B

#
8

a b
, 

Assuming that , we can set .  The general solution of the differential- - . ! œ  #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ - =382 B  - -9=2 Bwa b . . . ." #

follows that .  Therefore .  The second boundary condition- œ ! C B œ - -9=2 B# "a b .
requires that , which results in .  Hence the only solution is the- -9=2 œ ! - œ !" ".1
trivial solution.  Finally, with ,  the general solution of the ODE is- œ !

C B œ - B  -a b " # .

It is easy to show that the boundary conditions require that .  Therefore all of- œ - œ !" #

the eigenvalues are positive.

13.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9= B  - =38 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ  - =38 B  - -9= Bwa b . . . ." #

follows that .  The second boundary condition requires that .  For a- œ ! - =38 œ !# " .1
nontrivial solution, we must have , .  It follows that the .1 1œ 8 8 œ "ß #ßâ eigenvalues
are

-8
#œ 8 8 œ "ß #ßâ, ,

and the corresponding  areeigenfunctions

C œ -9= 8B 8 œ "ß #ßâ Þ8 , 

Assuming that , we can set .  The general solution of the differential- - . ! œ  #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ - =382 B  - -9=2 Bwa b . . . ." #

follows that .  The second boundary condition requires that .  The- œ ! - =382 œ !# " .1
latter equation is satisfied only for .- œ !"

Finally, for , the solution is - œ ! C B œ - B  -a b " # .  Imposing the boundary conditions,
we find that .  Therefore  is  an eigenvalue, with correspondingC B œ œ !a b -# - also
eigenfunction C B œ " Þ!a b
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14.  It can be shown, as in Prob.  , that .  Setting , the general solution"#  ! œ- - .#

of the resulting ODE is

C B œ - -9= B  - =38 Ba b " #. . ,

with .   Imposing the first boundary condition, weC B œ  - =38 B  - -9= Bwa b . . . ." #

find that .  Therefore .  The second boundary condition requires- œ ! C B œ - -9= B# "a b .
that .  For a nontrivial solution, it is necessary that , that is,- -9= P œ ! -9= P œ !" . .
. 1œ #8  " Î #P 8 œ "ß #ßâa b a b , with .  Therefore the eigenvalues are

-
1

8

# #

#
œ 8 œ "ß #ßâ Þ

#8  "

%P

a b
, 

The corresponding  are given byeigenfunctions

C œ -9= 8 œ "ß #ßâ Þ
#8  " B

#P
8

a b1
, 

16.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . .

The first boundary condition requires that .  Therefore  and- œ ! C B œ - =382 B" #a b .
C B œ - -9=2 B Þwa b # .   Imposing the second boundary condition, it is necessary that
- -9=2 P œ ! Þ - œ !# #.   The latter equation is valid only for .  The only solution is the
trivial solution.

Assuming that , we set .  The general solution of the resulting ODE is- - . ! œ  #

C B œ - -9= B  - =38 Ba b " #. . .

Imposing the first boundary condition, we find that .  Hence  and- œ ! C B œ - =38 B" #a b .
C B œ - -9= Bwa b # . .  In order to satisfy the second boundary condition, it is necessary that
- -9= P œ ! œ #8  " Î #P 8 œ "ß #ßâ# . . 1.  For a nontrivial solution, , with .a b a b
Therefore the eigenvalues are

-
1

8

# #

#
œ  8 œ "ß #ßâ Þ

#8  "

%P

a b
, 

The corresponding  are given byeigenfunctions

C œ =38 8 œ "ß #ßâ Þ
#8  " B

#P
8

a b1
, 

Finally, for , the general solution is .  Based on the boundary conditions, it- œ ! linear
follows that .  Therefore all of the eigenvalues are negative.C B œ !a b
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17 .  Setting , write the general solution of the ODE  asa b+ œ C  C œ !- . .# ww #

C B œ 5 /  5 / Þa b " #
3 B  3 B. .

Imposing the boundary conditions , we obtain the system of equationsC ! œ C œ !a b a b1
5  5 œ !

5 /  5 / œ ! Þ

" #

" #
3  3.1 .1

The system has a  solution if and only if the coefficient matrix is .  Setnontrivial singular
the determinant equal to zero to obtain

/  / œ !3 3.1 .1 .

a b, œ  3 3 œ 3 .  Let .  Then , and the previous equation can be written. / 5 .1 /1 51
as

/ /  / / œ !51 /1 51 /13  3 .

Using Euler's relation, , we obtain/ œ -9=  3 =383/1 /1 /1

/ -9=  3 =38  / -9=  3 =38 œ !51 51a b a b/ / / / .

Equating the real and imaginary parts of the equation,

a ba b/  / -9= œ !

/  / =38 œ ! Þ

51 51

51 51





/1

/1

a b- œ 8 8 − -9= 8 Á !.  Based on the second equation, , .  Since , it follows that/ ˆ 1
/ œ / / œ " œ ! œ 8 8 −51 51 51 #, or .  Hence , and , .5 . ˆ


