CHAPTER 10. —

Section 10.3

1(a). The given function is assumed to be periodic with 2. = 2. The Fourier cosine
coefficients are given by

= %/LLf(x)d:c
:/_?(—1)dw+/01(1)d:1:
-0,

and forn > 0,

/ f(x coswdac

1
— —/ cosnmzda:+/ cos nmx dx
1 0
=0.

The Fourier sine coefficients are given by

/ f(x sin@dz‘

1
= —/ sin mrxd:c—l—/ sin nwxr dx
-1 0

1— cosnm
=2—
nmw

Therefore the Fourier series for the specified function is

4 & 1

= — in (2n — 1
f(x) g T sin (2n — 1)z

n=1
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The function is piecewise continuous on each finite interval. The points of discontinuity
are at integer values of x. At these points, the series converges to

[f(z =)+ flz+)]=0.

3(a). The given function is assumed to be periodic with 7" = 2L . The Fourier cosine
coefficients are given by
/ fla

and forn > 0,

1 L
=71 Lf coswda:

1

0 1 L
= E/_L(L + x)cos nzx dz + Z/o (L — z)cos n;r:z: dx

1 — cosnm

=2L

n2m?

The Fourier sine coefficients are given by

/ f(z sm—d:z:

nwT 1 [k nwT
L/_L( + z)sin 7 dx + L/o (L — z)sin 7 dx
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Therefore the Fourier series of the specified function is

L AL & 1 (2n — 1)z
f(;v)—§+?n:1<2n_1)2 cos 7
(b). For L =1,
1.4
1.2

-3 -2 -1 1 w2 3

Note that f(z) is continuous. Based on Theorem 10.3.1, the series converges to the
continuous function f(x).

5(a). The given function is assumed to be periodic with 2. = 27r. The Fourier cosine
coefficients are given by
-1 1@
/2

= ;/ﬂ/z(l)dﬂv

=1,

and forn > 0,

nmx
/ f(x)cos —dw
/2

= — 1)cos nx dx
7T/7r/2( )

2 . (nﬂ)
= —gsinl—).
nmw 2

The Fourier sine coefficients are given by
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1 /L
b, = Z/_Lf(x)sz'n?d:c
1

/2
= —/ (1)sin nx dx
™ —T/2
=0.
Observe that
nmw 0, n=2k
n|—) = k=1,2,---.
Sm(2) {(—1)k+l,n:2k:—1 ’ -

Therefore the Fourier series of the specified function is

f(x) = % - %i%cos@n—l)x.
n=1

29
1.84
167
1.44
1.24

1
0.87
064

[+]
0.44
0.24

-2
024 ®
0.44

The given function is piecewise continuous, with discontinuities at odd multiples of /2.
At x, =2k —-1)m/2,k =0,1,2,---, the series converges to

|f($d_)+f($d+)|:1/2-

6(a). The given function is assumed to be periodic with 2L = 2. The Fourier cosine
coefficients are given by

ay = %/ f(x)dz

L
-
1
:/@2
0

~1/3,

dx

and forn > 0,
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/ f(z cos@dx

:/ 2’cos nrr dx
0

2cosnm
n2m?

The Fourier sine coefficients are given by

. nTx
/ f(x sm—dm
:/ x’sin nrr dx
0
2 — 2cosnm + n’w?cosnw

n3m3

Therefore the Fourier series for the specified function is

fx) = 1—1—% i(_an)n cosnmr —

6 =

n37r3 nmw

[1—( —1)" —"7 .
—Z{ )]-I-( ) SINNMTT .

n=1

161
161
1.4
1.2

0.8
067
0.43
0.23

m_
a2
A
s}
L

023 X
0.4

The given function is piecewise continuous, with discontinuities at the odd integers .
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At x;=2k—1,k=0,1,2,---, the series converges to

|f(xg =) + flza+)[=1/2.
8(a). As shown in Problem 16 of Section 10.2,

flx) = 1-+-:£-:§i ———;E——;—cos(2n/——1)wax

41 08 05 04 02 02 04,06 08 |

n= 20
0.014

0.003

0.006

0.004

1 08 06 04 02 02 04,06 08 1

n= 40
0.0054

0.004
0.003

0.002

0.001

408 06 04 02 02 04,06 08 1
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n= 21

0.008 1

0.006

0.004

0.00

41 08 06 04 02 02 04,06 08 1

9(a). As shown in Problem 20 of Section 10.2,

flx)= — % Z (=1) Ismmr,r.
n=1

n

408 06 04 02 02 04,06 08 1

n= 20

Ll

408 0B 04 02 02 04,06 08 1
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n= 40
1_
0.8
0.6
0.4
0.2
41 08 05 04 02 02 04,06 08 1

(c). The given function is discontinuous at x = £ 1. At these points, the series will
converge to a value of zero. The error can never be made arbitrarily small.

10(a). As shown in Problem 22 of Section 10.2,
1 12 & 1 (2n — 1)z

n= 10

0.5

0.6

0.4+

0.2

[gul
[gul

0.5

0.6

0.4+

0.2+

ra
ra
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n= 40

1_

0.8

06

0.4

024 FMIM
2 -1 1 2

(c). The given function is discontinuous at x = + 2. At these points, the series will
converge to a value of — 1. The error can never be made arbitrarily small.

11(a). As shown in Problem 6, above ,

1 2 o0 _1”
flx) = é—f—p;( nQ) COSNTL —

(o —(—1)"] (-1)"] .
_Zl{[ ( )]—f—( ) sinnwx .

n3m3 nmw

n= 10
0.5

0.44
0.34
0.24

0.14

408 06 04 02 02 04,06 08 1
n= 20
0.5
0.4
0.3
0.2]

0.14

R,

1 08 06 04 02 02 04,06 08 1
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n= 40
0.59

0.44

0.39

0.24

0.14

he...

408 06 04 02 02 04,06 08 |

(c). The given function is piecewise continuous, with discontinuities at the odd integers .
At x;=2k—1,k=0,1,2,---, the series converges to

|f($d_)+f($d+)|:1/2-

At these points the error can never be made arbitrarily small.

13. The solution of the homogenous differential equation is
y.(t) = ¢, coswt + ¢, sinwt .

Given that w? # n?, we can use the method of undetermined coefficients to find a
particular solution

Hence the general solution of the ODE is

y(t) = cicoswt + ¢ sinwt + ———— sinnt.
w?—n
Imposing the initial conditions, we obtain the equations
C, = O
w e =0.
> + 2
It follows that ¢, = — n/[w(w? — n?)]. The solution of the IVP is
) 1 ot n ol
= ———=sinnt — ———— sinwt.
Y w? — n? w(w? — n?)

If w? = n?, then the forcing function is also one of the fundamental solutions of the
ODE.

The method of undetermined coefficients may still be used, with a more elaborate trial
solution. Using the method of variation of parameters, we obtain
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. 2 .
sin°nt cosnt sinnt
Y(t) = — cos nt/ dt + sin nt/—dt
n n
_ sinnt —ntcosnt
- 2n2 ’

In this case, the general solution is

t
y(t) = ¢, cosnt + ¢y sinnt — 3, €08 nt.
n

Invoking the initial conditions, we obtain ¢, = 0 and ¢, = 1/2n?. Therefore the
solution
of the IVP is

t
t) = —=sinnt — — cosnt.
y(t) = 2n? 2n

16. Note that the function f(¢) and the function given in Problem 8 have the same
Fourier
series. Therefore

ft) = % + % Z mcos@n— 1)mt.

The solution of the homogeneous problem is

y.(t) = ¢, coswt + ¢, sinwt .

Using the method of undetermined coefficients, we assume a particular solution of the
form

Y(t)=A+ Z A, cosnmt.
n=1

Substitution into the ODE and equating like terms results in A4, = 1/2w? and

an
Ay = 2 —n2n2”
It follows that the general solution is
4 — cos( 2n — )t
t) =c coswt +c smwt—i— — .
Setting y(0) = 1, we find that
Cl_l__Q_ii cosQn—l)wt .
2w —(2n-1) 7T2]
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Invoking the initial condition y’(0) = 0, we obtain ¢, = 0. Hence the solution of the
initial value problem is

1 cos( 2n - 1)7rt — coswt
y(t) = coswt — 2—coswt+ 5.2 + ﬁ Z

w? — (2n — 1)’ 2] .
17. Let
nmwx
by '——]
+ nz_:l [an cos + sin 7
Squaring both sides of the equation, we formally have
|f x —i—Z[a cos’ —i—bQ } +agz [an cos —&—bn sm? +
+ Z [cmn cos sm?} .
m#n

Integrating both sides of the last equation, and using the orthogonality conditions,

L 2d . La(Q)d+OO LQ 2nﬂ'xd LbQ,Qmm‘d
_L|f(x)| xr = —ax Z /_ancos I x—l—/_L nsmT T

:%L+§:aL+M

n=1

Therefore,
I 2 ag (2 2
ZZN“”MZ?+Z¥%+W‘

19(a). As shown in the Example, the Fourier series of the function

0, —L<z<0
ﬂ@_{g O<z<L,

is given by

L N 2L~ 1 (2n—1)mx
= sin
2 o — 1 3

Setting L =1,

page 627



CHAPTER 10. —

It follows that

ni?’ﬂl— sin(2n — 1)mx = g [f(m) — %] (i)
(b). Given that

g(x) = i% sin(2n — )7z, (1)

and subtracting Eq.(i4) from Eq.(7), we find that

T 1 — 2n —1 .
g(x) — B) [f(x) — —} = ;m sin(2n — 1)mx —

o
— Z ! sin(2n — 1)z
—2n—1

Based on the fact that
2n —1 1 1

1+@2n—17 20—1  @n-D[1+@2n-1)7"

and the fact that we can combine the two series, it follows that

glz) = g{ ] i (2n QSZ? 2n+_<;:rf ONN
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