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Section 5.6

1. P(xz) =0whenx = 0. Since the three coefficients have no common factors, z = 0
is a singular point. Near x = 0,

1 1
| =1 — = =
limz p(w) = lim 25> = 3
lima?q(x) = hm :1:21 =0.
x—0 —0 2

Hence = = 0 is a regular singular point. Let
o0
Yy = :I:T(ao + a4 ayx® + -+ apz” + ) = Zanx””

Then

o0
E 7"+7’L anl,rJrnfl
n=>0

and

o0

Z r+n)(r+n—1)a,z" "2

Substitution into the ODE results in

2 Z (r+n)(r+n—1a, 2™ + Z(r +n)a,x "+
n=0 —

o0
_|_ E anxT+’n+1 — O .
n=>0

That is,
o0
22(r+n)(r+n—1)an ”"-I—Z T+nanxr+”+2an 22" =0.
n=0 n=0 =
It follows that

agl2r(r — 1) +rlz" + a1 2(r + D)r +r + 1]x7'+1 +

_|_

Nk

2(r +n)(r+n—1a, + (r+n)a, +a, o]z =0.

n=2

Assuming that ay # 0, we obtain the indicial equation 2r* — r = 0, with roots r, = 1/2
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and r, = 0. It immediately follows that a; = 0. Setting the remaining coefficients
equal
to zero, we have

— ap-2

“E Rt 1 "

For r = 1/2, the recurrence relation becomes

— Ap—2

2 =23,
n(1+ 2n) "

Ay =

Since a; = 0, the odd coefficients are zero. Furthermore, fork =1,2,---,

— k2 agk—4 _ (—1)*aq

YT ORI+ 4k)  (2k—2)(2k)(4k —3)(4k + 1)  2FKI5-9-13---(4k + 1)

For r = 0, the recurrence relation becomes

— Qp—2

2 —92.3 ...
n(2n—1)° e

an =

Since a; = 0, the odd coefficients are zero, and for k = 1,2, ---,

— Qgp—2 A2k —4 B (—1)fag

2k(4k —1)  (2k —2)(2k)(4k —5)(4k — 1)  2+E!3-7-11---(4k — 1)~

Qg =

The two linearly independent solutions are

(_1>k 2k
yi(z) =z 1+22kkl5 9.13---(4k + 1)

1 (= 1)F g2
Yo(w) = +22kk'3 7-11---(4k — 1)

3. Note that z p(z) = 0 and x°q(x) = =, which are both analytic at z = 0. Set
y=12"(ay+ ayx + x4 - 4 apa” + --+). Substitution into the ODE results in

NgE

(r+n)(r+n—1a, 2™ + i a,x’ =0,
n=0

q
Il
o

and after multiplying both sides of the equation by =,

Zr-l—n (r+mn-—1a, T+"+Zan 1" =0.

n=1

It follows that

page 221



CHAPTER 5. ——

ap[r(r —1)]z" + i [(r+n)(r+n—1a,+a, 1]z"" =0.

n=1

Setting the coefficients equal to zero, the indicial equation is r(r — 1) = 0. The roots
are r;, =1 and r, = 0. Herer;, — r, = 1. The recurrence relation is

— Qp—1 1.9
an = > M= 1,4,
(r+n)(r+n-1)
Forr=1,
— Qp—1
n — 5 _1727
¢ n(n+1)
Hence forn > 1,
S Qn—2 _ .- (=D
" nn+1) (n—1)n%(n+1) nl(n+ 1)

Therefore one solution is

5. Here x p(z) = 2/3 and z%q(x) = 2?/3, which are both analytic at x = 0. Set
y = 2" (ay + a1z + a,x® + -+ + a,x"™ + --+). Substitution into the ODE results in

32 (r+n)(r+n-—1a,2""" + 22 (r+n)a, ™" + Z apx™t? =0.
n=0 n=0 n=0
It follows that
ag[3r(r — 1) + 2r)z" 4+ a[3(r + 1)r + 2(r + 1)]z" +
+ 2[3(7“ +n)(r+mn—1)a, +2(r +n)a, +a, 2]z’ =0.
n=2

Assuming ag # 0, the indicial equation is 3r* —r = 0, with roots r; = 1/3,7r,=0.
Setting the remaining coefficients equal to zero, we have a; = 0, and

(r+n)[3(r;n) —1]°

an = n=223,--.
It immediately follows that the odd coefficients are equal to zero. Forr =1/3,

— Ap—2

=%, =23,
n(1+ 3n) "

Qn

Sofork=1,2,---,
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Qo = ——2h=2 G2k—4 _ (= 1)"aq
T 2k(6k+ 1) (2k — 2)(2k)(6k — 5)(6k+1)  2FkIT-13---(6k+ 1)

Forr =0,
— Gp-2
n= e =23,
¢ n(3n —1) "
Sofork=1,2,---,
I — Gok—2 A2k—4 _ (_1)ka0
2k 2k(6k — 1)  (2k —2)(2k)(6k —7)(6k —1)  2FK!5-11---(6k —1)°

The two linearly independent solutions are

_ 1 N (-1 2\
yi(z) = '/ 1+;k!7.13---(6k+1)(5)]

s (2D ey
yz(x)—1+;k!5.11...(6k_1)(?) '

6. Note that z p(x) = 1 and z%q(x) = x — 2, which are both analytic at z = 0. Set
y=12"(ay+ ayx + a4+ - 4 apa” + --+). Substitution into the ODE results in

o0

o
Z (r+n)(r+mn-1a,z"" + Z (r+mn)a, ™" +
n=0 n=0

o0 o0
+ Z apx T — 22 a7 =0.
n=0 n=0
After adjusting the indices in the second-to-last series, we obtain

aglr(r—1) 4+ r —2]z" + Z[(r—i— n)(r+n—Da, + (r +n)a, — 2a, + a,_i]z" " = 0.
n=1

Assuming ag # 0, the indicial equation is r* — 2 = 0, with roots 7 = & \/5 . Setting
the remaining coefficients equal to zero, the recurrence relation is

TS
(r+mn)”—2
First note that (7’+n)2—2: (r+n+ \/5)(7’+n—\/§>. Soforr:ﬁ,
4y = —— L =19

n<n+2\/§>
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It follows that

Qp =

and therefore

— 1"
(—1)%a n=1,2,-

n!(1+2\/§) <2+2\/§)---(n+2\/§) ’

— Ap—1
ap=——""1  n=1,2-,

n(n—2\/§>

—1)"
(= 1)a —1.2

a, =
n!

(e (o)

The two linearly independent solutions are

yi(z) ==

ys(x) = V2|1 +

7. Here zp(x) =1

NG N (—1)"a"
H; n!(1+2\/§) (2+2\/§)---<n+2\/§>_

S (-1

T (RPN | EEWC R CEw

—x and z%q(z) = — z, which are both analytic at x = 0. Set

y = 2"(ay + a1z + ayx® + -+ + a,x" + --+). Substitution into the ODE results in

o0
Z r+n)( r+n—1)anazr+"71+

After multiplying bo

r+n—1 _

M2

(r+mn)a, x
0

00 00
— E (7‘ + n)a” xr—i—n . § : anxr+n =0
n=0 n=0

3
|

th sides by =,

o
Z r+n)(r+mn-—1)a, ”"%—Z r+n)a, " —

n=0
00

0
} : et } : +nt
T—|—7’L a, Pl I anx7+” 1 _ 0.
n=0

After adjusting the indices in the last two series, we obtain

page 224



CHAPTER 5. ——

ao[r(r —1) +rjz" + Z[(r +n)(r+n—1a, + (r+n)a, — (r+n)a, ]z " = 0.

n=1

Assuming ay # 0, the indicial equation is r*> = 0, with roots r, = r, = 0. Setting
the remaining coefficients equal to zero, the recurrence relation is

ap—1

a, = s 7@::1,27”.
" r+n
Withr =0,
an::an_l’ n::l,Z
n
Hence one solution is
2 n
_ T ¥ LT e
yl(x)—1+1!+2!+ +n!+ =e".

8. Note that x p(z) = 3/2 and 2?q(z) = 2% — 1/2, which are both analytic at z = 0.
Set y = 2"(ay + ayx + ax* + -+ + a,x™ + ---). Substitution into the ODE results in

22 (r+n)(r+mn-1a,z"" + 32 (r+mn)a, ™™ +
n=0 n=0

) )
+ 2§ anxT+n+2 _ E anxT+n =0.
n=0 n=>0

After adjusting the indices in the second-to-last series, we obtain

apl2r(r—1)+3r—1]z" + a12(r+ D)r+3(r+1) — 1] +

o0

+ 3 2(r +0)(r + 1 — Day + 3(r + n)ay — ay + 2a,_oJa™" = 0.

n=2

Assuming ag # 0, the indicial equation is 2r* +r — 1 = 0, with roots r, = 1/2 and
ry = — 1. Setting the remaining coefficients equal to zero, the recurrence relation is

_2an—2 n_23
(r+n+D[20r+n) -1~ 77

ap =
Setting the remaining coefficients equal to zero, we have a; = 0, which implies that all
of the odd coefficients are zero. Withr =1/2,

- 2an—2

L= 2 93
¢ n(2n + 3) "

Sofork=1,2,---,
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- — Q2k—2 _ Aok —4 _ ( — 1)ka0
T k(4k+3) (k- Dk(dk —5)(4k+3)  Kkl7-11---(4dk+3)

Withr = —1,
_2an72
W= o =2,3,
¢ n(2n — 3) "
Sofork=1,2,---,
T Q2 a2} —4 _ (—1)ka0
A2k =

k(4k —3)  (k—1)k(4k —11)(4k —3)  k!5-9---(4k —3) °

The two linearly independent solutions are

_ l)n 2n
1
y(z) +Zn'7 11---(4n +3)
n _.2n
- )"z
1
ve(2) +Zn'5 9. 4n—3)]
9. Note that z p(r) = — 2 — 3 and z°q(x) = x + 3, which are both analytic atz = 0.

Sety = z"(ay + a1 + a,x® + -+ + a,z" + ---). Substitution into the ODE results in

o0 o0
Zr%—n(r—i—n—lan Zr—l—nan rintl _ Zr—i—nan
n=>0

i nxr+n+1 + 32 anl,rJrn —0.

After adjusting the indices in the second-to-last series, we obtain
aglr(r—1) —3r + 3|z" +
+ Z[(r +n)(r+n—1)a,—(r+n—2)a,_1 —3(r+n-1)a,)z"" =0.
n=1

Assuming ay # 0, the indicial equation is r*> — 4r + 3 = 0, with roots r, = 3 and

ry, = 1. Setting the remaining coefficients equal to zero, the recurrence relation is
(r+n—2)a,1

(r+n—1)(r+n—23)

an = , n=1,2 -

With r =3,
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a, = M’ n=1,2,-
n(n + 2)
It follows that forn > 1,
(n + 1)a'n—1 an—2 2 ag
a’TL = = == —
n(n + 2) (n—1)(n+2) n!(n+2)

Therefore one solution is

—I

1+Zn' n+2]

10. Here x p(z) = 0 and 2?q(x) = x* + 1/4, which are both analytic at x = 0.
Sety = z2"(ay + a,x + ayx® + -+ + a,z" + ---). Substitution into the ODE results in

o0

Z r+n)(r+n-—1)a, 7+”+Zanx7+“+2+ Zan Hno— ),
n=0

After adjusting the indices in the second series, we obtain

1:| xr+1 +

“0[7"(7“—1)4'%]%" +a1[(r+1)r+ 1

> 1
+ Z |:(T—|—7’L)<T’ +n— 1)an + Zan + an2:| errn =0.

Assuming ay # 0, the indicial equation is > — r + i = 0, with roots r, =7, = 1/2.
Setting the remaining coefficients equal to zero, we find that a; = 0. The recurrence
relation is

Gy= M2 93
To2r+2m—1)% o
Withr = 1/2,

Since a1 = 0, the odd coefficients are zero. So for k > 1,

k
a?k‘ prnd _ a2k72 frnd a2k74 — . = 7( _ 1) aO
4k? A2(k — 1)%k2 4k (kN?

Therefore one solution is
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T 2Y T2l
Forxz =1,
T 1
po = lim(z — Dp(x) = lim —— = 5
o = lim(r —1'g(a) = tim T g,
Forz = —1,
. T 1
po = Jim (o + 1p(x) =lim 777 =5
qo = Ili@l(x +1)%q(z) ::Elir{ll % =0.
Hence both x = — 1 and x = 1 are regular singular points. As shown in Example 1,

the indicial equation is given by
r(r—1)+ por+qo=0.

In this case, both sets of roots are 7, = 1/2 and 7, = 0.

(b). Lett =2 — 1, and u(t) = y(t + 1). Under this change of variable, the differential
equation becomes

(+2t)u” + (t+1u’ —a’u=0.

o0
Based on Part (a), t = 0 is a regular singular point. Set u =Y a, t"*". Substitution
n=0
into the ODE results in

o
Z (r+n)( r+n—1)ant’"+n+22 (r+n)(r+n—1a, ™"+
n=0

o0
Z r+n)a, ™" + Z r+n)a,t™ " 1 QZ a,t’t" =

Upon inspection, we can also write
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o0

[0.9]
(7“ + TL) (r +n— %)an prn=1 _ QQZ antwrn = 0.

00
Z (r+n)’an t™" + 2
n=>0 n=>0 n=>0

After adjusting the indices in the second series, it follows that

o0
IN] = 1
ao[Zr(r—§>}t 1y E [(r+n)2an+2(r+n+1)<r+n+ 5>an+1—a2an

n=>0

t7‘+71, — 0

Assuming that ay # 0, the indicial equation is 2r* —r = 0, with roots r = 0, 1/2.
The recurrence relation is

1
(T—i—n)2a7,/—|—2(r+n—|—1)(7’—l—n—l—§>an+1_a2an:0, 7’1,:0,1,2,..‘_

With r, = 1/2, we find that forn > 1,
40 — (2n —1)*
Ay = Qp—1
dn(2n + 1)
_(_1p [1—4a?][9 — 4a?]---[(2n — 1)* — 4a?]
B 27(2n + 1)!

ag .

With r, = 0, we find that forn > 1,
o2 —(n—1)>
n(2n —1)
al —a)[l —a?][4 - a2]---[(n — 1)2 — aQ]

ap = An—1

— _ 1 n .
(=1 nl-3-5--(2n — 1) 0
The two linearly independent solutions of the Chebyshev equation are
N P PO e 10 ok 0 0 (G Vs PN
ple) =l =11+ D (- 20(2n + 1)! (z—-1)

13. Here x p(z) = 1 — x and x?q(z) = X\ =, which are both analytic atz = 0.
In fact,

Po = lir%x p(zr) =1and ¢y = lin})xQQ(m) =0.

Hence the indicial equation is r(r — 1) +r = 0, with roots r,, = 0. Set
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y=ay+ax+ ax? + - +ax" + -

Substitution into the ODE results in

I Mé%
3
-
§
]
S
S
|

That is,
i (n+ Dap 2" + i n+ Day 2" —
- Znanm’ -I—)\Z a,x"
n=1
It follows that
a; + Aag + i [(n+ 1 2ap41 — (n — Na,|z" =0.
n=1
Setting the coefficients equal to zero, we find that a; = — Aag, and
L C PP
That is, forn > 2,
0 = (n—1-=2X) 4 == (=N =X)-(n=1-=X) a.

n2

(n!)?

Therefore one solution of the Laguerre equation is

n—1—MX
— 1—1—2 (7)1')( )x".

Note that if A\ = m, a positive integer, then a,, = 0 for n > m + 1. In that case, the
solution is a polynomial

RN NE\ (E SR e

n=1 (TL')
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