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Section 9.2

2.  The differential equations can be combined to obtain a related ODE

.C #C

.B B
œ  Þ

The equation is separable, with

.C # .B

C B
œ  Þ

The solution is given by   Note that the system is , and hence weC œ G B Þ# uncoupled
also have  and .B œ B / C œ C /! !

> #>

In order to determine the direction of motion along the trajectories, observe that for
positive decrease increase. initial conditions,  will , whereas  will B C

4.  The trajectories of the system satisfy the ODE

.C ,B

.B +C
œ  Þ

The equation is separable, with

+C .C œ  ,B.B Þ

Hence the trajectories are given by , in which  is arbitrary.  Evidently,, B  + C œ G G# # #

the trajectories are .  Invoking the initial condition, we find that .  Theellipses G œ +,#

system of ODEs can also be written as

.

.>
œ

! +
 , !

x
xŒ   .

Using the methods in Chapter , it is easy to show that(

B œ + -9= +, >

C œ  , =38 +, > Þ

È È
È È
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Note that for  initial conditions,  will , whereas  will positive crease crease.B C ./38

5 .  The critical points are given by the solution set of the equationsa b+
B "  C œ !

C "  #B œ ! Þ

a ba b
Clearly,  is a solution.   If , then  and  .  Hence the criticala b! ß ! B Á ! C œ " B œ  "Î#
points are  and .a b a b! ß !  "Î# ß "

a b, .

a b- .  Based on the phase portrait, all trajectories starting near the origin .  Hencediverge
the critical point  is .  Examining the phase curves near the critical pointa b! ß ! unstablea b "Î# ß " ,
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the equilibrium point has the properties of a , and hence it is .saddle unstable

6 .  The critical points are solutions of the equationsa b+
"  #C œ !

"  $B œ ! Þ#

There are two equilibrium points,  and Š ‹ Š ‹È È "Î $ ß  "Î# "Î $ ß  "Î# Þ

a b, Þ

a b- .  Locally, the trajectories near the point  resemble the behavior nearŠ ‹È "Î $ ß  "Î#

a .  Hence the critical point is .  Near the point , thesaddle unstable Š ‹È"Î $ ß  "Î#

solutions are .  Therefore the second critical point is .periodic stable

8 .  The critical points are solutions of the equationsa b+
 B  C "  B  C œ !

B #  C œ ! Þ

a ba ba b
If , then  or   If , then  and , orB œ C B œ C œ ! B œ C œ  # Þ B œ "  C B œ ! C œ "
B œ $ C œ  # Þ ! ß ! ß  # ß  # ß ! ß " and   It follows that the critical points are a b a b a b
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and a b$ ß  # Þ

a b, Þ

a b- .  Near the origin, the trajectories resemble those of a , and hence it is .saddle unstable

Near the critical point , the trajectories resemble those of a stable .  Hence thea b! ß " spiral
equilibrium point is .asymptotically stable

Based on the global phase portrait, it is evident that the other critical points are nodes.
Closer examination reveals that the point  is , whereasa b # ß  # asymptotically stable
the point  is .a b$ ß  # unstable
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9 .  The critical points are given by the solution set of the equationsa b+
C #  B  C œ !

 B  C  #BC œ ! Þ

a b
Clearly,  is a critical point.  If , then it follows that .  Thea b a b! ß ! B œ #  C C C  # œ "

additional critical points are  and Š ‹ Š ‹È È È È"  # ß "  # "  # ß "  # Þ

a b, .

a b a b- ! ß !.  The behavior near the origin is that of a .  Hence the point  isstable spiral
asymptotically stable.

At the critical point , the trajectories resemble those near a .Š ‹È È"  # ß "  # saddle
Hence the critical point is .unstable
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Near the point , the trajectories resemble those near a .Š ‹È È"  # ß "  # saddle
Hence the critical point is also .unstable

10   The critical points are solutions of the equationsa b+ Þ

a ba bˆ ‰#  B C  B œ !

C #  B  B œ ! Þ#

The origin is evidently a critical point.  If , then .  If , then eitherB œ  # C œ ! B œ C
C œ ! B œ C œ  " B œ C œ #  # ß ! or  or .  Hence the other critical points are ,a ba b a b " ß  " # ß # and .
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a b, .

a b a b a b- ! ß !  # ß !.  Based on the global phase portrait, the critical points  and  have the
characteristics of a .  Hence these points are .  The behavior near thesaddle unstable
remaining two critical points resembles those near a .  Hence the criticalstable spiral
points  and  are .a b a b " ß  " # ß # asymptotically stable

11 .  The critical points are given by the solution set of the equationsa b+
B "  #C œ !

C  B  C œ ! Þ

a b
# #

If , then either  or .  If , then .  Hence the criticalB œ ! C œ ! C œ " C œ "Î# B œ „"Î#
points are at , ,  and .a b a b a b a b! ß ! ! ß "  "Î# ß "Î# "Î# ß "Î#

a b, .

a b a b a b-  "Î# ß "Î# "Î# ß "Î#.  The trajectories near the critical points  and  are closed
curves.  Hence the critical points have the characteristics of a , which is .center stable
The trajectories near the critical points  and  resemble those near a .a b a b! ß ! !ß " saddle
Hence these critical points are .unstable
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13 .  The critical points are solutions of the equationsa b+
a ba ba ba b#  B C  B œ !

%  B C  B œ ! Þ

If , then either  or   If , then .  If ,C œ B B œ C œ ! B œ C œ % Þ B œ  # C œ # B œ  C
then  or .  Hence the critical points are at ,  and .C œ # C œ ! ! ß ! % ß %  # ß #a b a b a b
a b, .

a b a b- % ß %.  The critical point at  is evidently a , which is stable spiral asymptotically
stable saddle.  Closer examination of the critical point at  reveals that it is a ,a b! ß !
which is .unstable

The trajectories near the critical point  resemble those near an .a b # ß # unstable node
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14 .  The critical points consist of the solution set of the equationsa b+
C œ !

"  B C  B œ ! Þˆ ‰#
It is easy to see that the only critical point is at .a b! ß !

a b, .

a b- .  The origin is an .unstable spiral

16 .  The trajectories are solutions of the differential equationa b+
.C %B

.B C
œ  ,

which can also be written as .  Integrating, we obtain%B .B  C .C œ !

%B  C œ G# # #.

Hence the trajectories are ellipses.
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a b, .

Based on the differential equations, the direction of motion on each trajectory is
clockwise.

17 .  The trajectories of the system satisfy the ODEa b+
.C #B  C

.B C
œ ,

which can also be written as .  This differential equation isa b#B  C .B  C.C œ !
homogeneous.  Setting , we obtainC œ B@ Ba b

@  B œ  "
.@ #

.B @
,

that is,

B œ Þ
.@ #  @  @

.B @

#

The resulting ODE is , with solution .  Reverting backseparable B @  " @  # œ G$ #a ba b
to the original variables, the trajectories are level curves of

L B ß C œ B  C C  #B Þa b a ba b#
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a b, .

The origin is a .  Along the line , solutions increase without bound.  Alongsaddle C œ #B
the line , solutions converge toward the origin.C œ  B

18 .  The trajectories are solutions of the differential equationa b+
.C B  C

.B B  C
œ ,

which is .  Setting , we obtainhomogeneous C œ B@ Ba b
@  B œ

.@ B  B@

.B B  B@
,

that is,

B œ Þ
.@ "  @

.B "  @

#

The resulting ODE is , with solutionseparable

+<->+8 @ œ 68 B "  @ Þa b k kÈ #

Reverting back to the original variables, the trajectories are level curves of

L B ß C œ +<->+8 CÎB  68 B  C Þa b a b È # #



—————————————————————————— ——CHAPTER 9. 

________________________________________________________________________
            page 521

a b, .

The origin is a .stable spiral

20 .  The trajectories are solutions of the differential equationa b+
.C  #BC  'BC

.B #B C  $B  %C
œ

#

# #
,

which can also be written as .  Thea b a b#BC  'BC .B  #B C  $B  %C .C œ !# # #

resulting ODE is , withexact

`L `L

`B `C
œ #BC  'BC œ #B C  $B  %C# # # and .

Integrating the first equation, we find that .  It followsL B ß C œ B C  $B C  0 Ca b a b# # #

that

`L

`C
œ #B C  $B  0 C# # wa b.

Comparing the two partial derivatives, we obtain .  Hence0 C œ  #C  -a b #

L B ß C œ B C  $B C  #C Þa b # # # #
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a b, .

The associated direction field shows the direction of motion along the trajectories.

22 .  The trajectories are solutions of the differential equationa b+
.C  'B  B

.B ' C
œ

$

,

which can also be written as .  The resulting ODE is ,a b' B  B .B  ' C.C œ !$ exact
with

`L `L

`B `C
œ 'B  B œ ' C$  and .

Integrating the first equation, we have .  It follows thatL B ß C œ $B  B Î%  0 Ca b a b# %

`L

`C
œ 0 Cwa b.

Comparing the two partial derivatives, we conclude that .  Hence0 C œ $C  -a b #
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L B ß C œ $B   $C Þ
B

%
a b # #

%

a b, .


