CHAPTER 2. ——

Section 2.9

1. Writing the equation foreachn > 0,4y, = —0.9y,, .= —09y,,y3 = — 0.9y,
and so on, it is apparent that y, = ( — 0.9)" y, . The terms constitute an alternating
series, which converge to zero, regardless of ¥, .

3. Write the equation for eachn > 0, y, = \/§y0 s Y = \/4/2 Y1, ys = /D)3 Yy,
Upon substitution, we find that y, = /(4 -3)/2 y1, y3 = \/(5 4-3)/(3-2) yo, -
It can be proved by mathematical induction, that

1 [(n+2)
yn_ﬁ ol Yo
1
:ﬁ\/(n+1)(n+2)y0.

This sequence is divergent, except for y, = 0.

4. Writing the equation foreachn > 0, y1 = — Yy, Yo = Y1, Ys = — Yo, Ys = Y3,
and so on, it can be shown that

_ Yo , forn=4korn=4k—1
U= =y , forn=4k—2orn=4k—3

The sequence is convergent only for y, = 0.

6. Writing the equation for eachn > 0,

y1 = 0.5y, +6
Yo = 0.59; +6 = 0.5(0.5y, + 6) + 6 = (0.5)%y, 4+ 6 + (0.5)6
ys = 0.59, 4+ 6 = 0.5(0.5y, + 6) + 6 = (0.5)%yy + 6[1 4 (0.5) + (0.5)?]

g = (05)"90 + 12[1 — (0.5)"

which can be verified by mathematical induction. The sequence is convergent for all y, ,
and in fact y, —»12.

7. Let y, be the balance at the end of the n-th day. Then y,,, = (1 + r/356)y, . The
solution of this difference equation is y, = (1 4 r/365)" y, , in which y, is the initial
balance. At the end of one year, the balance is y;; = (1 + r/365)” y,. Given that

r = .07, yss = (1 +7/365)*" 35 = 1.0725 3, . Hence the effective annual yield is
(1.0725 90 — yo) /Yo = 7.25%.

8. Let y, be the balance at the end of the n-th month. Then y,.; = (1 +7/12)y, +25.
As in the previous solutions, we have
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y —p"[y 25 } n 25

n 0 1 —p 1 —p s
in which p = (1 + r/12). Here r is the annual interest rate, given as 8 %. Therefore
ys = (1.0066)* | 1000 + %] — U225 _ 9 983.63 dollars.

r

9. Let y, be the balance due at the end of the n-th month. The appropriate difference
equation is y,., = (1 +r/12)y, — P. Here r is the annual interest rate and P is the
monthly payment. The solution, in terms of the amount borrowed, is given by

P
1—p°

P
y":pn[yo—i_l ]
—p

in which p = (1 4+ r/12) and y, = 8,000 . To figure out the monthly payment, P, we
require that ¢33 = 0. That s,

P ] P

P36 [?JU + 1
—p

pr— 1 — p .
After the specified amounts are substituted, we find the P = $258.14.

11. Let y, be the balance due at the end of the n-th month. The appropriate difference

equation is y,,; = (1 +r/12)y, — P, in which r = .09 and P is the monthly payment.
The initial value of the mortgage is y, = 100,000 dollars. Then the balance due at the
end of the n-th month is

P}_P

where p = (1 +7/12). In terms of the specified values,

S 12P]  12P
y, = (0.0075)"10° — —=— | 4+ =

r r

Setting n = 30(12) = 360, and ys4 = 0, we find that P = 804.62 dollars. For the
monthly payment corresponding to a 20 year mortgage, set n = 240 and 3,y = 0.

12. Let y, be the balance due at the end of the n-t2 month, with y, the initial value of the
mortgage. The appropriate difference equation is y,.;, = (1 +r/12) y, — P, in which

r = 0.1 and P = 900 dollars is the maximum monthly payment. Given that the life of
the mortgage is 20 years, we require that 1,,, = 0. The balance due at the end of the n-
th month is

T P

In terms of the specified values for the parameters, the solution of
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210 12(1000) 12(1000)
(.00833)20 |y, — | = -
0.1 0.1
is yo = 103,624.62 dollars.
15.
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16. For example, take p = 3.5 and uy = 1.1:
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19(a). 6, = (pr — p1)/(ps — ps) = (3.449 — 3)/(3.544 — 3.449) = 4.7263 .

(b). % diff = 2 x 100 = L2 AT 5 100 ~1.22 % .

(d). A period 16 solutions appears near p =~ 3.565.
p=3.565
1 -

o o % o e % o e ® o
0.8

064
Y ] o ] o o ]
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0.21

Uso &0 70 , &0 90 100

(e). Note that (p,,1 — p.) = 6, (p, — pu_1). With the assumption that 6, = 8, we have
(Pns1 — Pu) = 6 (pn — pu_1), which is of the form y,,, = ay,,n > 3. It follows that
(pr — pk_l) 6% "(pg, — py) fork > 4. Then

Pr = Pt (2= p) (P = p2) + (pu = p) -+ (P = pi1)
=pit+(p—p)+(ps—p)[1+6"+67 4+ 67

1_54 n
= p1+ (pa— p1) + (3 — p2) 161 |

Hence lim p, = py + (ps — ps) [6%1] Substitution of the appropriate values yields
n—oo

lim p, = 3.5699

n—oo
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Miscellaneous Problems

1. Linear [y=c/a®+23/5].

2. Homogeneous [arctan(y/z) — In\/z2 + 42 = ¢ ].
3. Exact (2?2 + 2y —3y—y>=0].

4. Linear in z(y) [z =ceV+yeY].

5. Exact [y + 2y’ +x=c].

6. Linear [y=az'(1—e"")].

7. Letu = 2? (22 +1y2+1=ce’].

8. Linear [y = (4+cos2—cosz)/z?].

9. Exact [2?y+ 2 +9y° =c].

10. p = p(z) [y /2 +y/a? =c].

11. Exact [23/3 + 2y +e¥ =c].

12. Linear [y=ce " +e "In(l+e")].

13. Homogeneous [2\/y/x —In|z|=c].

14. Exact/Homogeneous [ z? + 2zy + 2y* = 34].
15. Separable [y =c/cosh?(x/2)].

16. Homogeneous | (2/\/§) arctan [(Zy - x)/\/gx} —In|z| = c].
17. Linear [y = ce’ — e ].

18. Linear/Homogeneous [y =cz 2 —x].

19. p = p(z) [3y — 22y — 10z = 0].

20. Separable [e" +e ¥ =c].

21. Homogeneous [e ¥/* +in|z| = c].

22. Separable [y + 3y — 2% + 3z = 2].

23. Bernoulli [1/y= —z[x2e* dx + cx].
24. Separable [ sin*z siny = c].

25. Exact [ 22y + arctan(y/x) = c].

26. p = p(x) [ 22 + 22%y — y? = c].

27. u= pu(z) [ sinx cos2y — § sin*z = c].
28. Exact  [2zy+azy® — 2P =c].

29. Homogeneous [arcsin(y/x) —In|z| = c].
30. Linearinz(y) [zy® —Inly| =0].

31. Separable [z +in|z|+z +y—2Inlyl =c].
32. p=p(y) [2%y® + oy’ = —4].
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