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/ @  #/  > "  > / @ œ # "  > /> ww > > w > ‘a b a b" ,

that is, .  This equation is first order linear in@  #  > Î "  > @ œ # "  > /ww w #>c d a ba b a b
@ œ / Î >  "w >, with integrating factor .  The solution is. a b

@ œ >  " #/  - /w #> >a bˆ ‰" .

Integrating, we obtain   Hence the solution of the@ > œ "Î#  > /  - >/  - Þa b a b #> >
" #

original ODE is .C > œ "Î#  > /  - >  - /a b a b > >
" #

Section 3.8

1.   and  and   HenceV-9= œ $ V=38 œ % Ê V œ #& œ & œ +<->+8Ð%Î$ÑÞ$ $ $È
? œ & -9= #>  !Þ*#($ Þa b

3.   and  and V-9= œ % V=38 œ  # Ê V œ #! œ # & œ  +<->+8Ð"Î#ÑÞ$ $ $È È
Hence

? œ # & -9= $>  !Þ%'$' ÞÈ a b
4.   and  and .V-9= œ  # V=38 œ  $ Ê V œ "$ œ  +<->+8Ð$Î#Ñ$ $ $ 1È
Hence

? œ "$ -9= >  %Þ"#%% ÞÈ a b1

5.  The spring constant is  5 œ #Î "Î# œ %a b lb/ft lb-s /ft.  Mass  .7 œ #Î$# œ "Î"' #

Since there is no damping, the equation of motion is

"

"'
?  %? œ !ww ,

that is, .  The initial conditions are  ,  .  The?  '%? œ ! ? ! œ "Î% ? ! œ !ww wa b a bft fps
general solution is .  Invoking the initial conditions, we have? > œ E -9= )>  F =38 )>a b
? > œ -9= )> V œ $ œ ! œ ) X œ Î%a b "

% .   ,  ,   , and  .inches rad rad/s sec$ = 1!

7.  The spring constant is  5 œ $Î "Î% œ "#a b lb/ft lb-s /ft.  Mass  . Since7 œ $Î$# #

there is no damping, the equation of motion is

$

$#
?  "#? œ !ww ,

that is, .  The initial conditions are  ,  .?  "#)? œ ! ? ! œ  "Î"# ? ! œ #ww wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= ) # >  F =38 ) # >a b È È
conditions, we have
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? > œ  -9= ) # >  =38 ) # >
" "

"# % #
a b È ÈÈ .

V œ ""Î"# œ  +>+8 œ ) # X œ ÎÈ È ,  ,  , and  .ft rad rad/s sec$ 1 = 1Š ‹ Š ‹È È$Î # % #!

10.  The spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft.  Mass  .  The7 œ "Î# #

damping coefficient is  .  Hence the equation of motion is# œ # lb-sec/ft

"

#
?  #?  '%? œ !ww w ,

that is, .  The initial conditions are  , .?  %?  "#)? œ ! ? ! œ ! ? ! œ "Î%ww w wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= # $" >  F =38 # $" >a b È È
conditions, we have

? > œ / =38 # $" >
"

) $"
a b È È#> .

Solving , on the interval , , we obtain  .? > œ ! !Þ# !Þ% > œ Î# $" œ !Þ#)#"a b c d È1 sec
Based on the graph, and the solution of , we have  for? > œ !Þ!" ? > Ÿ !Þ!"a b k ka b
>   œ !Þ#"%&7 .

11.  .  The damping coefficient is given asThe spring constant is  5 œ $Î Þ" œ $!a b N/m
# œ $Î& .  Hence the equation of motion isN-sec/m

#?  ?  $!? œ !
$

&
ww w ,

that is, .  The initial conditions are   and?  !Þ$?  "&? œ ! ? ! œ !Þ!&ww w a b 7
? ! œ !Þ!" ? > œ E -9= >  F =38 >wa b a b7Î= .  The general solution is , in which. .
. œ $Þ)(!!) .  Invoking the initial conditions, we haverad/s

? > œ / !Þ!&-9= >  !Þ!!%&#=38 >a b a b >0.15 . . .

Also, .. =Î œ $Þ)(!!)Î "& ¸ !Þ***#&!
È
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13.  The frequency of the  motion is .  The quasi frequency of theundamped =! œ "
damped
motion is   Setting , we obtain . # . = #œ %  Þ œ œ & Þ" # #

# $ $
#È È

!

14.  The spring constant is .  The equation of motion for an undamped system5 œ 71ÎP
is

7?  ? œ !
71

P
ww .

Hence the natural frequency of the system is  .  The period is .= 1 =! !œ X œ # ÎÉ 1
P

15.  The general solution of the system is .? > œ E -9= >  >  F =38 >  >a b a b a b# #! !

Invoking the initial conditions, we have .? > œ ? -9= >  >  ? Î =38 >  >a b a b a b a b! ! !!# # #w

Clearly, the functions  and  satisfy the given@ œ ? -9= >  > A œ ? Î =38 >  >! ! !!# # #a b a b a bw

criteria.

16.  Note that .  Comparing the given< =38 >  œ < =38 > -9=  < -9= > =38a b= ) = ) = )! ! !

expressions, we have  and .  That is, ,E œ  < =38 F œ < -9= < œ V œ E F) ) È # #

and .  The latter relation is also .>+8 œ  EÎF œ  "Î>+8 >+8  -9> œ ") $ ) $

18.  The system is , when   Here  .critically damped ohmsV œ # PÎG Þ V œ "!!!È
21 .  Let .  Then attains a  when .a b a b+ ? œ V/ -9= >  >  œ #5 >Î#7# . $ . $ 1maximum 5

Hence .X œ >  > œ # Î. 5" 5 1 .

a b a b a b c d, ? > Î? > œ /B: Î/B: œ /B: Î#7 Þ.  5 5" 5 5" 5" 5a b a b a b > Î#7  > Î#7 >  ># # # #

Hence ? > Î? > œ /B: # Î Î#7 œ /B: X Î#7 Þa b a b c d a ba b5 5" # 1 . # .

a b c d a ba b a b- œ 68 ? > Î? > œ # Î Î#7 œ Î 7.  .? # 1 . 1# .5 5"

22.  .  Mass  .  TheThe spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft7 œ "Î# #

damping coefficient is  .  The quasi frequency is  .# .œ # œ # $"lb-sec/ft rad/sÈ
Hence ? œ ¸ "Þ"#)& Þ#

$"
1È

25 .  The solution of the IVP is .a b a b Š ‹È È+ ? > œ / # -9= ( >  !Þ#&#=38 ( >>Î) $ $
) )
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Using the plot, and numerical analysis, .7 ¸ %"Þ("&

a b, œ !Þ& ¸ #!Þ%!# à œ "Þ! ¸ *Þ"') à œ "Þ& ¸ (Þ")%.   For ,  for ,  for , .# 7 # 7 # 7

a b- Þ

a b. œ "Þ' ¸ (Þ#") à œ "Þ( ¸ 'Þ('( à œ "Þ) ¸ &Þ%($ à.  For ,  for ,  for , # 7 # 7 # 7
for , .   steadily decreases to about , corresponding to# 7 7 7œ "Þ* ¸ 'Þ%'! ¸ %Þ)($738

the critical value .#! ¸ "Þ($

a b a b a b È/ ? > œ -9= >  œ % .  We have , in which , and%/ "
% #

#
 >Î#

#

#È #
. $ . #

$ œ >+8 ? > Ÿ" #

# #È È% %
%/

# #

 >Î#.  Hence .k ka b #

26 .  The characteristic equation is .  Since , the rootsa b+ 7<  <  5 œ !  %57# ## #

are .  The general solution is< œ  „3"ß#
# #

#7 #7
%75È #

? > œ / E -9= >  F =38 > Þ
%75  %75 

#7 #7
a b – —È È

 >Î#7
# #

# # #

Invoking the initial conditions,  andE œ ?!

F œ
#7@  ?

%75 

a bÈ ! !#

##
.
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a b a b a b, ? > œ V / -9= > .  We can write , in which >Î#7# . $

V œ ? 
#7@  ?

%75 
Ë a b

!

! !#
#

#

#

#
,

and

$
#

#
œ +<->+8 Þ

#7@  ?

? %75 – —a bÈ ! !

!
#

a b ÉÉ É- V œ ?  œ # œ.   .!
# #7@  ? 7 5?  ? @ 7@

%75 %75 %75
+,a b a b! ! ! !! !# #

# # #
#

#

# # #

# #

It is evident that  increases  without bound as .V p # 75a b Š ‹Èmonotonically #


28 .  The general solution is .  Invoking the initiala b a b È È+ ? > œ E-9= # >  F=38 # >

conditions, we have  .? > œ # =38 # >a b È È
a b, .

a b- Þ

The condition  implies that   increases.  Hence the phase point? ! œ # ? >wa b a b initially
travels .clockwise
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29.  .? > œ / =38 >a b "'

"#(
>Î) "#(

)È È

31.  Based on , with the positive direction to the right,Newton's second law

"J œ 7?ww

where

"J œ  5?  ?# w.

Hence the equation of motion is .  The only difference in this7?  ?  5? œ !ww w#
problem is that the equilibrium position is located at the  configuration ofunstretched
the spring.

32 .  The  force exerted by the spring is   The a b a b+ J œ  5?  ? Þrestoring opposing=
$&

viscous force is .  Based on , with the positive directionJ œ  ?.
w# Newton's second law

to the right,

J  J œ 7?= .
ww.

Hence the equation of motion is .7?  ?  5?  ? œ !ww w $# &

a b, ?  ? œ !.  With the specified parameter values, the equation of motion is .  Theww

general solution of this ODE is .  Invoking the initial? > œ E -9= >  F =38 >a b
conditions,
the specific solution is .  Clearly, the amplitude is , and the period of? > œ =38 > V œ "a b
the motion is .X œ #1

a b- œ !Þ" ?  ?  !Þ" ? œ !.  Given , the equation of motion is .  A solution of the& ww $
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IVP can be generated numerically:

a b. .

        

a b/ Þ  The amplitude and period both seem to .decrease

a b0 .
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