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Section 6.4

2.  Let  be the  on the right-hand-side.  Taking the Laplace transform2 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ 2 ># wa b a b a b c d a b c da b a b a b_ .

Applying the initial conditions,

= ] =  #= ] =  #] =  " œ 2 ># a b a b a b c da b_ .

The forcing function can be written as   Its transform is2 > œ ? >  ? > Þa b a b a b1 1#

_c da b2 > œ
/  /

=

 = # =1 1

.

Solving for , the transform of the solution is] =a b
] = œ 

"

=  #=  # = =  #=  #
a b a b# #

/  / = # =1 1

.

First note that

"

=  #=  ##
œ

"

=  "  "a b# .

Using partial fractions,

" " " "

= =  #=  # # = #
œ a b#

a b
a b
=  "  "

=  "  "
Þ#

Taking the inverse transform, term-by-term,

_ _” • – —"

=  #=  #
œ / =38 >

#
>œ

"

=  "  "a b# .

Now let

K = œa b "

= =  #=  #a b#
.

Then

_"c da bK = œ 
" " "

# # #
/ -9= >  / =38 >> > .

Using Theorem ,'Þ$Þ"

_" -=
- -c d a b a ba b/ K = œ ? >  ? >

" "

# #
/ -9= >  -  =38 >  - >-a bc da b a b .

Hence the solution of the IVP is
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C > œ ? >  ? > 
" "

# #

 ? >  ? >
" "

# #

a b a b a b
a b a b

/ =38 >  / -9= >   =38 > 

/ -9= >  #  =38 >  #

>  >

 >#

1 1

1 1

a b
a b

1

1

c da b a b
c da b a b

1 1

1 1# # .

That is,

C > œ ? >  ? >  ? > 
" "

# #

 ? >
"

#

a b c d a ba b a b
a b

/ =38 >  / -9= >  =38 >

/ -9= >  =38 >

>  >

 >#

1 1 1

1

#

#

a b
a b

1

1

c d
c d .

The solution starts out as free oscillation, due to the initial conditions.  The amplitude
increases, as long as the forcing is present.  Thereafter, the solution rapidly decays.

4.  Let  be the  on the right-hand-side.  Taking the Laplace transform2 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 2 ># wa b a b a b a b c da b_ .

Applying the initial conditions,
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= ] =  %] = œ 2 ># a b a b c da b_ .

The transform of the forcing function is

_c da b2 > œ 
" /

=  " =  "# #

 =1

.

Solving for , the transform of the solution is] =a b
] = œ 

"

=  % =  " =  % =  "
a b a ba b a ba b# # # #

/ =1

.

Using partial fractions,

" " " "

=  % =  " $ =  " =  %
œ a ba b ” •# # # #

.

It follows that

_"” • ” •"

=  % =  "a ba b# #
œ =38 >  =38 #>

" "

$ #
.

Based on Theorem ,'Þ$Þ"

_ 1 1"” • ” •a b a b a b/

=  % =  "

 =

# #

1

a ba b œ =38 >   =38 #>  # ? >
" "

$ #
1 .

Hence the solution of the IVP is

C > œ =38 >  =38 #>  =38 >  =38 #> ? >
" " " "

$ # $ #
a b a b” • ” • 1 .
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Since there is no , the solution follows the forcing function, after whichdamping term
the response is a steady oscillation about .C œ !

5.  Let  be the  on the right-hand-side.  Taking the Laplace transform0 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ 0 ># wa b a b a b c d a b c da b a b a b_ .

Applying the initial conditions,

= ] =  $= ] =  #] = œ 0 ># a b a b a b c da b_ .

The transform of the forcing function is

_c da b0 > œ 
" /

= =

"!=

.

Solving for the transform,

] = œ 
" /

= =  $=  # = =  $=  #
a b a b a b# #

"!=

.

Using partial fractions,

" " " " #

= =  $=  # # = =  # =  "
œ   Þa b ” •#

Hence

_" >
#

#>” •a b" " /

= =  $=  # # #
œ   / .

Based on Theorem ,'Þ$Þ"

_" # >"!  >"!
# "!” •a b  ‘ a b/"!=

= =  $=  # #
œ "  /  #/ ? >

" a b a b .

Hence the solution of the IVP is
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C > œ "  ? >   /  /  #/ ? >
" / "

# # #
a b c d a ba b  ‘"! "!

#>
>  #>#!  >"!a b a b .

The solution increases to a  steady value of .  After the forcing ceases,temporary C œ "Î#
the response decays exponentially to .C œ !

6.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ
/

=
# w

#=a b a b a b c d a ba b a b .

Applying the initial conditions,

= ] =  $= ] =  #] =  " œ
/

=
#

#=a b a b a b .

Solving for the transform,

] = œ 
" /

=  $=  # = =  $=  #
a b a b# #

#=

.

Using partial fractions,
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" " "

=  $=  # =  " =  #
œ 

#

and

" " " " #

= =  $=  # # = =  # =  "
œ   Þa b ” •#

Taking the inverse transform. term-by-term, the solution of the IVP is

C > œ /  /   /  / ? > Þ
" "

# #
a b a b” •> #>  ># # >#

#
a b a b

Due to the initial conditions, the response has a transient , followed by anovershoot
exponential convergence to a steady value of .C œ "Î#=

7.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ
/

=
# w

$ =a b a b a b a b 1

.

Applying the initial conditions,
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= ] =  ] =  = œ
/

=
#

$ =a b a b 1

.

Solving for the transform,

] = œ 
= /

=  " = =  "
a b a b# #

$ =1

.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Hence

] = œ  / 
= " =

=  " = =  "
a b ” •# #

$ =1 .

Taking the inverse transform, the solution of the IVP is

C > œ -9= >  "  -9= >  $ ? >

œ -9= >  "  -9= > ? > Þ

a b c d a ba bc d a b1 $

$

1

1

Due to initial conditions, the solution temporarily oscillates about .  After theC œ !
forcing is applied, the response is a steady oscillation about .C œ "7
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9.  Let  be the  on the right-hand-side.  Taking the Laplace transform1 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ 1 ># wa b a b a b a b c da b_ .

Applying the initial conditions,

= ] =  ] =  " œ 1 ># a b a b c da b_ .

The forcing function can be written as

1 > œ "  ? >  $? >
>

#

œ  >  ' ? >
> "

# #

a b c d a ba b
a b a b
' '

'

with Laplace transform

_c da b1 > œ 
" /

#= #=# #

'=

.

Solving for the transform,

] = œ  
" " /

=  " #= =  " #= =  "
a b a b a b# # # # #

'=

.

Using partial fractions,

" " " "

#= =  " # = =  "
œ  Þ

# # # #a b ” •
Taking the inverse transform, and using Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 >  >  =38 >  >  '  =38 >  ' ? >
" "

# #

œ >  =38 >  >  '  =38 >  ' ? > Þ
" "

# #

a b c d c d a ba b a b
c d c d a ba b a b

'

'
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The solution increases, in response to the , and thereafter oscillates about aramp input
mean value of .C œ $7

11.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 
/ /

= =
# w

 = $ =a b a b a b a b 1 1

.

Applying the initial conditions,

= ] =  %] = œ 
/ /

= =
#

 = $ =a b a b 1 1

.

Solving for the transform,

] = œ 
/ /

= =  % = =  %
a b a b a b

 = $ =

# #

1 1

.

Using partial fractions,

" " " =

= =  % % = =  %
œ  Þa b ” •# #

Taking the inverse transform, and applying Theorem ,'Þ$Þ"

C > œ "  -9= #>  # ? >  "  -9= #>  ' ? >
" "

% %

œ ? >  ? >  -9= #> † ? >  ? >
" "

% %

a b c d a b c d a ba b a b
c d c da b a b a b a b

1 11 1

1 1 1 1

$

$ $ .
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Since there is no damping term, the solution responds immediately to the forcing input.
There is a temporary oscillation about C œ "Î% Þ

12.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  ] = œ  Þ
/ /

= =
% $ # w ww www

= #=a b a b a b a b a b a b
Applying the ,initial conditions

= ] =  ] = œ 
/ /

= =
%

= #=a b a b .

Solving for the transform of the solution,

] = œ 
/ /

= =  " = =  "
a b a b a b

= #=

% %
.

Using partial fractions,

" " % " " #=

= =  " % = =  " =  " =  "
œ     Þa b ” •% #

It follows that
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_" > >
%” •a b  ‘" "

= =  " %
œ  %  /  /  # -9= > Þ

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ  ? >  ? >  /  /  # -9= >  " ? > 
"

%

 /  /  # -9= >  # ? >
"

%

a b c d a b a ba b a b  ‘
 ‘a b a b

" # "
 >" >"

 ># >#
#

a b a b
a b a b .

The solution increases without bound, exponentially.

13.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C ! 

 & = ] =  = C !  C !  %] = œ  Þ
" /

= =

% $ # w ww www

# w
 =

a b a b a b a b a b
 ‘a b a b a b a b 1

Applying the ,initial conditions

= ] =  &= ] =  %] = œ 
" /

= =
% #

 =a b a b a b 1

.

Solving for the transform of the solution,
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] = œ 
" /

= =  &=  % = =  &=  %
a b a b a b% # % #

 =1

.

Using partial fractions,

" " $ = %=

= =  &=  % "# = =  % =  "
œ   Þa b ” •% # # #

It follows that

_"
% #” •a b c d" "

= =  &=  % "#
œ $  -9= #>  % -9= > Þ

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ "  ? >  -9= #>  % -9= > 
" "

% "#

 -9= # >   % -9= >  ? >
"

"#

a b c d c da b
c d a ba b a b

1

11 1 .

That is,

C > œ "  ? >  -9= #>  % -9= > 
" "

% "#

 -9= #>  % -9= > ? >
"

"#

a b c d c da b
c d a b

1

1 .
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After an initial transient, the solution oscillates about .C œ !7

14.  The specified function is defined by

0 > œ

!ß ! Ÿ >  >

>  > ß > Ÿ >  >  5

2ß >   >  5

a b
Ú
ÛÜ a b !

! ! !

!

2
5

which can conveniently be expressed as

0 > œ >  > ? >  >  >  5 ? > Þ
2 2

5 5
a b a b a b a b a b! !> > 5! !

15.  The function is defined by

1 > œ

!ß ! Ÿ >  >

>  > ß > Ÿ >  >  5

 >  >  #5 ß >  5 Ÿ >  >  #5

!ß >   >  #5

a b
ÚÝÝÛÝÝÜ

a ba b
!

! ! !

! ! !

!

2
5

2
5

which can also be written as

1 > œ >  > ? >  >  >  5 ? >  >  >  #5 ? > Þ
2 #2 2

5 5 5
a b a b a b a b a b a b a b! ! !> > 5 > #5! ! !

16 .  From Part , the solution isa b a b. -

? > œ %5 ? > 2 >   %5 ? > 2 > 
$ &

# #
a b a b a bŒ  Œ $Î# &Î# ,

where

2 > œ  / =38  / -9= Þ
" ( $ ( > " $ ( >

% )% ) % )
a b È È È   >Î) >Î)

Due to the , the solution will decay to .  The maximum will occurdamping term zero
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shortly after the forcing ceases.  By plotting the various solutions, it appears that the
solution will reach a value of , as long as .C œ # 5  #Þ&"

a b/ Þ

Based on the graph, and numerical calculation,  for .k ka b? >  !Þ" >  #&Þ'(($

17.  We consider the initial value problem

C  %C œ >  & ? >  >  &  5 ? >
"

5
ww c da b a b a b a b& &5 ,

with .C ! œ C ! œ !a b a bw

a b+ .  The specified function is defined by

0 > œ >  & ß & Ÿ >  &  5

!ß ! Ÿ >  &

"ß >   &  5

a b a b
Ú
ÛÜ

"
5

a b, Þ  Taking the Laplace transform of both sides of the ODE, we obtain
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= ] =  = C !  C !  %] = œ 
/ /

5= 5=
# w

&=  &5 =

# #
a b a b a b a b a b

.

Applying the initial conditions,

= ] =  %] = œ 
/ /

5= 5=
#

&=  &5 =

# #
a b a b a b

.

Solving for the transform,

] = œ 
/ /

5= =  % 5= =  %
a b a b a b

&=  &5 =

# # # #

a b
.

Using partial fractions,

" " " "

= =  % % = =  %
œ  Þ

# # # #a b ” •
It follows that

_"
# #” •a b" " "

= =  % % )
œ >  =38 #> .

Using Theorem , the solution of the IVP is'Þ$Þ"

C > œ 2 >  & ? >  2 >  &  5 ? >
"

5
a b c da b a b a b a b& &5 ,

in which .2 > œ >  =38 #>a b " "
% )

a b- >  &  5.  Note that for , the solution is given by

C > œ  =38 #>  "!  =38 #>  "!  #5
" " "

% )5 )5

œ  -9= #>  "!  5 Þ
" =38 5

% %5

a b a b a b
a b

So for , the solution oscillates about , with an amplitude of>  &  5 C œ "Î%7

E œ
=38 5

%5

k ka b
.
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18 .a b+

a b, .  The forcing function can be expressed as

0 > œ ? >  ? > Þ
"

#5
5 %5 %5a b c da b a b

Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  =] =  C !  %] = œ 
" / /

$ #5= #5=
# w

 %5 =  %5 =a b a b a b c d a ba b a b a b a b
.

Applying the initial conditions,

= ] =  =] =  %] = œ 
" / /

$ #5= #5=
#

 %5 =  %5 =a b a b a b a b a b
.

Solving for the transform,

] = œ 
$ / $ /

#5= $=  =  "# #5= $=  =  "#
a b a b a b

 %5 =  %5 =

# #

a b a b
.

Using partial fractions,

" " " "  $=

= $=  =  "# "# = $=  =  "#
œ 

œ  Þ
" " "

"# = '

"  ' = 

=  

a b ” •
– —ˆ ‰

ˆ ‰
# #

"
'

" "%$
' $'

#

Let

L = œ   Þ
" "

)5 = =   =  

= a b – —ˆ ‰ ˆ ‰
" "
' '

" "%$ " "%$
' $' ' $'

# #

It follows that
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2 > œ L = œ  =38  -9= Þ
" / " "%$ > "%$ >

)5 )5 ' '"%$
a b c da b – —È    È È

_"
>Î'

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ 2 >  %  5 ? >  2 >  %  5 ? > Þa b a b a b a b a b%5 %5

a b- .

As the parameter  decreases, the solution remains  for a longer period of time.5 null
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Since the  of the impulsive force , the initial  of themagnitude increases overshoot
response also increases.  The  of the impulse decreases.  All solutions eventuallyduration
decay to C œ ! Þ

19 .a b+

a b a b- Þ ,  From Part ,

? > œ "  -9= >  #  " "  -9= >  5 ? > Þa b a b c d a b" a b
5 œ"

8
5 1 51
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21 .a b+

a b, .  Taking the Laplace transform of both sides of the ODE, we obtain

= Y =  =? !  ? !  Y = œ 
"  " /

= =
# w

5 œ"

8 5 5 =a b a b a b a b "a b 1

.

Applying the initial conditions,

= Y =  Y = œ 
"  " /

= =
#

5 œ"

8 5 5 =a b a b "a b 1

.

Solving for the transform,

Y = œ 
"  " /

= =  " = =  "
a b a b a b"a b

# #
5 œ"

8 5 5 =1

.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Let
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2 > œ œ "  -9= >
"

= =  "
a b ” •a b_"

#
.

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >   " 2 >  5 ? >a b a b a b a b a b"
5 œ"

8
5 1 51 .

Note that

2 >  5 œ ? >  5  -9= >  5

œ ? >   " -9= > Þ

a b a b a b
a b a b

1 1 1!

51
5

Hence

? > œ "  -9= >   " ? >  -9= > ? > Þa b a b a b a b a b" "
5 œ" 5 œ"

8 8
5

5 51 1

a b- .

The ODE has no .  Each interval of forcing adds to the energy of thedamping term
system.
Hence the amplitude will increase.  For ,  when .  Therefore the8 œ "& 1 > œ ! >  "&a b 1
oscillation will eventually become , with an amplitude depending on the values ofsteady
? "& ? "&a b a b1 1 and .w

a b. 8.  As  increases, the interval of forcing also increases.  Hence the amplitude of the
transient will increase with .  Eventually, the forcing function will be .  In fact,8 constant
for  values of ,large >

1 > œ
" ß 8
! ß 8

a b œ  even
 odd

Further, for ,>  81
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? > œ "  -9= >  8 -9= >  Þ
"   "

#
a b a b8

Hence the steady state solution will oscillate about  or  , depending on , with an! " 8
amplitude of .E œ 8  "

In the limit, as , the forcing function will be a periodic function, with period .8p_ #1
From Prob. , in Section ,#( 'Þ$

_c da b a b1 > œ
"

= "  /=
.

As  increases, the duration and magnitude of the transient will increase without bound.8

22 .  Taking the initial conditions into consideration, the transform of the ODE isa b+
= Y =  !Þ" =Y =  Y = œ 

"  " /

= =
#

5 œ"

8 5 5 =a b a b a b "a b 1

.

Solving for the transform,

Y = œ 
"  " /

= =  !Þ"=  " = =  !Þ"=  "
a b a b a b" a b

# #
5 œ"

8 5 5 =1

.

Using partial fractions,

" " =  !Þ"

= =  !Þ"=  " = =  !Þ"=  "
œ  Þa b# #

Since the denominator in the second term is irreducible, write

=  !Þ" =  !Þ!&  !Þ!&

=  !Þ"=  "
œ Þ

=  !Þ!&  Ð$**Î%!!Ñ# #

a b
a b

Let

2 > œ  
" =  !Þ!& !Þ!&

= =  !Þ!&  Ð$**Î%!!Ñ =  !Þ!&  Ð$**Î%!!Ñ

œ "  / -9= >  =38 > Þ
$** " $**

#! #!$**

a b – —a b
a b a b
– —   È È

È

_"
# #

>Î#!

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >   " 2 >  5 ? >a b a b a b a b a b"
5 œ"

8
5 1 51 .
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For  values of , the solution approaches .odd 8 C œ !

For  values of , the solution approaches .even 8 C œ "

a b È, œ $** Î#! ¸ ".  The solution is a sum of , each of frequency .damped sinusoids =
Each term has an 'initial' amplitude of approximately   For any given , the solution" Þ 8
contains  such terms.  Although the amplitude will  with , the amplitude8  " 8increase
will also be bounded by .8  "

a b a b- 1 > œ =38 >.  Suppose that the forcing function is replaced by .  Based on the
methods
in Chapter , the general solution of the differential equation is$

? > œ / - -9= >  - =38 >  ? > Þ
$** $**

#! #!
a b a b– —   È È

>Î#!
:" #

Note that .  Using the method of ,? > œ E -9= >  F =38 >:a b undetermined coefficients
E œ  "! F œ ! Þ and   Based on the initial conditions, the solution of the IVP is
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? > œ "! / -9= >  =38 >  "! -9= > Þ
$** " $**

#! #!$**
a b – —   È È

È>Î#!

Observe that both solutions have the same frequency, .= œ $**Î#! ¸ "È

23 .  Taking the initial conditions into consideration, the transform of the ODE isa b+
= Y =  Y = œ  #

"  " /

= =
#

5 œ"

8 5  ""5Î% =a b a b "a b a b
.

Solving for the transform,

Y = œ  #
"  " /

= =  " = =  "
a b a b a b"a b

# #
5 œ"

8 5  ""5Î% =a b
.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Let

2 > œ œ "  -9= >
"

= =  "
a b ” •a b_"

#
.

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >  #  " 2 >  ? >
""5

%
a b a b a b a b" Œ 

5 œ"

8
5

""5Î% .

That is,
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? > œ "  -9= >  #  " "  -9= >  ? >
""5

%
a b a b a b" ” •Œ 

5 œ"

8
5

""5Î% .

a b, .

a b- )).  Based on the plot, the ' ' appears to be .  The ' ' appears toslow period fast period
be about .  These values correspond to a ' ' of  and a '' œ !Þ!("%slow frequency fast==

frequency'  .=0 œ "Þ!%(#

a b. œ " Þ.  The natural frequency of the system is   The forcing function is initially=!

periodic, with period .  Hence the corresponding forcing frequency isX œ ""Î# œ &Þ&
A œ "Þ"%#% $Þ*.  Using the results in Section , the ' ' is given byslow frequency

=
= =

= œ œ !Þ!("#


#

k k!
and the ' '  is given byfast frequency

=
= =

0
!

œ œ "Þ!("#


#

k k
.

Based on theses values, the ' '  is predicted as   and the ' ' isslow period fast period))Þ#%(
given as .&Þ)'&'


