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Section 8.2

1. The improved Euler formula for this problem is

1 1 h?
Yn+1 = YUn + hi{3 + §tn + §tn+1 —Yn | — 7(3 + tn - yn)~

Since t, = t, + nh and t, = 0, we can also write

h? nh?
Yn+1 = Yn + h’(3 - yn) + ?(yn -2+ 2’Tl) - T »
(a). h=0.05:
n =2 n =4 n=~06 n =3y
t, | 0.1 0.2 0.3 0.4
yn | 1.19512 | 1.38120 | 1.55909 | 1.72956
(b). h =0.025 :
n =4 n==_§ n=12 | n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.19515 | 1.38125 | 1.55916 | 1.72965
(c). h=0.0125 :
n==~§ n=16 |n=24 | n=32
t, | 0.1 0.2 0.3 0.4
yn | 1.19516 | 1.38126 | 1.55918 | 1.72967

2. The improved Euler formula is

h h
Yn+1 :yn+§(5tn_3\/y_n) +§(5tn+1_3\/ K, )7

in which K, =y, + h(5tn —3\/Yn ) Since t,, = t, + nh and t, = 0, we can also
write

h h
Yot = v+ 5 (57 =3/ ) + 5[5 (n+ Dh = 3V/E, |,
with y, = 2.

(a). h=0.05:
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(b). h =0.025 :

(c). h =0.0125 :

n=2 n=4 n==~6 n==~8

t, | 0.1 0.2 0.3 0.4

yn | 1.62283 | 1.33460 | 1.12820 | 0.995445
n=4 n=2~8 n=12 | n=16

t, | 0.1 0.2 0.3 0.4

yn | 1.62243 | 1.33386 | 1.12718 | 0.994215
n ==, n=16 |n=24 | n=32

t, | 0.1 0.2 0.3 0.4

yn | 1.62234 | 1.33368 | 1.12693 | 0.993921

3. The improved Euler formula for this problem is

h
Yntl = Yn T 5(4.%1 — 3ty — 3tn+1) + h2(2yn - 3tn)-

Since t, = t, + nh and t, = 0, we can also write

with 4o = 1.

(a). h=0.05 :

(b). h =0.025 :

(¢). h=0.0125 :

2

h
mH1=yn+2hyn+~§{4%,—3—6n)—3nh3,

n =2 n =4 n==6 n==3y
t, | 0.1 0.2 0.3 0.4
Yn | 1.20526 | 1.42273 | 1.65511 | 1.90570
n=4 n=2~8 n=12 [n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.20533 | 1.42290 | 1.65542 | 1.90621
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n =3y n=16 | n=24 | n=32
t, | 0.1 0.2 0.3 0.4
Yn | 1.20534 | 1.42294 | 1.65550 | 1.90634
5. The improved Euler formula is
+2tn Yn K72;,+2tn+1Kn

y2
— h n

28 +1t2,,)
in which

+hy§+2tnyn

Kn =Yn 3+ t%

Since ¢, = t, + nh and t, = 0, we can also write

Y2 + 2nhy, K2 +2(n+1)hK,
Ynt1 = Yn +h ooy 2797 °
2(3 + n%h?) 2[3+ (n+1)°h?]
(a). h=10.05 :
n=2 n=4 n==~6 n=3~8
t, | 0.1 0.2 0.3 0.4
yn | 0.510164 | 0.524126 | 0.54083 | 0.564251
(b). h=0.025 :
n=4 n =38 n =12 n =16
t, | 0.1 0.2 0.3 0.4
Yn | 0.510168 | 0.524135 | 0.542100 | 0.564277
(c). h=0.0125 :
n=-3~ n =16 n=24 n =32
t, | 0.1 0.2 0.3 0.4
yn | 0.51069 | 0.524137 | 0.542104 | 0.564284
6. The improved Euler formula for this problem is
h( o 2\ o h o 2\ o
Yn+1 = Yn + 5 (tn - yn) SN Yn + 5 (tn—i-l - Kn) Sin Kn’

page 454




CHAPTER 8. ——

in which
K,=y,+h (ti — yi) SIN Yy, -

Since t, = t, + nh and t, = 0, we can also write

Yni1l = Yn + ﬁ (n2h2 — yi) siny, + ﬁ [(n + 1)2h2 — K,ﬂ sin K,,,

2 2
(a). h=0.05:
n =2 n =4 n=~06 n =3,
t, | 0.1 0.2 0.3 0.4
Yn | —0.924650 | — 0.864338 | — 0.816642 | — 0.780008
(b). h =0.025
n=4 n=2~8 n=12 n =16
t, | 0.1 0.2 0.3 0.4
Yn | —0.924550 | —0.864177 | —0.816442 | — 0.779781
(c). h=0.0125 :
n=2~8 n =16 n =24 n =32
t, | 0.1 0.2 0.3 0.4
Yn | —0.924525 | —0.864138 | — 0.816393 | — 0.779725

7. The improved Euler formula for this problem is

h
Ynt1 = Yn + 5(4% —ty =ty + 1) + A2y, — t, + 0.5).

Since t, = t, + nh and t, = 0, we can also write

Ynt+l = Yn + h(2 Yn + 05) + h2(2 Yn — TL) — nh? s

with y, = 1.
(a). h =0.025 :
n=20 |n=40 |n=60 | n=80
t, | 0.5 1.0 1.5 2.0
Yn | 2.96719 | 7.88313 | 20.8114 | 55.5106
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(b). h =0.0125 :
n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yn | 2.96800 | 7.88755 | 20.8294 | 55.5758

8. The improved Euler formula is

h h
Yn+1 = Yn + 5(5 tn - 3\/y7) + 5 (5 tn—i—l -3 V Kn )7

in which K, =y, + h(5 tn — 3\/Yn ) Since ¢, = t, + nh and ¢, = 0, we can also

write
Ynt+1 = yn+ ﬁ(577]”0_3\/yn ) + ﬁ|:5<n+ 1)h_?’\/ Kn}
2 2 ’
with y, = 2.
(a). h =0.025 :
n =20 n=40 |n=60 |n =280
t, | 0.5 1.0 1.5 2.0
Yn | 0.926139 | 1.28558 | 2.40898 | 4.10386
(b). h=0.0125 :
n =40 n=80 |n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.925815 | 1.28525 | 2.40869 | 4.10359
9. The improved Euler formula for this problem is
h h
yn+1:yvz+§ tn+yn +§\/ tn—i—l"‘Kns

in which K, = y, + h

t, + yn . Since t, =ty + nh and t, = 0, we can also write

h h
Yn+1 :y7),+§\/ nh"‘yn +§\/(n+1)h+Kn,

(a). h =0.025 :

CHAPTER 8. ——




CHAPTER 8. ——

(b). h=0.0125 :

n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 3.96217 | 5.10887 | 6.43134 | 7.92332
n=40 |n=80 | n=120 | n = 160
t, | 0.5 1.0 1.5 2.0
Yn | 3.96218 | 5.10889 | 6.43138 | 7.92337

10. The improved Euler formula is

in which K,, =y, + h[2t, + exp( — t, yn)]. Since t,, = t, + nh and t, = 0, we can

also write

h h
Ynt+1 = Yn + 5[2 nh + 6:17])( —nh yn)] + 5{2(% + 1)h’ + e:z:p[ - (TL + 1)h’Kn]}:

with 4y, = 1.
(a). h =0.025 :
n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 1.61263 | 2.48097 | 3.74556 | 5.49595
(b). h=0.0125 :
n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yo | 1.61263 | 2.48092 | 3.74550 | 5.49589
12. The improved Euler formula is
+hy721+2tnyn K721+2tn+1Kn
Yn+1 = YUn
i 23 +13) 2(3+12,1)
in which
2 2t71 n
Kn,:yn,_"hiyn—i_ y

h
Yn+1 = Yn + 5

[2 t, + exp( —ty yn)] +

2

h
[2 tn—i—l + exp( - tn—i—lKn)]a

3+t

b
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Since ¢, = t, + nh and t, = 0, we can also write

y2 +2nhy, . K24 2(n+1)hK,
Yntl = Yn TN 5o 557 557
2(3 + n?h?) 2[3+ (n+1)°h?]
(a). h =0.025 :
n = 20 n =40 n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 0.590897 | 0.799950 | 1.16653 | 1.74969
(b). h=0.0125 :
n = 40 n = 80 n =120 | n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.590906 | 0.799988 | 1.16663 | 1.74992

16. The exact solution of the initial value problem is ¢(t) = % + %e%. Based on the
result in Prob. 14(c¢), the local truncation error for a /inear differential equation is

1 _
Cn+1 = 6@5/”( tn)h?’a

4 e%, the local truncation error is

2 _
€nil = gexp(Z t)he.

where ¢, < t, < t,41. Since ¢"'(t) =

Furthermore, with 0 <¢, <1,

2
lent1] < 3 e?h3.

It also follows that for h = 0.1,

2
< 2a92001)% = 0.2
el < 57007 = 1555 ¢
Using the improved Euler method, with A = 0.1, we have y; ~ 1.11000. The exact

value is given by ¢(0.1) = 1.1107014 .

17. The exact solution of the initial value problem is given by ¢(t) = %t + e%. Using

the modified Euler method, the local truncation error for a /inear differential equation is

1 _
En+l = 6¢m< tn>h3a
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where t, < t, < t,;1. Since ¢"(t) = 8%, the local truncation error is

4 _
Enil = gea:p(2 tn)h?’.

Furthermore, with 0 < ¢, < 1, the local error is bounded by
4
lent1] < gezh?’.
It also follows that for h = 0.1,

4 1
< 202(01)3 = 1 02
lerf < 5 €7(0.0)7 = g

Using the improved Euler method, with h = 0.1, we have y; ~ 1.27000. The exact
value is given by ¢(0.1) = 1.271403.
18. Using the Euler method,

y =1+0.105—-0+2-1)
—=1.25.

Using the improved Euler method,

yr =140.05(0.5—0-+2-1)+0.05(0.5 — 0.1 +2-1.25)
= 1.27.

The estimated error is e; ~ 1.27 — 1.25 = 0.02. The step size should be adjusted by
a factor of 1/0.0025/0.02 ~ 0.354. Hence the required step size is estimated as

h ~ (0.1)(0.36) = 0.036.
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20. Using the Euler method,

y =3+0.1/0+3

= 3.173205.

Using the improved Euler method,

Y, =34 0.051/0+ 3 +0.05,/0.1 + 3.173205
= 3.177063 .

The estimated error is e; ~ 3.177063 — 3.173205 = 0.003858 . The step size should
be adjusted by a factor of \/ 0.0025/0.003858 = 0.805. Hence the required step size
is estimated as

h ~ (0.1)(0.805) = 0.0805 .

21. Using the Euler method,

(0.5)* 40

— 05401
yl + 310

= 0.508334
Using the improved Euler method,

(0.5)*+0 . 0.05 (0.508334)° + 2(0.1)(0.508334)
3+0 ' 34 (0.1)°

= 0.510148.

The estimated error is e; ~ 0.510148 — 0.508334 = 0.0018 . The local truncation error
is less than the given tolerance. The step size can be adjusted by a factor of
1/0.0025/0.0018 ~ 1.1785. Hence it is possible to use a step size of

h ~ (0.1)(1.1785) ~ 0.117.

22. Assuming that the solution has continuous derivatives at least to the third order,

¢" (tn) " (t,)
STRIRET

P(tni1) = d(ta) + &' (ta)h + h?,

where t, < t, < t,.1. Suppose that y, = ¢(t,).

(a). The local truncation error is given by
En+l = ¢<tn+1) — Yn+1-

The modified Euler formula is defined as
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1 1
Yn+1 = YUn + h f |:tn + ih y Yn + ih f(tm yn):| .

Observe that ¢'(t,) = f(t,,d(t,)) = f(tn,ys). It follows that
ent1 = P(tnt1) — Ynt1

=h f(tn,yn) + d)HQ(!t”)hz + ¢/;(!t")

1 1
_hf|:tn+§hayn+§hf(tn>yn):|'

B3 —

(b). As shown in Prob. 14(b),
¢"(tn) = fi(tu s yn) + fy(tn , yn) f(tn , yn) -

Furthermore,
1 1 h
f t, + ih’y” + §h f(tnvyn)] - f(tn 5 yn) + ft(tn >yn)§ + fy(tn 7yn) k+

1 [h? 5
2t 4 t=£,y=n

in which k = 1h f(t,,yn) and ¢, < & <ty +h/2, yo <1 <y, + k. Therefore
qb///(gn) h [hQ

_ 3 2
nt+l = 30 h o1 2 fuu +hE fr, +k fyy} ey

Note that each term in the brackets has a factor of k2. Hence the local truncation error
is proportional to h?.

(c). If f(t,y) is linear, then fy = f;, = f,, =0, and
d)/l/(%n)

_ 3
€nt+1 = 3' h°.

23. The modified Euler formula for this problem is

1 1
Yn+1 = Un + h{3 + tn + §h - |:y’n, + §h(3 + tn - yn):| }

2

h
:yn+h(3+tn_yn)+7(yn_tn_2)'

Since t, = t, + nh and t, = 0, we can also write

2

Yn+1 :yn+h<3+nh_yn)+E(yn_nh_Q) >

with yo = 1. Setting h = 0.1, we obtain the following values :
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n=1 n=2 n=3 n =4
t, | 0.1 0.2 0.3 0.4
Yn | 1.19500 | 1.38098 | 1.55878 | 1.72920

25. The modified Euler formula is

3
Ynil = Yn + h |2y, — 3t, — ih + h(2y, — 3t,)

2

Since t, = t, + nh and t, = 0, we can also write

2

h
Yn + h(2y, — 3t,) + 7(4% — 6t, — 3).

h
Ynt1 = Yn + h(2y, — 3nh) + 3(4% —6nh —3),

with yo = 1. Setting h = 0.1, we obtain :

n=1 n=2 n=3 n =4
t, | 0.1 0.2 0.3 0.4
Yn | 1.20500 | 1.42210 | 1.65396 | 1.90383

26. The modified Euler formula for this problem is

h
Yn+l = Yn + h{2tn +h+ exp[— (tn + §)Kn:| }a

in which K, =y, + %[Qtn + exp( — toyn)]. Now t, = t, + nh, with ¢, = 0 and

yo = 1. Setting h = 0.1, we obtain the following values :

n=1 n=2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
yn | 1.104885 | 1.21892 | 1.34157 | 1.472724
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27. Let f(t,y) be linear in both variables. The improved Euler formula is

1
Yn+1 = Un + ih[f(t’n,; yn) + f(tn + h, Yn + hf(tm yn))]
=y () + hF (b 9) + g, B )]
= 1f () + 50 ST S s )

The modified Euler formula is

1 1
Yn+1 = Un + hf |:tn + §h7 Yn + ihf(tm yn):|

= )+ 1 1 5 )

Since f(t,y) is linear in both variables,
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