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Section 2.2

2.  For , the differential equation may be written as B Á  " C .C œ .B Þc da bB Î "  B# $

Integrating both sides, with respect to the appropriate variables, we obtain the relation
C Î# œ 68  - Þ C B œ „ 68  - Þ# " #

$ $k k k k"  B "  B$ $  That is, a b É
3.  The differential equation may be written as   Integrating bothC .C œ  =38B .B Þ#

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C œ -9= B  - Þ G  -9= B C œ " G"   That is, , in which  is an arbitrary constant.a b
Solving for the dependent variable, explicitly,  .C B œ "Î G  -9= Ba b a b
5.  Write the differential equation as , or -9= #C .C œ -9= B .B =/- #C .C œ -9= B .BÞ# # # #

Integrating both sides of the equation, with respect to the appropriate variables, we obtain
the relation >+8 #C œ =38 B -9= B  B  - Þ

7.  The differential equation may be written as   Integratinga b a bC  / .C œ B  / .B ÞC B

both sides of the equation, with respect to the appropriate variables, we obtain the
relation
C  # / œ B  # /  - Þ# C # B

8.  Write the differential equation as   Integrating both sides of thea b"  C# .C œ B .B Þ#

equation, we obtain the relation , that is, C  C Î$ œ B Î$  - $C  C œ B  GÞ$ $ $ $

9 .  The differential equation is separable, with   Integrationa b a b+ C .C œ "  #B .B Þ#

yields   Substituting  and , we find that  C œ B  B  - Þ B œ ! C œ  "Î' - œ ' Þ" #

Hence the specific solution is .  The  isC œ B  B  '" # explicit form
C B œ "Î Þa b a bB  B  '#

a b,

a b a ba b- B  B  ' œ B  # B  $.  Note that .  Hence the solution becomes # singular at
B œ  # B œ $ Þ and 

10   a b a b È+ Þ C B œ  #B  #B  % Þ#
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10a b, Þ

11   Rewrite the differential equation as   Integrating both sidesa b+ Þ B / .B œ  C .C ÞB

of the equation results in   Invoking the initial condition, weB /  / œ  C Î#  - ÞB B #

obtain   Hence   - œ  "Î# Þ C œ #/  #B /  "Þ# B B The  of the solution isexplicit form
C B œ Þa b È#/  #B /  " C ! œ "ÞB B   The positive sign is chosen, since a b
a b, Þ

a b- Þ B œ  "Þ( B œ !Þ(' Þ  The function under the radical becomes  near  and negative

11   Write the differential equation as   Integrating both sides of thea b+ Þ < .< œ . Þ# ") )
equation results in the relation   Imposing the condition , we < œ 68  - Þ < " œ #" ) a b
obtain .  - œ  "Î# The  of the solution is explicit form < œ #Î "  # 68 Þa b a b) )



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 30

a b, Þ

a b- Þ  ! Þ  Clearly, the solution makes sense only if   Furthermore, the solution becomes)
singular when , that is, 68 œ "Î# œ / Þ) ) È
13   a b a b a bÈ+ Þ C B œ  # 68 "  B  % Þ#

a b, Þ

14 .  Write the differential equation as   Integrating botha b a b+ C .C œ B "  B .B Þ$ "Î##

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C Î# œ "  B  - Þ - œ  $Î# Þ# È #   Imposing the initial condition, we obtain 
Hence the specific solution can be expressed as   The C œ $  # "  B Þ# È # explicit

form positive of the solution is   The C B œ "Î $  # "  B Þa b É È #  sign is chosen to
satisfy the initial condition.
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a b, Þ

a b- Þ  The solution becomes singular when # "  B œ $ B œ „ &Î# ÞÈ È# .  That is, at 

15   a b a b È+ Þ C B œ  "Î#  B  "&Î% Þ#

a b, Þ

16 .  a b+ Rewrite the differential equation as   Integrating both%C .C œ B B  " .B Þ$ #a b
sides
of the equation results in   Imposing the initial condition, we obtainC œ Î%  - Þ% a bB  "# #

- œ ! Þ  %C œ ! Þ  Hence the solution may be expressed as   The  forma bB  "# # % explicit
of the solution is   The  is chosen based on C B œ  Þ C ! œ Þa b a bÈa b ÈB  " Î#  "Î ## sign
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a b, Þ

a b- Þ B −  The solution is valid for all .‘

17   a b a b È+ Þ C B œ  &Î#  B  /  "$Î% Þ$ B

a b, Þ

a b- B   "Þ%& Þ.  The solution is valid for   This value is found by estimating the root of
%B  %/  "$ œ ! Þ$ B

18 .  Write the differential equation as   Integrating botha b a b a b+ $  %C .C œ /  / .B ÞB B

sides of the equation, with respect to the appropriate variables, we obtain the relation
$C  #C œ  /  /  - Þ C ! œ "# B Ba b a b  Imposing the initial condition, , we obtain
- œ (Þ $C  #C œ  /  /  (Þ  Thus, the solution can be expressed as   Now by# B Ba b
completing the square on the left hand side, # C  $Î% œa b#  /  /  '&Î)a bB B .
Hence the explicit form of the solution is C B œ  $Î%  '&Î"'  -9=2 B Þa b È
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a b, Þ

a b k k- '&  "' -9=2 B   ! B  #Þ" Þ.  Note the , as long as   Hence the solution is valid on
the interval . #Þ"  B  #Þ"

19   a b+ Þ C B œ  Î$  =38 $ -9= B Þa b a b1 "
$

" #

a b, Þ

20   a b+ Þ Rewrite the differential equation as   IntegratingC .C œ +<-=38 BÎ "  B .B Þ# #È
both sides of the equation results in   Imposing the conditionC Î$ œ +<-=38 B Î#  - Þ$ a b#
C ! œ ! - œ !Þa b , we obtain   formThe  of the solution is explicit C B œ Þa b a bÉ$ $

# +<-=38 B
#Î$
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a b, .

a b-  " Ÿ B Ÿ " Þ.  Evidently, the solution is defined for 

22.  The differential equation can be written as   Integrating botha b$C  % .C œ $B .B Þ# #

sides, we obtain   Imposing the initial condition, the specific solutionC  %C œ B  - Þ$ $

is   Referring back to the differential equation, we find that  asC  %C œ B  " Þ C p_$ $ w

C p„#Î $ Þ B œ  "Þ#(' "Þ&*) ÞÈ   The respective values of the abscissas are , 

Hence the solution is valid for  "Þ#('  B  "Þ&*) Þ

24.  Write the differential equation as   Integrating both sides,a b a b$  #C .C œ #  / .B ÞB

we obtain   Based on the specified initial condition, the solution$C  C œ #B  /  - Þ# B

can be written as   , it follows that$C  C œ #B  /  " Þ# B Completing the square
C B œ  $Î#  #B  /  "$Î% Þ #B  /  "$Î%   !a b È B B  The solution is defined if  ,
that is,  .  In that interval, , for   It can "Þ& Ÿ B Ÿ # C œ ! B œ 68 # Þa bapproximately w

be verified that .  In fact,  on the interval of definition.  HenceC 68 #  ! C B  !ww wwa b a b
the solution attains a global maximum at B œ 68 # Þ

26.  The differential equation can be written as   Integratinga b"  C#
".C œ # "  B .B Þa b

both sides of the equation, we obtain   Imposing the given+<->+8C œ #B  B  - Þ#

initial
condition, the specific solution is   Therefore,+<->+8C œ #B  B Þ C B œ >+8 Þ# a b a b#B  B#

Observe that the solution is defined as long as   It is easy to Î#  #B  B  Î# Þ1 1#

see that   Furthermore,  for  and   Hence#B  B    "Þ #B  B œ Î# B œ  #Þ' !Þ' Þ# # 1
the solution is valid on the interval   Referring back to the differential #Þ'  B  !Þ' Þ
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equation, the solution is  at   Since  on the entire intervalstationary B œ  "Þ C B  !wwa b
of
definition, the solution attains a global minimum at B œ  " Þ

28 .  Write the differential equation as   Integratinga b a b a b+ C %  C .C œ > "  > .> Þ" " "

both sides of the equation, we obtain   Taking68 C  68 C  % œ %>  %68 "  >  - Þk k k k k k
the  of both sides, it follows that   It followsexponential k k a ba bCÎ C  % œ G / Î "  > Þ%> %

that as , .  That is, > p_ CÎ C  % œ "  %Î C  % p_ C > p % Þk k k k a ba b a b
a b a b, Þ C ! œ # G œ "  Setting , we obtain that .  Based on the initial condition, the solution
may be expressed as   Note that , for allCÎ C  % œ  / Î "  > Þ CÎ C  %  !a b a b a b%> %

>   !Þ C  % >   !Þ  Hence  for all   Referring back to the differential equation, it follows
that is always .  This means that the solution is .  We findC w positive monotone increasing
that the root of the equation   is near / Î "  > œ $** > œ #Þ)%% Þ%> a b%
a b a b- Þ C > œ %  Note the  is an equilibrium solution.  Examining the local direction field,

we see that if , then the corresponding solutions converge to .  ReferringC !  ! C œ %a b
back to part , we have , for   Settinga b a b c d a ba b+ CÎ C  % œ C Î C  % / Î "  > C Á % Þ! ! !

%%>

> œ # C Î C  % œ $Î/ C # Î C #  % Þ, we obtain   Now since the function! !a b a b a b a ba b# %

0 C œ CÎ C  % C  % C  %a b a b  is  for  and , we need only solve the equationsmonotone
C Î C  % œ C Î C  % œ Þ! ! ! !

# #% %a b a b $** $Î/ %!" $Î/a b a band   The respective solutions
are  and C œ $Þ''## C œ %Þ%!%# Þ! !

30a b0 Þ
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31a b-

32 .  Observe that   Hence the differential equationa b a b ˆ ‰+ B  $C Î#BC œ  Þ# # " $
# B # B

C C"

is .homogeneous

a b a b, C œ B @ @  B@ œ B  $B @ Î#B @.  The substitution  results in .  Thew # # # #

transformed equation is   This equation is , with general@ œ "  @ Î#B@ Þw #a b separable
solution   In terms of the original dependent variable, the solution is@  " œ - B Þ#

B  C œ - B Þ# # $

a b- Þ

33a b- Þ
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34   Observe that   Hence thea b a b  ‘+ Þ %B  $C ÎÐ#B  CÑ œ  #  #  Þ
C C
B B

"

differential equation is .homogeneous

a b a b, C œ B @ @  B@ œ  #  @Î #  @.  The substitution  results in .  The transformedw

equation is   This equation is , with general@ œ  @  &@  % ÎÐ#  @ÑB Þw #a b separable
solution   In terms of the original dependent variable, the solutiona b k k@% @" œ GÎB Þ# $

is  a b k k%B  C BC œ GÞ#

a b- Þ

35 .a b-

36   Divide by  to see that the equation is homogeneous.  Substituting , wea b+ Þ B C œ B@#

obtain   The resulting differential equation is separable.B @ œ "  @ Þw #a b
a b a b, Þ "  @ .@ œ B .B Þ  Write the equation as   Integrating both sides of the equation, "#

we obtain the general solution   In terms of the original "Î "  @ œ 68 B  - Þa b k k
dependent variable, the solution is  C œ B G  68 B  B Þc dk k "
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a b- Þ

37   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w " $
# B # B

C C"

equation is homogeneous.  The substitution  results in .C œ B@ B @ œ "  &@ Î#@w #a b
Separating variables, we have #@ "

"&@ B# .@ œ .B Þ

a b, Þ   Integrating both sides of the transformed equation yields "
&

68 œ 68 B  -k k"  &@# k k ,
that is,   In terms of the original dependent variable, the general"  &@ œ GÎ B Þ# &k k
solution is &C œ B  GÎ B Þ# # $k k
a b- Þ

38   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w $ "
# B # B
C C "

equation is homogeneous.  The substitution  results in , thatC œ B@ B @ œ @  " Î#@w #a b
is, #@ "

@ " B# .@ œ .B Þ

a b k k, Þ 68 œ 68 B  -  Integrating both sides of the transformed equation yields ,k k@  "#

that is,   In terms of the original dependent variable, the general solution@  " œ G B Þ# k k
is C œ G B B  B Þ# # #k k
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a b- Þ


