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Section 8.6

1.  In vector notation, the initial value problem can be written as

. B B  C  > "

.> C %B  #C !
œ ! œ ÞŒ  Œ  Œ a b,  x

a b+ .  The Euler formula is

Œ  Œ  Œ B B B  C  >

C C %B  #C
œ  2 Þ

8" 8 8 8 8

8" 8 8 8

That is,

B œ B  2 B  C  >

C œ C  2 %B  #C Þ
8" 8 8 8 8

8" 8 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ#' "Þ(("% #Þ&)**" $Þ)#$(% &Þ'%#%'
C !Þ(' "Þ%)#% #Þ$(!$ $Þ'!%"$ &Þ$)))&

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8

8 8 8 8 8 88 8 8 8

8 8 8 8 88 8 8

"
X

# " " " "
" # " #

X

$ # # #
" # "

œ B  C  > ß %B  #C

œ B  5  C  5  >  ß % B  5  # C  5
2 2 2 2 2

# # # # #

œ B  5  C  5  >  ß % B  5  #
2 2 2 2

# # # #

a b
” •Œ  Œ 
” •Œ  Œ 
c da b a b

C  5
2

#

œ B  25  C  25  >  2 ß % B  25  # C  25 Þ

8 8

8 8 8 8 8 88 8 8 8

#
#

X

% $ $ $ $
" # " # Xk

With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#%*$ "Þ*$'(* #Þ*$%"% %Þ%)$") 'Þ)%#$'
C !Þ(&)*$$ "Þ&(*"* #Þ''!** %Þ##'$* 'Þ&'%&#

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain



—————————————————————————— ——CHAPTER 8. 

________________________________________________________________________
            page 491

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#%)* "Þ*$'* #Þ*$%&* %Þ%)%## 'Þ)%%%
C !Þ(&*&"' "Þ&(*** #Þ''#!" %Þ##()% 'Þ&'')%

8

8

8

The exact solution of the IVP is

B > œ /  /  > 
# " #

* $ *

C > œ /  /  >  Þ
) # "

* $ *

a b
a b

#> $>

#> $>

3 .  The Euler formula isa b+
Œ  Œ  Œ B B  > B  C  "

C C B
œ  2 Þ

8" 8 8 8 8

8" 8 8

That is,

B œ B  2  > B  C  "

C œ C  2 B Þ
8" 8 8 8 8

8" 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&)# !Þ""(*'*  !Þ$$'*"#  !Þ($!!!(  "Þ!#"$%
C "Þ") "Þ#($%% "Þ#($)# "Þ")&(# "Þ!#$("

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 8

8 8 8 8 88 8 8

8 8 8 8 88 8 8

8

"
X

# " " "
" # "

X

$ # # #
" # "

X

%

œ  > B  C  "ß B

œ  >  B  5  C  5  " ß B  5
2 2 2 2

# # # #

œ  >  B  5  C  5  " ß B  5
2 2 2 2

# # # #

œ 

a b
” •Œ Œ  Œ 
” •Œ Œ  Œ 
c da ba b a b>  2 B  25  C  25  " ß B  25 Þ8 8 8 88 8 8$ $ $

" # " X
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&')%&" !Þ"!*(('  !Þ$##!)  !Þ')"#*'  !Þ*$()&#
C "Þ"&((& "Þ##&&' "Þ#!$%( "Þ"!"'# !Þ*$()&#

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&')%& !Þ"!*(($  !Þ$##!)"  !Þ')"#*"  !Þ*$()%"
C "Þ"&((& "Þ##&&( "Þ#!$%( "Þ"!"'" !Þ*$()%

8

8

8

4 .  The Euler formula givesa b+
B œ B  2 B  C  B C

C œ C  2 $B  #C  B C Þ
8" 8 8 8 8 8

8" 8 8 8 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*)  !Þ$()(*'  !Þ&"*$#  !Þ&*%$#%  !Þ&))#()
C !Þ'") !Þ#)$#*  !Þ!$#"!#&  !Þ$#')!"  !Þ&(&%&

8

8

8

a b, .  Given

0 >ß Bß C œ B  C  BC

1 >ß Bß C œ $B  #C  BC

a ba b ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*'*!%  !Þ$(#'%$  !Þ&!"$!#  !Þ&'"#(!  !Þ&%(!&$
C !Þ'$!*$' !Þ#*))))  !Þ!"""%#*  !Þ#))*%$  !Þ&!)$!$

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*'*$&  !Þ$(#')(  !Þ&!"$%&  !Þ&'"#*#  !Þ&%(!$"
C !Þ'$!*$* !Þ#*))''  !Þ!""#")%  !Þ#)*!(  !Þ&!)%#(

8

8

8

5 .  The Euler formula givesa b+
B œ B  2 B "  !Þ& B  !Þ& C

C œ C  2 C  !Þ#&  !Þ& B Þ
8" 8 8 8 8

8" 8 8 8

c da bc da b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B #Þ*'##& #Þ$%""* "Þ*!#$' "Þ&''!# "Þ#*(')
C "Þ$%&$) "Þ'("#" "Þ*("&) #Þ#$)*& #Þ%'($#

8

8

8

a b, .  Given

0 >ß Bß C œ B "  !Þ& B  !Þ& C

1 >ß Bß C œ C  !Þ#&  !Þ& B

a b a ba b a b ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B $Þ!'$$* #Þ%%%*( "Þ**"" "Þ'$)") "Þ$&&&
C "Þ$%)&) "Þ')'$) #Þ!!!$' #Þ#(*)" #Þ&"(&

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B $Þ!'$"% #Þ%%%'& "Þ**!(& "Þ'$()" "Þ$&&"%
C "Þ$%)** "Þ')'** #Þ!!"!( #Þ#)!&( #Þ&")#(

8

8

8

6 .  The Euler formula givesa b+
B œ B  2 /B:  B  C  -9= B

C œ C  2 =38 B  $ C Þ
8" 8 8 8 8

8" 8 8 8

c da bc da b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%#$)' "Þ)##$% #Þ#"(#) #Þ'""") #Þ**&&
C #Þ")*&( #Þ$'(*" #Þ&$$#* #Þ')('$ #Þ)$$&%

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%"&"$ "Þ)"#!) #Þ#!'$& #Þ&*)#' #Þ*()!'
C #Þ")'** #Þ$'#$$ #Þ&#&) #Þ'(*% #Þ)#%)(

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%"&"$ "Þ)"#!* #Þ#!'$& #Þ&*)#' #Þ*()!'
C #Þ")'** #Þ$'#$$ #Þ&#&)" #Þ'(*%" #Þ)#%))

8

8

8

7.  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 8

8

8

8

"
X

# 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 8 88# 8# 8# 8#
" # " #

X

%

œ B  % C ß  B  C

œ

œ

œ

c d
” •Œ  Œ 
” •Œ  Œ 
B  5  % C  5 ß  B  5  C  5

2 2 2 2

# # # #

B  5  % C  5 ß  B  5  C  5
2 2 2 2

# # # #

 ‘ˆ ‰ ˆ ‰B  25  % C  25 ß  B  25  C  258 8 8 88$ 8$ 8$ 8$
" # " # X

Þ

Using , we obtain the following values:2 œ !Þ!%

8 œ & 8 œ "! 8 œ "& 8 œ #! 8 œ #&
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#!% "Þ**&# $Þ#**# &Þ($'# "!Þ##(
C  !Þ#&!)&  !Þ''#%&  "Þ$(&#  #Þ'%$&  %Þ*#*%

8

8

8

The exact solution is given by

9 <a b a b> œ > œ
/  / /  /

# %

> $> > $>

,  ,

and the associated tabulated values:

8 œ & 8 œ "! 8 œ "& 8 œ #! 8 œ #&
> !Þ# !Þ% !Þ' !Þ) "Þ!

> "Þ$#!% "Þ**&# $Þ#**# &Þ($'# "!Þ##(
>  !Þ#&!)&  !Þ''#%&  "Þ$(&#  #Þ'%$&  %Þ*#*%

8

8

8

9

<

a ba b
8.  Let .  The second order ODE can be transformed into the first order systemC œ Bw
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B œ C

C œ >  $B  > C

w

w # ,

with initial conditions , .  GivenB ! œ " C ! œ #a b a b
0 >ß Bß C œ C

1 >ß Bß C œ >  $B  > C

a ba b # ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 88
#

8 8 8 8 88" 8" 8"
# " #

8 8 8 8 88# 8# 8#
# " #

8 8 8$
#

"

X

#

X

$

X

%

œ C ß >  $B  > C

œ C  5 ß 1 >  ß B  5 ß C  5
2 2 2 2

# # # #

œ C  5 ß 1 >  ß B  5 ß C  5
2 2 2 2

# # # #

œ C  25 ß 1

 ‘
” •Œ 
” •Œ 
 ‘ˆ ‰>  2ß B  25 ß C  25 Þ8 8 88$ 8$

" # X

With , we obtain the following values:2 œ !Þ"

8 œ & 8 œ "!
> !Þ& "Þ!
B "Þ&%$ !Þ!(!(&
C "Þ"%(%$  "Þ$))&

8

8

8

9.  The predictor formulas are

B œ B  && 0  &* 0  $( 0  * 0
2

#%

C œ C  && 1  &* 1  $( 1  * 1 Þ
2

#%

8 8 8 8 8 8

8 8 8 8 8 8

" " # $

" " # $

a b
a b

With  and , the formulas are0 œ B  % C 1 œ  B  C8 8 8 8 8 8" " " " " " corrector 

B œ B  * 0  "* 0  & 0  0
2

#%

C œ C  * 1  "* 1  & 1  1 Þ
2

#%

8 8 8 8 8 8

8 8 8 8 8 8

" " " #

" " " #

a b
a b
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We use the starting values from the exact solution À

8 œ ! 8 œ " 8 œ # 8 œ $
> ! !Þ" !Þ# !Þ$
B "Þ! "Þ"#))$ "Þ$#!%# "Þ'!!#"
C !Þ!  !Þ""!&(  !Þ#&!)%(  !Þ%#*'*'

8

8

8

One time step using the predictor-corrector method results in the approximate values:

8 œ % :</ 8 œ % -9<
> !Þ% !Þ%
B "Þ**%%& "Þ**&#"
C  !Þ''#!'%  !Þ''#%%#

a b a b
8

8

8


