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Section 5.4

2. We see that P(z) = 0 whenx = 0 and 1. Since the three coefficients have no
factors
in common, both of these points are singular points. Near x = 0,

2

limz p(z) = lim :/zr:—:l;2 =2.

x—0 z—0 3;2(1 — .T)

. 2 . 2 4

limr“g(z) = lim2° ———— = 4.

x—0 x—0 $2(1 — x)

The singular point « = 0 is regular. Considering x = 1,
2x

lim(z — 1)p(z) =lim(z — 1) ——— .
lim(e = Dp(e) = lim (7 = 1) =

The latter limit does not exist. Hence x = 1 is an irregular singular point.

3. P(x) =0whenz =0 and 1. Since the three coefficients have no common factors,
both of these points are singular points. Near x = 0,

) . T —2
lime p(z) =M@ g0y -

The limit does not exist, and so x = 0 is an irregular singular point. Considering z = 1,

. . T —2

};IE}(CC — 1)p(x) :alrlg} (x — l)m =1.
lim(z — 1)%(z) = lim (z — 1)’ % _ =g
;,ILI}'T q(x —xlir%x 562(1_33)_ .

Hence = = 1 is a regular singular point.

4. P(x) =0whenz = 0and £ 1. Since the three coefficients have no common factors,
both of these points are singular points. Near z = 0,

2
li =limer——.
Ilil’(l)xp(:l]) xlir(l)xl‘g(l — 332)
The limit does not exist, and so = 0 is an irregular singular point. Nearz = — 1,
2
li 1 =1 1) —————-= —1.
xin;ll(x + Dp(z) P (z+ )x3(1 —z?)
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2
. 2 . 2
Jim, (@ +1)"g(e) = lim, (@ + 15—y = 0.

Hence x = — 1 is a regular singular point. Atz =1,

lim (2 — 1)p(z) = lim (z — 1)m 1.

. ) _ s 2
lim(z = 1)q(w) = lim (z = 1)" 57 —5y = 0-

Hence z = 1 is a regular singular point.

6. The only singular point is at x = 0. We find that

X
Ii =1 —=1.
limz p(x) = lim 2

2 _ 2
. . x*—v
limz?q(x) = lim z* = — V2,
z—0 z—0 T

Hence = = 0 is a regular singular point.
7. The only singular point is at z = — 3. We find that

lim (2 + 3)p(z) = lim (2 + 3)——

=6.
r——3 x——3 z+3

1 — 2

li 3)%q(z) = li 3)? =
Ig{lg(:z:%— ) a(z) xirzl3(x+ ) r+3

Hence x = — 3 is a regular singular point.

8. Dividing the ODE by z(1 — 2?)”, we find that

1 2
Pr) = gy and al) = 2(1+ 221 —2)

The singular points are at t = 0 and £1. For x = 0,

1
limzple) = limz 5
. 2 . 2 2
limz*g(x) = limx 5 5 =0.
z—0 =0 z(l14+2)°(1—2x)
Hence x = 0 is a regular singular point. Forx = — 1,
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: . 1 1
Jim, (o p() =lim, (@ + Doz = ~ 5
lim (z + 1)%¢(z) = lim (z + 1)° 2 !
im (x x)=Ilim (x = —
el ! r—-1 z(1+ :1:)2(1 — x)?’ 4
Hence x = — 1 is a regular singular point. For x = 1,
lim(z — 1)p(z) = lim (2~ 1)~ = —
lim(z — 1)%q(z) = lim (z — 1) 2
r—1 r—1 x(l + x)Z(l . 33)3

The latter limit does not exist. Hence x = 1 is an irregular singular point.

9. Dividing the ODE by (z + 2)*(z — 1), we find that
-2
(x+2)(x—1)

3
p(x) = m and q(z) =

The singular points areatx = —2and 1. Forz = — 2,

3
Iim (z +2)p(z) =lim (z +2)— .
Jim, 2)pla) = fim, (+2)

The limit does not exist. Hence x = — 2 is an irregular singular point. For x =1,

3
lim(z — Dp(z) =lim(x —1)—= = 0.
fim(z — Dp(e) = lim (7 = 1)

. 2 Y 12 —2 B
ilg}(x_l) q(x)_ilg}@ 1 (r+2)(x—1) =0

Hence x = 1 is a regular singular point.

10. P(z) =0whenz =0 and 3. Since the three coefficients have no common factors,
both of these points are singular points. Near x = 0,

lima p(z) = limz— " —
rzp(z) =limer——— = -.
z—0 P z—0 :L‘(3 — ZL‘) 3
limz?q(x) = lim 3:2_—2 =0.
z—0 z—0 x(?) — LE)

Hence = = 0 is a regular singular point. For z = 3,
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. . r+1
lim (2 — 3)p(x) = lim (z — 3)m = -

Lol W~

-2
lin(z = 3e) =lim (0 = 3)" ;=5 =0-

Hence x = 3 is a regular singular point.

11. Dividing the ODE by (2? 4+ x — 2), we find that

r+1 2
P = oo ™ = oee o

The singular points areatz = —2and 1. Forz = — 2,

r+1 1
li 2 =1l =-.
A, (@ +2)p(r) = lim, 777 = 3

. 2 o 2(z+2)

=0.

Hence x = — 2 is a regular singular point. For xz = 1,

rz+1 2
li -1 =1 = — .

. 2 T _
li(a — 1'ae) =l

Hence x = 1 is a regular singular point.

13. Note that p(x) = In|z| and ¢(x) = 3z . Evidently, p(z) is not analytic at z, = 0.
Furthermore, the function x p(z) = x In|z| does not have a Taylor series about x, = 0.
Hence x = 0 is an irregular singular point.

14. P(x) = 0 whenz = 0. Since the three coefficients have no common factors, z = 0
is a singular point. The Taylor series of e* — 1, about x = 0, is

" —1=x+2%/2+2%/6+---.

Hence the function = p(z) = 2(e* — 1)/x is analytic at x = 0. Similarly, the Taylor
series of e “cosx, about x = 0, is

e lcosr=1—ax+23/3—2"/6+ .

The function z2¢(z) = e “cos z is also analytic at x = 0. Hence z = 0 is a regular
singular point.
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15. P(z) = 0 when z = 0. Since the three coefficients have no common factors, z = 0
is a singular point. The Taylor series of sin x, about x = 0, is

sinw =x—2° /3! +2° /5 — .-,

Hence the function x p(x) = — 3sinx/x is analytic at z = 0. On the other hand, ¢(z)
is a rational function, with

51+ 22
2

,l.in%qu(x) =limx =1.

z—0 T
Hence x = 0 is a regular singular point.

16. P(xz) = 0whenz = 0. Since the three coefficients have no common factors, z = 0
is a singular point. We find that

li =li —=1.

Although the function R(z) = cot = does not have a Taylor series about = 0, note that
2?q(z) =z cotw =1—2%/3 — 2 /45 — 22°/945 — ---. Hence x = 0 is a regular
singular point. Furthermore, ¢(z) = cot z/x? is undefined at * = &= nn. Therefore the
points z = &+ n7 are also singular points. First note that

lim (zFnm)p(x) = lim (x:FmT)l =0.
T

r—Enm r—+nmT
Furthermore, since cot x has period 7,

q(x) = cotx/x = cot(x Fnm)/z

1
— cot .
cot(x F nm) EFnn) Lo
Therefore
(z Fnm)’q(z) = (x F nr)cot(x F n) [%] '
From above,

(z Fnm)cot(z For) =1 — (xFnn)?/3 — (x Fomr)' /45 — ..

Note that the function in brackets is analytic near x = £ nm. It follows that the function
(z F nm)?q(z) is also analytic near = + nar. Hence all the singular points are regular.

18. The singular points are located at x = £=nm, n =0, 1,---. Dividing the ODE by
x sinz, we find that 2 p(z) = 3cscz and 2°q(x) = x’cscx . Bvidently, x p(x) is
not even defined at x = 0. Hence z = 0 is an irregular singular point. On the other
hand, the Taylor series of = cscx, about x = 0, is
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rescx =14 2%/6 + T2*360 + - -
Noting that csc(x Fnw) = (—1)"cscx,
(x Fnm)p(x) =3(—1)"(x Fnr)cse(x Fnr)/x

— 3(= 1)"(a T nm)ese(z T nw) {m} .

It is apparent that (z F n7)p(x) is analytic at x = £ nr. Similarly,

(z Fnn)’q(z) = (@ Fnr)lesca
= (= 1)"(z Fnr)esc(z Fow),

which is also analytic at z = 4+ nm. Hence all other singular points are regular.

20. z = 0 is the only singular point. Dividing the ODE by 222, we have p(z) = 3/(2z)
and ¢(z) = — 27 2(1 4 x)/2. It follows that

3 3
limz p(z) = limzr— = 3

x—0 z—0 2T
o, —(+x) 1
fimea(o) = Mo 5 = 3

Hence = = 0 is a regular singular point. Lety = ag + a7 + a,x® + -+ + a,z" + -+ .
Substitution into the ODE results in

2x22 (n+2)(n+ 1ap42 " +3mz n+ 1Da,z" — (1 + ) Z =

n=0 n=0
That is,
o0
Z (n—1)a,z" —I—SZnanx — Zanx —Zan 1"
It follows that

[e.0]
—ag+ (2a1 — ap)x + Z 2n(n —1)a, + 3na, —a, — ap—1|z" =
n=2

Equating the coefficients to zero, we find that ag = 0, 2a; — a9 = 0, and
2n—1)(n+1)a, = ap-1, n=2,3,---

We conclude that a/l the a,, are equal to zero. Hence y(x) = 0 is the only solution that
can be obtained.

22. Based on Prob. 21, the change of variable, x = 1/¢, transforms the ODE into the
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form

2
§4d£‘7§+2§3—€+y—0

Evidently, ¢ = 0 is a singular point. Now p(§) = 2/¢ and ¢(£) = 1/£%. Since the value
of flin%SQq(f) does not exist, £ = 0, that is, z = 0o, is an irregular singular point.

24. Under the transformation x = 1/¢, the ODE becomes

o, 1\ d% sy L1 o 1| dy
&1 52 7 + [2¢8°( 1 & +2£§ d£+oz(a+1)y 0,

that is,
d?
(& —¢ )dé/ +2530l—5 tafa+1)y=0.
Therefore £ = 0 is a singular point. Note that
28 ala+1)
p(§) £-1 and ¢(¢§) = 2@ 1)
It follows that
lime p(6) = limé 7 = 0.
: a+1
limé?g(€) = lim ¢ &2 = —ata-+1).

Hence £ = 0 (x = 00) is a regular singular point.

26. Under the transformation x = 1/¢, the ODE becomes

g d§2 {2§3+2§2€]2—§+)\ =0,
that is,
5 de 2(£3+£)3—Z +Ay=0.
Therefore & = 0 is a singular point. Note that
) = 2 ana g = 3

It immediately follows that the limit %inéﬁ p(§) does not exist. Hence { =0 (z = 00)
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is an irregular singular point.

27. Under the transformation = = 1/¢, the ODE becomes

d?y dy 1
4 3
— + 20— —-y=0.
Therefore £ = 0 is a singular point. Note that
2 -1
p(§) = zand ¢(§) = —.
(€) ¢ (€) &
We find that
2
lim =limé- =2,
limg p(¢) fim&e
but

(=1
&

The latter limit does not exist. Hence £ = 0 (x = o0) is an irregular singular point.

li 2 — li 2
51335 q(¢) 513[1)5
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