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Section 6.2

1.  Write the function as

$ $ #

=  % # =  %
œ

# #
.

Hence ._" $
#c da b] = œ =38 #>

3.  Using partial fractions,

# # " "

=  $=  % & =  " =  %
œ 

# ” •.

Hence ._" > %>#
&c da b ˆ ‰] = œ /  /

5.  Note that the denominator  is =  #=  &# irreducible over the reals.  Completing the
square, =  #=  & œ =  "  %# #a b .  Now convert the function to a rational function
of the variable  .  That is,0 œ =  "

#=  # # =  "

=  #=  &
œ

#

a b
a b=  "  %# .

We know that

_
0

0
"

#” •#

 %
œ # -9= #> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •#=  #

=  #=  &#
œ #/ -9= #> .

6.  Using partial fractions,

#=  $ " " (

=  % % =  # =  #
œ 

# ” •.

Hence .  Note that we can also write_" #> #>"
%c d a ba b] = œ /  (/

#=  $ = $ #

=  % =  % # =  %
œ # 

# # #
.

8.  ,Using partial fractions

)=  %=  "# " = #

= =  % = =  % =  %
œ $  &  #

#

# # #a b .
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Hence ._"c da b] = œ $  & -9= #>  # =38 #>

9.  The denominator  is =  %=  &# irreducible over the reals.  Completing the square,
=  %=  & œ =  #  "# #a b .  Now convert the function to a rational function of the
variable  .  That is,0 œ =  #

"  #= &  # =  #

=  %=  &
œ

#

a b
a b=  #  "#

.

We find that

_
0 0

0"
# #” •& #

 "  "
 œ & =38 >  # -9= > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" #>” • a b"  #=

=  %=  &#
œ / & =38 >  # -9= > .

10.   over the reals.  CompletingNote that the denominator  is =  #=  "!# irreducible
the square, =  #=  "! œ =  "  *# #a b .  Now convert the function to a rational
function of the variable  .  That is,0 œ =  "

#=  $ # =  "  &

=  #=  "!
œ

#

a b
a b=  "  *# .

We find that

_
0

0 0
"

# #” •# & &

 *  * $
 œ # -9= $>  =38 $> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” • Œ #=  $

=  #=  "!#
œ / # -9= $>  =38 $>

&

$
.

12.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  $= ] =  #] =  =  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

=  $

=  $=  #
a b

#
.
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Using partial fractions,

=  $

=  $=  ##
œ 

# "

=  " =  #
.

Hence .C > œ ] = œ # /  /a b c da b_" > #>

13.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  " œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

"

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

"

=  #=  ##
œ

"

=  "  "a b# .

First note that

_
0

"
#” •"

 "
œ =38 > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •"

=  #=  ##
œ / =38 > .

Hence .C > œ / =38 >a b >

15.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  #=  % œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  %

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
Completing the square,
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#=  %

=  #=  ##
œ

# =  "  #

=  "  $

a b
a b# .

First note that

_
0

0 0
"

# #” • È ÈÈ# # #

 $  $
 œ # -9=2 $ >  =382 $ >

$
.

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” •  È ÈÈ#=  %

=  #=  ##
œ / # -9=2 $ >  =382 $ >

#

$
.

16.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  &] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  &] =  #=  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  $

=  #=  &
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

#=  $

=  #=  &#
œ

# =  "  "

=  "  %

a b
a b# .

We know that

_
0

0 0
"

# #” •# " "

 %  % #
 œ # -9= #>  =38 #> .

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” • Œ #=  $

=  #=  &#
œ / # -9= #>  =38 #>

"

#
.

17.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  % = ] =  = C !  = C !  C ! 

 ' = ] =  = C !  C !  % = ] =  C !  ] = œ !

% $ # w ww www $ # w ww

# w

a b a b a b a b a b a b a b a b a b ‘
 ‘a b a b a b c d a ba b a b

Applying the ,initial conditions
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= ] =  %= ] =  '= ] =  %= ] =  ] =  =  %=  ( œ !% $ # #a b a b a b a b a b .

Solving for the transform of the solution,

] = œ œ
=  %=  ( =  %=  (

=  %=  '=  %=  " =  "
a b a b

# #

% $ # %
.

Using partial fractions,

=  %=  ( % # "

=  " =  "
œ  

=  " =  "

#

% % $ #a b a b a b a b .

Note that  and .  Hence the solution_ _ _c d a b c d c da b a b> œ 8x Î= / 0 > œ 0 >8 8" +>
=p=+

of the IVP is

C > œ
=  %=  (

=  "
a b a b_" $ > # > >– —#

%
œ > /  > /  > /

#

$
.

18.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  ] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  ] =  =  = œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  "
a b

#
.

By inspection, it follows that C > œa b _" ‘=
= "# œ -9=2 > Þ

19.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  %] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  %] =  =  #= œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  #
a b

#
.

It follows that C > œa b _" ‘ È=
= ## œ -9= # > Þ

20.  Taking the Laplace transform of both sides of the ODE, we obtain



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 266

= ] =  = C !  C !  ] = œ
=

=  %
# w #

#
a b a b a b a b= .

Applying the ,initial conditions

= ] =  ] =  = œ
=

=  %
# #

#
a b a b= .

Solving for , the transform of the solution is] =a b
] = œa b = =

=  =  % = 
a ba b# # # # #= =

.

Using partial fractions on the first term,

= " = =

=  =  % %  =  =  %
œ a ba b ” •# # # # # # #= = =

.

First note that

_ = _
=

" "
# # #” • ” •= =

=  =  %
œ -9= > œ -9= #>    and   .

Hence the solution of the IVP is

C > œ -9= >  -9= #>  -9= >
" "

%  % 

œ -9= >  -9= #>
&  "

%  % 

a b
= =

= =

=

= =
=

# #

#

# #
.

21.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ
=

=  "
# w

#
a b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  =  # œ
=

=  "
#

#
a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b = =  #

=  #=  # =  " =  #=  #
a ba b# # #

.

Using partial fractions on the first term,

= " =  # =  %

=  #=  # =  " & =  " =  #=  #
œ a ba b ” •# # # #

.

Thus we can write
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] = œ
"

&
a b = # " # #=  $

=  " & =  " & =  #=  #
 

# # #
.

For the , we note that .  So thatlast term =  #=  # œ =  "  "# #a b
#=  $ # =  "  "

=  #=  #
œ

=  "  "# #

a b
a b .

We know that

_
0

0 0
"

# #” •# "

 "  "
 œ # -9= >  =38 > .

Based on the  of the Laplace transform,translation property

_" >” • a b#=  $

=  #=  ##
œ / # -9= >  =38 > .

Combining the above, the solution of the IVP is

C > œ -9= >  =38 > 
" # #

& & &
a b / # -9= >  =38 > Þ>a b

23.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  ] = œ
%

=  "
# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  ] =  #=  $ œ
%

=  "
# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b % #=  $

=  " =  "
a b a b$ # .

First write

#=  $ # =  "  " # "

=  " =  " =  "
œ œ  Þ

=  "a b a b a b
a b

# # #

We note that

_
0 0 0

" #
$ #” •% # "
  œ # >  #  > .

So based on the  of the Laplace transform, the solution of the IVP istranslation property
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C > œa b # > /  > /  # / Þ# > > >

25.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  ] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
(

0 > œ 0 > / .>

œ > / .>

œ  
" / /

= = =

!

_
=>

!

"
=>

# #

= =

.

Solving for the transform,

] = œ  / Þ
" =  "

= =  " = =  "
a b a b a b# # # #

=

Using partial fractions,

" " "

= =  " = =  "
œ 

# # # #a b
and

= " =

= =  " = =  "
œ  Þ

# # #a b
We find, by inspection, that

_"” •"

= =  "# #a b œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

Let

_c da b a b1 > œ œ
=  "

= =  "# #

" " = "

= = =  " =  "
  

# # #
.



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 269

Then .  It follows, therefore, that1 > œ "  >  -9= >  =38 >a b
_" =

"” • a bc d/ † œ ? >
=  "

= =  "# #a b "  >  "  -9= >  "  =38 >  "a b a b a b .

Combining the above, the solution of the IVP is

C > œ "  >  "  -9= >  "  =38 >  "a b a b a b a b>  =38 >  ? >"a bc d .

26.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  %] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
( (

0 > œ 0 > / .>

œ > / .>  / .>

œ 
" /

= =

!

_
=>

! "

" _
=> =>

# #

=

.

Solving for the transform,

] = œ  / Þ
" "

= =  % = =  %
a b a b a b# # # #

=

Using partial fractions,

" " " "

= =  % % = =  %
œ  Þ

# # # #a b ” •
We find that

_"
# #” •a b" " "

= =  % % )
œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

It follows that
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_" =
# # "” • ” •a b a b a b a b/ † œ ? > >  "  =38 >  "

" " "

= =  % % )
.

Combining the above, the solution of the IVP is

C > œ >  =38 >  ? > >  "  =38 >  "
" " " "

% ) % )
a b a b a b a b” •" .

28 .  Assuming that the conditions of Theorem  are satisfied,a b+ 'Þ#Þ"

J = œ / 0 > .>
.

.=

œ / 0 > .>
`

`=

œ  > / 0 > .>

œ /  >0 > .> Þ

w =>

!

_

!

_
=>

!

_
=>

!

_
=>

a b a b(
(  ‘a b
(  ‘a b
( c da b

a b, 5   ".  Using , suppose that for some ,mathematical induction

J = œ /  > 0 > .>a b5 =>

!

_
5a b a b a b( ’ “ .

Differentiating both sides,

J = œ /  > 0 > .>
.

.=

œ /  > 0 > .>
`

`=

œ  > /  > 0 > .>

œ /  > 0 > .>

a b5" =>

!

_
5

!

_
=> 5

!

_
=> 5

!

_
=> 5"

a b a b a b( ’ “
( ’ “a b a b
( ’ “a b a b
( ’ “a b a b .

29.  We know that

_ ‘/ œ
"

=  +
+> .

Based on Prob. ,#)

_ ‘ ” • > / œ
. "

.= =  +
+> .
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Therefore,

_ ‘ a b> / œ
"

=  +
+>

#
.

31.  Based on Prob. ,#)

_ _c d c da b
” •

 > œ "
.

.=

œ Þ
. "

.= =

8
8

8

8

8

Therefore,

_c d a b a b
> œ  "

 " 8x

=

œ Þ
8x

=

8 8
8

8"

8"

33.  Using the  of the Laplace transform,translation property

_ ‘ a b/ =38 ,> œ Þ
,

=  +  ,
+>

# #

Therefore,

_ ‘ – —a ba b
a b

> / =38 ,> œ 
. ,

.= =  +  ,

œ
#, =  +

=  #+=  +  ,

+>
# #

# # # #
.

34.  Using the  of the Laplace transform,translation property

_ ‘ a b/ -9= ,> œ Þ
=  +

=  +  ,
+>

# #

Therefore,

_ ‘ – —a b
a b

a b

> / -9= ,> œ 
. =  +

.= =  +  ,

œ
=  +  ,

=  #+=  +  ,

+>
# #

# #

# # # # .

35 .  Taking the Laplace transform of the given ,a b+ Bessel equation
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_ _ _c d c d c d> C  C  > C œ !ww w .

Using the  of the transform,differentiation property

 C  C  C œ !
. .

.= .=
_ _ _c d c d c dww w .

That is,

 = ] =  = C !  C !  =] =  C !  ] = œ !
. .

.= .=
 ‘a b a b a b a b a b a b# w .

It follows that

ˆ ‰ a b a b"  = ] =  =] = œ !# w .

a b a b, ] =.  We obtain a  ODE in :first-order linear

] =  ] = œ !
=

=  "
w

#
a b a b ,

with integrating factor

.a b Œ ( È= œ /B: .= œ =  "
=

=  "#
# .

The first-order ODE can be written as

.

.=
=  " † ] = œ !’ “È a b# ,

with solution

] = œ
-

=  "
a b È #

.

a b- =.  In order to obtain  powers of , first writenegative

" " "

=  "
œ "  Þ

= =È ” •
# #

"Î#

Expanding in a ,Š ‹"  "
=#

"Î#

binomial series

" " " † $ " † $ † &

"  "Î=
œ "  =  =  = â

# # † % # † % † 'È a b# # % ' ,

valid for .  Hence, we can formally express   as=  " ] =# a b
] = œ -    â Þ

" " " " † $ " " † $ † & "

= # = # † % = # † % † ' =
a b ” •$ & (
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Assuming that  inversion is valid,term-by-term

C > œ - "    â
" > " † $ > " † $ † & >

# #x # † % %x # † % † ' 'x

œ - "    â Þ
#x > %x > 'x >

# #x # † % %x # † % † ' 'x

a b ” •
” •

# % '

# # # # # #

# % '

It follows that

C > œ - "  >  >  > â
" " "

# # † % # † % † '

œ - > Þ
 "

# 8x

a b ” •
" a b

a b
# # # # # #

# % '

8œ!

_ 8

#8 #
#8

The series is evidently the expansion, about , of B œ ! N > Þ!a b
36 .  Taking the Laplace transform of the given ,a b, Legendre equation

_ _ _ ! ! _c d c d a b c d ‘C  > C  # > C   " C œ !ww # ww w .

Using the  of the transform,differentiation property

_ _ _ ! ! _c d c d c d a b c dC  C  # C   " C œ !
. .

.= .=
ww ww w

#

#
.

That is,

 ‘  ‘a b a b a b a b a b a b
c d a b a ba b a b

= ] =  = C !  C !  = ] =  = C !  C ! 
.

.=

 # = ] =  C !   " ] = œ ! Þ
.

.=

# w # w
#

#

! !

Invoking the , we haveinitial conditions

= ] =  "  = ] =  "  # =] =   " ] = œ ! Þ
. .

.= .=
# #

#

#
a b a b c d a b a b ‘ a b ! !

After carrying out the differentiation, the equation simplifies to

. .

.= .=
= ] =  # = ] =  =   " ] = œ  " Þ

#

#
# # ‘  ‘a b c d a b a ba b ! !

That is,

= ] =  #= ] =  =   " ] = œ  "
. .

.= .=
# #

#

#
a b a b a b a b ‘! ! .

37.  By definition of the Laplace transform, given the appropriate conditions,
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_ 7 7

7 7

c d a ba b ( (” •
( ( a b

1 > œ / 0 . .>

œ / 0 . .> Þ

! !

_ >
=>

! !

_ >
=>

Assuming that the order of integration can be exchanged,

_ 7 7

7 7

c d a ba b ( (” •
( a b” •

1 > œ 0 / .> .

œ 0 . Þ
/

=

!

_ _
=>

!

_ =
7

7

c da b a bNote the  of integration is the area between the lines  and region 7 7> œ > > œ ! Þ
Hence

_ 7 7

_

c d a ba b (
c da b

1 > œ 0 / .
"

=

œ 0 > Þ
"

=

!

_
=7


