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Section 5.5

1.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  %<  #

œ <  $<  # Þ

a b a b
#

The roots are , .  Hence the general solution, for , is< œ  #  " B Á !

C œ - B  - B Þ" #
# "

3.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  $<  %

œ <  %<  % Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ # B Á !two

C œ -  - 68 B B Þa bk k" # #

5.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  <  "

œ <  #<  " Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ " B Á !two

C œ -  - 68 B B Þa bk k" # 

6.  Substitution of  results in the quadratic equation , whereC œ B  " J < œ !a b a b<

J < œ <  (<  "# Þa b #

The roots are , .  Hence the general solution, for , is< œ  $  % B Á "

C œ - B  "  - B  " Þ" #a b a b$ %

7.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  " Þa b #

The roots are .  Hence the general solution, for , is< œ  &„ #* Î# B Á !Š ‹È
C œ - B  - B Þ" #k k k k & #* Î#  & #* Î#Š ‹ Š ‹È È

8.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
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J < œ <  $<  $ Þa b #

The roots are complex, with .  Hence the general solution, for ,< œ $„ 3 $ Î# B Á !Š ‹È
is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ $Î# $Î#È È$ $

# #

10.  Substitution of  results in the quadratic equation , whereC œ B  # J < œ !a b a b<

J < œ <  %<  ) Þa b #

The roots are complex, with .  Hence the general solution, for , is< œ  #„#3 B Á #

C œ - B  # -9= # 68 B  #  - B  # =38 # 68 B  # Þ" #a b a b a b a bk k k k# #

11.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  <  % Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "„ 3 "& Î#Š ‹È
B Á !, is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ "Î# "Î#È È"& "&

# #

12.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  % Þa b #

The roots are , .  Hence the general solution, for , is< œ " % B Á !

C œ - B  - B Þ" #
%

14.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ %<  %<  "( Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "Î#„#3
B  !, is

C œ - B -9= # 68 B  - B =38 # 68 B Þ" #
"Î# "Î#a b a b

Invoking the initial conditions, we obtain the system of equations
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- œ #

 -  #- œ  $
"

#

"

" #

Hence the solution of the initial value problem is

C B œ #B -9= # 68 B  B =38 # 68 B Þa b a b a b"Î# "Î#

As , the solution decreases without bound.Bp!

15.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  %<  % Þa b #

The root is , with multiplicity .  Hence the general solution, for , is< œ # B  !two

C œ -  - 68 B B Þa bk k" # #

Invoking the initial conditions, we obtain the system of equations

- œ #

 #-  - œ $
"

" #

Hence the solution of the initial value problem is

C B œ #  ( 68 B B Þa b a bk k #
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We find that  as .C B p! Bp!a b 

18.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  œ !< # "
are

< œ
"„ "  %

#

È "
.

If , the roots are complex, with .  Hence the general" " "Î% < œ "„ 3 %  " Î#"ß# ˆ ‰È
solution, for , isB Á !

C œ - B -9= %  " 68 B  - B =38 %  " 68 B Þ
" "

# #
" #k k k k k k k kŒ  Œ È È"Î# "Î#" "

Since the trigonometric factors are  as .  If , the rootsbounded, C B p! Bp! œ "Î%a b "
are equal, and

C œ - B  - B 68 B Þ" #k k k k k k"Î# "Î# 

Since  , lim
BÄ!

Èk k k kB 68 B œ ! C B p! Bp!  "Î%a b  as .  If , the roots are real, with"

< œ "„ "  % Î# B Á !"ß# ˆ ‰È " .  Hence the general solution, for , is

C œ - B  - B Þ" #k k k k"Î# "% Î# "Î# "% Î#È È" "

Evidently, solutions approach   That is,zero as long as "Î#  "  % Î#  ! ÞÈ "

!   "Î%" .

Hence  solutions approach all zero, for ."  !

19.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  # œ !< #

are , .  Hence the general solution, for , is< œ  " # B Á !

C œ - B  - B Þ" #
" #

Invoking the initial conditions, we obtain the system of equations
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-  - œ "

 -  #- œ
" #

" # #

Hence the solution of the initial value problem is

C B œ B  B Þ
#  " 

$ $
a b # #" #

The solution is bounded, as , if .Bp! œ ##

20.  Substitution of  results in the quadratic equation .C œ B <   " <  &Î# œ !< # a b!
Formally, the roots are given by

< œ
"  „  #  *

#

œ Þ

"  „  "  "!  "  "!

#

! ! !

! ! !

È
ÊŠ ‹Š ‹È È

#

a b È3 < "!  The roots  will be "ß# complex zero, if .  For solutions to approach ,k k"  !

as , we need Bp_  "!  "   ! ÞÈ !a b k k33 "  œ Þ  The roots will be , if   In this case, all solutions approachequal ! È"!

zero as long as  ."  œ  "!! È
a b k k333 "    The roots will be real and , if .  It follows thatdistinct ! È"!

< œ7+B

"    #  *

#

! ! !È #

.

For solutions to approach , we need   That is,zero "    #  * ! ! !È # ! Þ

"    "!! È .

Hence all solutions approach , as , as long as zero Bp_  " Þ!

23 .  Given that , .  By the chain rule,a b a b a b a b+ B œ / C B œ C / œ A DD D

.C . .A .D " .A

.B .B .D .B B .D
œ A D œ œa b .

Similarly,

. C . " .A " .A " . A .D

.B .B B .D B .D B .D .B
œ œ  

œ   Þ
" .A " . A

B .D B .D

# #

# # #

# # #

#

” •

a b, .  Direct substitution results in
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B   B  A œ !
" . A " .A " .A

B .D B .D B .D
#

# # #

#” • ” •! " ,

that is,

. A .A

.D .D
  "  A œ !

#

#
a b! " .

The associated  is .  Since ,characteristic equation <   " <  œ ! D œ 68B# a b! "
it follows that C B œ A 68B Þa b a b
a b- <.  If the roots  are real and , then"ß# distinct

C œ - /  - /

œ - B  - B Þ
" #

" #

< D < D

< <

" #

" #

a b. <.  If the roots  are real and , then"ß# equal

C œ - /  - D /

œ - B  - B 68 B Þ
" #

" #

< D < D

< <

" "

" "

a b/ < œ „ 3.  If the roots are , then , andcomplex conjugates - .

C œ / - -9= D  - =38 D

œ B - -9= 68 B  - =38 68 B Þ

-

-

Da bc da b a b" #

" #

. .

. .

24.  Based on Prob. , the change of variable  transforms the ODE into#$ B œ /D

. A .A

.D .D
  #A œ !

#

#
.

The associated  is , with roots , .characteristic equation <  <  # œ ! < œ  " ##

Hence , and A D œ - /  - / C B œ - B  - B Þa b a b" # " #
D #D " #

26.  The change of variable  transforms the ODE intoB œ /D

. A .A

.D .D
 '  &A œ /

#

#
D .

The associated  is , with roots , .characteristic equation <  ' <  & œ ! < œ  &  "#

Hence   Since the right hand side is  a solution of theA D œ - /  - / Þ- " #a b D &D not
homogeneous equation, we can use the  to showmethod of undetermined coefficients
that a particular solution is .  Therefore the general solution is given by[ œ / Î"#D

A D œ - /  - /  / Î"# C B œ - B  - B  BÎ"# Þa b a b" # " #
D &D D " &, that is, 

27.  The change of variable  transforms the given ODE intoB œ /D
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. A .A

.D .D
 $  #A œ $/  #D

#

#
#D .

The associated  is , with roots , .characteristic equation <  $ <  # œ ! < œ " ##

Hence   Using the , letA D œ - /  - / Þ- " #a b D #D method of undetermined coefficients
[ œ E/  FD/  GD H#D #D .  It follows that the general solution is given by
A D œ - /  - /  $D/  D  $Î#a b " #

D #D #D , that is,

C B œ - B  - B  $B 68 B  68B  $Î# Þa b " #
# #

28.  The change of variable  transforms the given ODE intoB œ /D

. A

.D
 %A œ =38 D

#

#
.

The solution of the homogeneous equation is   The rightA D œ - -9= #D  - =38 #D Þ- " #a b
hand side is  a solution of the homogeneous equation.  We can use the not method of
undetermined coefficients to show that a particular solution is .  Hence[ œ =38 D"

$

the general solution is given by , that is,A D œ - -9= #D  - =38 #D  =38 Da b " #
"
$

C B œ - -9= # 68 B  - =38 # 68 B  =38 68 B Þa b a b a b a b" #
"
$

29.  After dividing the equation by , the change of variable  transforms the ODE$ B œ /D

into

. A .A

.D .D
 $  $A œ !

#

#
.

The associated  is , with complex rootscharacteristic equation <  $ <  $ œ !#

< œ  $„ 3 $ Î#Š ‹È .  Hence the general solution is

A D œ / - -9= $ DÎ#  - =38 $ DÎ#a b ’ “Š ‹ Š ‹È È$DÎ#
" # ,

and therefore

C B œ B - -9= 68 B  - =38 68 Ba b ” •Œ  Œ $Î#
" #

È È$ $

# #
.

30.  Let .  Setting , successive differentiation gives B  ! C œ  B C œ  <  Ba b a b< <w "

and .  It follows thatC œ < <  "  Bww <a ba b #

P  B œ < <  " B  B  < B  B   B Þc d a b a b a b a ba b< <# <" <# ! "

Since , we find thatB œ  B# #a b
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P  B œ < <  "  B  <  B   B

œ  B < <  "  <  Þ

c d a ba b a b a ba b a b c da b
< < < <

<
! "

! "

Given that and  are roots of , we have .< < J < œ < <  "  <  P œ !" # a b a b c d! " a b B <3

Therefore  and  are  solutions of theC œ  B C œ  B" #a b a b< <" # linearly independent
differential equation, , for , as long as .P C œ ! B  ! < Á <c d " #


