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Chapter One

Section 1.1

1.

For , the slopes are C  "Þ& negative, and hence the solutions decrease.  For , theC  "Þ&
slopes are , and hence the solutions increase.  The equilibrium solution appears topositive
be , to which all other solutions converge.C > œ "Þ&a b
3.

For , the slopes are C   "Þ& :9=3tive, and hence the solutions increase.  For C   "Þ&
, the slopes are , and hence the solutions decrease.  All solutions appear tonegative
diverge away from the equilibrium solution .C > œ  "Þ&a b
5.

For , the slopes are C   "Î# :9=3tive, and hence the solutions increase.  For
C   "Î# , the slopes are , and hence the solutions decrease.  All solutionsnegative
diverge away from
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the equilibrium solution .C > œ  "Î#a b
6.

For , the slopes are C   # :9=3tive, and hence the solutions increase.  For ,C   #
the slopes are , and hence the solutions decrease.  All solutions diverge awaynegative
from
the equilibrium solution .C > œ  #a b
8.  For  solutions to approach the equilibrium solution , we must haveall C > œ #Î$a b
C  ! C  #Î$ C  ! C  #Î$w w for , and  for .  The required rates are satisfied by the
differential equation .C œ #  $Cw

9.  For solutions  than  to diverge from ,  must be an other increasingC > œ # C œ # C >a b a b
function for , and a  function for .  The simplest differentialC  # C  #decreasing
equation
whose solutions satisfy these criteria is .C œ C  #w

10.  For solutions  than  to diverge from , we must have other C > œ "Î$ C œ "Î$ C  !a b w

for , and  for .  The required rates are satisfied by the differentialC  "Î$ C  ! C  "Î$w

equation .C œ $C  "w

12.

Note that  for  and .  The two equilibrium solutions are  andC œ ! C œ ! C œ & C > œ !w a b
C > œ & C  ! C  &a b .  Based on the direction field,  for ; thus solutions with initialw

values  than  diverge from the solution .  For , the slopes aregreater & C > œ & !  C  &a b
negative between, and hence solutions with initial values   and  all decrease toward the! &
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solution .  For , the slopes are all ; thus solutions with initialC > œ ! C  !a b positive
values
less than  approach the solution .! C > œ !a b
14.

Observe that  for  and .  The two equilibrium solutions are C œ ! C œ ! C œ # C > œ !w a b
and .  Based on the direction field,  for ; thus solutions with initialC > œ # C  ! C  #a b w

values  than  diverge from .  For , the slopes are alsogreater # C > œ # !  C  #a b
positive between, and hence solutions with initial values   and  all increase toward the! #
solution
C > œ # C  !a b .  For , the slopes are all ; thus solutions with initialnegative
values  than  diverge from the solution .less ! C > œ !a b
16.  Let  be the total amount of the drug  in the patient's body ata b a b a b+ Q > in milligrams
any
given time  .  The drug is administered into the body at a  rate of > 2<= &!!a b constant
71Î2<Þ
The rate at which the drug  the bloodstream is given by   Hence theleaves !Þ%Q > Þa b
accumulation rate of the drug is described by the differential equation

.Q

.>
œ &!!  !Þ%Q 71Î2< Þ    a b

a b,

Based on the direction field, the amount of drug in the bloodstream approaches the
equilibrium level of  "#&!71 A3>238 + 0/A29?<= Þa b
18.    Following the discussion in the text, the differential equation isa b+
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7 œ 71  @
.@

.>
# #

or equivalently,

.@

.> 7
œ 1  @ Þ

# #

a b, ¸ ! Þ  After a long time,   Hence the object attains a  given by.@
.> terminal velocity

@ œ Þ
71

_ Ê #

a b- @ œ 71 œ !Þ!%!) 51Î=/- Þ  Using the relation , the required  is # #_
# drag coefficient

a b.

19.

All solutions appear to approach a linear asymptote .  It is easy toa bA3>2 =69:/ /;?+6 >9 "
verify that  is a solution.C > œ >  $a b
20.
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All solutions approach the equilibrium solution C > œ ! Þa b
23.

All solutions appear to  from the sinusoid ,diverge C > œ  =38Ð>  Ñ  "a b $

# %È 1

which is also a solution corresponding to the initial value .C ! œ  &Î#a b
25.

All solutions appear to converge to .  First, the rate of change is small.  TheC > œ !a b
slopes
eventually increase very rapidly in .magnitude

26.
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The direction field is rather complicated.  Nevertheless, the collection of points at which
the slope field is , is given by the implicit equation   The graph ofzero C  'C œ #> Þ$ #

these points is shown below:

The  of these curves are at , .  It follows that for solutions withy-intercepts C œ ! „ 'È
initial values , all solutions increase without bound.  For solutions with initialC  'È
values in the range   , the slopes remain , andC   ' !  C  'È Èand negative
hence
these solutions decrease without bound.  Solutions with initial conditions in the range
 '  C  !È  initially increase.  Once the solutions reach the critical value, given by
the equation , the slopes become negative and  negative.  TheseC  'C œ #>$ # remain
solutions eventually decrease without bound.
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Section 1.2

1   The differential equation can be rewritten asa b+
.C

&  C
œ .> Þ

Integrating both sides of this equation results in , or equivalently, 68 &  C œ >  -k k "

&  C œ - / C ! œ C> .  Applying the initial condition  results in the specification ofa b !

the constant as .  Hence the solution is - œ &  C C > œ &  C  & / Þ! !a b a b >

All solutions appear to converge to the equilibrium solution C > œ & Þa b
1   Rewrite the differential equation asa b- Þ

.C

"!  #C
œ .> Þ

Integrating both sides of this equation results in , or 68 "!  #C œ >  -"
# "k k

equivalently,
&  C œ - / C ! œ C#> .  Applying the initial condition  results in the specification ofa b !

the constant as .  Hence the solution is - œ &  C C > œ &  C  & / Þ! !a b a b #>

All solutions appear to converge to the equilibrium solution , but at a  rateC > œ &a b faster
than in Problem 1a Þ

2   The differential equation can be rewritten asa b+ Þ
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.C

C  &
œ .> Þ

Integrating both sides of this equation results in , or equivalently,68 C  & œ >  -k k "

C  & œ - / C ! œ C> .  Applying the initial condition  results in the specification ofa b !

the constant as .  Hence the solution is - œ C  & C > œ &  C  & / Þ! !a b a b >

All solutions appear to diverge from the equilibrium solution .C > œ &a b
2     Rewrite the differential equation asa b, Þ

.C

#C  &
œ .> Þ

Integrating both sides of this equation results in , or equivalently,"
# "68 #C  & œ >  -k k

#C  & œ - / C ! œ C#> .  Applying the initial condition  results in the specification ofa b !

the constant as .  Hence the solution is - œ #C  & C > œ #Þ&  C  #Þ& / Þ! !a b a b #>

All solutions appear to diverge from the equilibrium solution .C > œ #Þ&a b
2 .  The differential equation can be rewritten asa b-

.C

#C  "!
œ .> Þ

Integrating both sides of this equation results in , or equivalently,"
# "68 #C  "! œ >  -k k

C  & œ - / C ! œ C#> .  Applying the initial condition  results in the specification ofa b !

the constant as .  Hence the solution is - œ C  & C > œ &  C  & / Þ! !a b a b #>
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All solutions appear to diverge from the equilibrium solution .C > œ &a b
3 .  Rewrite the differential equation asa b+

.C

,  +C
œ .> ,

which is valid for .  Integrating both sides results in , orC Á , Î+ 68 ,  +C œ >  -
"

"
+ k k

equivalently, .  Hence the general solution is ,  +C œ - / C > œ ,  - / Î+ Þ+> +>a b a b
Note that if , then , and  is an equilibrium solution.C œ ,Î+ .CÎ.> œ ! C > œ ,Î+a b
a b,

       As  increases, the equilibrium solution gets closer to , from above.a b a b3 + C > œ !
Furthermore, the convergence rate of all solutions, that is, , also increases.+
     As  increases, then the equilibrium solution a b33 , C > œ ,Î+a b  also becomes larger.  In
this case, the convergence rate remains the same.
   If  and  both increase , a b a b333 + , but constant,Î+ œ then the equilibrium solution
C > œ ,Î+a b  remains the same, but the  convergence rate of all solutions increases.

5 .  Consider the simpler equation .  As in the previous solutions, re-a b+ .C Î.> œ  +C" "

write the equation as

.C

C
œ  + .> Þ

"

"

Integrating both sides results in C > œ - / Þ"a b +>

a b a b a b, Þ C > œ C >  5  Now set , and substitute into the original differential equation.  We"

find that
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 +C  ! œ  + C  5  ," "a b .

That is, , and hence . +5  , œ ! 5 œ ,Î+a b a b- C > œ - /  ,Î+ Þ.  The general solution of the differential equation is   This is+>

exactly the form given by Eq.  in the text.  Invoking an initial condition ,a b a b"( C ! œ C!

the solution may also be expressed as C > œ ,Î+  C  ,Î+ / Þa b a b!
+>

6 .  The general solution is , that is, .a b a b a b a b+ : > œ *!!  - / : > œ *!!  :  *!! /> >Î# Î#
!

With , the specific solution becomes .  This solution is a: œ )&! : > œ *!!  &!/!
Î#a b >

decreasing exponential, and hence the time of extinction is equal to the number of
months
it takes, say , for the population to reach .  Solving , we find that> *!!  &!/ œ !0

Î#zero >0

> œ # 68 *!!Î&! œ &Þ()0 a b  .monthsa b a b a b, : > œ *!!  :  *!! /  The solution, , is a  exponential as long as!
Î#> decreasing

:  *!! *!!  :  *!! / œ !! !
Î#.  Hence  has only  root, given bya b >0 one

> œ # 68 Þ
*!!

*!!  :
0

!
Œ 

a b a b- ,.  The answer in part  is a general equation relating time of extinction to the value
of
the initial population.  Setting  , the equation may be written as> œ "#0 months

*!!

*!!  :
œ /

!

',

which has solution .  Since  is the initial population, the appropriate: œ )*(Þ('*" :! !

answer is  .: œ )*)! mice

7 .  The general solution is .  Based on the discussion in the text, time  isa b a b+ : > œ : / >!
<>

measured in .  Assuming   , the hypothesis can be expressed asmonths month days" œ $!
: / œ #: < œ 68 #! !

"<† .  Solving for the rate constant, , with units of a b per month .

a b, R œ RÎ$!.   days  months .  The hypothesis is stated mathematically as : / œ #:! !
<N/30

.
It follows that , and hence the rate constant is given by <RÎ$! œ 68 # < œ $! 68 # ÎR Þa b a b
The units are understood to be .per month

9 .  Assuming , with the positive direction taken as ,a b+ no air resistance downward
Newton's
Second Law can be expressed as

7 œ 71
.@

.>

in which  is the  measured in appropriate units.  The equation can1 gravitational constant
be
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written as , with solution   The object is released with an.@Î.> œ 1 @ > œ 1>  @ Þa b !

initial
velocity .@!

a b, 2.  Suppose that the object is released from a height of   above the ground.  Usingunits
the
fact that , in which  is the  of the object, we obtain@ œ .BÎ.> B downward displacement
the
differential equation for the displacement as   With the origin placed at.BÎ.> œ 1>  @ Þ!

the point of release, direct integration results in .  Based on theB > œ 1> Î#  @ >a b #
!

chosen
coordinate system, the object reaches the ground when .  Let  be the timeB > œ 2 > œ Xa b
that it takes the object to reach the ground.  Then  .  Using the1X Î#  @ X œ 2#

!

quadratic
formula to solve for ,X

X œ Þ
 @ „ @  #12

1
! !

È
The  answer corresponds to the time it takes for the object to fall to the ground.positive
The
negative answer represents a previous instant at which the object could have been
launched
upward , only to ultimately fall downward with speed ,a bwith the same impact speed @!

from a height of   above the ground.2 units

a b a b a b- > œ X @ > + Þ.  The impact speed is calculated by substituting  into  in part   That is,
@ X œ @  #12a b È

! .

10 , .  The general solution of the differential equation is   Given thata b a b+ U > œ - / Þb <>

U ! œ "!! - œ "!!a b  , the value of the constant is given by .  Hence the amount ofmg
thorium-234 present at any time is given by .  Furthermore, based on theU > œ "!! /a b <>

hypothesis, setting  results in   Solving for the rate constant, we> œ " )#Þ!% œ "!! / Þ<

find that or .< œ  68 )#Þ!%Î"!! œ Þ"*(*' < œ Þ!#)#)a b /week /day

a b- X.  Let  be the time that it takes the isotope to decay to  of its originalone-half
amount.
From part , it follows that , in which .  Taking thea b+ &! œ "!! / < œ Þ"*(*'<X /week
natural logarithm of both sides, we find that   or  X œ $Þ&!"% X œ #%Þ&"weeks s ..+C

11.   The general solution of the differential equation  is ,.UÎ.> œ  <U U > œ U /a b !
<>

in which  is the initial amount of the substance.  Let  be the time that it takesU œ U !! a b 7
the substance to decay to  of its original amount , .  Setting  in theone-half U > œ! 7
solution,
we have .  Taking the natural logarithm of both sides, it follows that!Þ&U œ U /! !

<7

 < œ 68 !Þ& < œ 68 # Þ7 7a b or 
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12.  The differential equation governing the amount of radium-226 is ,.UÎ.> œ  <U
with solution   Using the result in Problem 11, and the fact that theU > œ U ! / Þa b a b <>

half-life  , the decay rate is given by  .  The7 œ "'#! < œ 68 # Î"'#!years per yeara b
amount of radium-226, after  years, is therefore   Let  be> U > œ U ! / Þ Xa b a b !Þ!!!%#()'>

the time that it takes the isotope to decay to  of its original amount.  Then setting$Î%
> œ X ,
and , we obtain   Solving for the decayU X œ U ! U ! œ U ! / Þa b a b a b a b$ $

% %
!Þ!!!%#()'X

time, it follows that or   !Þ!!!%#()' X œ 68 $Î% X œ '(#Þ$'a b years .

13.  The solution of the differential equation, with , isU ! œ !a b
U > œ GZ "  / Þa b a b ÎGV>

As , the exponential term vanishes, and hence the limiting value is .> p_ U œ GZP

14 .  The  rate of the chemical is  .  At anya b a b+ Ð!Þ!"Ñ $!!accumulation grams per hour
given time , the  of the chemical in the pond is  > U > Î"!concentration grams per gallona b '

.
Consequently, the chemical  the pond at a rate of  .leaves grams per houra b a b$ ‚ "! U >%

Hence, the rate of change of the chemical is given by

.U

.>
œ $  !Þ!!!$U >a b  gm/hr .

Since the pond is initially free of the chemical, .U ! œ !a b
a b, .  The differential equation can be rewritten as

.U

"!!!!  U
œ !Þ!!!$ .> Þ

Integrating both sides of the equation results in . 68 "!!!!  U œ !Þ!!!$>  Gk k
Taking
the natural logarithm of both sides gives .  Since , the"!!!!  U œ - / U ! œ !!Þ!!!$> a b
value of the constant is .  Hence the amount of chemical in the pond at any- œ "!!!!
time
is  .  Note that  .  SettingU > œ "!!!! "  / "a b a b!Þ!!!$> grams year  hoursœ )('!
> œ )('! U )('! œ *#((Þ((, the amount of chemical present after  is  ,one year gramsa b
that is,  .*Þ#(((( kilograms

a b- .  With the rate now equal to , the governing equation becomesaccumulation zero
.UÎ.> œ  !Þ!!!$U >a b    Resetting the time variable, we now assign the newgm/hr .
initial value as  .U ! œ *#((Þ((a b grams

a b a b a b. - U > œ *#((Þ(( / Þ.  The solution of the differential equation in Part  is !Þ!!!$>

Hence, one year  the source is removed, the amount of chemical in the pond isafter
U )('! œ '(!Þ"a b  .grams
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a b/ >.  Letting  be the amount of time after the source is removed, we obtain the equation
"! œ *#((Þ(( / Þ  !Þ!!!$ > œ!Þ!!!$>   Taking the natural logarithm of both sides, 
œ 68 "!Î*#((Þ(( > œ ##ß ((' œ #Þ'a b or   .hours years

a b0

15 .  It is assumed that dye is no longer entering the pool.  In fact, the rate at which thea b+
dye  the pool is   leaves kg/min gm per hour#!! † ; > Î'!!!! œ #!! '!Î"!!! ; > Î'!c d a bc da b a b
.
Hence the equation that governs the amount of dye in the pool is

.;

.>
œ  !Þ# ;     a bgm/hr  .

The initial amount of dye in the pool is  .; ! œ &!!!a b grams

a b, .  The solution of the governing differential equation, with the specified initial value,
is ; > œ &!!! / Þa b !Þ# >

a b- > œ %.  The amount of dye in the pool after four hours is obtained by setting .  That is,
; % œ &!!! / œ ##%'Þ'% '!ß !!!a b !Þ)  .  Since size of the pool is  , thegrams gallons
concentration grams/gallon of the dye is  .!Þ!$(%

a b. X.  Let  be the time that it takes to reduce the concentration level of the dye to
!Þ!# "ß #!! .  At that time, the amount of dye in the pool is  .  Usinggrams/gallon grams
the answer in part , we have  .  Taking the natural logarithm ofa b, &!!! / œ "#!!!Þ# X

both sides of the equation results in the required time  .X œ (Þ"% hours

a b/ !Þ# œ #!!Î"!!!.  Note that .  Consider the differential equation

.; <

.> "!!!
œ  ; .

Here the parameter   corresponds to the , measured in .< flow rate gallons per minute
Using the same initial value, the solution is given by   In order; > œ &!!! / Þa b < >Î"!!!

to determine the appropriate flow rate, set  and .  (Recall that   of> œ % ; œ "#!! "#!! gm
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dye has a concentration of  ).  We obtain the equation !Þ!# "#!! œ &!!! / Þgm/gal < Î#&!

Taking the natural logarithm of both sides of the equation results in the required flow rate
< œ $&( .gallons per minute
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Section 1.3

1.  The differential equation is second order, since the highest derivative in the equation
is of order .  The equation is , since the left hand side is a linear function of two linear C
and
its derivatives.

3.  The differential equation is , since the highest derivative of the function fourth order C
is of order .  The equation is also , since the terms containing the dependentfour linear
variable is linear in  and its derivatives.C

4.  The differential equation is , since the only derivative is of order .  Thefirst order one
dependent variable is , hence the equation is .squared nonlinear

5.  The differential equation is .  Furthermore, the equation is ,second order nonlinear
since the dependent variable  is an argument of the , which is  a linearC sine function not
function.

7.  .  Hence C > œ / Ê C > œ C > œ / C  C œ ! Þ" "" " "a b a b a b> w ww > ww

Also,  and .  Thus C > œ -9=2 > Ê C > œ =382 > C > œ -9=2 > C  C œ ! Þ# " # #a b a b a bw ww ww
#

9.  .  Substituting into the differential equation, we haveC > œ $>  > Ê C > œ $  #>a b a b# w

> $  #>  $>  > œ $>  #>  $>  > œ >a b a b# # # # .  Hence the given function is a solution.

10.   and   Clearly,  isC > œ >Î$ Ê C > œ "Î$ C > œ C > œ C > œ ! Þ C >" "" " " "a b a b a b a b a b a bw ww www wwww

a solution.  Likewise, ,   ,C > œ /  >Î$ Ê C > œ  /  "Î$ C > œ /# # #a b a b a b> w > ww >

C > œ  / C > œ /www > wwww >
# #a b a b, .  Substituting into the left hand side of the equation, we

find that .  Hence both/  %  /  $ /  >Î$ œ /  %/  $/  > œ >> > > > > >a b a b
functions are solutions of the differential equation.

11.   and .  Substituting into the leftC > œ > Ê C > œ > Î# C > œ  > Î%"
"Î# "Î# $Î#

" "a b a b a bw ww

hand side of the equation, we have

#>  > Î%  $> > Î#  > œ  > Î#  $ > Î#  >

œ !

#ˆ ‰ ˆ ‰$Î# "Î# "Î# "Î# "Î# "Î#

Likewise,  and  .  Substituting into the leftC > œ > Ê C > œ  > C > œ # >#
" # $

# #a b a b a bw ww

hand side of the differential equation, we have #> # >  $>  >  > œ % > #a b a b$ # " "

 $ >  > œ !" " .  Hence both functions are solutions of the differential equation.

12.   and .  Substituting into the left handC > œ > Ê C > œ  #> C > œ ' >"
#

" "
$ %a b a b a bw ww

side of the differential equation, we have > ' >  &>  #>  % > œ ' > #a b a b% $ # #

 "! >  % > œ ! C > œ > 68 > Ê C > œ >  #> 68 ># #
#

 $ $
#.  Likewise,  anda b a b2 w

C > œ  & >  ' > 68 >ww
#

% %a b .  Substituting into the left hand side of the equation, we have
>  & >  ' > 68 >  &> >  #> 68 >  % > 68 > œ  & >  ' > 68 > #a b a b a b% % $ $   2 2 2
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 & >  "! > 68 >  % > 68 > œ ! Þ  2 2 2   Hence both functions are solutions of the
differential equation.

13.   andC > œ -9= > 68 -9= >  > =38 > Ê C > œ  =38 > 68 -9= >  > -9= >a b a b a b a bw

C > œ  -9= > 68 -9= >  > =38 >  =/- >wwa b a b .  Substituting into the left hand side of the
differential equation, we have a b a ba b -9= > 68 -9= >  > =38 >  =/- >  -9= > 68 -9= > 
 > =38 > œ  -9= > 68 -9= >  > =38 >  =/- >  -9= > 68 -9= >  > =38 > œ =/- >a b a b  .
Hence the function  is a solution of the differential equation.C >a b
15.  Let .  Then , and substitution into the differential equationC > œ / C > œ < /a b a b<> ww # <>

results in .  Since , we obtain the algebraic equation < /  # / œ ! / Á ! <  # œ !Þ# <> <> <> #

The roots of this equation are < œ „ 3 # Þ"ß#
È

17.   and .  Substituting into the differentialC > œ / Ê C > œ < / C > œ < /a b a b a b<> w <> ww # <>

equation, we have .  Since , we obtain the algebraic< /  </  ' / œ ! / Á !# <> <> <> <>

equation , that is, .  The roots are ,  .<  <  ' œ ! <  # <  $ œ ! < œ  $ ## a ba b "ß#

18.  Let .  Then ,  and .  SubstitutingC > œ / C > œ </ C > œ < / C > œ < /a b a b a b a b<> w <> ww # <> www $ <>

the derivatives into the differential equation, we have .  Since< /  $< /  #</ œ !$ <> # <> <>

/ Á ! <  $<  #< œ ! Þ<> $ #, we obtain the algebraic equation    By inspection, it follows
that  .  Clearly, the roots are ,  and < <  " <  # œ ! < œ ! < œ " < œ # Þa ba b " # $

20.   and .  Substituting the derivativesC > œ > Ê C > œ < > C > œ < <  " >a b a b a b a b< w < ww <" #

into the differential equation, we have .  After> < <  " >  %> < >  % > œ !# < < <c d a ba b # "

some algebra, it follows that .  For , we obtain the< <  " >  %< >  % > œ ! > Á !a b < < <

algebraic equation    The roots of this equation are  and <  &<  % œ ! Þ < œ " < œ % Þ#
" #

21.  The order of the partial differential equation is , since the highest derivative, intwo
fact each one of the derivatives, is of .  The equation is , since the leftsecond order linear
hand side is a linear function of the partial derivatives.

23.  The partial differential equation is , since the highest derivative, and infourth order
fact each of the derivatives, is of order .  The equation is , since the left handfour linear
side is a linear function of the partial derivatives.

24.  The partial differential equation is , since the highest derivative of thesecond order
function  is of order .  The equation is , due to the product  on? Bß C ? † ?a b two nonlinear B

the left hand side of the equation.

25.   and ? Bß C œ -9= B -9=2 C Ê œ  -9= B -9=2 C œ -9= B -9=2 C Þ"a b ` ? ` ?
`B `C

# #
" "
# #

It is evident that   Likewise, given , the second` ? ` ?
`B `C

# ## #
" "
# # œ ! Þ ? Bß C œ 68 B  C#a b a b

derivatives are
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` ? # %B

`B B  C
œ 

B  C

` ? # %C

`C B  C
œ 

B  C

# #

# # # # #

# #

# # # # #

2

2

a b
a b

#

#

Adding the partial derivatives,

` ? ` ? # %B # %C

`B `C B  C B  C
 œ   

B  C B  C

œ 
% %

B  C B  C

œ !

# # # #

# # # # # ## # # #

# # # #

2 2 a b a b
a b

# #

# #

#

a bB  C

.

Hence  is also a solution of the differential equation.? Bß C#a b
27.  Let .  Then the second derivatives are? Bß > œ =38 B =38 +>"a b - -

` ?

`B
œ  =38 B =38 +>

` ?

`>
œ  + =38 B =38 +>

#

#
#

#

#
# #

"

"

- - -

- - -

It is easy to see that .  Likewise, given , we have+ œ ? Bß > œ =38 B  +>#
#

` ? ` ?
`B `>

# #

# #
" " a b a b

` ?

`B
œ  =38 B  +>

` ?

`>
œ  + =38 B  +>

#

#

#

#
#

#

#

a b
a b

Clearly,  is also a solution of the partial differential equation.? Bß >#a b
28.  Given the function , the partial derivatives are? Bß > œ Î> /a b È1 B Î% ># #!

? œ  
Î> / Î> B /

# > % >

? œ  
> /

#>

B /

% > >

BB

B Î% > # B Î% >

# % #

>

B Î% >

#

# B Î% >

# #

È È
È È È

1 1

! !

1 1

!

# # # #

# # # #

! !

! !

It follows that .!# ? œ ? œ BB >
# >B /

% > >

È ˆ ‰È1 !

!

# # B Î% ># #

# #

!

Hence  is a solution of the partial differential equation.? Bß >a b
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29 .a b+

a b, Þ  The path of the particle is a circle, therefore  are intrinsic to thepolar coordinates
problem.  The variable  is radial distance and the angle  is measured from the vertical.< )

Newton's Second Law states that In the  direction, the equation of! F a   œ 7 Þ tangential

motion may be expressed as , in which the , that is,!J œ 7+) ) tangential acceleration

the linear acceleration  the path is    is  in the directionalong positive+ œ P. Î.> Þ Ð +) )
# #)

of increasing .  Since the only force acting in the tangential direction is the component) Ñ
of weight, the equation of motion is

71 =38 œ 7P Þ
.

.>
)

)#

#

ÐNote that the equation of motion in the radial direction will include the tension in the
rod .Ñ

a b- .  Rearranging the terms results in the differential equation

. 1

.> P
 =38 œ ! Þ

#

#

)
)
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Chapter Two

Section 2.1

1a b+ Þ

a b, Þ  Based on the direction field, all solutions seem to converge to a specific increasing
function.

a b a b a b- Þ > œ / C > œ >Î$  "Î*  /  - / Þ  The integrating factor is , and hence . $> #> $>

It follows that all solutions converge to the function C > œ >Î$  "Î* Þ"a b
2a b+ Þ

a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b a b- Þ > œ / C > œ > / Î$  - / Þ  The integrating factor is , and hence   It is. #> $ #> #>

evident that all solutions increase at an exponential rate.

3a b+
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a b a b, C > œ " Þ.  All solutions seem to converge to the function !

a b a b a b- Þ > œ / C > œ > / Î#  "  - / Þ  The integrating factor is , and hence   It is. #> # > >

clear that all solutions converge to the specific solution .C > œ "!a b
4 .a b+

a b, .  Based on the direction field, the solutions eventually become oscillatory.

a b a b- Þ > œ >  The integrating factor is , and hence the general solution is.

C > œ  =38 #> 
$-9= #> $ -

%> # >
a b a ba b

in which  is an arbitrary constant.  As  becomes large, all solutions converge to the- >
function C > œ $=38 #> Î# Þ"a b a b
5 .a b+
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a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b a b'- Þ > œ /B:  #.> œ / Þ  The integrating factor is   The differential equation. #>

can
be written as , that is,   Integration of both/ C  #/ C œ $/ / C œ $/ Þ#> w #> > #> >wa b
sides of the equation results in the general solution   It follows thatC > œ  $/  - / Þa b > #>

all solutions will increase exponentially.

6a b+

a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b- Þ > œ >  The integrating factor is , and hence the general solution is. #

C > œ   
-9= > =38 #> -

> > >
a b a b a b

# #

in which  is an arbitrary constant.  As  becomes large, all solutions converge to the- >
function C > œ ! Þ!a b
7 .a b+
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a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b a b a b- Þ > œ /B: > C > œ > /  - / Þ  The integrating factor is , and hence   It is. # # > ># #

clear that all solutions converge to the function .C > œ !!a b
8a b+

a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b a b c da b- Þ > œ C > œ >+8 >  G Î Þ  Since , the general solution is . a b a b"  > "  ># ## #"

It follows that all solutions converge to the function .C > œ !!a b
9a b+ Þ
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a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b ˆ ‰'- Þ > œ /B: .> œ /  The integrating factor is .  The differential equation can. "
#

>Î#

be written as , that is,   Integration/ C  / CÎ# œ $> / Î# œ $> / Î#Þ>Î# w >Î# >Î# >Î#ˆ ‰/ CÎ#>Î# w

of both sides of the equation results in the general solution   AllC > œ $>  '  - / Þa b >Î#

solutions approach the specific solution C > œ $>  ' Þ!a b
10 .a b+

a b, C  !.  For , the slopes are all positive, and hence the corresponding solutions
increase
without bound.  For , almost all solutions have negative slopes, and hence solutionsC  !
tend to decrease without bound.

a b- Þ >  First divide both sides of the equation by .  From the resulting , thestandard form
integrating factor is .  The differential equation can be.a b ˆ ‰'> œ /B: .> œ "Î> "

>

written as , that is,   Integration leads to the generalC Î>  CÎ> œ > / CÎ> œ > / Þw # > >wa b
solution   For , solutions C > œ  >/  - > Þ - Á !a b > diverge, as implied by the direction
field.  For the case ,  the specific solution is - œ ! C > œ  >/a b >, which evidently
approaches  as .zero > p_

11 .a b+

a b, Þ  The solutions appear to be oscillatory.
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a b a b a b a b a b- Þ > œ / C > œ =38 #>  # -9= #>  - / Þ  The integrating factor is , and hence . > >

It is evident that all solutions converge to the specific solution C > œ =38 #>  #!a b a b
-9= #>a b .

12a b+ Þ

a b, .  All solutions eventually have positive slopes, and hence increase without bound.

a b a b- Þ > œ /  The integrating factor is .  The differential equation can be. #>

written as , that is,   Integration of both/ C  / CÎ# œ $> Î# / CÎ# œ $> Î#Þ>Î# w >Î# # >Î# #wˆ ‰
sides of the equation results in the general solution   ItC > œ $>  "#>  #%  - / Þa b # >Î#

follows that all solutions converge to the specific solution .C > œ $>  "#>  #%!a b #

14.  The integrating factor is .  After multiplying both sides by , the. .a b a b> œ / >#>

equation can be written as   Integrating both sides of the equation resultsˆ ‰/ C œ > Þ2> w

in the general solution   Invoking the specified condition, weC > œ > / Î#  - / Þa b # #> #>

require that .  Hence , and the solution to the initial value/ Î#  - / œ ! - œ  "Î## #

problem is C > œ >  " / Î# Þa b a b# #>

16.  The integrating factor is .  Multiplying both sides by ,. .a b a bˆ ‰'> œ /B: .> œ > >#
>

#

the equation can be written as   Integrating both sides of the equationa b a b> C œ -9= > Þ# w

results in the general solution   Substituting  and settingC > œ =38 > Î>  - > Þ > œa b a b # # 1
the value equal to zero gives .  Hence the specific solution is - œ ! C >a b œ =38 > Î> Þa b #

17.  The integrating factor is , and the differential equation can be written as.a b> œ /#>

   Integrating, we obtain   Invoking the specified initialˆ ‰ a b/ C œ " Þ / C > œ >  - Þ 2 2> >w

condition results in the solution C > œ >  # / Þa b a b #>

19.  After writing the equation in standard orm0 , we find that the integrating factor is
. .a b a bˆ ‰'> œ /B: .> œ > >%

>
% .  Multiplying both sides by , the equation can be written asˆ ‰ a b a b> C œ > / Þ > C > œ  >  " /  - Þ% > % >w   Integrating both sides results in   Letting

> œ  " and setting the value equal to zero gives   Hence the specific solution of- œ ! Þ
the initial value problem is C > œ  >  > / Þa b ˆ ‰$ % >

21 .a b+
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The solutions appear to diverge from an apparent oscillatory solution.  From the
direction
field, the critical value of the initial condition seems to be .  For , the+ œ  " +   "!

solutions increase without bound.  For , solutions decrease without bound.+   "

a b, Þ  The integrating factor is .  The general solution of the differential.a b> œ / Î#>

equation is .  The solution is sinusoidal as longC > œ )=38 >  %-9= > Î&  - /a b a ba b a b >Î#

as .  The - œ ! initial value of this sinusoidal solution is
+ œ! a ba b a b)=38 !  %-9= ! Î& œ  %Î& Þ

a b a b- Þ ,  See part .

22a b+ Þ

All solutions appear to eventually initially increase without bound.  The solutions 
increase
or decrease, depending on the initial value .  The critical value seems to be + + œ  " Þ!

a b, Þ  The integrating factor is , and the general solution of the differential.a b> œ / Î#>

equation is   Invoking the initial condition , theC > œ  $/  - / Þ C ! œ +a b a b>Î$ >Î#

solution
may also be expressed as   Differentiating, follows thatC > œ  $/  +  $ / Þa b a b>Î$ >Î#

C ! œ  "  +  $ Î# œ +  " Î# Þwa b a b a b   The critical value is evidently + œ  " Þ!
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a b- + œ  ".  For , the solution is ! C > œ  $/  # / >a b a b>Î$ >Î#, which for large  is
dominated by the term containing / Þ>Î#

is .C > œ )=38 >  %-9= > Î&  - /a b a ba b a b >Î#

23a b+ Þ

As , solutions increase without bound if , and solutions decrease> p ! C " œ +  Þ%a b
without bound if C " œ +  Þ% Þa b
a b a b ˆ ‰', > œ /B: .> œ > / Þ.  The integrating factor is   The general solution of the. >"

>
>

differential equation is .  Invoking the specified value ,C > œ > /  - / Î> C " œ +a b a b> >

we have .  That is, .  Hence the solution can also be expressed as"  - œ + / - œ + /  "
C > œ > /  + /  " / Î>a b a b> > .  For small values of , the second term is dominant.>
Setting , critical value of the parameter is + /  " œ ! + œ "Î/ Þ!

a b- +  "Î/ +  "Î/.  For , solutions increase without bound.  For , solutions decrease
without bound.  When , the solution is + œ "Î/ C > œ > / ! >p !a b >, which approaches as 
.

24 .a b+

As , solutions increase without bound if , and solutions decrease> p ! C " œ +  Þ%a b
without bound if C " œ +  Þ% Þa b
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a b a b a b a b, C œ + C > œ +  -9= > Î>.  Given the initial condition, , the solution is  Î# Î%1 1#

Þ
Since , solutions increase without bound if , and solutionslim

>Ä

#

!
-9= > œ " +  %Î1

decrease without bound if   Hence the critical value is+  %Î Þ1#

+ œ %Î œ !Þ%&#)%(ÞÞÞ! 1# .

a b a b a b a b- Þ + œ %Î C > œ "  -9= > Î> C > œ "Î#  For , the solution is , and .  Hence the1#

>Ä
lim

!

solution is bounded.

25.  The integrating factor is   Therefore general solution is.a b ˆ ‰'> œ /B: .> œ / Þ"
#

>Î#

C > œ %-9= >  )=38 > Î&  - / Þa b c da b a b  Î#>   Invoking the initial condition, the specific
solution is .  Differentiating, it follows thatC > œ %-9= >  )=38 >  * / Î&a b c da b a b >Î#

C > œ  %=38 >  )-9= >  %Þ& / Î&

C > œ  %-9= >  )=38 >  #Þ#& / Î&

w >

ww >

a b a b a b ‘
a b a b a b ‘

 Î#

 Î#

Setting , the first solution is , which gives the location of the C > œ ! > œ "Þ$'%$wa b " first
stationary point.  Since .  TheC >  !wwa b" , the first stationary point in a local maximum
coordinates of the point are .a b"Þ$'%$ ß Þ)#!!)

26.  The integrating factor is , and the differential equation.a b ˆ ‰'> œ /B: .> œ /#
$

># Î$

can
be written as   The general solution is a b a b/ C œ /  > / Î# Þ C > œ# Î$ # Î$ # Î$> > >w

Ð#"  '>ÑÎ) 

 Ð#"  '>ÑÎ)   #"Î)- / C > œ C /# Î$ # Î$
!

> >.  Imposing the initial condition, we have .a b a b
Since the solution is smooth, the desired intersection will be a point of tangency.  Taking
the derivative,   Setting , the solutionC > œ  $Î%  #C  #"Î% / Î$ Þ C > œ !w > wa b a b a b!

# Î$

is   Substituting into the solution, the respective  at the> œ 68 #"  )C Î* Þ" !
$
# c da b value

stationary point is .  Setting this result equal to C > œ  68 $  68 #"  )Ca b a b" !
$ * *
# % ) zero,

we obtain the required initial value C œ #"  * / Î) œ  "Þ'%$ Þ!
%Î$a b

27.  The integrating factor is , and the differential equation can be written as.a b> œ />Î4

a b a b/ C œ $ /  # / -9= #> Þ> > >wÎ Î Î4 4 4   The general solution is

C > œ "#  )-9= #>  '%=38 #> Î'&  - / Þa b c da b a b  Î> 4

Invoking the initial condition, , the specific solution isC ! œ !a b
C > œ "#  )-9= #>  '%=38 #>  ()) / Î'& Þa b a b a b ‘ Î> 4

As , the exponential term will decay, and the solution will oscillate about an> p_
average
value amplitude of , with an  of  "# )Î '& ÞÈ
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29.  The integrating factor is , and the differential equation can be written.a b> œ /$ Î#>

as    The general solution is a b a b/ C œ $> /  # / Þ C > œ  #>  %Î$  % / $ Î# $ Î#  Î#> > > >w

 - / Þ C > œ  #>  %Î$  % /  C  "'Î$ / Þ$ Î# $ Î#
!

> > >  Imposing the initial condition, a b a b
As , the term containing  will  the solution.  Its > p_ /$ Î#> dominate sign will determine
the divergence properties.  Hence the critical value of the initial condition is
C œ Þ!  "'Î$

The corresponding solution, , will also decrease withoutC > œ  #>  %Î$  % /a b >

bound.

Note on Problems 31-34 :

Let  be , and consider the function , in which 1 > C > œ C >  1 > C > p_a b a b a b a b a bgiven " "

as .  Differentiating,  .  Letting  be a > p_ C > œ C >  1 > +w w wa b a b a b" constant, it follows
that C >  +C > œ C >  +C >  1 >  +1 > Þw w wa b a b a b a b a b a b" "   Note that the hypothesis on the
function  will be satisfied, if  .  That is,   HenceC > C >  +C > œ ! C > œ - / Þ" " ""a b a b a b a bw +>

C > œ - /  1 > C  +C œ 1 >  +1 > Þa b a b a b a b+> w w, which is a solution of the equation 
For convenience, choose .+ œ "

31.  Here , and we consider the linear equation    The integrating1 > œ $ C  C œ $ Þa b w

factor is , and the differential equation can be written as   The.a b a b> œ / / C œ $/ Þ> > >w

general solution is C > œ $  - / Þa b >

33.    Consider the linear equation  The integrating1 > œ $  > Þ C  C œ  "  $  > Þa b w

factor is , and the differential equation can be written as .a b a b a b> œ / / C œ #  > / Þ> > >w

The general solution is C > œ $  >  - / Þa b >

34.    Consider the linear equation  The integrating1 > œ %  > Þ C  C œ %  #>  > Þa b # w #

factor is , and the equation can be written as .a b a b a b> œ / / C œ %  #>  > / Þ> > # >w

The general solution is C > œ %  >  - / Þa b # >
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Section 2.2

2.  For , the differential equation may be written as B Á  " C .C œ .B Þc da bB Î "  B# $

Integrating both sides, with respect to the appropriate variables, we obtain the relation
C Î# œ 68  - Þ C B œ „ 68  - Þ# " #

$ $k k k k"  B "  B$ $  That is, a b É
3.  The differential equation may be written as   Integrating bothC .C œ  =38B .B Þ#

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C œ -9= B  - Þ G  -9= B C œ " G"   That is, , in which  is an arbitrary constant.a b
Solving for the dependent variable, explicitly,  .C B œ "Î G  -9= Ba b a b
5.  Write the differential equation as , or -9= #C .C œ -9= B .B =/- #C .C œ -9= B .BÞ# # # #

Integrating both sides of the equation, with respect to the appropriate variables, we obtain
the relation >+8 #C œ =38 B -9= B  B  - Þ

7.  The differential equation may be written as   Integratinga b a bC  / .C œ B  / .B ÞC B

both sides of the equation, with respect to the appropriate variables, we obtain the
relation
C  # / œ B  # /  - Þ# C # B

8.  Write the differential equation as   Integrating both sides of thea b"  C# .C œ B .B Þ#

equation, we obtain the relation , that is, C  C Î$ œ B Î$  - $C  C œ B  GÞ$ $ $ $

9 .  The differential equation is separable, with   Integrationa b a b+ C .C œ "  #B .B Þ#

yields   Substituting  and , we find that  C œ B  B  - Þ B œ ! C œ  "Î' - œ ' Þ" #

Hence the specific solution is .  The  isC œ B  B  '" # explicit form
C B œ "Î Þa b a bB  B  '#

a b,

a b a ba b- B  B  ' œ B  # B  $.  Note that .  Hence the solution becomes # singular at
B œ  # B œ $ Þ and 

10   a b a b È+ Þ C B œ  #B  #B  % Þ#
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10a b, Þ

11   Rewrite the differential equation as   Integrating both sidesa b+ Þ B / .B œ  C .C ÞB

of the equation results in   Invoking the initial condition, weB /  / œ  C Î#  - ÞB B #

obtain   Hence   - œ  "Î# Þ C œ #/  #B /  "Þ# B B The  of the solution isexplicit form
C B œ Þa b È#/  #B /  " C ! œ "ÞB B   The positive sign is chosen, since a b
a b, Þ

a b- Þ B œ  "Þ( B œ !Þ(' Þ  The function under the radical becomes  near  and negative

11   Write the differential equation as   Integrating both sides of thea b+ Þ < .< œ . Þ# ") )
equation results in the relation   Imposing the condition , we < œ 68  - Þ < " œ #" ) a b
obtain .  - œ  "Î# The  of the solution is explicit form < œ #Î "  # 68 Þa b a b) )
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a b, Þ

a b- Þ  ! Þ  Clearly, the solution makes sense only if   Furthermore, the solution becomes)
singular when , that is, 68 œ "Î# œ / Þ) ) È
13   a b a b a bÈ+ Þ C B œ  # 68 "  B  % Þ#

a b, Þ

14 .  Write the differential equation as   Integrating botha b a b+ C .C œ B "  B .B Þ$ "Î##

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C Î# œ "  B  - Þ - œ  $Î# Þ# È #   Imposing the initial condition, we obtain 
Hence the specific solution can be expressed as   The C œ $  # "  B Þ# È # explicit

form positive of the solution is   The C B œ "Î $  # "  B Þa b É È #  sign is chosen to
satisfy the initial condition.
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a b, Þ

a b- Þ  The solution becomes singular when # "  B œ $ B œ „ &Î# ÞÈ È# .  That is, at 

15   a b a b È+ Þ C B œ  "Î#  B  "&Î% Þ#

a b, Þ

16 .  a b+ Rewrite the differential equation as   Integrating both%C .C œ B B  " .B Þ$ #a b
sides
of the equation results in   Imposing the initial condition, we obtainC œ Î%  - Þ% a bB  "# #

- œ ! Þ  %C œ ! Þ  Hence the solution may be expressed as   The  forma bB  "# # % explicit
of the solution is   The  is chosen based on C B œ  Þ C ! œ Þa b a bÈa b ÈB  " Î#  "Î ## sign
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a b, Þ

a b- Þ B −  The solution is valid for all .‘

17   a b a b È+ Þ C B œ  &Î#  B  /  "$Î% Þ$ B

a b, Þ

a b- B   "Þ%& Þ.  The solution is valid for   This value is found by estimating the root of
%B  %/  "$ œ ! Þ$ B

18 .  Write the differential equation as   Integrating botha b a b a b+ $  %C .C œ /  / .B ÞB B

sides of the equation, with respect to the appropriate variables, we obtain the relation
$C  #C œ  /  /  - Þ C ! œ "# B Ba b a b  Imposing the initial condition, , we obtain
- œ (Þ $C  #C œ  /  /  (Þ  Thus, the solution can be expressed as   Now by# B Ba b
completing the square on the left hand side, # C  $Î% œa b#  /  /  '&Î)a bB B .
Hence the explicit form of the solution is C B œ  $Î%  '&Î"'  -9=2 B Þa b È
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a b, Þ

a b k k- '&  "' -9=2 B   ! B  #Þ" Þ.  Note the , as long as   Hence the solution is valid on
the interval . #Þ"  B  #Þ"

19   a b+ Þ C B œ  Î$  =38 $ -9= B Þa b a b1 "
$

" #

a b, Þ

20   a b+ Þ Rewrite the differential equation as   IntegratingC .C œ +<-=38 BÎ "  B .B Þ# #È
both sides of the equation results in   Imposing the conditionC Î$ œ +<-=38 B Î#  - Þ$ a b#
C ! œ ! - œ !Þa b , we obtain   formThe  of the solution is explicit C B œ Þa b a bÉ$ $

# +<-=38 B
#Î$
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a b, .

a b-  " Ÿ B Ÿ " Þ.  Evidently, the solution is defined for 

22.  The differential equation can be written as   Integrating botha b$C  % .C œ $B .B Þ# #

sides, we obtain   Imposing the initial condition, the specific solutionC  %C œ B  - Þ$ $

is   Referring back to the differential equation, we find that  asC  %C œ B  " Þ C p_$ $ w

C p„#Î $ Þ B œ  "Þ#(' "Þ&*) ÞÈ   The respective values of the abscissas are , 

Hence the solution is valid for  "Þ#('  B  "Þ&*) Þ

24.  Write the differential equation as   Integrating both sides,a b a b$  #C .C œ #  / .B ÞB

we obtain   Based on the specified initial condition, the solution$C  C œ #B  /  - Þ# B

can be written as   , it follows that$C  C œ #B  /  " Þ# B Completing the square
C B œ  $Î#  #B  /  "$Î% Þ #B  /  "$Î%   !a b È B B  The solution is defined if  ,
that is,  .  In that interval, , for   It can "Þ& Ÿ B Ÿ # C œ ! B œ 68 # Þa bapproximately w

be verified that .  In fact,  on the interval of definition.  HenceC 68 #  ! C B  !ww wwa b a b
the solution attains a global maximum at B œ 68 # Þ

26.  The differential equation can be written as   Integratinga b"  C#
".C œ # "  B .B Þa b

both sides of the equation, we obtain   Imposing the given+<->+8C œ #B  B  - Þ#

initial
condition, the specific solution is   Therefore,+<->+8C œ #B  B Þ C B œ >+8 Þ# a b a b#B  B#

Observe that the solution is defined as long as   It is easy to Î#  #B  B  Î# Þ1 1#

see that   Furthermore,  for  and   Hence#B  B    "Þ #B  B œ Î# B œ  #Þ' !Þ' Þ# # 1
the solution is valid on the interval   Referring back to the differential #Þ'  B  !Þ' Þ
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equation, the solution is  at   Since  on the entire intervalstationary B œ  "Þ C B  !wwa b
of
definition, the solution attains a global minimum at B œ  " Þ

28 .  Write the differential equation as   Integratinga b a b a b+ C %  C .C œ > "  > .> Þ" " "

both sides of the equation, we obtain   Taking68 C  68 C  % œ %>  %68 "  >  - Þk k k k k k
the  of both sides, it follows that   It followsexponential k k a ba bCÎ C  % œ G / Î "  > Þ%> %

that as , .  That is, > p_ CÎ C  % œ "  %Î C  % p_ C > p % Þk k k k a ba b a b
a b a b, Þ C ! œ # G œ "  Setting , we obtain that .  Based on the initial condition, the solution
may be expressed as   Note that , for allCÎ C  % œ  / Î "  > Þ CÎ C  %  !a b a b a b%> %

>   !Þ C  % >   !Þ  Hence  for all   Referring back to the differential equation, it follows
that is always .  This means that the solution is .  We findC w positive monotone increasing
that the root of the equation   is near / Î "  > œ $** > œ #Þ)%% Þ%> a b%
a b a b- Þ C > œ %  Note the  is an equilibrium solution.  Examining the local direction field,

we see that if , then the corresponding solutions converge to .  ReferringC !  ! C œ %a b
back to part , we have , for   Settinga b a b c d a ba b+ CÎ C  % œ C Î C  % / Î "  > C Á % Þ! ! !

%%>

> œ # C Î C  % œ $Î/ C # Î C #  % Þ, we obtain   Now since the function! !a b a b a b a ba b# %

0 C œ CÎ C  % C  % C  %a b a b  is  for  and , we need only solve the equationsmonotone
C Î C  % œ C Î C  % œ Þ! ! ! !

# #% %a b a b $** $Î/ %!" $Î/a b a band   The respective solutions
are  and C œ $Þ''## C œ %Þ%!%# Þ! !

30a b0 Þ



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 36

31a b-

32 .  Observe that   Hence the differential equationa b a b ˆ ‰+ B  $C Î#BC œ  Þ# # " $
# B # B

C C"

is .homogeneous

a b a b, C œ B @ @  B@ œ B  $B @ Î#B @.  The substitution  results in .  Thew # # # #

transformed equation is   This equation is , with general@ œ "  @ Î#B@ Þw #a b separable
solution   In terms of the original dependent variable, the solution is@  " œ - B Þ#

B  C œ - B Þ# # $

a b- Þ

33a b- Þ
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34   Observe that   Hence thea b a b  ‘+ Þ %B  $C ÎÐ#B  CÑ œ  #  #  Þ
C C
B B

"

differential equation is .homogeneous

a b a b, C œ B @ @  B@ œ  #  @Î #  @.  The substitution  results in .  The transformedw

equation is   This equation is , with general@ œ  @  &@  % ÎÐ#  @ÑB Þw #a b separable
solution   In terms of the original dependent variable, the solutiona b k k@% @" œ GÎB Þ# $

is  a b k k%B  C BC œ GÞ#

a b- Þ

35 .a b-

36   Divide by  to see that the equation is homogeneous.  Substituting , wea b+ Þ B C œ B@#

obtain   The resulting differential equation is separable.B @ œ "  @ Þw #a b
a b a b, Þ "  @ .@ œ B .B Þ  Write the equation as   Integrating both sides of the equation, "#

we obtain the general solution   In terms of the original "Î "  @ œ 68 B  - Þa b k k
dependent variable, the solution is  C œ B G  68 B  B Þc dk k "
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a b- Þ

37   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w " $
# B # B

C C"

equation is homogeneous.  The substitution  results in .C œ B@ B @ œ "  &@ Î#@w #a b
Separating variables, we have #@ "

"&@ B# .@ œ .B Þ

a b, Þ   Integrating both sides of the transformed equation yields "
&

68 œ 68 B  -k k"  &@# k k ,
that is,   In terms of the original dependent variable, the general"  &@ œ GÎ B Þ# &k k
solution is &C œ B  GÎ B Þ# # $k k
a b- Þ

38   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w $ "
# B # B
C C "

equation is homogeneous.  The substitution  results in , thatC œ B@ B @ œ @  " Î#@w #a b
is, #@ "

@ " B# .@ œ .B Þ

a b k k, Þ 68 œ 68 B  -  Integrating both sides of the transformed equation yields ,k k@  "#

that is,   In terms of the original dependent variable, the general solution@  " œ G B Þ# k k
is C œ G B B  B Þ# # #k k
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a b- Þ
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Section 2.3

5 .  Let  be the amount of salt in the tank.  Salt enters the tank of water at a rate ofa b+ U
# "  =38 > œ  =38 > Þ #UÎ"!! Þ" " " "

% # # %
ˆ ‰     It leaves the tank at a rate of   9DÎ738 9DÎ738

Hence the differential equation governing the amount of salt at any time is

.U " "

.> # %
œ  =38 >  UÎ&! Þ

The initial amount of salt is    The governing ODE is U œ &! 9D Þ! linear, with integrating
factor   Write the equation as   The.a b ˆ ‰ ˆ ‰> œ / Þ / U œ / Þ>Î&! >Î&! >Î&!w " "

# % =38 >

specific solution is  U > œ #&  "#Þ&=38 >  '#&-9= >  '$"&! / Î#&!" 9D Þa b  ‘>Î&!

a b, Þ

a b- Þ  The amount of salt approaches a , which is an oscillation of amplitudesteady state
"Î% #& 9D Þ about a level of  

6 .  The equation governing the value of the investment is .  The value ofa b+ .WÎ.> œ < W
the investment, at any time, is given by   Setting , the requiredW > œ W / Þ W X œ #Wa b a b! !

<>

time is X œ 68 # Î< Þa b
a b, Þ < œ ( œ Þ!( X ¸ *Þ* C<= Þ  For the case ,  %

a b a b a b- Þ + < œ 68 # ÎX X œ )  Referring to Part , .  Setting , the required interest rate is to
be approximately < œ )Þ'' Þ%

8 .  Based on the solution in , with , the value of the investments a b a b+ "' W œ !Eq. with!

contributions is given by   After  years, person A hasW > œ #&ß !!! /  " Þa b a b<> ten
W œ #&ß !!! "Þ##' œ $!ß '%! Þ $&E $ $a b   Beginning at age , the investments can now be
analyzed using the equations  and  W œ $!ß '%! / W œ #&ß !!! /  " ÞE F

Þ!)> Þ!)>a b
After  years, the balances are  and thirty $ $W œ $$(ß ($% W œ #&!ß &(*ÞE F

a b, Þ < W œ $!ß '%! /  For an  rate , the balances after  years are  andunspecified thirty E
$!<

W œ #&ß !!! /  " ÞF a b$!<
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a b- .

a b. Þ  The two balances can  be equal.never

11 .  Let  be the value of the mortgage.  The debt accumulates at a rate of , ina b+ W <W
which is the  interest rate.  Monthly payments of   are equivalent to< œ Þ!* )!!annual $
$ per year    The differential equation governing the value of the mortgage is*ß '!! Þ
.WÎ.> œ Þ!* W  *ß '!! Þ W  Given that  is the original amount borrowed, the debt is!

W > œ W /  "!'ß ''( /  " Þ W $! œ !a b a b a b!
Þ!*> Þ!*>   Setting , it follows that

W œ **ß &!!! $ .

a b, Þ $! #))ß !!!  The  payment, over  years, becomes .  The interest paid on thistotal $
purchase is .$ "))ß &!!

13 .  The balance  at a rate of  , and  at a constant rate of a b+ < W 5increases $/yr decreases
$ per year .  Hence the balance is modeled by the differential equation ..WÎ.> œ <W  5
The balance at any time is given by W > œ W /  /  " Þa b a b!

<> <>5
<

a b a b, W > œ ÐW  Ñ/  Þ.  The solution may also be expressed as   Note that if the!
5 5
< <

<>

withdrawal rate is , the balance will remain at a constant level 5 œ < W W Þ! ! !

a b a b ’ “- 5  5 W X œ ! X œ 68 Þ.  Assuming that ,  for ! ! !
" 5
< 55!

a b. < œ Þ!) 5 œ #5 X œ )Þ''.  If  and , then  ! ! years .

a b a b a b/ W > œ ! / , / œ Þ > œ X.  Setting  and solving for  in Part ,   Now setting <> <> 5
5<W!

results in  5 œ <W / Î /  " Þ!
X X< <a b

a b a b0 Þ / 5 œ "#ß !!! < œ Þ!) X œ #!  In part , let , , and .  The required investment
becomes .W œ ""*ß ("&! $

14   Let   The general solution is   Based on thea b a b+ Þ U œ  <U Þ U > œ U / Þw <>
!

definition of , consider the equation   It follows thathalf-life U Î# œ U / Þ! !
&($! <
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 &($! < œ 68Ð"Î#Ñ < œ "Þ#!*( ‚ "!, that is, % per year.

a b a b, U > œ U / Þ.  Hence the amount of carbon-14 is given by !
"Þ#!*(‚"! >%

a b a b- Þ U X œ U Î& "Î& œ / Þ  Given that , we have the equation   Solving for!
"Þ#!*(‚"! X%

the , the apparent age of the remains is approximately  decay time years .X œ "$ß $!%Þ'&

15.  Let  be the population of mosquitoes at any time .  The rate of  of theT > >a b increase
mosquito population is   The population  by  .  Hence the<T Þ #!ß !!!decreases per day
equation that models the population is given by .  Note that the.TÎ.> œ <T  #!ß !!!

variable  represents .  The solution is   In the> T > œ T /  /  " Þdays a b a b!
<> <>#!ß!!!

<

absence of predators, the governing equation is  , with solution.T Î.> œ <T" "

T > œ T / Þ T ( œ #T #T œ T / Þ" ! " ! ! !a b a b<> (<  Based on the data, set , that is,   The growth
rate is determined as    Therefore the population,< œ 68 # Î( œ Þ!**!# Þa b per day
including the  by birds, is predation T > œ # ‚ "! /  #!"ß **( /  " œa b a b& Þ!**> Þ!**>

œ #!"ß **(Þ$  "*((Þ$ / ÞÞ!**>

16 .    The  is a b a b c d+ C > œ /B: #Î"!  >Î"!  #-9=Ð>ÑÎ"! Þ ¸ #Þ*'$# Þdoubling-time 7

a b a b a b, Þ .CÎ.> œ CÎ"! C > œ C ! / Þ  The differential equation is , with solution   The>Î"!

doubling-time is given by 7 œ "!68 # ¸ 'Þ*$"& Þa b
a b a b- .CÎ.> œ !Þ&  =38Ð# >Ñ CÎ& Þ.  Consider the differential equation   The equation is1
separable, with   Integrating both sides, with respect to the" "

C &.C œ !Þ"  =38Ð# >Ñ .> Þˆ ‰1

appropriate variable, we obtain   Invoking the initial68 C œ >  -9=Ð# >Ñ Î"!  - Þa b1 1 1
condition, the solution is   The  isC > œ /B: "  >  -9=Ð# >Ñ Î"! Þa b c da b1 1 1 doubling-time
7 ¸ 'Þ$)!% Þ ,  The  approaches the value found in part .doubling-time a b
a b. .

17 .  The differential equation  is , with integrating factora b a b+ .CÎ.> œ < > C  5 linear
. . .a b a b a b a b ‘'> œ /B: < > .> Þ C œ  5 > Þ   Write the equation as   Integration of bothw
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sides yields the general solution .  In this problem,C œ  5 .  C ! Î > ‘' a b a b a b. 7 7 . .!

the
integrating factor is .a b c da b> œ /B: -9= >  > Î& Þ

a b a b, Þ C > œ ! > œ >  The population becomes , if , for some .  Referring toextinct ‡ ‡

part ,a b+
we find that C > œ ! Êa b‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ & / C Þ7 7 7

It can be shown that the integral on the left hand side increases , from monotonically zero
to a limiting value of approximately .  Hence extinction can happen &Þ!)*$ only if
& / C  &Þ!)*$ C  !Þ)$$$ Þ"Î&

- -, that is, 

a b a b a b- , C > œ ! Ê.  Repeating the argument in part , it follows that ‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ / C Þ
"

5
7 7 7

Hence extinction can happen  , that is, only if / C Î5  &Þ!)*$ C  %Þ"''( 5 Þ"Î&
- -

a b. C 5.  Evidently,  is a  function of the parameter .- linear

19 .  Let  be the  of carbon monoxide in the room.  The rate of  ofa b a b+ U > volume increase
CO CO leaves the room is    The amount of   at a rate ofa ba bÞ!% !Þ" œ !Þ!!% 0> Î738 Þ$

a b a b a b!Þ" U > Î"#!! œ U > Î"#!!! 0> Î738 Þ   Hence the total rate of change is given by$

the differential equation   This equation is  and.UÎ.> œ !Þ!!%  U > Î"#!!! Þa b linear
separable, with solution    Note that  U > œ %)  %) /B:  >Î"#!!! U œ !a b a b 0> Þ 0> Þ$ $

!

Hence the  at any time is given by  .concentration %B > œ U > Î"#!! œ U > Î"#a b a b a b
a b a b a b, B > œ %  %/B:  >Î"#!!!.  The  of  in the room is    A levelconcentration CO %Þ
of  corresponds to  .  Setting , the solution of the equation!Þ!!!"# !Þ!"# B œ !Þ!"#% a b7
%  %/B:  >Î"#!!! œ !Þ!"# ¸ $'a b  is  .7 minutes
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20   The concentration is   It is easy to seea b a b a b+ Þ - > œ 5  TÎ<  -  5  TÎ< / Þ!
<>ÎZ

that - >p_ œ 5  TÎ< Þa b
a b a b, Þ - > œ - / X œ 68Ð#ÑZ Î< X œ 68Ð"!ÑZ Î<Þ  .  The  are  and ! &! "!

<>ÎZ reduction times

a b a ba b- Þ X œ 68 "! '&Þ# Î"#ß #!! œ %$!Þ)&  The , in , are reduction times years W

      X œ 68 "! "&) Î%ß *!! œ ("Þ% à X œ 68 "! "(& Î%'! œ 'Þ!&Q Ia ba b a ba b
 X œ 68 "! #!* Î"'ß !!! œ "(Þ'$ ÞS a ba b
21a b- Þ

     

22 .  The differential equation for the motion is   Given thea b+ 7.@Î.> œ  @Î$! 71 Þ
initial condition   , the solution is .@ ! œ #! @ > œ  %%Þ"  '%Þ" /B:  >Î%Þ&a b a b a bm/s
Setting , the ball reaches the maximum height at  .  Integrating@ > œ ! > œ "Þ')$a b" " sec
@ > B > œ $")Þ%&  %%Þ" >  #))Þ%& /B:  >Î%Þ& Þa b a b a b, the position is given by   Hence
the  is  .maximum height mB > œ %&Þ()a b"
a b a b, Þ B > œ ! > œ &Þ"#)  Setting , the ball hits the ground at  .# # sec

a b- Þ

      

23   The differential equation for the  motion is ,a b+ Þ 7.@Î.> œ  @ 71upward . #

in which .  This equation is , with   Integrating. œ "Î"$#& .@ œ  .> Þseparable 7
@ 71. #
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both sides and invoking the initial condition,   Setting@ > œ %%Þ"$$ >+8 Þ%#&  Þ### > Þa b a b
@ > œ ! > œ "Þ*"' @ >a b a b" ", the ball reaches the maximum height at  .  Integrating , thesec
position is given by   Therefore theB > œ "*)Þ(& 68 -9= !Þ### >  !Þ%#&  %)Þ&( Þa b c da b
maximum height m is  .B > œ %)Þ&'a b"
a b, Þ 7.@Î.> œ  @ 71 Þ  The differential equation for the  motion is downward . #

This equation is also separable, with   For convenience, set  at7
71 @. # .@ œ  .> Þ > œ !

the  of the trajectory.  The new initial condition becomes .  Integrating bothtop @ ! œ !a b
sides and invoking the initial condition, we obtain 68 %%Þ"$  @ Î %%Þ"$  @ œ >Î#Þ#&c da b a b
Þ
Solving for the velocity,   Integrating , the@ > œ %%Þ"$ "  / Î "  / Þ @ >a b a b a b a b> >Î#Þ#& Î#Þ#&

position is given by   To estimate theB > œ **Þ#* 68 / Î "  /  ")'Þ# Þa b a b’ “> > #Î#Þ#& Î#Þ#&

duration sec of the downward motion, set , resulting in  .  Hence theB > œ ! > œ $Þ#('a b# #

total time sec that the ball remains in the air is  .>  > œ &Þ"*#1 #

a b- Þ

        

24   Measure the positive direction of motion .  Based on Newton's a b+ Þ #downward nd
law,
the equation of motion is given by

7 œ Þ
.@

.>

 !Þ(& @ 71 !  >  "!
 "# @ 71 >  "!œ   ,  

      ,  

Note that gravity acts in the  direction, and the drag force is .  During thepositive resistive
first ten seconds of fall, the initial value problem is  , with initial.@Î.> œ  @Î(Þ&  $#
velocity    This differential equation is separable and linear, with solution@ ! œ ! Þa b fps
@ > œ #%! "  / @ "! œ "('Þ( Þa b a b a b>Î(Þ& .  Hence  fps

a b a b, B > œ !.  Integrating the velocity, with ,  the distance fallen is given by

B > œ #%! >  ")!! /  ")!!a b >Î(Þ& .

Hence  .B "! œ "!(%Þ&a b ft
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a b- Þ > œ !  For computational purposes, reset time to .  For the remainder of the motion,
the initial value problem is , with specified initial velocity.@Î.> œ  $#@Î"&  $#
@ ! œ "('Þ( Þ @ > œ "&  "'"Þ( / Þ > p_a b a b   The solution is given by   As ,fps $# >Î"&

@ > p @ œ "& Þ B ! œ "!(%Þ&a b a bP    Integrating the velocity, with ,  the distance fallenfps
after the parachute is open is given by   To find theB > œ "& >  (&Þ) /  ""&!Þ$ Þa b $# >Î"&

duration of the second part of the motion, estimate the root of the transcendental equation
"& X  (&Þ) /  ""&!Þ$ œ &!!! Þ X œ #&'Þ' Þ$# XÎ"&   The result is  sec

a b. Þ

     

25 .  Measure the positive direction of motion .  The equation of motion isa b+ upward
given by .  The initial value problem is ,7.@Î.> œ  5 @ 71 .@Î.> œ  5@Î7  1
with .  The solution is   Setting@ ! œ @ @ > œ 71Î5  @ 71Î5 / Þa b a b a b! !

5>Î7

@ > œ ! > œ 7Î5 68 71  5 @ Î71 Þa b a b c da b7 7, the maximum height is reached at time !

Integrating the velocity, the position of the body is

B > œ 71 >Î5  1  Ð"  / ÑÞ
7 7@

5 5
a b ” •Š ‹#

5>Î7!

Hence the maximum height reached is

B œ B > œ  1 68 Þ
7@ 7 71  5 @

5 5 71
7 7

! !a b Š ‹ ” •#

a b a b, Þ ¥ " 68 "  œ    á  Recall that for  , $ $ $ $ $ $" " "
# $ %

# $ %

26 .    a b a b, œ  5 @ 71 / œ  1> Þlim lim
5Ä! 5Ä!

71 5 @ 71 /
5 7

> 5>Î7a b!
5>Î7

!

a b  ‘ˆ ‰- Þ   @ / œ ! / œ ! Þ     , since    lim lim
7Ä! 7Ä!

71 71
5 5

5>Î7 5>Î7
!

28 .  In terms of displacement, the differential equation is a b+ 7@ .@Î.B œ  5 @ 71 Þ
This follows from the :  .  The differential equation ischain rule .@ .@ .B .@

.> .B .> .>œ œ @

separable, with
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B @ œ   68 Þ
7@ 7 1 71  5 @

5 5 71
a b º º#

#

The inverse , since both  and  are monotone increasing.  In terms of the givenexists B @
parameters, B @ œ  "Þ#& @  "&Þ$" 68 !Þ!)"' @  " Þa b k k

a b a b, Þ B "! œ "$Þ%& 5 œ !Þ#%   .  The required value is .meters

a b a b- Þ + @ œ "! B œ "!  In part , set   and  .m/s meters

29   Let  represent the height above the earth's surface.  The equation of motion isa b+ Þ B
given by , in which  is the universal gravitational constant.  The7 œ K K.@ Q7

.> VBa b#
symbols  and  are the  and  of the earth, respectively.  By the chain rule,Q V mass radius

7@ œ K
.@ Q7

.B V  Ba b# .

This equation is separable, with   Integrating both sides,@ .@ œ KQ V  B .B Þa b#

and
invoking the initial condition , the solution is @ ! œ #1V @ œ #KQ V  B a b a bÈ # "

 #1V  #KQÎV Þ 1 œ KQÎV  From elementary physics, it follows that .  Therefore#

@ B œ #1 VÎ V  B Þa b a bÈ ’ “È     Note that  mi/hr .1 œ ()ß &%& #

a b È ’ “È, Þ .BÎ.> œ #1 VÎ V  B  We now consider .  This equation is also separable,

with   By definition of the variable , the initial condition isÈ ÈV  B.B œ #1 V .> Þ B

B ! œ !Þ B > œ #1 V >  V V Þa b a b  ‘ˆ ‰È  Integrating both sides, we obtain $ #
# $

$Î# #Î$

Setting the distance , and solving for , the duration of such aB X  V œ #%!ß !!! Xa b
flight would be  X ¸ %* hours .

32   Both equations are linear and separable.  The initial conditions are a b a b+ Þ @ ! œ ? -9=
E
and .  The two solutions are  and A ! œ ?=38E @ > œ ? -9=E / A > œ  1Î< a b a b a b<>

 ? =38E  1Î< / Þa b <>



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 48

a b a b, Þ +  Integrating the solutions in part , and invoking the initial conditions, the
coordinates are  andB > œ -9=E "  /a b a b?

<
<>

C > œ  1>Î<  1  ?< =38E  2< Î<  =38E  1Î< / Þ
?

<
a b ˆ ‰ Š ‹# # # <>

a b- Þ

a b. Þ X $&!  Let  be the time that it takes the ball to go   horizontally.  Then from above,ft
/ œ ? -9=E  (! Î? -9=E ÞXÎ& a b   At the same time, the height of the ball is given by
C X œ  "'!X  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E Þa b c da b
Hence  and  must satisfy the inequalityE ?

)!!68  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E   "! Þ
? -9=E  (!

? -9=E
” • c da b

33   Solving equation ,  .  The  answer isa b a b a b c da b+ Þ 3 C B œ 5  C ÎCw # "Î# positive
chosen, since  is an  function of .C Bincreasing

a b, C œ 5 =38 > .C œ #5 =38 > -9= > .> Þ.  Let .  Then   Substituting into the equation in# # #

part , we find thata b+
#5 =38 > -9= > .> -9= >

.B =38 >
œ Þ

#

Hence #5 =38 > .> œ .B Þ# #

a b- Þ œ #> 5 =38 . œ .B Þ  Letting , we further obtain    Integrating both sides of the) )# #
#
)

equation and noting that   corresponds to the , we obtain the solutions> œ œ !) origin
B œ 5  =38 Î# , C œ 5 "  -9= Î# Þa b a b c d a b a ba b) ) ) ) )# # and from part  

a b a b a b. CÎB œ "  -9= Î  =38 Þ B œ " C œ #.  Note that   Setting , , the solution of) ) )
the equation  is .  Substitution into either of thea b a b"  -9= Î  =38 œ # ¸ "Þ%!") ) ) )
expressions yields 5 ¸ #Þ"*$ Þ
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Section 2.4

2.  Considering the roots of the coefficient of the leading term, the ODE has unique
solutions on intervals not containing  or .  Since , the initial value problem! % # − ! ß %a b
has a unique solution on the interval  a b! ß % Þ

3.  The function  is discontinuous at  of .  Since , the>+8 >  odd multiples 1 1 1
# # #

$1

initial value problem has a unique solution on the interval ˆ ‰1 1
# #

$ß Þ

5.  and .  These functions are discontinuous at: > œ #>Î 1 > œ $> Îa b a ba b a b%  > %  ># ##

B œ „#  # ß # Þ.  The initial value problem has a unique solution on the interval a b
6.  The function  is defined and continuous on the interval .  Therefore the68 > ! ß_a b
initial value problem has a unique solution on the interval .a b! ß_

7.  The function  is continuous everywhere on the plane,  along the straight0 > ß Ca b except
line   The partial derivative  has the C œ  #>Î& Þ `0Î`C œ  (>Î #>  &Ca b# same
region of continuity.

9.  The function  is discontinuous along the coordinate axes, and on the hyperbola0 > ß Ca b
>  C œ "# # .  Furthermore,

`0 „" C 68 >C

`C C "  >  C
œ  #

"  >  Ca b k k
a b# # # # #

has the  points of discontinuity.same

10.   is continuous everywhere on the plane.  The partial derivative  is also0 > ß C `0Î`Ca b
continuous everywhere.

12.  The function  is discontinuous along the lines  and .  The0 > ß C > œ „5 C œ  "a b 1
partial derivative  has the region of continuity.`0Î`C œ -9> > Î "  Ca b a b# same 

14.  The equation is separable, with   Integrating both sides, the solution.CÎC œ #> .> Þ#

is given by   For , solutions exist as long as .C > œ C ÎÐ"  C > ÑÞ C  ! >  "ÎCa b ! ! ! !
# #

For , solutions are defined for  .C Ÿ ! >! all

15.  The equation is separable, with   Integrating both sides and invoking.CÎC œ  .> Þ$

the initial condition,   Solutions exist as long as ,C > œ C Î #C >  " Þ #C >  "  !a b È
! ! !

that is, .  If , solutions exist for .  If , then the#C >   " C  ! >   "Î#C C œ !! ! ! !

solution  exists for all .  If , solutions exist for .C > œ ! > C  ! >   "Î#Ca b ! !

16.  The function  is discontinuous along the straight lines  and .0 > ß C > œ  " C œ !a b
The partial derivative  is discontinuous along the same lines.  The equation is`0Î`C
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separable, with   Integrating and invoking the initial condition, theC .C œ > .>Î Þ# a b"  >$

solution is   Solutions exist as long asC > œ 68 "  >  C Þa b k k ‘#
$

$ #
!

"Î#

#

$
68 "  >  C   !¸ ¸$ #

! ,

that is,   For all  it can be verified that  yields a validC    68 "  > Þ C Ð C œ !! ! !
# $#

$ k k
solution, even though Theorem  does not guarantee one , solutions exists as long as#Þ%Þ# Ñk k a b"  >   /B:  $C Î# Þ >   "$ #

!   From above, we must have .  Hence the inequality
may be written as   It follows that the solutions are valid for>   /B:  $C Î#  " Þ$ #a b!c da b/B:  $C Î#  "  >  _!

"Î$# .

17.

18.

Based on the direction field, and the differential equation, for , the slopesC  !!

eventually  become negative, and hence solutions tend to .  For , solutions_ C  !!

increase without bound if   Otherwise, the slopes  become negative, and>  ! Þ! eventually
solutions tend to .  Furthermore,  is an .  Note that slopeszero equilibrium solutionC œ !!

are  along the curves  and .zero C œ ! >C œ $

19.
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For initial conditions  satisfying , the respective solutions all tend to .a b> ß C >C  $! ! zero
Solutions with initial conditions  the hyperbola  eventually tend toabove or below >C œ $
„_ C œ !.  Also,  is an .! equilibrium solution

20.

Solutions with  all tend to .  Solutions with initial conditions  to the>  ! _ > ß C! ! !a b
right of the parabola  asymptotically approach the parabola as .  Integral> œ "  C >p_#

curves with initial conditions  the parabola and  also approach the curve.above a bC  !!

The slopes for solutions with initial conditions  the parabola and  are allbelow a bC  !!

negative.  These solutions tend to _Þ

21.  Define , in which  is the Heaviside step function.C > œ >  - ? >  - ? >-
$Î#a b a b a b a b#

$

Note that  and C - œ C ! œ ! C -  $Î# œ "Þ- - -
#Î$a b a b a bˆ ‰

a b a b+ Þ - œ "  $Î# Þ  Let #Î$

a b a b, Þ - œ #  $Î# Þ  Let #Î$

a b a b a b a b a b a b- Þ C # œ # C >  # !  -  # C # œ !  Observe that ,  for , and that  for! - -
$Î# $Î## #

$ $

-   #Þ -   ! „C # −  #ß # Þ  So for any , -a b c d
26   Recalling Eq.  in Section ,a b a b+ Þ $& #Þ"
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C œ = 1 = .=  Þ
" -

> >. .
.a b a b( a b a b

It is evident that  and .C > œ C > œ = 1 = .=" #a b a b a b a b'" "
> >. .a b a b .

a b a b a b a bˆ ‰', œ /B:  : > .> C œ  : > œ  : > C Þ.  By definition, .  Hence  " "
> >

w
. .a b a b" "

That is, C  : > C œ !Þ" "
w a b

a b a b a b a b a b a b a b a bŠ ‹ Š ‹'- Þ C œ  : > = 1 = .=  > 1 > œ  : > C  1 > Þ    # ! #
w " "

> >

>

. .a b a b. .

That is, C  : > C œ 1 > Þ# #
w a b a b

30.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

Substitution into the differential equation yields , which further  C œ  CC
# .>

.@$

& 5 $

results in   The latter differential equation is linear, and can be written as@  # @ œ # Þw & 5a b a b/ œ # Þ @ > œ # > /  -/ Þ# > # > # >w& & &5 5  The solution is given by   Converting back to
the original dependent variable, C œ „@ Þ"Î#

31.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

The differential equation is written as , which upon  -9= >  X C œ CC
# .>

.@$ a b> 5 $

further substitution is   This ODE is linear, with integrating@  # -9= >  X @ œ #Þw a b>
factor   The solution is. > >a b a b a bˆ ‰'> œ /B: # -9= >  X .> œ /B:  # =38 >  #X > Þ

@ > œ #/B: # =38 >  #X > /B:  # =38  #X .  - /B:  # =38 >  #X > Þa b a b a b a b(> > 7 7 7 >
!

>

Converting back to the original dependent variable, C œ „@ Þ"Î#

33.  The solution of the initial value problem ,  is C  #C œ ! C ! œ " C > œ / Þ" " " "
w #>a b a b

Therefore y   On the interval  the differential equation isa b a b a b" œ C " œ / Þ "ß_ ß
"

#

C  C œ ! C > œ -/ Þ C " œ C " œ -/ Þ# # # #
w > ", with   Therefore   Equating the limitsa b a b a b

C " œ C " - œ / Þa b a b  , we require that   Hence the global solution of the initial value"

problem is

C > œ Þ
/ ! Ÿ > Ÿ "

/ >  "
a b œ #>

">

,
,

Note the discontinuity of the derivative

C > œ Þ
 #/ !  >  "

 / >  "
a b œ #>

">

,
,
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Section 2.5

1.

For , the only equilibrium point is .  , hence the equilibriumC   ! C œ ! 0 ! œ +  !!
‡ wa b

solution  is .9a b> œ ! unstable

2.

The equilibrium points are  and .  , therefore theC œ  +Î, C œ ! 0  +Î,  !‡ ‡ wa b
equilibrium solution  is .9a b> œ  +Î, asymptotically stable

3.
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4.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .unstable

5.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .+=C7:>9>3-+66C stable

6.
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7 .a b,

8.

The only equilibrium point is .  Note that , and that  for .C œ " 0 " œ ! C  ! C Á "‡ w wa b
As long as , the corresponding solution is .  Hence theC Á "! monotone decreasing
equilibrium solution  is .9a b> œ " semistable

9.
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10.

The equilibrium points are , .  .  The equilibrium solutionC œ ! „" 0 C œ "  $C‡ w #a b
9a b> œ ! is , and the remaining two are .unstable asymptotically stable

11.

12.

The equilibrium points are , .  .  The equilibrium solutionsC œ ! „# 0 C œ )C  %C‡ w $a b
9 9a b a b> œ  # > œ  # and  are  and , respectively.  Theunstable asymptotically stable
equilibrium solution  is .9a b> œ ! semistable
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13.

The equilibrium points are and .  .  Both equilibriumC œ ! " 0 C œ #C  'C  %C‡ w # $a b
solutions are .semistable

15 .  Inverting the Solution , Eq.  shows  as a function of the population a b a b a b+ "" "$ > C
and
the carrying capacity .  With ,O C œ OÎ$!

> œ  68 Þ
" "Î$ "  CÎO

< CÎO "  "Î$
º ºa bc da ba bc da b

Setting ,C œ #C!

7 œ  68 Þ
" "Î$ "  #Î$

< #Î$ "  "Î$
º ºa bc da ba bc da b

That is,   If  ,  .7 7œ 68 % Þ < œ !Þ!#& œ &&Þ%&"
< per year years

a b a b, Þ "$ C ÎO œ CÎO œ  In Eq. , set  and .  As a result, we obtain! ! "

X œ  68 Þ
" " 

< " 
º ºc dc d! "

" !

Given ,  and  ,  .! " 7œ !Þ" œ !Þ* < œ !Þ!#& œ "(&Þ()per year years

16 .a b+
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17.  Consider the change of variable   Differentiating both sides with? œ 68 CÎO Þa b
respect
to ,   Substitution into the Gompertz equation yields , with> ? œ C ÎCÞ ? œ  <?w w w

solution   It follows that   That is,? œ ? / Þ 68 CÎO œ 68 C ÎO / Þ! !
<> <>a b a b

C

O
œ /B: 68 C ÎO / Þ ‘a b!

<>

a b a b+ O œ )!Þ& ‚ "! C ÎO œ !Þ#& < œ !Þ(" C # œ &(Þ&) ‚ "!.  Given ,  and  , .' '
! per year

a b, Þ >  Solving for ,

> œ  68 Þ
" 68 CÎO

< 68 C ÎO
” •a ba b!

Setting , the corresponding time is  .C œ !Þ(&O œ #Þ#"a b7 7 years

19 .  The rate of  of the volume is given by rate of rate of .a b+ increase flow in  flow out
That is,   Since the cross section is , .Z Î.> œ 5  + #12 Þ .Z Î.> œ E.2Î.>Þ! È constant
Hence the governing equation is .2Î.> œ 5  + #12 ÎEÞˆ ‰È!

a b ˆ ‰, Þ .2Î.> œ ! 2 œ Þ  Setting , the equilibrium height is   Furthermore, since/
" 5
#1 +

#

!

0 2  !wa b/ , it follows that the equilibrium height is .asymptotically stable

a b a b- , 2.  Based on the answer in part , the water level will intrinsically tend to approach ./
Therefore the height of the tank must be  than ; that is, .greater 2 2  Z ÎE/ /

22 .  The equilibrium points are at  and .  Since , thea b a b+ C œ ! C œ " 0 C œ  # C‡ ‡ w ! !
equilibrium solution  is  and the equilibrium solution  is9 9œ ! œ "unstable
asymptotically stable.

a b c da b, C "  C .C œ .>.  The ODE is separable, with .  Integrating both sides and" !
invoking the initial condition, the solution is

C > œ Þ
C /

"  C  C /
a b !

! !

!

!

>

>

It is evident that independent of      and    .a b a b a bC C > œ ! C > œ "!
_ _

lim lim
>Ä >Ä

23 .  a b a b+ C > œ C / Þ!
 >"

a b a b, + .BÎ.> œ B C / Þ .BÎB œ C / .> Þ.  From part ,   Separating variables, ! !! !
 >  >" "

Integrating both sides, the solution is B > œ B /B: C Î "  / Þa b  ‘ˆ ‰! !! "  >"

a b a b a b a b- >p_ C > p! B > pB /B: C Î Þ.  As ,   and   Over a  period of time, the! !! " long
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proportion of carriers .  Therefore the proportion of the population that escapesvanishes
the epidemic is the proportion of  left at that time, susceptibles B /B: C Î Þ! !a b! "

25 .  Note that , and .  So ifa b a b c d a b a ba b+ 0 B œ B V V  +B 0 B œ V V  $+B- -
# w #

a b a bV V  ! B œ ! 0 !  !- , the only equilibrium point is .  , and hence the solution‡ w

9a b> œ !  is .asymptotically stable

a b a b a bÈ, V  V  ! B œ ! „ V V Î+ Þ.  If , there are  equilibrium points ,- -three ‡

Now , and .  Hence the solution  is ,0 !  ! 0 „ V V Î+  ! œ !w wa b a bˆ ‰È
- 9 unstable

and the solutions  are .9 œ „ V V Î+Èa b- asymptotically stable

a b- .
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Section 2.6

1.   and .  Since , the equation isQ Bß C œ #B  $ R Bß C œ #C  # Q œ R œ !a b a b C B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  $B  2 C œ 2 C R# wa b a b.  Now , and equating with  results in the possible<C

function  .  Hence , and the solution is2 C œ C  #C Bß C œ B  $B  C  #Ca b a b# # #<
defined .implicitly as B  $B  C  #C œ -# #

2.   and .  Note that , and hence theQ Bß C œ #B  %C R Bß C œ #B  #C Q Á Ra b a b C B

differential equation is not exact.

4.  First divide both sides by   We now have a b#BC  # Þ Q Bß C œ C R Bß C œ Ba b a b and .
Since , the resulting equation is Q œ R œ !C B exact.  Integrating  with respect to ,Q B
while holding  constant, results in C <a b a bBß C œ BC  2 C .  Differentiating with respect
to , .  , we find that , and hence C œ B  2 C œ R 2 C œ ! 2 C œ !< <C C

w wa b a b a bSetting 
is acceptable.  Therefore the solution is defined .  Note that ifimplicitly as BC œ -
BC  " œ ! , the equation is trivially satisfied.

6.  Write the given equation as .  Now a b a b a b+B  ,C .B  ,B  -C .C Q Bß C œ +B  ,C
and .  Since , the differential equation is R Bß C œ ,B  -C Q Á Ra b C B not exact.

8.   and .  Note that , andQ Bß C œ / =38 C  $C R Bß C œ  $B  / =38 C Q Á Ra b a bB B
C B

hence the differential equation is not exact.

10.   and .  Since , the givenQ Bß C œ CÎB  'B R Bß C œ 68B  # Q œ R œ "ÎBa b a b C B

equation is exact.  Integrating  with respect to , while holding  constant, results inR C B
<a b a b a bBß C œ C 68 B  #C  2 B Þ B œ CÎB  2 B  Differentiating with respect to , .<B

w

Setting , we find that , and hence .  Therefore the<B œ Q 2 B œ 'B 2 B œ $Bw #a b a b
solution
is defined .implicitly as $B # C 68 B  #C œ -

11.   and .  Note that , and henceQ Bß C œ B 68 C  BC R Bß C œ C 68 B  BC Q Á Ra b a b C B

the differential equation is not exact.

13.  Q Bß C œ #B  C R Bß C œ #C  B Q œ R œ  "a b a b and .  Since , the equation isC B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  BC  2 C œ  B  2 C R 2 C œ #C# w wa b a b a b.  Now .  Equating  with  results in ,< <C C

and hence . Thus , and the solution is given 2 C œ C Bß C œ B  BC  Ca b a b# # #< implicitly
as B  BC  C œ - C " œ $# # .  Invoking the initial condition , the specific solution isa b
B  BC  C œ (# # .  The explicit form of the solution is C B œ B  #)  $B Þa b ’ “È"

#
#

Hence the solution is valid as long as $B Ÿ #) Þ#

16.  Q Bß C œ C /  B R Bß C œ ,B / Q œ /  #BC /a b a b#BC #BC #BC #BC and .  Note that ,C

and   The given equation is R œ , /  #,BC / ÞB
#BC #BC exact, as long as .  Integrating, œ "
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R C B with respect to , while holding  constant, results in <a b a bBß C œ / Î#  2 B Þ#BC   Now
differentiating with respect to , .  Setting , we find thatB œ C /  2 B œ Q< <B B

#BC wa b
2 B œ B 2 B œ B Î# Bß C œ / Î#  B Î#w # #BC #a b a b a b, and hence .  Conclude that .  Hence<
the solution is given .implicitly as /  B œ -#BC #

17.  Integrating , while holding  constant, yields<C œ R B
<a b a b a b'Bß C œ R Bß C .C  2 B Þ

Taking the partial derivative with respect to ,    NowB œ R Bß C .C  2 B Þ<B
' a b a b`

`B
w

set  and therefore .  Based on the fact<B œ Q Bß C 2 B œ Q Bß C  R Bß C .Ca b a b a b a b'w `
`B

that , it follows that .  Hence the expression for  can beQ œ R 2 B œ ! 2 BC B
`
`C

w wc d a ba b
integrated to obtain

2 B œ Q Bß C .B  R Bß C .C .B
`

`B
a b a b a b( ( (” • .

18.  Observe that ` `
`C `Bc d c da b a bQ B œ R C œ ! Þ

20.   and .  MultiplyingQ œ C -9= C  C =38 C R œ  # / -9= B  =38 B ÎCC B
" # Ba b

both sides by the integrating factor , the given equation can be written as.a bBß C œ C /Ba b a b/ =38 C  #C =38 B .B  / -9= C  #-9= B .C œ ! Q œ Q R œ RB B .  Let  and .. .

Observe that , and hence the latter ODE is Q œ R RC B exact.  Integrating  with respect
to , while holding  constant, results in C B <a b a bBß C œ / =38 C  #C -9= B  2 B ÞB   Now
differentiating with respect to , .  Setting ,B œ / =38 C  #C =38 B  2 B œ Q< <B B

B wa b
we find that , and hence  is feasible.  Hence the solution of the given2 B œ ! 2 B œ !wa b a b
equation is defined .implicitly by / =38 C  #C -9= B œB "

21.   and .  Multiply both sides by the integrating factor  toQ œ " R œ # Bß C œ CC B .a b
obtain .  Let  and .  It is easy to see thatC .B  #BC  C / .C œ ! Q œ CQ R œ CR# # Ca b
Q œ R QC B , and hence the latter ODE is exact.  Integrating  with respect to  yieldsB

<a b a b a bBß C œ BC  2 C R 2 C œ  C /# w # C.  Equating  with  results in , and hence<C

2 C œ  / C  #C  # Bß C œ BC  / C  #C  #a b a b a b a bC # # C #. Thus ,  and the solution<
is defined .implicitly by BC# C # / C  #C  # œ -a b
24.  The equation  has an integrating factor if , that is,. . . .Q  RC œ ! Q œ Rw a b a bC B

. . . .C B B C B CQ  R œ R  Q R Q œ V BQ  CR V.  Suppose that , in which  isa b
some function depending  on the quantity .  It follows that the modified formonly D œ BC
of the equation is .  Thisexact, if . . . . .C BQ  R œ V BQ  CR œ V BQ  CRa b a b
relation is satisfied if  and .  Now consider   Then. . . . . .C Bœ B V œ C V œ BC Þa b a b a b
the partial derivatives are  and .  Note that .  Thus  must. . . . . . .B Cœ C œ B œ . Î.Dw w w

satisfy   The latter equation is .wa b a bD œ V D Þ separable, with , and. œ V D .D. a b
. . .a b a b a b a b'D œ V D .D Þ V œ V BC œ BC  Therefore, given , it is possible to determine 
which becomes an integrating factor of the differential equation.
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28.  The equation is not exact, since R Q œ #C  " R Q ÎQ œB C B C.  However, a b
œ #C  " ÎC C œ Ca b a b is a function of  alone.  Hence there exists , which is a solution. .

of the differential equation .  The latter equation is . .w œ #  "ÎCa b separable, with
. Î œ #  "ÎC C œ /B: #C  68 C œ / ÎC. . ..  One solution is .  Now rewrite thea b a b #C

given ODE as .  This equation is , and it is easy to/ .B  #B /  "ÎC .C œ !#C #Ca b exact
see that <a bBß C œ B /  68 C#C .  Therefore the solution of the given equation is defined
implicitly by .B /  68 C œ -#C

30.  .  But note thatThe given equation is not exact, since R Q œ )B ÎC  'ÎCB C
$ $ #

a bR Q ÎQ œB C #ÎC C is a function of  alone, and hence there is an integrating factor
. . . . .œ C œ #ÎC C œ C Þa b a b a b.  Solving the equation , an integrating factor is   Noww #

rewrite the differential equation as .  By inspection,a b a b%B  $C .B  $B  %C .C œ !$ $

<a bBß C œ B  $BC  C% %, and the solution of the given equation is defined implicitly by
B  $BC  C œ -% % .

32.  Multiplying both sides of the ODE by , the given equation is. œ BC #B  Cc da b "

equivalent to   Rewritec d c da b a b a b a b$B  C Î #B  BC .B  B  C Î #BC  C .C œ ! Þ# #

the differential equation as

” • ” •# # " "

B #B  C C #B  C
 .B   .C œ ! .

It is easy to see that   Q œ R ÞC B Integrating  with respect to , while keeping Q B C
constant, results in <a b k k k k a bBß C œ #68 B  68 #B  C  2 C .  Now taking the partial
derivative with respect to , .  , we find thatC œ #B  C  2 C œ R< <C C

"a b a bw Setting 
2 C œ "ÎC 2 C œ 68 Cwa b a b k k, and hence .  Therefore

<a b k k k k k kBß C œ #68 B  68 #B  C  68 C ,

and the solution of the given equation is defined implicitly by .#B C  B C œ -$ # #
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Section 2.7

2 .  The Euler formula is .a b a b a b+ C œ C  2 #C  " œ "  #2 C  28" 8 8 8

a b. Þ  The differential equation is linear, with solution C > œ "  / Î# Þa b a b#>

4 .  a b+ The Euler formula is .C œ "  #2 C  $2 -9= >8" 8 8a b
a b a b a b. C > œ '-9= >  $=38 >  ' / Î&.  The exact solution is .#>

5.

All solutions seem to converge to .9a b> œ #&Î*

6.

Solutions with positive initial conditions seem to converge to a specific function.  On the
other hand, solutions with  coefficients decrease without bound.   is annegative 9a b> œ !
equilibrium solution.

7.



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 64

All solutions seem to converge to a specific function.

8.

Solutions with initial conditions to the  of the curve seem to diverge.  On'left' > œ !Þ"C#

the other hand, solutions to the  of the curve seem to converge to .  Also, 'right' zero 9a b>
is an equilibrium solution.

9.

All solutions seem to diverge.

10.
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Solutions with  initial conditions increase without bound.  Solutions withpositive
negative
initial conditions decrease without bound.  Note that  is an equilibrium solution.9a b> œ !

11.  The Euler formula is .  The initial value is .C œ C  $2 C  &2 C œ #8" 8 8 !È
12.  The iteration formula is C œ "  $2 C  2 > C > ß C œ ! ß !Þ& Þ8" 8 8 ! !8a b a b a b# .  

14.    The iteration formula is C œ "  2 > C  2 C Î"! Þ > ß C œ ! ß " Þ8" 8 8 ! !8a b a b a b$

17.  The Euler formula is

C œ C 
2 C  #> C

$  >
8" 8

8 8 8

8
#

a b#

.

The initial point is a b a b> ß C œ " ß # Þ! !

18 .  See Problem 8.a b+
19a b+ Þ

a b, C œ C  2 C  2 >.  .  The critical value of  appearsThe iteration formula is 8" 8 8 8
# # !

to be near .  For , the iterations diverge.! !! ! !¸ !Þ')"& C 
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20 .  The ODE is a b+ linear, with general solution .  Invoking the specifiedC > œ >  - /a b >

initial condition, , we have   Hence   ThusC > œ C C œ >  - / Þ - œ C  > / Þa b a b! ! ! ! ! !
> >! !

the solution is given by .9a b a b> œ C  > /  >! !
> >!

a b, .  The Euler formula is C œ "  2 C  2  2 > 5 œ 8  "8" 8 8a b .  Now set .

a b a b a b a b- C œ "  2 C  2  2 > œ "  2 C  >  >  2 >.  We have .  Rearranging" ! ! ! " ! !

the terms, .  Now suppose that ,C œ "  2 C  >  > C œ "  2 C  >  >" ! ! " 5 ! ! 5
5a ba b a b a b

for some .  Then .  Substituting for , we  find that5   " C œ "  2 C  2  2 > C5" 5 5 5a b
C œ "  2 C  >  "  2 >  2  2 > œ "  2 C  >  >  25" ! ! 5 5 ! ! 5

5" 5"a b a b a b a b a b .
Noting that , the result is verified.> œ >  55" 5

a b a b. 2 œ >  > Î8 > œ >.  Substituting , with ,! 8

C œ "  C  >  >
>  >

8
8 ! !

!
8Œ  a b .

Taking the limit of both sides, as , and using the fact that   ,8p_ "  +Î8 œ /lim
8Ä_

8 +a b
pointwise convergence is proved.

21.  The exact solution is .  The Euler formula is 9a b> œ /> C œ "  2 C8" 8a b .  It is easy
to see that   Given , set .  Taking the limit,C œ "  2 C œ "  2 Þ >  ! 2 œ >Î88 !

8 8a b a b
we find that     lim lim

8Ä_ 8Ä_

8 >C œ "  >Î8 œ / Þ8 a b
23.  The exact solution is .  The Euler formula is 9a b> œ >Î#  /#> C œ "  #2 C 8" 8a b
 2Î#  2 > C œ " C œ "  #2  2Î# œ "  #2  > Î# Þ8 ! " ".  Since ,   It is easy toa b a b
show by mathematical induction, that .  For , set C œ "  #2  > Î# >  ! 2 œ >Î88 8

8a b
and thus .  Taking the limit, we find that     > œ > C œ "  #>Î8  >Î# œ8 8

8lim lim
8Ä_ 8Ä_

c da b
œ /  >Î##> .  Hence pointwise convergence is proved.
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Section 2.8

2.  Let  and .  It follows that .D œ C  $ œ >  " .DÎ. œ .DÎ.> .>Î. œ .DÎ.>7 7 7a ba b
Furthermore, .  Hence .  The new initial.DÎ.> œ .CÎ.> œ "  C .DÎ. œ "  D  $$ $7 a b
condition is D œ ! œ ! Þa b7

3.  The approximating functions are defined recursively by .9 98" 8!

>a b c d' a b> œ # =  " .=

Setting , .  Continuing, , ,9 9 9 9! " # $a b a b a b a b> œ ! > œ #> > œ #>  #> > œ >  #>  #># $ #%
$

9%a b> œ >  >  #>  #> â# %
$ $

% $ # , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ #>  >
+

5 x

" 5" 5

5

5œ"

_

5œ#

_
5 .

Comparing coefficients, , , .  It follows that ,+ Î$x œ %Î$ + Î%x œ #Î$ â + œ )$ % $

+ œ "'% ,
and so on.  We find that in general, that .  Hence+ œ #5

5

9a b "> œ >
5 x

œ /  "

5œ"

_
5

#>

#5

.

   

5.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ  = Î#  = .= .

Setting , .  Continuing, ,9 9 9 9! " # $a b a b a b a b> œ ! > œ > Î# > œ > Î#  > Î"# > œ > Î# # # $ #

 > Î"#  > Î*' > œ > Î#  > Î"#  > Î*'  > Î*'! â$ % # $ % &, , .  Given convergence, set9%a b
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9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ > Î#  >
+

5 x

" 5" 5

5

5œ"

_

# 5

5œ$

_

.

Comparing coefficients, , , , .  We+ Î$x œ  "Î"# + Î%x œ "Î*' + Î&x œ  "Î*'! â$ % &

find that , , ,   In general, .  Hence+ œ  "Î# + œ "Î% + œ  "Î) â Þ + œ #$ % & 5
5"

9a b a b"> œ  >
#

5 x

œ % /  #>  %

5œ#

_
5

>

5#

 Î# .

      

6.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ =  "  = .= .

Setting , , , , 9 9 9 9 9! " $ %a b a b a b a b a b> œ ! > œ >  > Î# > œ >  > Î' > œ >  > Î#% > œ# $ %
2

œ >  > Î"#! â& , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
 ‘  ‘

> œ >  >  >

œ >  > Î#  > Î#  > Î'  > Î'  > Î#% â

œ >  !  ! â

" 5" 5

5œ"

_

# # $ $ %

 .

Note that the terms can be rearranged, as long as the series converges uniformly.
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8 .  a b+ The approximating functions are defined recursively by

9 98" 8

!

>a b a b(  ‘> œ = =  = .=# .

Set .  The iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ  > Î# > œ  > Î#  > Î"!# # &
2

9 9$ %a b a b> œ  > Î#  > Î"!  > Î)! > œ  > Î#  > Î"!  > Î)!  > Î))! â# & ) # & ) "", , .
Upon inspection, it becomes apparent that

98

$ 8"

$ 5"

a b ” •c d
" c d

> œ  >   â
" > >

# # † & # † & † ) # † & † )â #  $

œ  > Þ
# † & † )â #  $

#
$ '

#

5œ"

8

a b
a b

a b
a b

>

8  "

>

5  "

a b, .

The iterates appear to be converging.

9 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ =  = .=# # .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > Î$ > œ > Î$  > Î'$$ $ (
2

9$a b> œ > Î$  > Î'$  #> Î#!(*  > Î&*&$&$ ( "" "& .
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a b, .

The iterates appear to be converging.

10 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ "  = .=$ .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > > œ >  > Î%2
%

9$a b> œ >  > Î%  $> Î#)  $> Î"'!  > Î)$$% ( "! "$ .

a b, .

The approximations appear to be diverging.

12 .  The approximating functions are defined recursively bya b+
9

9
8"

!

>

8

a b ( ” •a ba b> œ .=
$=  %=  #

# =  "

#

.

Note that  .  For computational purposes, replace the"Î #C  # œ  C  Sa b !"
#

5œ!

'
5 ˆ ‰C(

above iteration formula by
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9 98"

!

>

8a b a b( – —ˆ ‰"> œ  $=  %=  # = .=
"

#
# 5

5œ!

'

.

Set .  The first four approximations are given by ,9 9! "a b a b> œ ! > œ  >  >  > Î## $

92a b> œ  >  > Î#  > Î'  > Î%  > Î&  > Î#% â# $ % & ' ,
9$a b> œ  >  > Î#  > Î"#  $> Î#!  %> Î%& â# % & ' ,
9%a b> œ  >  > Î#  > Î)  (> Î'!  > Î"& â# % & '

a b, .

The approximations appear to be converging to the exact solution,

9a b È> œ "  "  #>  #>  > Þ# $

13.  Note that  and ,  .  Let .  Then .9 9 98 8 8a b a b a b a b! œ ! " œ " a 8   " + − ! ß " + œ +8

Clearly,   .  Hence the assertion is true.lim
8Ä_

+ œ !8

14 .  ,  .  Let .  Then a b a b a b+ ! œ ! a 8   " + − Ð! ß "Ó + œ #8+ / œ #8+Î/ Þ9 98 8
8+ 8+# #

Using l'Hospital's rule,   .  Hence   lim lim lim
DÄ_ DÄ_ 8Ä_

+D +D#+DÎ/ œ "ÎD/ œ ! + œ ! Þ
# #

98a b
a b ' ¸, #8B / .B œ  / œ "  / Þ.    Therefore,

!

"

!

"8B 8B 8# #

lim lim
8Ä_ 8Ä_! !

" "( (a b a b9 98 8B .B Á B .B .

15.  Let  be fixed, such that .  Without loss of generality, assume that> > ß C ß > ß C − Ha b a b" #

C  C 0 C" # .  Since  is differentiable with respect to , the mean value theorem asserts that
b − C ß C 0 > ß C  0 > ß C œ 0 > ß C  C Þ  such that   Taking the absolute0 0a b a b a b a ba b" # " # " #C

value of both sides,   Since, by assumption,k k k k k ka b a b a b0 > ß C  0 > ß C œ 0 > ß C  C Þ" # " #C 0

`0Î`C H 0 is continuous in ,  attains a C maximum on any closed and bounded subset of H
.
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Hence k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C Þ" # " #

16.  For a  interval of ,  , .  Since  satisfies asufficiently small > > > − H 09 98" 8a b a b
Lipschitz condition,   Herek k k ka b a b a b a ba b a b0 > ß >  0 > ß > Ÿ O >  > Þ9 9 9 98 8" 8 8"

O œ 7+B 0k kC .

17   .  Hence , ina b a b a b k k k k k k' ' 'a b a b+ Þ > œ 0 = ß ! .= > Ÿ 0 = ß ! .= Ÿ Q.= œ Q >9 9" "! ! !

> k k k k> >

which  is the maximum value of  on .Q 0 > ß C Hk ka b
a b a b a b c d' a b a ba b, >  > œ 0 = ß =  0 = ß ! .=.  By definition, .  Taking the absolute9 9 9# " "!

>

value of both sides,  .  Based on thek k k ka b a b c d' a b a ba b9 9 9# " "!

>
>  > Ÿ 0 = ß =  0 = ß ! .=

k k
results in Problems 16 and 17, .k k k k k ka b a b a b' '9 9 9# " "! !

> >
>  > Ÿ O =  ! .= Ÿ OQ = .=

k k k k
Evaluating the last integral, we obtain .k k k ka b a b9 9# ">  > Ÿ QO > Î##

a b- .  Suppose that

k ka b a b k k
9 93 3"

"

>  > Ÿ
QO >

3 x

3 3

for some .  By definition, .3   " >  > œ 0 > ß =  0 = ß = .=9 9 9 93" 3 3 3"!

>a b a b c d' a b a ba b a b
It follows that

k k k ka b a b a b a b( a b a b
( k ka b a b
( k k

k ka b a b

9 9 9 9

9 9

3" 3 3 3"

!

!

3 3"

!

"

" "

>  > Ÿ 0 = ß =  0 = ß = .=

Ÿ O =  = .=

Ÿ O .=
QO =

3 x

œ Ÿ Þ
QO > QO 2

3  " x 3  " x

k k

k k

k k

>

>

> 3 3

3 3 33

Hence, by mathematical induction, the assertion is true.

18 .  Use the triangle inequality, .a b k k k k k k+ +  , Ÿ +  ,

a b k k k k k k a ba b a b a b, > Ÿ 2 > Ÿ Q2 >  > Ÿ QO 2 Î 8 x.  For , , and .  Hence9 9 9" 8 8"
8" 8

k ka b "
"a b

98

"

> Ÿ Q
O 2

3 x

œ Þ
Q O2

O 3 x

3œ"

8 3 3

3œ"

8 3
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a b a b ˆ ‰- , /  " Þ.  The sequence of partial sums in  converges to   By the Q
O

O2 comparison
test bounded, the sums in  also converge.  Furthermore, the sequence , anda b+ k ka b98 >  is 
hence has a convergent subsequence.  Finally, since individual terms of the series must
tend to zero, it follows that the sequence k k k ka b a b a b9 9 98 8" 8>  > p ! >, and  is convergent.

19 .  Let  and   Then by  ofa b a b a b a b a b' 'a b a b+ > œ 0 = ß = .= > œ 0 = ß = .= Þ9 9 < <
! !

> > linearity
the integral, 9 < 9 <a b a b c d' a b a ba b a b>  > œ 0 = ß =  0 = ß = .= Þ

!

>

a b k k k ka b a b a b a b' a b a b, >  > Ÿ 0 = ß =  0 = ß = .= Þ.  It follows that 9 < 9 <
!

>

a b- .  We know that  satisfies a Lipschitz condition,0

k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C" # " # ,

based on  in .  Therefore,k k`0Î`C Ÿ O H

k k k ka b a b a b a b( a b a b
( k ka b a b

9 < 9 <

9 <

>  > Ÿ 0 = ß =  0 = ß = .=

Ÿ O =  = .=

!

>

!

>

.



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 74

Section 2.9

1.  Writing the equation for each , , , 8   ! C œ  !Þ* C C œ  !Þ* C C œ  !Þ* C" ! # " $ #

and so on, it is apparent that .  The terms constitute an C œ  !Þ* C8 !
8a b alternating

series zero, which converge to , regardless of .C!

3.  Write the equation for each , , , , .8   ! C œ $ C C œ %Î# C C œ &Î$ C â" ! # " $ #
È È È

Upon substitution, we find that , ,  C œ % † $ Î# C C œ & † % † $ Î $ † # C â Þ# " $ !
È Èa b a b a b

It can be proved by mathematical induction, that

C œ C
" 8  # x

# 8x

œ 8  " 8  # C
"

#

8 È Êa b

È Èa ba b
!

! .

This sequence is divergent, except for .C œ !!

4.  Writing the equation for each , , , , ,8   ! C œ  C C œ C C œ  C C œ C" ! # " $ # % $

and so on, it can be shown that

C œ
C 8 œ %5 8 œ %5  "

 C 8 œ %5  # 8 œ %5  $8
!

!
œ      ,  for  or 

,  for  or 

The sequence is convergent .only for C œ !!

6.  Writing the equation for each ,8   !

 C œ !Þ& C  '" !

 C œ !Þ& C  ' œ !Þ& !Þ& C  '  ' œ !Þ& C  '  !Þ& '# " ! !a b a b a b#

 C œ !Þ& C  ' œ !Þ& !Þ& C  '  ' œ !Þ& C  ' "  !Þ&  Ð!Þ&Ñ$ # " !a b a b c da b$ #

       ã
  C œ !Þ& C  "# "  !Þ&8 !

8 8a b c da b
which can be verified by mathematical induction.  The sequence is convergent for all ,C!

and in fact .C p"#8

7.  Let  be the balance at the end of the .  TheC 8 C œ "  <Î$&' C8 8" 8-th day.  Then a b
solution of this difference equation is , in which  is the initialC œ "  <Î$'& C C8 ! !

8a b
balance.  At the end of .  Given thatone year, the balance is C œ "  <Î$'& C$'& !

$'&a b
< œ Þ!( C œ "  <Î$'& C œ "Þ!(#& C, .  Hence the effective annual yield is$'& ! !

$'&a ba b"Þ!(#& C  C ÎC œ (Þ#&! ! ! % .

8.   month.  Then Let  be the balance at the end of the .C 8 C œ "  <Î"# C  #&8 8" 8-th a b
As in the previous solutions, we have
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C œ C  
#& #&

"  " 
8 !3

3 3
8” • ,

in which .  Here  is the annual interest rate, given as Therefore3 œ "  <Î"# < )a b % .  
C œ "Þ!!'' "!!!   œ #ß #)$Þ'$$'

$'a b ’ “a b a b"# #& "# #&
< <  dollars.

9.   month.  The appropriate differenceLet  be the balance due at the end of the C 88 -th
equation is C œ "  <Î"# C  T < T8" 8a b .  Here  is the annual interest rate and  is the
monthly payment.  The solution, in terms of the amount borrowed, is given by

C œ C  
T T

"  " 
8 !3

3 3
8” • ,

in which  and   To figure out the monthly payment, , we3 œ "  <Î"# C œ )ß !!! Þ Ta b !

require that   That is,C œ !Þ$'

3
3 3

36” •C  œ
T T

"  " 
! .

After the specified amounts are substituted, we find the T œ $ #&)Þ"% .

11.  Let  be the balance due at the end of the C 88 -th month.  The appropriate difference
equation is C œ "  <Î"# C  T < œ Þ!* T8" 8a b , in which  and  is the monthly payment.
The initial value of the mortgage is  balance due at theC œ "!!ß !!!! dollars.  Then the 
end of the 8-th month is

C œ C   Þ
T T

"  " 
8 !3

3 3
8” •

where .  3 œ "  <Î"#a b In terms of the specified values,

C œ !Þ!!(& "!  
"#T "#T

< <
8 a b ” •8 & .

Setting , and , we find that  For the8 œ $! "# œ $'! C œ ! T œ )!%Þ'#a b $'! dollars   Þ
monthly payment corresponding to a  year mortgage, set  and .#! 8 œ #%! C œ !#%!

12.   month, with  the initial value of theLet  be the balance due at the end of the C 88 -th C!

mortgage.  The appropriate difference equation is C œ "  <Î"# C  T8" 8a b , in which
< œ !Þ" T œ *!! and   is the  monthly payment.  Given that the life ofdollars maximum
the mortgage is  balance due at the end of the #! 8years -, we require that .  The C œ !#%!

th month is

C œ C   Þ
T T

"  " 
8 !3

3 3
8” •

In terms of the specified values for the parameters, the solution of
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a bÞ!!)$$ #%!” •a b a b
C  œ 

"# "!!! "# "!!!

!Þ" !Þ"
!

is .C œ "!$ß '#%Þ'#!  dollars

15.

      

       

16.   For example,  take  and :3 œ $Þ& ? œ "Þ"!
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19 .  .a b a b a b a b a b+ œ  Î  œ $Þ%%*  $ Î $Þ&%%  $Þ%%* œ %Þ(#'$$ 3 3 3 3# # " $ #

a b, œ ‚ "!! œ ‚ "!! ¸ "Þ##.    % diff % k k k k$ $
$
 %Þ''*#%Þ($'$

%Þ''*#
# Þ

a b- .  Assuming , a b a b3 3 3 3 $ 3$ # % $ % Î  œ ¸ $Þ&'%$

a b. "' ¸ $Þ&'&.  A period  solutions appears near .3

a b a b a b/  œ  Þ œ.  Note that   With the assumption that , we have3 3 $ 3 3 $ $8" 8 8 8" 88
"

a b a b3 3 $ 3 3 !8" 8 8 8" 8" 8
" œ  C œ C 8   $, which is of the form , .  It follows thata b a b3 3 $ 3 35 5" $ #
$5 œ  5   % for .  Then

3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 $ $ $

3 3 3 3 3
$

$

8 " # " $ # % $ 8 8"

" # " $ #
" # $8

" # " $ #

%8

"

œ       â 

œ     "   â

œ     Þ
" 

" 

a b a b a b a ba b a bc d
a b a b” •

Hence     Substitution of the appropriate values yieldslim
8Ä_ "3 3 3 38 # $ #œ   Þa b ‘$

$

lim
8Ä_

38 œ $Þ&'**
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Miscellaneous Problems

1.  Linear   Ò C œ -ÎB  B Î& ÓÞ# $

2.  Homogeneous  .Ò+<->+8 CÎB  68 B  C œ - Óa b È # #

3.  Exact   .Ò B  BC  $C  C œ ! Ó# $

4.  Linear in    .B C Ò B œ - /  C / Óa b C C

5.  Exact   .Ò B C  BC  B œ - Ó# #

6.  Linear  .Ò C œ B "  / Ó" "Ba b
7.  Let    .? œ B Ò B  C  " œ - / Ó# # # C#

8.  Linear  .Ò C œ %  -9= #  -9= B ÎB Óa b #

9.  Exact  .Ò B C  B  C œ - Ó# #

10.     .. .œ B Ò C ÎB  CÎB œ - Óa b # $ #

11.  Exact  .Ò B Î$  BC  / œ - Ó$ C

12.  Linear  .Ò C œ - /  / 68 "  / ÓB B Ba b
13.  Homogeneous  .Ò # CÎB  68 B œ - ÓÈ k k
14.  Exact/Homogeneous  .Ò B  #BC  #C œ $% Ó# #

15.  Separable   .Ò C œ -Î-9=2 BÎ# Ó#a b
16.  Homogeneous  .Ò #Î $ +<->+8 Ð#C  BÑÎ $ B  68 B œ - ÓŠ ‹ ’ “È È k k
17.  Linear  .Ò C œ - /  / Ó$B #B

18.  Linear/Homogeneous  .Ò C œ - B  B Ó#

19.     .. .œ B Ò $C  #BC  "!B œ ! Óa b $

20.  Separable   .Ò /  / œ - ÓB C

21.  Homogeneous  .Ò /  68 B œ - ÓCÎB k k
22.  Separable   .Ò C  $C  B  $B œ # Ó$ $

23.  Bernoulli   .Ò "ÎC œ  B B / .B  -B Ó' # #B

24.  Separable   .Ò =38 B =38 C œ - Ó#

25.  Exact  .Ò B ÎC  +<->+8 CÎB œ - Ó# a b
26.     .. .œ B Ò B  #B C  C œ - Óa b # # #

27.     .. .œ B Ò =38 B -9= #C  =38 B œ - Óa b "
#

#

28.  Exact  .Ò #BC  BC  B œ - Ó$ $

29.  Homogeneous  .Ò +<-=38 CÎB  68 B œ - Óa b k k
30.  Linear in   .B C Ò BC  68 C œ ! Óa b k k#

31.  Separable   .Ò B  68 B  B  C  # 68 C œ - Ók k k k"

32.     .. .œ C Ò B C  BC œ  % Óa b $ # $
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Chapter Three

Section 3.1

1.  Let , so that  and .  Direct substitution into the differentialC œ / C œ < / C œ < /<> w <> ww <>

equation yields .  Canceling the exponential, the characteristica b<  #<  $ / œ !# <>

equation is   The roots of the equation are , .  Hence the<  #<  $ œ ! Þ < œ  $ "#

general solution is .C œ - /  - /" #
> $>

2.  Let .  Substitution of the assumed solution results in the characteristic equationC œ /<>

<  $<  # œ ! Þ < œ  #  "#   The roots of the equation are , .  Hence the general
solution is .C œ - /  - /" #

> #>

4.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

#<  $<  " œ ! Þ < œ "Î# "#   The roots of the equation are , .  Hence the general
solution is .C œ - /  - /" #

>Î# >

6.  The characteristic equation is , with roots .  Therefore the%<  * œ ! < œ „$Î##

general solution is .C œ - /  - /" #
$>Î# $>Î#

8.  The characteristic equation is , with roots .  Hence the<  #<  # œ ! < œ "„ $# È
general solution is .C œ - /B: "  $ >  - /B: "  $ >" #Š ‹ Š ‹È È
9.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

<  <  # œ ! Þ < œ  # "#   The roots of the equation are , .  Hence the general
solution is .  Its derivative is .  Based on theC œ - /  - / C œ  #- /  - /" # " #

#> > w #> >

first condition, , we require that .  In order to satisfy ,C ! œ " -  - œ " C ! œ "a b a b" #
w

we find that .  Solving for the constants,  and .  Hence the #-  - œ " - œ ! - œ "" # " #

specific solution is .C > œ /a b >

11.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

'<  &<  " œ ! Þ < œ "Î$ "Î##   The roots of the equation are , .  Hence the general
solution is .  Its derivative is .  BasedC œ - /  - / C œ - / Î$  - / Î#" # " #

>Î$ >Î# w >Î$ >Î#

on the first condition, , we require that .  In order to satisfy theC ! œ " -  - œ %a b " #

condition , we find that .  Solving for the constants, C ! œ " - Î$  - Î# œ ! - œ "#wa b " # "

and .  Hence the specific solution is .- œ  ) C > œ "# /  ) /# a b >Î$ >Î#

12.  The characteristic equation is , with roots , .  Therefore the<  $< œ ! < œ  $ !#

general solution is , with derivative .  In order toC œ -  - / C œ  $ - /" # #
$> w $>

satisfy the initial conditions, we find that , and .  Hence the-  - œ  #  $ - œ $" # #

specific solution is .C > œ  "  /a b $>

13.  The characteristic equation is , with roots<  &<  $ œ !#
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< œ  „
& "$

# #
"ß#

È
.

The general solution is , withC œ - /B:  &  "$ >Î#  - /B:  &  "$ >Î#" #Š ‹ Š ‹È È
derivative

C œ - /B:  &  "$ >Î#  - /B:  &  "$ >Î#
 &  "$  &  "$

# #
w

È ÈŠ ‹ Š ‹È È
" # .

In order to satisfy the initial conditions, we require that , and-  - œ "" #

& "$ & "$
# #

È È
-  - œ ! - œ "  &Î "$ Î#" # ".  Solving for the coefficients,  andŠ ‹È

- œ "  &Î "$ Î# Þ# Š ‹È

14.  The characteristic equation is , with roots#<  <  % œ !#

< œ  „
" $$

% %
"ß#

È
.

The general solution is , withC œ - /B:  "  $$ >Î%  - /B:  "  $$ >Î%" #Š ‹ Š ‹È È
derivative

C œ - /B:  "  $$ >Î%  - /B:  "  $$ >Î%
 "  $$  "  $$

% %
w

È ÈŠ ‹ Š ‹È È
" # .

In order to satisfy the initial conditions, we require that , and-  - œ !" #

" $$ " $$
% %

È È
-  - œ " - œ  #Î $$" # ".  Solving for the coefficients,  andÈ

- œ #Î $$ Þ#
È   The specific solution is

C > œ  # /B:  "  $$ >Î%  /B:  "  $$ >Î% Î $$a b ’ “Š ‹ Š ‹È È È .



—————————————————————————— ——CHAPTER 3. 

________________________________________________________________________
            page 85

16.  The characteristic equation is , with roots .  Therefore the%<  " œ ! < œ „"Î##

general solution is .  Since the initial conditions are specified atC œ - /  - /" #
>Î# >Î#

> œ  # C œ . /  . / Þ, is more convenient to write   The derivative" #
 ># Î# ># Î#a b a b

is given by .  In order to satisfy the initialC œ  . / Î#  . / Î#w  ># Î# ># Î# ‘  ‘" #
a b a b

conditions, we find that , and .  Solving for the.  . œ "  . Î#  . Î# œ  "" # " #

coefficients, , and .  The specific solution is. œ $Î# . œ  "Î#" #

C > œ /  /
$ "

# #

œ /  / Þ
$ /

#/ #

a b  ># Î# ># Î#

>Î# >Î#

a b a b

18.  An algebraic equation with roots  and  is .  This is the #  "Î# #<  &<  # œ !#

characteristic equation for the ODE .#C  &C  # C œ !ww w

20.  The characteristic equation is , with roots , .  Therefore#<  $<  " œ ! < œ "Î# "#

the general solution is , with derivative  .  InC œ - /  - / C œ - / Î#  - /" # " #
>Î# > w >Î# >

order to satisfy the initial conditions, we require  and .-  - œ # - Î#  - œ "Î#" # " #

Solving for the coefficients, , and .  The specific solution is- œ $ - œ  "" #

C > œ $/  / Þ C œ $/ Î#  / œ !a b >Î# > w >Î# >  To find the , set .  There isstationary point
a unique solution, with .  The maximum value is then To find> œ 68 *Î% C œ *Î%Þ" "a b a b>
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the   The solution is readily found to bex-intercept, solve the equation $/  / œ ! Þ>Î# >

> œ 68* ¸ #Þ"*(## .

22.  The characteristic equation is , with roots .  Hence the%<  " œ ! < œ „"Î##

general solution is , with derivative  .C œ - /  - / C œ  -  -" # " #
>Î# >Î#>Î# >Î# w / Î# / Î#

Invoking the initial conditions, we require that  and .-  - œ #  -  - œ" # " # "

The specific solution is C > œ " a b a b" /  "  / Þ>Î# >Î#a b"   Based on the form of the
solution, it is evident that as ,  as long as .> p_ C > p! œ  "a b "

23.  The characteristic equation is .  Examining the<  #  " <   " œ !# a b a b! ! !
coefficients, the roots are  , .  Hence the general solution of the differential< œ  "! !

equation is   Assuming , all solutions will tend to C > œ - /  - / Þ −a b " #
! !> " >a b ! ‘ zero

as long as .  On the other hand, all solutions will become unbounded as long as!  !
! ! "  !  ", that is, .

25.  .C > œ # / Î&  $ / Î&a b >Î# #>

The minimum occurs at , .a b a b> C œ !Þ("'( ß !Þ("&&! !

26 .  The characteristic roots are , .  The solution of the initial valuea b+ < œ  $  #
problem is .C > œ '  /  %  /a b a b a b" "#> $>

a b ’ “, > œ 68 C œ.  The maximum point has coordinates , .! !
$ % % '
# ' #( %

a b a ba b a b" "
" "

$

#

a b È- C œ   %   '  ' $.  , as long as .!
% '

#( %

a ba b""
$

# "

a b. > œ 68 C œ _.  .    .lim lim
" "Ä_ Ä_

$
#! !

29.  Set  and .  Substitution into the ODE results in the first order equation@ œ C @ œ Cw w ww

> @  @ œ " > @ œ "w w.  The equation is , and can be written as .  Hence the generallinear a b
solution is .  Hence , and .@ œ "  - Î> C œ "  - Î> C œ >  - 68 >  -" " " #

w

31.  Setting  and , the transformed equation is .  This@ œ C @ œ C #> @  @ œ #> @w w ww # w $
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is a equation, with .  Let .  Substitution of the new dependentBernoulli 8 œ $ A œ @#

variable yields , or .  Integrating, we find that > A  " œ #>A > A  #>A œ œ "# w # w

A œ >  - Î> @ œ „>Î >  - C œ „>Î >  -a b È È
" " "

# w.  Hence , that is, .  Integrating one
more time results in    Note that  is also aC > œ „ >  #- >  -  - Þ Ð @ œ !a b a bÈ#

$ " " #

solution of the transformed equation .Ñ

32.  Setting  and , the transformed equation is .  This ODE@ œ C @ œ C @  @ œ /w w ww w >

is , with integrating factor .  Hence .  Integrating,linear .a b a b> œ / @ œ C œ >  - /> w >
"

we obtain C > œ  >  - /  - Þa b a b" #
>

33.  Set  and .  The resulting equation is .  This equation is@ œ C @ œ C > @ œ @w w ww # w #

separable, with solution   Integrating, the general solution is@ œ C œ >Î "  - > Þw a b"

C > œ >Î-  - 68 "  - >  -a b k k" " #"
# ,

as long as   For , the solution is .  Note that  is- Á ! Þ - œ ! C > œ > Î#  - @ œ !" " #a b #

also a solution of the transformed equation.

35.  Let  and .  Then  is the transformed equationC œ @ C œ @ .@Î.C @ .@Î.C  C œ !w ww

for .  This equation is , with   The solution is given by@ œ @ C @ .@ œ  C .CÞa b separable
@ œ  C  - @ C œ „ -  C Þ# # w #

" ".  Substituting for , we find that   This equation isÈ
also
separable, with solution , or .+<-=38 CÎ - œ „ >  - C > œ . =38 >  .ˆ ‰È a b a b" # " #

36.  Let  and .  It follows that  is the differentialC œ @ C œ @ .@Î.C @.@Î.C  C@ œ !w ww $

equation for .  This equation is , with   The solution@ œ @ C @ .@ œ  C .CÞa b separable #

is given by .  Substituting for , we find that .  This@ œ C Î#  - @ C œ C Î#  -c d c d# w #
" "

" "

equation is separable, with .  The solution is defined also implicitlya bC Î#  - .C œ .>#
"

by .C Î'  - C  - œ >$
" #

38.  Setting  and , the transformed equation is .C œ @ C œ @.@Î.C C @.@Î.C  @ œ !w ww $

This equation is , with   The solution is separable @ .@ œ .CÎC Þ @ C œ -  68 C Þ#
"

"a b c dk k
Substituting for , we obtain a  equation, .  The solution is@ -  68 C .C œ .B separable a bk k"

given  by .implicitly - C  C 68 C  - œ ># $k k
39.  Let  and .  It follows that  is the equationC œ @ C œ @.@Î.C @.@Î.C  @ œ #/w ww # C

for .  Inspection of the left hand side suggests a substitution .  The@ œ @ C A œ @a b #

resulting
equation is .  This equation is , with integrating factor.AÎ.C  #A œ %/C linear
. œ / Þ#C

We obtain , which upon integration yields . / A Î.C œ % / A C œ % /  - / Þa b a b#C C C #C
"

Converting back to the original dependent variable,    SeparatingC œ „/ % /  - Þw C CÈ
"

variables, .  Integration yields ./ % /  - .C œ „.> % /  - œ „#>  -C C Ca b È
" "

"Î#
#

41.  Setting  and , the transformed equation is .C œ @ C œ @.@Î.C @.@Î.C  $C œ !w ww #
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This equation is , with   The solution is separable @.@ œ $C .C Þ C œ @ œ #C  - Þ# w $È
"

The  root is chosen based on the initial conditions.  Furthermore, when ,positive > œ !
C œ # C œ @ œ % - œ !, and .  The initial conditions require that .  It follows thatw

"

C œ #C Þ "Î C œ  >Î #  -w $È È È  Separating variables and integrating, .  Hence#

the solution is C > œ #Î "  > Þa b a b#
42.  Setting  and , the transformed equation is @ œ C @ œ C "  > @  #> @ œw w ww # wa b
œ  $> Þ @  #> @Î "  > œ  $> Î "  > Þ# #  Rewrite the equation as   Thisw # #a b a b

equation is , with integrating factor .  Hence we havelinear . œ "  >#

 ‘ˆ ‰"  > @ œ  $> Þ# w #

Integrating both sides, .  Invoking the initial condition@ œ $> Î "  >  - Î "  >"
"a b a b# #

@ " œ  " - œ  & C œ $  &> Î >  >a b a b a b, we require that .  Hence .  Integrating,"
w $

we obtain .  Based on the initial conditionC > œ 68 > Î "  >  & +<->+8 >  -a b c d a ba b$
#

# #
#

C " œ # - œ 68 #   #a b , we find that .#
$ &
# %1
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Section 3.2

1.

[ / ß / œ œ  / Þ
/ /

#/  /

(

#
ˆ ‰ º º#> $>Î# >Î#

#> $>Î#

#> $>Î#$
#

3.

[ / ß > / œ œ /
/ >/

 #/ "  #> /
ˆ ‰ º ºa b#> #> %>

#> #>

#> #> .

5.

[ / =38 > ß / -9= > œ œ  /
/ =38 > / -9= >

/ =38 >  -9= > / -9= >  =38 >
ˆ ‰ º ºa b a b> > #>

> >

> > .

6.

[ -9= ß "  -9= # œ œ !
-9= "  -9= #

 #=38 -9=  # =38 #
ˆ ‰ º º#

#

) )
) )
) ) )

.

7.  Write the equation as .   is continuous for all .C  $Î> C œ " : > œ $Î> >  !ww wa b a b
Since , the IVP has a unique solution for all .>  ! >  !!

9.  Write the equation as .  The coefficients are notC  C  C œww w$ % #
>% > >% > >%a b a b

continuous at  and .  Since , the largest interval is .> œ ! > œ % > − ! ß % !  >  %! a b
10.  The coefficient  is discontinuous at .  Since , the largest interval$68 > > œ ! >  !k k !

of existence is .!  >  _

11.  Write the equation as .  The coefficients are discontinuousC  C  C œ !ww wB
B$ B$

68 Bk k
at  and .  Since , the largest interval is .B œ ! B œ $ B − ! ß $ !  B  $! a b
13.  .  We see that .  , with .C œ # > #  # > œ ! C œ # > > C  # C œ !ww # # ww $ # ww

" # # #a b a b a b a b
Let ,  then  .  It  is evident that  is also a solution.C œ - >  - > C œ #-  #- > C$ " # " # $$

# " ww $

16.  No.  Substituting  into the differential equation,C œ =38 >a b#
 %> =38 >  #-9= >  #> -9= > : >  =38 > ; > œ !# # # # #ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b .

For the equation to be valid, we must have , which is : > œ  "Î>a b not continuous, or
even defined, at .> œ !
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17.    Dividing both sides by , we find[ / ß 1 > œ / 1 >  #/ 1 > œ $/ Þ /a b a b a ba b#> #> w #> %> #>

that  must satisfy the ODE   Hence 1 1  #1 œ $/ Þ 1 > œ $> /  - / Þw #> #> #>a b
19.  .  Also, .  Upon evaluation,[ 0 ß 1 œ 01  0 1 [ ? ß @ œ [ #0  1 ß 0  #1a b a b a bw w

[ ? ß @ œ &01  &0 1 œ &[ 0 ß 1a b a bw w .

20.  , and  .[ 0 ß 1 œ 01  0 1 œ > -9= >  =38 > [ ? ß @ œ  %01  %0 1a b a bw w w w

Hence .[ ? ß @ œ  %> -9= >  %=38 >a b
22.  The general solution is C œ - /  - / [ / ß / œ #/" #

$> > $> > %>.  , and hencea b
the exponentials form a fundamental set fundamental of solutions.  On the other hand, the 
solutions must also satisfy the conditions , ; , C " œ " C " œ ! C " œ ! C " œ " Þ" #" #a b a b a b a bw w

For , the initial conditions require C" -  - œ /  $-  - œ !" # " #, .  The coefficients are
- œ  / Î# - œ $/Î# -  - œ !" # " #

$ , .  For the solution, , the initial conditions require C#

, .  The coefficients are , .  Hence the fundamental $-  - œ / - œ  / Î# - œ /Î#" # " #
$

solutions are ˜ ™C œ C œ" # /  / ß  /  / Þ" $ " "
# # # #

$ >"  >" $ >"  >"a b a b a b a b

23.  Yes.  ;  .  C œ  % -9= #> C œ  % =38 #> [ -9= #> ß =38 #> œ # Þww ww
" # a b

24.  Clearly,  is a solution.  ,   Substitution into theC œ / C œ "  > / C œ #  > / Þ" # #
> w > ww >a b a b

ODE results in .  Furthermore, a b a b a b#  > /  # "  > /  > / œ ! [ / ß >/ œ / Þ> > > > > #>

Hence the solutions form a fundamental set of solutions.

26.  Clearly,  is a solution.  ,   Substitution into theC œ B C œ -9= B C œ  =38B Þ" # #
w ww

ODE results in .  ,a ba b a b a b"  B -9> B  =38 B  B -9= B  =38 B œ ! [ C C œ B -9=" #

B  =38 B,
which is   Hence  is a fundamental set of solutions.nonzero for .!  B  1 e fB ß =38 B

28.  , , .  We have .  The equation is T œ " U œ B V œ " T U V œ !ww w exact.  Note
that .  Hence .  This equation is , with integratinga b a bC  BC œ ! C  BC œ -w ww w

" linear
factor   Therefore the general solution is. œ / ÞB Î##

C B œ - /B:  B Î# /B: ? Î# .?  - /B:  B Î# Þa b ˆ ‰ ˆ ‰ ˆ ‰(" #
# # #

B

B

!

29.  T œ " U œ $B V œ B T U V œ  &B, , .  Note that , and therefore the# ww w

differential equation is not exact.

31.  .T œ B U œ B V œ  " T U V œ !# ww w, , .  We have .  The equation is exact
Write the equation as .  Integrating, we find that .a b a bB C  BC œ ! B C  BC œ -# w # ww w

Divide both sides of the ODE by .  The resulting equation is , with integratingB# linear
factor .  Hence .  The solution is .. œ "ÎB CÎB œ - B C > œ - B  - Ba b a bw $ "

" #



—————————————————————————— ——CHAPTER 3. 

________________________________________________________________________
            page 91

33.  T œ B U œ B V œ B  #T U œ $B# # # w, , .  Hence the coefficients are  and/
T U V œ B " ww w # #/ .  The adjoint of the original differential equation is given
by B  $B  œ !# ww w. . .a bB " # #/ .

35.  , , .  Hence the coefficients are given by  andT œ " U œ ! V œ  B #T U œ !w

T  U V œ  Bww w .  Therefore the .adjoint of the original equation is . .ww  B œ !
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Section 3.3

1.  Suppose that , that is,  on some! " ! "0 >  1 > œ ! >  &>  >  &> œ !a b a b a b a b# #

interval .  Then , .  Since a quadratic .has at mostM  >  &  > œ ! a > − Ma b a b! " ! "#

two
roots, we must have  solution is .! " ! " œ !  œ ! and .  The only ! "œ œ !
Hence the two functions are linearly . independent

3.  Suppose that , for some , on an interval .  Since the/ -9= > œ E/ =38 > E Á ! M- -> >. .
function  on some  , we conclude that  on .=38 > Á ! M § M >+8 > œ E M. .subinterval ! !

This is clearly a contradiction, hence the functions are linearly . independent

4.  Obviously,  for all real numbers .  Hence the functions are linearly0 B œ / 1 B Ba b a b
dependent.

5.  Here  for all real numbers.  Hence the functions are linearly .0 B œ $1 Ba b a b  dependent

)Þ 0 B œ 1 B B − Ò ! ß_Ñ 0 B œ  1 B B − Ð _ ß ! Ó  Note that  for , and  for .  Ita b a b a b a b
follows that the functions are linearly  on  and .  Nevertheless, they aredependent ‘ ‘ 

linearly  on  open interval containing .independent any zero

9.  Since  has only  zeros,  cannot identically vanish on any[ > œ > =38 > [ >a b a b# isolated
open interval.  Hence the functions are linearly .independent

10.  Same argument as in Prob. 9.

11.  By linearity of the differential operator,  and  are also solutions.- C - C" " # #

Calculating
the Wronskian, .[ - C ß - C œ - C - C  - C - C œ - - [ C ß Ca b a ba b a b a b a b" " # # " " # # " " # # " # " #

w w

Since  is not  , neither is .[ C ß C [ - C ß - Ca b a b" # " " # #identically zero

13.  Direct calculation results in

[ + C  + C ß , C  , C œ + , [ C ß C  , + [ C ß C

œ + ,  + , [ C ß C Þ

a b a b a ba b a b" " # # " " # # " # " # " # " #

" # # " " #

Hence the combinations are also linearly independent as long as .+ ,  + , Á !" # # "

14.  Let .  Then  and .  The only! " ! " ! "a b a bi j i j i j   œ !  !  œ !  œ !
solution is .  Hence the given vectors are linearly independent.  Furthermore,! "œ œ !
any vector .+  + œ    " #i j i j i jˆ ‰ ˆ ‰a b a b+ + + +

# # # #
" # " # 

16.  Writing the equation in standard form, we find that .  Hence theT > œ =38 >Î-9= >a b
Wronskian is  , in which  is[ > œ , /B:  .> œ , /B: 68 -9= > œ , -9= > ,a b a bˆ ‰' k k=38 >

-9= >

some constant.
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17.  After writing the equation in standard form, we have .  The WronskianT B œ "ÎBa b
is , in which  is some constant.[ > œ - /B:  .B œ - /B:  68 B œ -Î B -a b a b k kˆ ‰' k k"

B

18.  Writing the equation in standard form, we find that .  TheT B œ  #BÎ "  Ba b a b#
Wronskian is  ,[ > œ - /B:  .B œ - /B:  68 "  B œ - "  Ba b a b k kˆ ‰' k k#B

"B
# #

#

"

in which  is some constant.-

19.  Rewrite the equation as   After writing the equation: > C  : > C  ; > C œ ! Þa b a b a bww w w

in standard form, we have .  Hence the Wronskian isT > œ : > Î: >a b a b a bw

[ > œ - /B:  .> œ - /B:  68 : > œ -Î: >
: >

: >
a b a b a bŒ ( a ba b a bw

.

21.  The Wronskian associated with the solutions of the differential equation is given by
[ > œ - /B:  .> œ - /B:  #Î> [ # œ $a b a b a bˆ ‰' #

># .  Since , it follows that for the
hypothesized set of solutions, .  Hence .- œ $ / [ % œ $ /a b È
22.  For the given differential equation, the Wronskian satisfies the first order differential
equation .  Given that  is , it is necessary that .[  : > [ œ ! [ : > ´ !w a b a bconstant

23.  Direct calculation shows that

[ 0 1 ß 0 2 œ 01 02  01 02

œ 01 0 2  02  0 1  01 02

œ 0 [ 1 ß 2 Þ

a b a ba b a b a ba ba b a ba ba b
w w

w w w w

#

25.  Since  and  are solutions, they are differentiable.  The hypothesis can thus beC C" #

restated as  at some point  in the interval of definition.  ThisC > œ C > œ ! >" #! ! !
w wa b a b

implies that .  But , which[ C ß C > œ ! [ C ß C > œ - /B:  : > .>a ba b a ba b a bˆ ‰'
" # ! " # !

cannot be equal to zero, unless  .  Hence , which is ruled out for- œ ! [ C ß C ´ !a b" #

a fundamental set of solutions.
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Section 3.4

2.  ./B: #  $3 œ / / œ / -9= $  3 =38 $a b a b# $3 #

3.  ./ œ -9=  3 =38 œ  "31 1 1

4.  ./B: #  3 œ / -9=  3 =38 œ  / 3ˆ ‰ ˆ ‰1 1 1
# # #

# #

6.  1 1 1 1 1"#3 "œ /B:  "  #3 68 œ /B:  68 /B: # 68 3 œ /B: # 68 3 œc d a b a b a ba b
1

œ -9= # 68  3 =38 # 68 Þ"
1
c da b a b1 1

8.  The characteristic equation is , with roots .  Hence the<  #<  ' œ ! < œ "„ 3 &# È
general solution is .C œ - / -9= & >  - / =38 & >" #

> >È È
9.  The characteristic equation is , with roots .  The roots<  #<  ) œ ! < œ  % ß ##

are ence the general solution is .real and different, h C œ - /  - /" #
%> #>

10.  The characteristic equation is , with roots .  Hence the<  #<  # œ ! < œ  "„ 3#

general solution is .C œ - / -9= >  - / =38 >" #
> >

12.  The characteristic equation is , with roots .  Hence the%<  * œ ! < œ „ 3# $
#

general solution is .C œ - -9= >  - =38 >" #
$ $
# #

13.  The characteristic equation is , with roots .  Hence<  #<  "Þ#& œ ! < œ  "„ 3# "
#

the general solution is .C œ - / -9= >  - / =38 >" #
> >" "

# #

15.  The characteristic equation is , with roots .  Hence<  <  "Þ#& œ ! < œ  „ 3# "
#

the general solution is .C œ - / -9= >  - / =38 >" #
Î# Î#> >

16.  The characteristic equation is , with roots .  Hence<  %<  'Þ#& œ ! < œ  #„ 3# $
#

the general solution is .C œ - / -9= >  - / =38 >" #
#> #>$ $

# #

17.  The characteristic equation is , with roots .  Hence the general<  % œ ! < œ „#3#

solution is .  Its derivative is .C œ - -9= #>  - =38 #> C œ  #- =38 #>  #- -9= #>" # " #
w

Based on the first condition, , we require that .  In order to satisfy theC ! œ ! - œ !a b "

condition , we find that .  The constants are  and .C ! œ " #- œ " - œ ! - œ "Î#wa b # " #

Hence the specific solution is .C > œ =38 #>a b "
#

19.  The characteristic equation is , with roots .  Hence the<  #<  & œ ! < œ "„#3#

general solution is .  Based on the condition, ,C œ - / -9= #>  - / =38 #> C Î# œ !" #
> > a b1

we require that .  It follows that , and so the first derivative is- œ ! C œ - / =38 #>" #
>

C œ - / =38 #>  #- / -9= #> C Î# œ #w > > w
# # .  In order to satisfy the condition , we finda b1

that .  Hence we have .  Therefore the specific solution is #/ - œ # - œ  /1 1Î# Î#
# #



C > œ  / =38 #>a b >1Î# .
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20.  The characteristic equation is , with roots .  Hence the general<  " œ ! < œ „ 3#

solution is .  Its derivative is .  BasedC œ - -9= >  - =38 > C œ  - =38 >  - -9= >" # " #
w

on the first condition, , we require that .  In order to satisfyC Î$ œ # -  $ - œ %a b È1 " #

the condition , we find that .  Solving these forC Î$ œ  %  $ -  - œ  )wa b È1 " #

the constants,  and   Hence the specific solution is a steady- œ - œ" #"  # $ $  #È È .
oscillation, given by .C > œ -9= >  =38 >a b Š ‹ Š ‹È È"  # $ $  #

21.  From Prob. 15, the general solution is .  InvokingC œ - / -9= >  - / =38 >" #
Î# Î#> >

the first initial condition, , which implies that .  Substituting, it followsC ! œ $ - œ $a b "

that , and so the first derivative isC œ $/ -9= >  - / =38 >> >Î# Î#
#

C œ  / -9= >  $/ =38 >  - / -9= >  / =38 >
$ -

# #
w > > > >Î# Î# Î# Î#

#
# .

Invoking the initial condition, , we find that , and so .C ! œ "   - œ " - œw $ &
# #a b # #

Hence the specific solution is C > œ $/ -9= >  / =38 > Þa b > >&
$

Î# Î#

24 .  The characteristic equation is , with roots .a b+ &<  #<  ( œ ! < œ  „ 3# "
& &

$%È
The solution is .  Invoking the given initial? œ - / -9= >  - / =38 >" #

Î& Î&> >$% $%
& &

È È
conditions, we obtain the equations for the coefficients : , .- œ #  #  $% - œ &" #

È
That is, , .  Hence the specific solution is- œ # - œ (Î $%" #

È
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? > œ #/ -9= >  / =38 >
$% $%

& &
a b È È

> >Î& Î&(

$%È .

a b a b, ? > X "%  >  "'.  Based on the graph of ,  is in the interval .  A numerical solution
on that interval yields .X ¸ "%Þ&""&

26 .  The characteristic equation is , with roots a b+ <  #+ <  œ ! < œ  +„ 3 Þ# a b+  "#

Hence the general solution is .  Based on the initialC > œ - / -9= >  - / =38 >a b " #
+> +>

conditions, we find that  and   Therefore the specific solution is given by- œ " - œ + Þ" #

C > œ / -9= >  + / =38 >

œ "  + / -9= > 

a b È a b
+> +>

# +> 9 ,

in which 9 œ >+8 + Þ"a b
a b k ka b È, C > Ÿ "  + /.  For estimation, note that .  Now consider the inequality# +>

È È’ “"  + / Ÿ "Î"! >   68 "! "  + Þ# #+> "
+.  The inequality holds for   Therefore

X Ÿ 68 "! "  + + œ " X ¸ "Þ)('$"
+

#’ “È .  Setting , numerical analysis gives .

a b- X ¸ (Þ%#)% X ¸ %Þ$!!$ X ¸ "Þ&""' X ¸ "Þ"%*'.  Similarly, , , , ."Î% "Î# # $

a b. .
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Note that the estimates  approach the graph of  as  gets large.X 68 "! "  + ++
"
+

#’ “È
27.  Direct calculation gives the result.  On the other hand, it was shown in Prob. 3.3.23
that [ 0 1 ß 0 2 œ 0 [ 1 ß 2 Þa b a b#   Hence

[ / -9= > ß / =38 > œ / [ -9= > ß =38 >

œ / -9= > =38 >  -9= > =38 >

œ / Þ

ˆ ‰ a b ‘a b a b
- - -

-

-

> > # >

# > w w

# >

. . . .

. . . .

.

28 .  Clearly,  and  are solutions.  Also, a b a b+ C C [ -9= >ß =38 > œ -9= >  =38 > œ "Þ" #
# #

a b, C œ 3 / C œ 3 / œ  / Þ C C œ - C  - C.  ,   Evidently,  is a solution and so .w 3> ww # 3> 3>
" " # #

a b- > œ ! " œ - -9= !  - =38 ! - œ ! 3 / œ - -9= >.  Setting , , and .  Differentiating, ." # " #
3>

Setting ,  and hence .  Therefore .> œ ! 3 œ - -9= ! - œ 3 / œ -9= >  3 =38 ># #
3>

29.   is .  It follows that .Euler's formula / œ -9= >  3 =38 > / œ -9= >  3 =38 >3> 3>

Adding these equation, .  Subtracting the two equations results in/  / œ # -9= >3> 3>

/  / œ #3 =38 >3> 3> .

30.  Let , and .  Then< œ  3 < œ  3" " " # # #- . - .

/B: <  < > œ /B:  >  3  >

œ / -9=  >  3 =38  >

œ / -9= >  3=38 > -9= >  3=38 >

œ / -9= >

a b c da b a bc da b a bc da ba ba b

" # " # " #

" # " #

" " # #

"

- - . .

. . . .

. . . .

.

a b
a b
- -

- -

-

" #

" #

"

 >

 >

>  3=38 > † / -9= >  3=38 >. . ." " "
-#>a b

Hence  / œ / / Þa b< < > < > < >" # " #

32.  If  is a solution, then9a b a b a b> œ ? >  3 @ >

a b a ba b a ba b?  3@  : > ?  3@  ; > ?  3@ œ !ww w ,

and .  After expanding the equation anda b a ba b a ba b?  3@  : > ?  3@  ; > ?  3@ œ !  ww ww w w

separating the  and  parts,real imaginary

?  : > ?  ; > ? œ !

@  : > @  ; > @ œ !

ww w

ww w

a b a ba b a b
Hence both  and  are solutions.? > @ >a b a b
34 .  By the ,   In general, .  Setting ,a b a b+ C B œ B Þ œ D œchain rule w .C .C

.B .> .B .> .>
w .D .D .B

we have   However,. C .C . C .C
.> .B .> .B .B .> .> .B .> .> .B .B .> .>

.D .B . .B .B .B .B . .B .B# #

# #œ œ œ  Þ ‘  ‘’ “
. .B .B . B .> .B . B .B . B
.B .> .> .> .B .> .> .> .B .> .B .>

. C . C .C ‘  ‘’ “œ † œ œ 
# # #

# # # # #

# #

.  Hence .#
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a b a b a b a b, + C  : > C  ; > C œ !.  Substituting the results in Part  into the general ODE, ,ww w

`we find that

. C .B .C . B .C .B

.B .> .B .> .B .>
  : >  ; > C œ !

# #

# #” • a b a b#

.

Collecting the terms,

” • ” •a b a b.B . C . B .B .C

.> .B .> .> .B
  : >  ; > C œ ! Þ

# # #

# #

a b a b a b a b ‘ È- œ 5 ; > ; >  ! œ 5 ; >.  Assuming , and , we find that , which can.B .B
.> .>

#

be integrated.  That is, .B œ > œ 5 ; > .>0a b a b' È
a b a b a b a b È. 5 œ "  : > œ  : > > œ  : ; Þ.  Let .  It follows that   Hence. B .B

.> .> .> # ;
. ;#

#

w0 0 È

” • ” •a b a b a b a bc da b. B .B .B ; >  #: > ; >

.> .> .>
 : > œ

# ; >

# w

#
Î

#

$Î#
.

As long as , the differential equation can be expressed as.BÎ.> Á !

. C ; >  #: > ; > .C

.B .B
  C œ ! Þ

# ; >

# w

# ” •a b a b a bc da b $Î#

* For the case , write , and set .; >  ! ; > œ   ; > œ  ; >a b a b c d a ba b  ‘.B
.>

#

36.   and .  We have .  Furthermore,: > œ $> ; > œ > B œ > .> œ > Î#a b a b '# #

; >  #: > ; >

# ; >
œ "  $> Î>

w
# #a b a b a bc da b ˆ ‰

$Î#
.

The ratio is  constant, and therefore the equation cannot be transformed.not

37.   and .  We have .  Furthermore,: > œ >  "Î> ; > œ > B œ > .> œ > Î#a b a b '# #

; >  #: > ; >

# ; >
œ "

wa b a b a bc da b $Î#
.

The ratio is constant, and therefore the equation can be transformed.  From Prob. 35,
the transformed equation is

. C .C

.B .B
  C œ ! Þ

#

#

Based on the methods in this section, the characteristic equation is <  <  " œ !# , with
roots < œ  „ 3"

# #
$È .  The general solution is
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C B œa b - / -9= $ BÎ#  - / =38 $ BÎ#" #
 Î#  Î#B BÈ È .

Since , the solution in the original variable  isB œ > Î# >#

C > œa b ’ “/ - -9= $ > Î%  - =38 $ > Î%> Î% # ##

" #Š ‹ Š ‹È È .

40.   and .  We have .  Furthermore,: > œ %Î> ; > œ #Î> B œ > .> œ 68 >a b a b '# È È# #"

; >  #: > ; > $

# ; >
œ

#

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C $ .C

.B .B
  C œ ! Þ

#

#

# È
Based on the methods in this section, the characteristic equation is È#  <  $<  # œ !# È ,
with roots , < œ  #  "Î #È È .  The general solution is

C B œa b - /  - /" #
 #  Î #È ÈB B .

Since , the solution in the original variable  isB œ # 68 > >È
C > œa b - /  - /

œ - >  - > Þ
" #

# 

" #
# "

68 > 68 >

41.   and .  We have .: > œ $Î> ; > œ "Þ#&Î> B œ > .> œ 68 >a b a b '# È È"Þ#& "Þ#&"

Checking the feasibility of the transformation,

; >  #: > ; > %

# ; >
œ

&

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C % .C

.B .B
  C œ ! Þ

&

#

# È
Based on the methods in this section, the characteristic equation isÈ& <  %<  & œ ! < œ  „3# # "

& &
È , with roots È È .  The general solution is

C B œa b - / -9= B  - / =38 B" #
# Î & # Î &B BÈ È

Î & Î &È È .

Since , the solution in the original variable  is#BÎ & œ 68 > >È
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C > œa b - / -9= 68 >  - / =38 68 >

œ > - -9= 68 >  - =38 68 >

" #
 

"
" #

68 > 68 >Š ‹ Š ‹È È
’ “Š ‹ Š ‹È È .

42.   and .  Set .: > œ  %Î> ; > œ  'Î> B œ ' > .> œ ' 68 >a b a b '# È È"

Checking the feasibility of the transformation ,a b‡see Prob. 34 d , with ;  !

 ; >  #: > ; >  &

#  ; >
œ

'

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C  & .C

.B .B
  C œ ! Þ

'

#

# È
Based on the methods in this section, the characteristic equation is È' <  &#

<  ' œ !È ,
with roots , < œ '  "Î 'È È .  The general solution is

C B œa b - /  - /" #
'  Î 'È ÈB B .

Since , the solution in the original variable  isB œ ' 68 > >È
C > œa b - /  - /

œ - >  - > Þ

" #


" #
"

'68 > 68 >

'
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Section 3.5

2.  The characteristic equation is , with the  root *<  '<  " œ ! < œ  "Î$ Þ# double
Based on the discussion in this section, the general solution is .C > œ - /  - > /a b " #

 Î$  Î$> >

3.  The characteristic equation is , with roots ,   The%<  %<  $ œ ! < œ  "Î# $Î# Þ#

general solution is .C > œ - /  - /a b " #
 Î# $ Î#> >

4.  The characteristic equation is , with the  root %<  "#<  * œ ! < œ  $Î# Þ# double
Based on the discussion in this section, the general solution is .C > œ -  - > /a b a b" #

$ Î#>

5.  The characteristic equation is , with complex roots <  #<  "! œ ! < œ "„$3Þ#

The general solution is .C > œ - / -9= $>  - / =38 $>a b " #
> >

6.  The characteristic equation is , with the  root   The<  '<  * œ ! < œ $ Þ# double
general solution is .C > œ - /  - > /a b " #

$ $> >

7.  The characteristic equation is , with roots , %<  "(<  % œ ! < œ  "Î%  % Þ#

The general solution is .C > œ - /  - /a b " #
 Î% > %>

8.  The characteristic equation is , with the  root "'<  #%<  * œ ! < œ  $Î% Þ# double
The general solution is .C > œ - /  - > /a b " #

$ $>Î% >Î%

10.  The characteristic equation is , with complex roots #<  #<  " œ ! < œ  „ 3Þ# " "
# #

The general solution is .C > œ - / -9= >Î#  - / =38 >Î#a b " #
 >Î# >Î#

11.  The characteristic equation is , with the  root *<  "#<  % œ ! < œ #Î$ Þ# double
The general solution is .  Invoking the first initial condition, itC > œ - /  - > /a b " #

# Î$ # Î$> >

follows that   Now .  Invoking the second- œ # Þ C > œ %Î$  - /  #- > / Î$" # #
# Î$ # Î$w > >a b a b

initial condition,  , or  .  Hence .%Î$  - œ  " - œ  (Î$ C > œ #/  > /# #
# Î$ # Î$a b > >(

$

Since the second term dominates for large ,  .> C > p _a b
13.  The characteristic equation is , with complex roots *<  '<  )# œ ! < œ  „$ 3Þ# "

$

The general solution is .  Based on the first initialC > œ - / -9= $>  - / =38 $>a b " #
 >Î$ >Î$

condition,   Invoking the second initial condition,  , or  .- œ  " Þ "Î$  $- œ # - œ" # #
&
*

Hence .C > œ  / -9= $>  / =38 $>a b  >Î$ >Î$&
*
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15 .  The characteristic equation is , with the  root a b+ %<  "#<  * œ ! < œ  Þ# $
#double

The general solution is .  Invoking the first initial condition,C > œ - /  - > /a b " #
$ Î# $ Î#> >

it follows that   Now .  The second- œ " Þ C > œ  $Î#  - /  - > /" # #
# Î$ # Î$w > >$

#a b a b
initial condition requires that , or  .  Hence the specific $Î#  - œ  % - œ  &Î## #

solution is .C > œ /  > /a b $ Î# $ Î#> >&
#

a b, .  The solution crosses the x-axis at .> œ !Þ%

a b- .  The solution has a minimum at the point .a b"'Î"& ß  &/ Î$)Î&

a b a b. C ! œ ,.  Given that , we have w  $Î#  - œ , - œ ,  $Î## #, or  .  Hence the
solution is .  Since the C > œ /  ,  > /a b ˆ ‰$ Î# $ Î#> >$

# second long- term dominates, the 
term sign solution depends on the  of the coefficient .  The critical value is ,  , œ  Þ$ $

# #

16.  The characteristic roots are .  Hence the general solution is given by< œ < œ "Î#" #

C > œ - /  - > / - œ #a b " # "
Î# Î#> > .  Invoking the initial conditions, we require that , and that

"  - œ , C > œ #/  ,  " > /#
Î# Î#.  The specific solution is .  Since the a b a b> > second term

dominates, the  solution depends on the  of the coefficient .  Thelong-term sign ,  "

critical value is , œ "Þ
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18 .  The characteristic roots are .  Therefore the general solution isa b+ < œ < œ  #Î$" #

given by .  Invoking the initial conditions, we require thatC > œ - /  - > /a b " #
# Î$ #>Î$>

- œ +  #+Î$  - œ  "" #, and that .  After solving for the coefficients, the specific
solution is .C > œ +/   " > /a b ˆ ‰# Î$ #>Î$> #+

$

a b, .  Since the second long-term sign term dominates, the  solution depends on the  of the
coefficient .  The critical value is #+

$  " + œ $Î# Þ

20 .  The characteristic equation is , with  root a b+ <  #+<  + œ ! < œ +Þ# # double 

Hence one solution is .C > œ - /" "a b +>

a b, [  #+[ œ !.  Recall that the Wronskian satisfies the differential equation .  Thew

solution of this equation is .[ > œ - /a b #+>

a b- [ œ C C  C C - / C  +- / C œ - /.  By definition, .  Hence ." # " " ## " #
w w +> w +> #+>

That is, .  This equation is first order C  + C œ - /# # #
w +> linear, with general solution

C > œ - >/  - / - œ " - œ ! C > œ >/ Þ# # $ # $ #a b a b+> +> +>.  Setting  and , we obtain 

22 .  Write .  It follows that  and a b ˆ ‰+ +<  ,<  - œ + <  <  œ  #< œ < Þ# # #, - , -
+ + + +" "

Hence   We+<  ,<  - œ +<  #+< <  +< œ + <  #< <  < œ + <  < Þ# # # # # #
" " "" "a b a b

find that   Setting , .P / œ +<  ,<  - / œ + <  < / Þ < œ < P / œ !c d a b a b c d<> # <> <> < >#
" "

"

a b a b, 3 <.  Differentiating Eq.  with respect to ,

`

`<
P / œ +>/ <  <  #+/ <  < ‘ a b a b<> <> <>#

" " .

Now observe that

` ` ` `

`< `< `> `>
P / œ + /  , / - /

œ + /  , / - /
` ` ` ` `

`> `< `> `< `<

œ + >/  , >/ - >/
` `

`> `>

 ‘ ˆ ‰ ˆ ‰ ˆ ‰” •
” •Œ  Œ  Œ 

ˆ ‰ ˆ ‰ ˆ ‰

<> <> <> <>
#

#

#

#
<> <> <>

#

#
<> <> <> .

Hence .  Setting , .P >/ œ +>/ <  <  #+/ <  < < œ < P >/ œ !c d a b a b c d<> <> <> < >#
" " "

"

23.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b#

> > @  %>@  #@  %> > @  #>@  '> @ œ !# # ww w # w #ˆ ‰ ˆ ‰ .

After collecting terms, we end up with .  Hence , and thus> @ œ ! @ > œ -  - >% ww a b " #

C > œ - >  - > - œ ! - œ " C > œ > Þ# " # " # #a b a b# $ $.  Setting  and , we obtain 

24.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b
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> >@  #@  #> >@  @  #>@ œ !# ww w wa b a b .

After collecting terms, we end up with .  This equation is > @  %> @ œ !$ ww # w linear in
the variable A œ @ @ > œ - > @ > œ - >  -w w.  It follows that , and .  Thusa b a b% $

" #

C > œ - >  - > - œ " - œ ! C > œ > Þ# " # " # #
# #a b a b.  Setting  and , we obtain 

26.  Set .  Substitution into the ODE results in .  This ODEC > œ > @ > @  @ œ !#a b a b ww w

is .  It follows that , and .linear in the variable A œ @ @ > œ - / @ > œ - /  -w w > >a b a b" " #

Thus .  Setting  and , we obtain C > œ - >/  - > - œ " - œ ! C > œ >/ Þ# " # " # #a b a b> >

28.  Set .  Substitution into the ODE results inC B œ / @ B#a b a bB

@  @ œ !
B  #

B  "
ww w .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: .B

œ Þ
/

B  "

Œ ( B  #

B  "
B

Rewrite the equation as , from which it follows that . ‘ a b a b/ @
B"

w w BB w

œ ! @ B œ - B  " /

Hence  and .  Setting  and , we@ B œ - B/  - C B œ - B  - / - œ " - œ !a b a b" # # " # " #
B B

obtain C B œ BÞ#a b
29.  Set , in which .  It can be verified thatC B œ C B @ B C B œ B /B: # B#

"Î%a b a b a b a b ˆ ‰È1 1

C B C  B  !Þ")(& C œ !1 is a solution of the ODE, that is, .  Substitution of the# ww
" "a b

given form of   results in the differential equationC#

#B @  %B  B @ œ !*Î% (Î% &Î%ww wˆ ‰ .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: #B  .B
"

#B

œ B /B: % B Þ

Œ ( ” •
È Èˆ ‰

"Î#

Rewrite the equation as  , from which it follows that ‘È ˆ ‰ÈB /B: % B @ œ !w w

@ B œ - /B:  % B Î Bwa b ˆ ‰È È .

Integrating,  and as a result,@ B œ - /B:  % B  -a b ˆ ‰È" #

C B œ - B /B:  # B  - B /B: # B# " #
"Î% "Î%a b ˆ ‰ ˆ ‰È È .

Setting  and , we obtain - œ " - œ ! C B œ B /B:  # B Þ" # #
"Î%a b ˆ ‰È
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32.  Direct substitution verifies that  is a solution of the ODE.C > œ /B:  B Î#"a b a b$ #

Now set .  Substitution of  into the ODE results inC B œ C B @ B C# #a b a b a b1

@  B@ œ !ww w$ .

This ODE is .  An integrating factor is .linear in the variable A œ @ œ /B:w . a b B Î#$ #

Rewrite the equation as  , from which it follows thatc d/B: @ œ !a b B Î#$ # w w

@ B œ - /B: B Î#w #a b ˆ ‰" $ .

Integrating, we obtain

@ B œ - /B: ? Î# .?  @ Ba b a b( ˆ ‰" !

B

B
#

!

$ .

Hence

C B œ - /B:  B Î# /B: ? Î# .?  - /B:  B Î## " #a b ˆ ‰ ˆ ‰ ˆ ‰($ $ $# # #

B

B

!

.

Setting , we obtain a second independent solution.- œ !#

34.  After writing the ODE in standard form, we have .  Based on : > œ $Î>a b Abel's
identity,   As shown in Prob. 33, two solutions[ C ß C œ - /B:  .> œ - > Þa b ˆ ‰'

" # " "
$
>

$

of a second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating both sides of theC > œ > > C œ - > Þ" # "a b a b" "w

equation, C > œ - > 68 >  - > Þ# " #
"a b "

36.  After writing the ODE in standard form, we have .  Based on: B œ  BÎ B  "a b a b
Abel's identity,   Two solutions of a[ C ß C œ - /B: .B œ - / B  " Þa b a bˆ ‰'

" #
B

B"
B

 
second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating bothC B œ / / C œ - / B  " Þ" #a b a b a bB B Bw

sides of the equation,   C B œ - B  - / Þ# " #a b B Setting  and , we obtain- œ " - œ !" #

C B œ B Þ#a b
37.  W ,rite the ODE in standard form to find .  Based on : B œ "ÎBa b Abel's identity
[ C ß C œ - /B: .B œ - B Þa b ˆ ‰'

" #  "
B

"   Two solutions of a second order linear ODE
satisfy .  In the given problem, .  Hencea b a b a bC ÎC œ [ C ß C ÎC C B œ B =38 B# " " # ""

# "Î#w

 ÈB

=38 B =38 B
C œ - Þ

"
#

w

#
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Integrating both sides of the equation,   C B œ - B -9= B  - B =38 BÞ# " #
"Î# "Î#a b Setting

- œ " - œ ! C B œ Þ" # # and , we obtain a b B -9= B"Î#

39 .  The characteristic equation is .  If , , then the roots area b+ +<  - œ ! + -  !#

< œ „ 3 -Î+"ß#
È .  The general solution is

C > œ - -9= >  - =38 >
- -

+ +
a b Ê Ê" # ,

which is bounded.

a b, Þ +<  ,< œ ! < œ !  ,Î+  The characteristic equation is .  The roots are , ,#
"ß#

and hence the general solution is   Clearly, .C > œ -  - /B:  ,>Î+ Þ C > p -a b a b a b" # "

40.  Note that .  So that .  If-9= > =38 > œ =38 #> "  5 -9= > =38 > œ "  =38 #>" 5
# #

!  5  # =38 #>  =38 #>  =38 #>   =38 #>, then  and .  Hence5 5
# #k k k k

"  5 -9= > =38 > œ "  =38 #>
5

#
 "  =38 #>

  ! Þ

k k

41.  : > œ  $Î> ; > œ %Î> B œ # > .> œ # 68 > > œ / Þa b a b ' and .  We have , and # BÎ#"

Furthermore,

; >  #: > ; >

# ; >
œ  #

wa b a b a bc da b $Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C .C

.B .B
 #  C œ ! Þ

#

#

The general solution of this ODE is .  In terms of the originalC B œ - /  - B/a b " #
B B

independent variable, .C > œ - >  - > 68 >a b " #
# #
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Section 3.6

2.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Since the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

function  is not proportional to the solutions of the homogeneous equation,1 > œ $ =38 #>a b
set .  Substitution into the given ODE, and comparing the] œ E-9= #>  F =38 #>
coefficients, results in the system of equations  and .  HenceF  %E œ $ E  %F œ !
] œ  -9= #>  =38 #> C > œ C >  ] Þ"# $

"( "( .  The general solution is a b a b-

3.  The characteristic equation for the homogeneous problem is , with<  #<  $ œ !#

roots , .  Hence .  Note that the assignment < œ  " $ C > œ - /  - / ] œ E>/- " #
 $a b > > >

is  .  Substitution intonot sufficient to match the coefficients.  Try ] œ E>/  F> /> # >

the differential equation, and comparing the coefficients, results in the system of
equations  and .  Hence .  The %E  #F œ !  )F œ  $ ] œ >/  > /$ $

"' )
> # >

general
solution is C > œ C >  ] Þa b a b-

5.  The characteristic equation for the homogeneous problem is , with<  * œ !#

complex roots .  Hence .  To simplify the analysis,< œ „$3 C > œ - -9= $>  - =38 $>- " #a b
set  and .  By inspection, we have .  Based on the form1 > œ ' 1 > œ > / ] œ #Î$" # "a b a b # $>

of , set .  Substitution into the differential equation, and1 ] œ E/  F>/  G> /# #
$> $> # $>

comparing the coefficients, results in the system of equations ,")E  'F  #G œ !
")F  "#G œ ! ")G œ ", and .  Hence

] œ /  >/  > /
" " "

"'# #( ")
#

$> $> # $>.

The general solution is C > œ C >  ]  ] Þa b a b- " #

7.  The characteristic equation for the homogeneous problem is , with#<  $<  " œ !#

roots , .  Hence .  To simplify the analysis,< œ  "  "Î# C > œ - /  - /- " #a b > >Î#

set  and .  Based on the form of , set 1 > œ > 1 > œ $ =38 > 1 ] œ E F>  G> Þ" # " "a b a b# #

Substitution into the differential equation, and comparing the coefficients, results in the
system of equations , , and .  Hence we obtainE $F  %G œ ! F  'G œ ! G œ "
] œ "%  '>  > Þ ] œ H -9= >  I =38 >" #

#   On the other hand, set .  After substitution
into the ODE, we find that  and .  The general solution isH œ  *Î"! I œ  $Î"!
C > œ C >  ]  ] Þa b a b- " #

9.  The characteristic equation for the homogeneous problem is , with<  œ !# #=!

complex roots .  Hence .  Since ,< œ „ 3 C > œ - -9= >  - =38 > Á= = = = =! - " ! # ! !a b
set .  Substitution into the ODE and comparing the coefficients] œ E-9= >  F =38 >= =
results in the system of equations and .  Hencea b a b= = = =! !

# # # # E œ "  F œ !

] œ -9= > Þ
"

= =
=

!
# #

The general solution is .C > œ C >  ]a b a b-
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10.  From Prob. 9, .  Since  is a solution of the homogeneous problem,C > œ - -9= >- !a b =
set .  Substitution into the given ODE and comparing the] œ E> -9= >  F> =38 >= =! !

coefficients results in and   Hence the general solution isE œ ! F œ Þ"
#=!

C > œ - -9= >  - =38 >  =38 >a b " ! # ! != = =>
#=!

.

12.  The characteristic equation for the homogeneous problem is , with<  <  # œ !#

roots , .  Hence .  Based on the form of the right hand< œ  " # C > œ - /  - /- " #a b > #>

side, that is, , set  .  Substitution into the-9=2Ð#>Ñ œ Î# ] œ E> /  F/a b/  /#> #> #> #>

given ODE and comparing the coefficients results in and   Hence theE œ "Î' F œ "Î) Þ
general solution is .C > œ - /  - /  > / Î'  / Î)a b " #

> #> #> #>

14.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> ] œ E F>  G> Þ.  Hence .  Set   Comparing- " # "a b #

the coefficients of the respective terms, we find that , , .E œ  "Î) F œ ! G œ "Î%
Now set , and obtain .  Hence the general solution is] œ H/ H œ $Î&#

>

C > œ - -9= #>  - =38 #>  "Î)  > Î%  $ / Î&a b " #
# > .

Invoking the initial conditions, we require that  and ."*Î%!  - œ ! $Î&  #- œ #" #

Hence  and .- œ  "*Î%! - œ (Î"!" #

15.  The characteristic equation for the homogeneous problem is , with<  #<  " œ !#

a double root .  Hence .  Consider .  Note that< œ " C > œ - /  - > / 1 > œ > /- " # "a b a b> > >

1 ] œ E> /  F> / Ð" " is a solution of the homogeneous problem.  Set  the  term is# > $ > first
not sufficient for a match .  Upon substitution, we obtain .  By inspection,Ñ ] œ > / Î'"

$ >

] œ % C > œ - /  - > /  > / Î'  %# " #.  Hence the general solution is .  Invoking thea b > > $ >

initial conditions, we require that  and .  Hence  and-  % œ " -  - œ " - œ  $" " # "

- œ %# .

17.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> =38 #>.  Hence .  Since the function  is a solution of- " #a b
the homogeneous problem, set .  Upon substitution, we obtain] œ E> -9= #>  F> =38 #>
] œ  > -9= #> C > œ - -9= #>  - =38 #>  > -9= #>$ "

% %.  Hence the general solution is .a b " #

Invoking the initial conditions, we require that  and .  Hence- œ # #-  œ  "" #
$
%

- œ # - œ  "Î)" # and .

18.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Based on the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

form of , set .  After comparing coefficients, we1 > ] œ E> / -9= #>  F> / =38 #>a b  > >

obtain .  Hence the general solution is] œ > / =38 #>>

C > œ - / -9= #>  - / =38 #>  > / =38 #>a b " #
  > > > .

Invoking the initial conditions, we require that  and .  Hence- œ "  -  #- œ !" " #

- œ " - œ "Î#" # and .
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20.  The characteristic equation for the homogeneous problem is , with<  " œ !#

complex roots  .  Hence .  Let  and< œ „ 3 C > œ - -9= >  - =38 > 1 > œ > =38 >- " # "a b a b
1 > œ > ] > œ " 1 ># # "a b a b a b.  By inspection, it is easy to see that .  Based on the form of ,
set   Substitution into the equation] > œ E> -9= >  F> =38 >  G> -9= >  H> =38 > Þ"a b # #

and comparing the coefficients results in , , , and E œ ! F œ "Î% G œ  "Î% H œ ! Þ
Hence .] > œ "  > =38 >  > -9= >a b " "

% %
#

21.  The characteristic equation for the homogeneous problem is , with<  &<  ' œ !#

roots , .  Hence .  Consider , and< œ # $ C > œ - /  - / 1 > œ / $>  % =38 >- " # "a b a b a b#> $> #>

1 > œ / -9= #>#a b > .  Based on the form of these functions on the right hand side of the
ODE,
set , .] > œ / -9= #>  =38 #> ] > œ  > / =38 >   > / -9= ># "" # " # " #a b a b a b a b a b> #> #>E E F F G G

Substitution into the equation and comparing the coefficients results in

] > œ  / -9= #>  $/ =38 #>  >/ -9= >  =38 >  / -9= >  &=38 >
" $

#! #
a b a bˆ ‰ Š ‹> > #> #> "

#
.

23.  The characteristic roots are , .  Hence .  Consider the< œ # # C > œ - /  - >/- " #a b #> #>

functions , , and .  The corresponding forms of1 > œ #> 1 > œ %>/ 1 > œ > =38 #>" # $a b a b a b# #>

the respective parts of the particular solution are , ] > œ E E >  E > ] > œ" #a b a b! " #
#

œ / F >  F > ] > œ > G -9= #>  G =38 #>  H -9=#>  H =38#>#> # $
# $ " # " #a b a b a b a b, and .$

Substitution into the equation and comparing the coefficients results in

] > œ $  %>  #>  > /  > -9= #>  -9= #>  =38 #>
" # " "

% $ ) "'
a b a bˆ ‰# $ #> .

24.  The homogeneous solution is .  Since  and C > œ - -9= #>  - =38 #> -9= #> =38 #>- " #a b
are both solutions of the homogeneous equation, set

] > œ > E  E >  E > -9= #>  > F  F >  F > =38 #>a b ˆ ‰ ˆ ‰! " # ! " #
# # .

Substitution into the equation and comparing the coefficients results in

] > œ >  > -9= #>  #)>  "$> =38 #>
"$ " "

$# "# "'
a b Œ  ˆ ‰$ # .

25.  The homogeneous solution is .  None of the functions on theC > œ - /  - >/- " #a b > #>

right hand side are solutions of the homogenous equation.  In order to include all possible
combinations of the derivatives, consider ] > œ / E  E >  E > -9= #> a b a b> #

! " #

 / F  F >  F > =38 #>  / G -9= >  G =38 >  H/> # > >
! " # #a b a b" .  Substitution into the

differential equation and comparing the coefficients results in

] > œ / E  E >  E > -9= #>   / F  F >  F > =38 #> 

 /  -9= >  =38 >  #/ Î$

a b ˆ ‰ ˆ ‰
Š ‹

> # > #
! " # ! " #

> ># #

$ $
,
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in which E œ  %"!&Î$&"&# ß E œ ($Î'(' ß E œ  &Î&# ßF œ  "#$$Î$&"&# ß! " # !

F œ "!Î"'* ßF œ "Î&# Þ" #

26.  The homogeneous solution is .  None of the termsC > œ - / -9= #>  - / =38 #>- " #a b > >

on the right hand side are solutions of the homogenous equation.  In order to include the
appropriate combinations of derivatives, consider ] > œ / E >  E > -9= #> a b a b> #

" #

 / F >  F > =38 #>  / G  G > -9= #>  / H H > =38 #>> # #> #>
" # ! " ! "a b a b a b .

Substitution into the differential equation and comparing the coefficients results in

] > œ >/ -9= #>  > / =38 #>  / (  "!> -9= #> 

 / "  &> =38 #>

a b a b
a b

$ $ "

"' ) #&
"

#&

> # > #>

#> .

27.  The homogeneous solution is .  Since the differentialC > œ - -9= >  - =38 >- " #a b - -
operator does not contain a first derivative a band , we can set- 1Á 7

] > œ G =387 >a b "
7œ"

R

7 1 .

Substitution into the ODE yields

 7 G =387 >  G =387 > œ + =387 >" " "
7œ" 7œ" 7œ"

R R R
# # #1 1 - 1 17 7 7 .

Equating coefficients of the individual terms, we obtain

G œ 7 œ "ß #âR
+

7
7

7

- 1# # #
,  .

29.  The homogeneous solution is .  The input functionC > œ - / -9= #>  - / =38 #>- " #a b > >

is independent of the homogeneous solutions, on any interval.  Since the right hand side
is
piecewise constant, it follows by inspection that

] > œ Þ
"Î& ! Ÿ > Ÿ Î#
! >  Î#

a b œ ,
     ,

1
1

For , the general solution is ! Ÿ > Ÿ Î# C > œ1 a b - / -9= #>  - / =38 #>  "Î&" #
> > .

Invoking the initial conditions , we require that , and thatC ! œ C ! œ ! - œ  "Î&a b a bw
"

- œ  "Î"!# .  Hence

C > œ  #/ -9= #>  / =38 #>
" "

& "!
a b ˆ ‰> >

on the interval ! Ÿ > Ÿ Î# C Î# œ "  / Î&1 1.  We now have the values , anda b ˆ ‰ Î#1

C Î# œ ! >  Î# C > œ .wa b a b1 1.  For , the general solution is " #/ -9= #>  . / =38 #>> > .
It follows that C Î# œ  / . C Î# œ / .  #/ .a b a b1 1 Î# w  Î#  Î#1 1 1

" " # and .  Since the



—————————————————————————— ——CHAPTER 3. 

________________________________________________________________________
            page 111

solution is continuously differentiable, we  require that

 / . œ "  / Î&

/ .  #/ . œ !

 Î#  Î#

 Î#  Î#

1 1

1 1

"

" #

ˆ ‰
.

Solving for the coefficients, .. œ #. œ  /  " Î&" # ˆ ‰1Î#

31.  Since , the roots of the characteristic equation has real parts.+ ß ,ß -  ! negative 
That is, , where .  Hence the homogeneous solution is< œ „ 3  !! " !

C > œ-a b - / -9= >  - / =38 >" #
! !> >" " .

If , then the general solution is1 > œ .a b
C > œ .Î- a b - / -9= >  - / =38 >" #

! !> >" " .

Since ,  as .  If , then that characteristic roots are and!  ! C > p.Î- >p_ - œ ! < œ !a b
< œ  ,Î+ +C  ,C œ ..  The ODE becomes .  Integrating both sides, we find thatww w

+C  ,C œ . >  -w
".  The general solution can be expressed as

C > œ . >Î,  -  - / Þa b " #
,>Î+

In this case, the solution grows without bound.  If , , then the differential, œ ! also
equation
can be written as , which has general solution .C œ .Î+ C > œ . > Î#+  -  -ww #a b " #

Hence the assertion is true only if the coefficients are .positive

32 .  Since  is a linear operator,a b+ H

H C  ,HC  -C œ H C  <  < HC  < < C

œ H C  < HC  < HC  < < C

œ H HC  < C  < HC  < C

œ H  < H  < C

# #

#

a b
a b a ba ba b

" # " #

# " " #

# " #

" # .

a b a b a b a b a b, ? œ H  < C 3 H  < ? œ 1 >.  Let .  Then the ODE  can be written as , that is,# "
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?  < ? œ 1 > ?w
" a b.  The latter is a linear  equation in .  Its general solution isfirst order

? > œ / / 1 .  - /a b a b(< > < < >

>

>
" " "

!

7 7 7 " .

From above, we have .  This equation is also a first order ODE.  HenceC  < C œ ? >w
# a b

the general solution of the original second order equation is

C > œ / / ? .  - /a b a b(< > < < >

>

>
# # #

!

7 7 7 # .

Note that the solution  contains  arbitrary constants.C >a b two

34.  Note that .  Let , and solvea b a ba b a b#H  $H  " C œ #H  " H  " C ? œ H  " C#

the ODE   This equation is a linear first order ODE, with solution#?  ? œ >  $=38 > Þw #

? > œ / / Î#  =38 .  - /

œ >  %>  )  -9= >  =38 >  - / Þ
' $

& &

a b ( ’ “>Î# # >Î#

>

>

# >Î#

!

7Î# 7 7 7
$

#

Now consider the ODE .  The general solution of this first order ODE isC  C œ ? >w a b
C > œ / / ? .  - /a b a b(> >

>

>

!

7 7 7 # ,

in which  is given above.  Substituting for  and performing the integration,? > ? >a b a b
C > œ >  '>  "%  -9= >  =38 >  - /  - / Þ

* $

"! "!
a b # >Î# >

" #

35.  We have .  Let , and considera b a ba b a bH  #H  " C œ H  " H  " C ? œ H  " C#

the ODE   The general solution is   We therefore?  ? œ #/ Þ ? > œ #> /  - / Þw > > >a b
have the first order equation   The general solution of the latter?  ? œ #> /  - / Þw > >

"

differential equation is

C > œ / #  - .  - /

œ / >  - >  - Þ

a b c d(
ˆ ‰

> >

>

>

> #
!

7 7" #

" #

36.  We have .  Let , and consider the equationa b a b a bH  #H C œ H H  # C ? œ H  # C#

? œ $  %=38 #> Þ ? > œ $>  #-9= #>  - Þw   Direct integration results in   The problema b
is reduced to solving the ODE   The general solution of thisC  #C œ $>  #-9= #>  - Þw

first order differential equation is
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C > œ / / $  #-9= #  - .  - /

œ >  -9= #>  =38 #>  -  - / Þ
$ "

# #

a b c d(
a b

#> #>

>

>

#>

!

#
#

" #

7 7 7 7
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Section 3.7

1.  The solution of the homogeneous equation is .  The functionsC > œ - /  - /- " #a b #> $>

C > œ / C > œ /" #a b a b#> $> and  form a fundamental set of solutions.  The Wronskian of
these functions is .  Using the method of [ C ß C œ /a b" #

&> variation of parameters, the
particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
/ #/

[ >

œ #/

"a b ( a ba b
$> >

>

? > œ .>
/ #/

[ >

œ  /

#a b ( a ba b
#> >

#>

Hence the particular solution is .] > œ #/  / œ /a b > > >

3.  The solution of the homogeneous equation is .  The functionsC > œ - /  - >/- " #a b > >

C > œ / C > œ >/" #a b a b> > and  form a fundamental set of solutions.  The Wronskian of
these functions is .  Using the method of [ C ß C œ /a b" #

#> variation of parameters, the
particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ $/

[ >

œ  $> Î#

"a b ( a ba b
> >

#

? > œ .>
/ $/

[ >

œ $>

#a b ( a ba b
> >

Hence the particular solution is .] > œ  $> / Î#  $> / œ $> / Î#a b # > # > # >

4.  The functions  and  form a fundamental set of solutions.C > œ / C > œ >/" #a b a b>Î# >Î#

The Wronskian of these functions is .  First write the equation in standard[ C ß C œ /a b" #
>

form, so that .  Using the method of 1 > œ %/a b >Î# variation of parameters, the particular
solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ %/

[ >

œ  #>

"a b ( ˆ ‰
a b

>Î# >Î#

#
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? > œ .>
/ %/

[ >

œ %>

#a b ( ˆ ‰
a b

>Î# >Î#

Hence the particular solution is .] > œ  #> /  %> / œ #> /a b # >Î# # >Î# # >Î#

6.  The solution of the homogeneous equation is .  The twoC > œ - -9= $>  - =38 $>- " #a b
functions  and form a fundamental set of solutions, withC > œ -9= $> C > œ =38 $>" #a b a b
[ C ß C œ $ C > C >a b a b a b" # " #.  The particular solution is given by , in] > œ ? >  ? >a b a b a b" #

which

? > œ  .>
* =/- $>

[ >

œ  -=- $>

"a b ( a ba b=38 $> #

? > œ .>
-9= $> * =/- $>

[ >

œ 68 =/- $>  >+8 $>

#a b ( a ba bk k
#

Hence the particular solution is .  The general] > œ  "  =38 $> 68 =/- $>  >+8 $>a b a b k k
solution is given by .C > œ =38 $> 68 =/- $>  >+8 $>  "a b a b k k- -9= $>  - =38 $> " #

7.  The functions  and  form a fundamental set of solutions.C > œ / C > œ >/" #a b a b#> #>

The Wronskian of these functions is .  T[ C ß C œ /a b" #
%> he particular solution is given

by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b
? > œ  .>

> /

[ >

œ  68 >

"a b ( a ba b>/#> # #>

? > œ .>
/ > /

[ >

œ  "Î>

#a b ( a ba b
#> # #>

Hence the particular solution is .  Since the  is a] > œ  / 68 >  /a b #> #> second term
solution of the homogeneous equation, the general solution is given by C > œa b - / "

#>

 - >/#
#>  / 68 >#> .

8.  The solution of the homogeneous equation is .  The twoC > œ - -9= #>  - =38 #>- " #a b
functions  and form a fundamental set of solutions, withC > œ -9= #> C > œ =38 #>" #a b a b
[ C ß C œ # C > C >a b a b a b" # " #.  The particular solution is given by , in] > œ ? >  ? >a b a b a b" #

which
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? > œ  .>
$ -=- #>

[ >

œ  $>Î#

"a b ( a ba b=38 #>

? > œ .>
-9= #> $ -=- #>

[ >

œ 68 =38 #>

#a b ( a ba b
k k$

%

Hence the particular solution is .  The general] > œ  >-9= #>  =38 $> 68 =38 #>a b a b k k$ $
# %

solution is given by .C > œ  >-9= #>  =38 $> 68 =38 #>a b a b k k- -9= #>  - =38 #>" #
$ $
# %

9.  The functions  and  form a fundamental set ofC > œ -9= >Î# C > œ =38 >Î#" #a b a b a b a b
solutions.  The Wronskian of these functions is .  First write the ODE[ C ß C œ "Î#a b" #

in standard form, so that .  T1 > œ =/- >Î# Î#a b a b he particular solution is given by
] > œ ? >  ? >a b a b a b" #C > C >" #a b a b, in which

? > œ  .>
=/- >Î#

#[ >

œ # 68

"a b ( a ba bc d
-9= >Î#

-9= >Î#

a bc d
a b

? > œ .>
=/- >Î#

#[ >

œ >

#a b ( a ba b=38 >Î#a bc d

The particular solution is .  The general] > œ #-9 68 >a b c d= >Î# -9= >Î#  =38 >Î#a b a b a b
solution is given by

C > œ # -9 68 >a b c d- -9= >Î#  - =38 >Î#  = >Î# -9= >Î#  =38 >Î#" #a b a b a b a b a b.
10.  The solution of the homogeneous equation is .  The functionsC > œ - /  - >/- " #a b > >

C > œ / C > œ >/ [ C ß C œ /" # " #a b a b a b> > #> and form a fundamental set of solutions, with .
The particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ /

[ > "  >

œ  68 "  >
"

#

"a b ( a ba ba b
ˆ ‰

> >

#

#

? > œ .>
/ /

[ > "  >

œ +<->+8 >

#a b ( a ba ba b
> >

#

The particular solution is .  Hence the general] > œ  / 68 >/ +<->+8a b "
#

> >a b"  >#  >a b
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solution is given by .C > œ - /  - >/  >a b a b" #
#> >  / 68 >/ +<->+8"

#
> >a b"  >

12.  The functions  and form a fundamental set ofC > œ -9= #> C > œ =38 #>" #a b a b
solutions, with .  T[ C ß C œ #a b" # he particular solution is given by ] > œ ? >a b a b"

C > C >" #a b a b ? >#a b ,
in which

? > œ  1 = .=
"

#
"a b a b( >

=38 #=

? > œ 1 = -9= #= .=
"

#
#a b a b( >

Hence the particular solution is

] > œ  -9= #> 1 = .=  =38 #> 1 = -9= #= .=
" "

# #
a b a b a b( (> >

=38 #= .

Note that  .  It follows that=38 #> -9= #=  -9= #> =38 #= œ =38 #>  #=a b
] > œ 1 = =38 #>  #= .=

"

#
a b a b a b( >

.

The general solution of the differential equation is given by

C > œ 1 = =38 #>  #= .=
"

#
a b a b a b(- -9= #>  - =38 #> " #

>

.

13.  Note first that ,  and .  The functions: > œ ! ; > œ  #Î> 1 > œ $>  " Î>a b a b a b a b# # #

C > C >" #a b a b and  are solutions of the homogeneous equation, verified by substitution.  The
Wronskian of these two functions is , .  Using the method of [ C C œ  $a b" # variation of
parameters, the particular solution is , in which] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

? > œ  .>
> $>  "

> [ >

œ > Î'  68 >

"a b ( a ba b
" #

#

#

? > œ .>
> $>  "

> [ >

œ  > Î$  >Î$

#a b ( a ba b
# #

#

$

Therefore   Hence the general solution is] > œ "Î'  > 68 >  > Î$  "Î$ Þa b # #

C > œ - >  - >  > 68 >  "Î#a b " #
# " # .
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15.  Observe that .  The functions  and  are a fundamental set of1 > œ > / C > C >a b a b a b#>
" #

solutions.  The Wronskian of these two functions is , .  Using the method[ C C œ > /a b" #
>

of variation of parameters, the particular solution is ,] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

in which

? > œ  .>
/ > /

[ >

œ  / Î#

"a b ( a ba b
> #>

#>

? > œ .>
"  > > /

[ >

œ > /

#a b ( a ba ba b
#>

>

Therefore ] > œ  "  > / Î#  > / œ  / Î#  > / Î# Þa b a b #> #> #> #>

16.  Observe that .  Direct substitution of  and 1 > œ # "  > / C > œ / C > œ >a b a b a b a b> >
" #

verifies that they are solutions of the homogeneous equation.  The Wronskian of the two
solutions is , .  Using the method of , the[ C C œ "  > /a b a b" #

> variation of parameters
particular solution is , in which] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

? > œ  .>
#> "  > /

[ >

œ >/  / Î#

"a b ( a ba b
>

#> #>

? > œ .>
# "  >

[ >

œ  # /

#a b ( a ba b
>

Therefore ] > œ >/  / Î#  #> / œ  >/  / Î# Þa b > > > > >

17.  Note that .  The functions  and  are solutions1 B œ 68B C B œ B C B œ B 68Ba b a b a b" #
# #

of the homogeneous equation, as verified by substitution.  The Wronskian of the solutions
is , .  Using the , the particular solution is[ C C œ Ba b" #

$ method of variation of parameters

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ  .B
B 68 B 68 B

[ B

œ  68B Î$

"a b ( a ba ba b
#

$
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? B œ .B
B 68 B

[ B

œ 68B Î#

#a b ( a ba ba b
#

#

Therefore ] B œ  B 68B Î$  B 68 B Î# œ B 68 B Î' Þa b a b a b a b# # #$ $ $

19.  First write the equation in standard form.  Note that the forcing function becomes
1 B Îa b a b"  B .  The functions  and  are a fundamental set ofC B œ / C B œ B" #a b a bB

solutions,
as verified by substitution.  The Wronskian of the solutions is , .[ C C œ "  B /a b a b" #

B

Using the , the particular solution ismethod of variation of parameters

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ  .
1

"  [
"a b ( a ba ba b a b

B 7 7

7 7
7

? B œ .
/ 1

"  [
#a b ( a ba ba b a b

B 7 7

7 7
7

Therefore

] B œ  / .  B .
1 / 1

"  [ "  [

œ . Þ
B/  / 1

"  /

a b ( (a b a ba b a ba b a b a b a b
( a b a b

a b

B
B B

B B

#

7 7 7

7 7 7 7
7 7

7 7

7
7

7

7

7

20.  First write the equation in standard form.  The forcing function becomes .1 B ÎBa b #

The functions  and  are a fundamental set ofC B œ B =38 B C B œ B -9= B" #
"Î# "Î#a b a b

solutions.  The Wronskian of the solutions is , .  Using the [ C C œ  "ÎBa b" # method
of variation of parameters, the particular solution is

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ .
-9= 1

"a b ( a ba bÈ
B 7 7

7 7
7

? B œ  .
=38 1

#a b ( a ba bÈ
B 7 7

7 7
7

Therefore
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] B œ .>  .
=38 B -9= 1 -9= B =38 1

B B

œ . Þ
" =38 B  1

B

a b È È È È( (a b a ba b a b

È È( a b a b
B B

B

7 7 7 7

7 7 7 7
7

7 7

7 7
7

21.  Let  and  be a fundamental set of solutions, and  be theC > C > [ > œ [ C ß C" # " #a b a b a b a b
corresponding Wronskian.  Any solution, , of the homogeneous equation is a linear? >a b
combination .  Invoking the initial conditions, we require that? > œ C >  C >a b a b a b! !" " # #

C œ C >  C >

C œ C >  C >
! " " ! # # !

! " #" ! # !

! !

! !

a b a ba b a bw w w

Note that this system of equations has a unique solution, since .  Now consider[ > Á !a b!
the nonhomogeneous homogeneous problem, ,with  initial conditions.  UsingP @ œ 1 >c d a b
the method of variation of parameters, the particular solution is given by

] > œ  Þa b C > .=  C > .=
C = 1 = C = 1 =

[ = [ =
" #

# "a b a b( (a b a b a b a ba b a b> >

> >

! !

The general solution of the IVP  isa b333

@ > œ C >  C > 

œ C >  C >  C > ? >  C > ? >

a b a b a ba b a b a b a b a b a b" "

" "
" " # #

" " # # " " # #

] >a b
in which  and  are defined above.  Invoking the initial conditions, we require that? ?" #

! œ C >  C >  >

! œ C >  C >  >

" "

" "
" " ! # # ! !

" ! # ! !" #

a b a ba b a b ]

]

a ba bw w w

Based on the definition of  and , .  Furthermore, since ,? ? ] > œ ! C ?  C ? œ !" #
w wa b! " #" #

it follows that .  Hence the only solution of the above system of equations is] > œ !wa b!
the .  Therefore .  Now consider the function .  Thentrivial solution @ > œ ] > C œ ?@a b a b
P C œ P ?  @ œ P ?  P @ œ 1 > C >c d c d c d c d a b a b.  That is,  is a solution of the
nonhomogeneous
problem.  Further, , and similarly, .  By theC > œ ? >  @ > œ C C > œ Ca b a b a b a b! ! ! ! !

w w
!

uniqueness theorems,  is the unique solution of the initial value problem.C >a b
23.  A fundamental set of solutions is  and .  The WronskianC > œ -9= > C > œ =38 >" #a b a b
[ > œ C C  C C œ " ##a b " ## "

w w .  By the result in Prob. ,

] > œ 1 = .=
-9= = =38 >  -9= > =38 =

[ =

œ -9= = =38 >  -9= > =38 = 1 = .= Þ

a b a b( a b a b a b a ba b
( c d a ba b a b a b a b
>

>

>

>
!

!

Finally, we have -9= = =38 >  -9= > =38 =a b a b a b a b œ =38 >  =a b.
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24.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ /" #a b a b+> ,>

[ > œ C C  C C œ ,  + /B: +  , > ##a b a b c da b" ## "
w w .  By the result in Prob. ,

] > œ 1 = .=
/ /  / /

[ =

œ 1 = .= Þ
" / /  / /

,  + /B: +  , =

a b a b( a b
( c da b a b

>

> += ,> +> ,=

>

> += ,> +> ,=
!

!

Hence the particular solution is

] > œ /  / 1 = .= Þ
"

,  +
a b a b(  ‘

>

>
, >= + >=

!

a b a b

26.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ >/" #a b a b+> +>

[ > œ C C  C C œ / ##a b " ## "
w w #+>.  By the result in Prob. ,

] > œ 1 = .=
/ /  / /

[ =

œ 1 = .= Þ
" / /  / /

,  + /B: +  , =

a b a b( a b
( c da b a b

>

> += ,> +> ,=

>

> += ,> +> ,=
!

!

Hence the particular solution is

] > œ /  / 1 = .= Þ
"

,  +
a b a b(  ‘

>

>
, >= + >=

!

a b a b

26.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ >/" #a b a b+> +>

[ > œ C C  C C œ / ##a b " ## "
w w #+>.  By the result in Prob. ,

] > œ 1 = .=
>/  = /

[ =

œ 1 = .= Þ
>  = /

/

a b a b( a b
( a b a b
>

> +=+> +>+=

>

> +=+>

#+=

!

!

Hence the particular solution is

] > œ >  = / 1 = .= Þa b a b a b(
>

>
+ >=

!

a b

27.  Depending on the values of ,  and , the operator  can have + , - +H  ,H  -# three
types of fundamental solutions.

a b3 < œ Á    The characteristic roots , ;  .   "ß# ! " ! " C > œ / C > œ /" #a b a b! "> > and .
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O > œ /  / Þ
"


a b  ‘

" !
" !> >

a b33 < œ œ   The characteristic roots , ;  .   "ß# ! " ! " C > œ / C > œ >/" #a b a b! !> > and .

O > œ > / Þa b !>

a b333 < œ „ 3 The characteristic roots  .  "ß# - . C > œ / -9= > C > œ / =38 >" #a b a b- -> >. . and .

O > œ / =38 > Þ
"a b
.

.->

28.  Let , in which  is a solution of the .C > œ @ > C > C >a b a b a b a b" " homogeneous equation
Substitution into the given ODE results in

@ C  #@ C  @C  : > @ C  @C  ; > @C œ 1 >ww w w ww w w
" " "" " "a bc d a b a b .

By assumption, , hence  must be a solution of the ODEC  : > C  ; > C œ ! @ >" " "
ww a b a b a b

@ C  #C  : > C @ œ 1 >ww w w
" ""c d a ba b .

Setting , we also have .A œ @ A C  #C  : > C A œ 1 >w w w
" ""c d a ba b

30.  First write the equation as .  As shown in Prob. , theC  (> C  &> C œ > #)ww " "#

function  is a solution of the given ODE as long as  is a solution ofC > œ > @ > @a b a b"

> @   #>  (> @ œ >" # # "ww wc d ,

that is, .  This ODE is  in .  The integrating@  &> @ œ " @ww w w" linear and first order
factor is .  The solution is .  Direct integration now results in. œ > @ œ >Î'  - >& w &

@ > œ > Î"#  - >Î"#  -a b #
" # " #

% & ">  - C > œ >  - >.  Hence .a b
31.  Write the equation as .  As shown in Prob. , theC  > "  > C  > C œ > / #)ww #>" "a b
function  is a solution of the given ODE as long as  is a solution ofC > œ "  > @ > @a b a b a b

a b a b ‘"  > @  #  > "  > @ œ > /ww w #>#" ,

that is, .  This equation is first order linear in , with integrating@  @ œ / @ww w #> w"> >
> >" >"

#a b
factor .  The solution is .  Integrating,. œ > "  > / @ œ > /  - >/ Î "  >"

"a b a b a b# #> w # #> >

we obtain   Hence the solution of the@ > œ / Î#  / Î >  "  - / Î >  "  - Þa b a b a b#> #> >
" #

original ODE is .C > œ >  " / Î#  - /  - >  "a b a b a b#> >
" #

32.  rite the equation as .  The functionW C  > "  > C  "  > C œ # "  > /ww >a b a b a b" "

C > œ / @ > @a b a b>  is a solution to the given ODE as long as  is a solution of
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/ @  #/  > "  > / @ œ # "  > /> ww > > w > ‘a b a b" ,

that is, .  This equation is first order linear in@  #  > Î "  > @ œ # "  > /ww w #>c d a ba b a b
@ œ / Î >  "w >, with integrating factor .  The solution is. a b

@ œ >  " #/  - /w #> >a bˆ ‰" .

Integrating, we obtain   Hence the solution of the@ > œ "Î#  > /  - >/  - Þa b a b #> >
" #

original ODE is .C > œ "Î#  > /  - >  - /a b a b > >
" #

Section 3.8

1.   and  and   HenceV-9= œ $ V=38 œ % Ê V œ #& œ & œ +<->+8Ð%Î$ÑÞ$ $ $È
? œ & -9= #>  !Þ*#($ Þa b

3.   and  and V-9= œ % V=38 œ  # Ê V œ #! œ # & œ  +<->+8Ð"Î#ÑÞ$ $ $È È
Hence

? œ # & -9= $>  !Þ%'$' ÞÈ a b
4.   and  and .V-9= œ  # V=38 œ  $ Ê V œ "$ œ  +<->+8Ð$Î#Ñ$ $ $ 1È
Hence

? œ "$ -9= >  %Þ"#%% ÞÈ a b1

5.  The spring constant is  5 œ #Î "Î# œ %a b lb/ft lb-s /ft.  Mass  .7 œ #Î$# œ "Î"' #

Since there is no damping, the equation of motion is

"

"'
?  %? œ !ww ,

that is, .  The initial conditions are  ,  .  The?  '%? œ ! ? ! œ "Î% ? ! œ !ww wa b a bft fps
general solution is .  Invoking the initial conditions, we have? > œ E -9= )>  F =38 )>a b
? > œ -9= )> V œ $ œ ! œ ) X œ Î%a b "

% .   ,  ,   , and  .inches rad rad/s sec$ = 1!

7.  The spring constant is  5 œ $Î "Î% œ "#a b lb/ft lb-s /ft.  Mass  . Since7 œ $Î$# #

there is no damping, the equation of motion is

$

$#
?  "#? œ !ww ,

that is, .  The initial conditions are  ,  .?  "#)? œ ! ? ! œ  "Î"# ? ! œ #ww wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= ) # >  F =38 ) # >a b È È
conditions, we have
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? > œ  -9= ) # >  =38 ) # >
" "

"# % #
a b È ÈÈ .

V œ ""Î"# œ  +>+8 œ ) # X œ ÎÈ È ,  ,  , and  .ft rad rad/s sec$ 1 = 1Š ‹ Š ‹È È$Î # % #!

10.  The spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft.  Mass  .  The7 œ "Î# #

damping coefficient is  .  Hence the equation of motion is# œ # lb-sec/ft

"

#
?  #?  '%? œ !ww w ,

that is, .  The initial conditions are  , .?  %?  "#)? œ ! ? ! œ ! ? ! œ "Î%ww w wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= # $" >  F =38 # $" >a b È È
conditions, we have

? > œ / =38 # $" >
"

) $"
a b È È#> .

Solving , on the interval , , we obtain  .? > œ ! !Þ# !Þ% > œ Î# $" œ !Þ#)#"a b c d È1 sec
Based on the graph, and the solution of , we have  for? > œ !Þ!" ? > Ÿ !Þ!"a b k ka b
>   œ !Þ#"%&7 .

11.  .  The damping coefficient is given asThe spring constant is  5 œ $Î Þ" œ $!a b N/m
# œ $Î& .  Hence the equation of motion isN-sec/m

#?  ?  $!? œ !
$

&
ww w ,

that is, .  The initial conditions are   and?  !Þ$?  "&? œ ! ? ! œ !Þ!&ww w a b 7
? ! œ !Þ!" ? > œ E -9= >  F =38 >wa b a b7Î= .  The general solution is , in which. .
. œ $Þ)(!!) .  Invoking the initial conditions, we haverad/s

? > œ / !Þ!&-9= >  !Þ!!%&#=38 >a b a b >0.15 . . .

Also, .. =Î œ $Þ)(!!)Î "& ¸ !Þ***#&!
È
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13.  The frequency of the  motion is .  The quasi frequency of theundamped =! œ "
damped
motion is   Setting , we obtain . # . = #œ %  Þ œ œ & Þ" # #

# $ $
#È È

!

14.  The spring constant is .  The equation of motion for an undamped system5 œ 71ÎP
is

7?  ? œ !
71

P
ww .

Hence the natural frequency of the system is  .  The period is .= 1 =! !œ X œ # ÎÉ 1
P

15.  The general solution of the system is .? > œ E -9= >  >  F =38 >  >a b a b a b# #! !

Invoking the initial conditions, we have .? > œ ? -9= >  >  ? Î =38 >  >a b a b a b a b! ! !!# # #w

Clearly, the functions  and  satisfy the given@ œ ? -9= >  > A œ ? Î =38 >  >! ! !!# # #a b a b a bw

criteria.

16.  Note that .  Comparing the given< =38 >  œ < =38 > -9=  < -9= > =38a b= ) = ) = )! ! !

expressions, we have  and .  That is, ,E œ  < =38 F œ < -9= < œ V œ E F) ) È # #

and .  The latter relation is also .>+8 œ  EÎF œ  "Î>+8 >+8  -9> œ ") $ ) $

18.  The system is , when   Here  .critically damped ohmsV œ # PÎG Þ V œ "!!!È
21 .  Let .  Then attains a  when .a b a b+ ? œ V/ -9= >  >  œ #5 >Î#7# . $ . $ 1maximum 5

Hence .X œ >  > œ # Î. 5" 5 1 .

a b a b a b c d, ? > Î? > œ /B: Î/B: œ /B: Î#7 Þ.  5 5" 5 5" 5" 5a b a b a b > Î#7  > Î#7 >  ># # # #

Hence ? > Î? > œ /B: # Î Î#7 œ /B: X Î#7 Þa b a b c d a ba b5 5" # 1 . # .

a b c d a ba b a b- œ 68 ? > Î? > œ # Î Î#7 œ Î 7.  .? # 1 . 1# .5 5"

22.  .  Mass  .  TheThe spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft7 œ "Î# #

damping coefficient is  .  The quasi frequency is  .# .œ # œ # $"lb-sec/ft rad/sÈ
Hence ? œ ¸ "Þ"#)& Þ#

$"
1È

25 .  The solution of the IVP is .a b a b Š ‹È È+ ? > œ / # -9= ( >  !Þ#&#=38 ( >>Î) $ $
) )
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Using the plot, and numerical analysis, .7 ¸ %"Þ("&

a b, œ !Þ& ¸ #!Þ%!# à œ "Þ! ¸ *Þ"') à œ "Þ& ¸ (Þ")%.   For ,  for ,  for , .# 7 # 7 # 7

a b- Þ

a b. œ "Þ' ¸ (Þ#") à œ "Þ( ¸ 'Þ('( à œ "Þ) ¸ &Þ%($ à.  For ,  for ,  for , # 7 # 7 # 7
for , .   steadily decreases to about , corresponding to# 7 7 7œ "Þ* ¸ 'Þ%'! ¸ %Þ)($738

the critical value .#! ¸ "Þ($

a b a b a b È/ ? > œ -9= >  œ % .  We have , in which , and%/ "
% #

#
 >Î#

#

#È #
. $ . #

$ œ >+8 ? > Ÿ" #

# #È È% %
%/

# #

 >Î#.  Hence .k ka b #

26 .  The characteristic equation is .  Since , the rootsa b+ 7<  <  5 œ !  %57# ## #

are .  The general solution is< œ  „3"ß#
# #

#7 #7
%75È #

? > œ / E -9= >  F =38 > Þ
%75  %75 

#7 #7
a b – —È È

 >Î#7
# #

# # #

Invoking the initial conditions,  andE œ ?!

F œ
#7@  ?

%75 

a bÈ ! !#

##
.
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a b a b a b, ? > œ V / -9= > .  We can write , in which >Î#7# . $

V œ ? 
#7@  ?

%75 
Ë a b

!

! !#
#

#

#

#
,

and

$
#

#
œ +<->+8 Þ

#7@  ?

? %75 – —a bÈ ! !

!
#

a b ÉÉ É- V œ ?  œ # œ.   .!
# #7@  ? 7 5?  ? @ 7@

%75 %75 %75
+,a b a b! ! ! !! !# #

# # #
#

#

# # #

# #

It is evident that  increases  without bound as .V p # 75a b Š ‹Èmonotonically #


28 .  The general solution is .  Invoking the initiala b a b È È+ ? > œ E-9= # >  F=38 # >

conditions, we have  .? > œ # =38 # >a b È È
a b, .

a b- Þ

The condition  implies that   increases.  Hence the phase point? ! œ # ? >wa b a b initially
travels .clockwise
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29.  .? > œ / =38 >a b "'

"#(
>Î) "#(

)È È

31.  Based on , with the positive direction to the right,Newton's second law

"J œ 7?ww

where

"J œ  5?  ?# w.

Hence the equation of motion is .  The only difference in this7?  ?  5? œ !ww w#
problem is that the equilibrium position is located at the  configuration ofunstretched
the spring.

32 .  The  force exerted by the spring is   The a b a b+ J œ  5?  ? Þrestoring opposing=
$&

viscous force is .  Based on , with the positive directionJ œ  ?.
w# Newton's second law

to the right,

J  J œ 7?= .
ww.

Hence the equation of motion is .7?  ?  5?  ? œ !ww w $# &

a b, ?  ? œ !.  With the specified parameter values, the equation of motion is .  Theww

general solution of this ODE is .  Invoking the initial? > œ E -9= >  F =38 >a b
conditions,
the specific solution is .  Clearly, the amplitude is , and the period of? > œ =38 > V œ "a b
the motion is .X œ #1

a b- œ !Þ" ?  ?  !Þ" ? œ !.  Given , the equation of motion is .  A solution of the& ww $
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IVP can be generated numerically:

a b. .

        

a b/ Þ  The amplitude and period both seem to .decrease

a b0 .
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Section 3.9

2.  We have .  Subtracting the two identities, we=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
obtain .  Setting  and ,=38   =38  œ # -9= =38  œ (>  œ '>a b a b! " ! " ! " ! " ! "
! "œ 'Þ&> œ !Þ&> =38 (>  =38 '> œ # =38 -9= and .  Hence .> "$>

# #

3.  Consider the trigonometric identity .  Adding-9= „ œ -9= -9= … =38 =38a b! " ! " ! "
the two identities, we obtain .  Comparing the-9=   -9=  œ # -9= -9=a b a b! " ! " ! "
expressions, set  and .  Hence  and .  Upon! " 1 ! " 1 ! 1 " 1 œ # >  œ > œ $ >Î# œ >Î#
substitution, we have .-9= >  -9= # > œ # -9= $ >Î# -9= >Î#a b a b a b a b1 1 1 1

4.  Adding the two identities , it follows that=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
=38   =38  œ #=38 -9=  œ %>  œ $>a b a b! " ! " ! " ! " ! ".  Setting  and , we
have  and .  Hence .! "œ (>Î# œ >Î# =38 $>  =38 %> œ # =38 (>Î# -9= >Î#a b a b
6.  Using  units, the spring constant is  , and the dampingmks N/m5 œ & *Þ) Î!Þ" œ %*!a b
coefficient is  .  The equation of motion is# œ #Î!Þ!% œ &! N-sec/m

&?  &!?  %*!? œ "! =38 >Î#ww w a b .

The initial conditions are   and  .? ! œ ! ? ! œ !Þ!$a b a bm m/sw

8 .  The homogeneous solution is   Baseda b a b È È+ ? > œ E/ -9= ($ >  F/ =38 ($ > Þ-
&> &>

on the method of , the particular solution isundetermined coefficients

Y > œ  "'! -9= >Î#  $"#) =38 >Î# Þ
"

"&$#)"
a b c da b a b

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   HenceE œ "'!Î"&$#)" F œ $)$%%$ ($ Î""")*&"$!! ÞÈ
the response is

? > œ "'! / -9= ($ >  / =38 ($ >  Y >
" $)$%%$ ($

"&$#)" ($!!
a b a b– —È ÈÈ

&> &> .

a b a b a b, ? > Y >.   is the transient part and  is the steady state part of the response.-
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a b- .

a b a b a b. * "!.  Based on Eqs.  and , the amplitude of the forced response is given by
V œ #Î?, in which

? = =œ #& *)   #&!! ÞÉ a b# ##

The maximum amplitude is attained when  is a .  Hence the amplitude is? minimum
maximum at   .= œ % $È rad/s

9.  The spring constant is   and hence the equation of motion is5 œ "# lb/ft

'

$#
?  "#? œ % -9= (>ww ,

that is, .  The initial conditions are  ,  .?  '%? œ -9= (> ? ! œ ! ? ! œ !ww w'%
$ a b a bft fps

The general solution is    Invoking the initial? > œ E-9= )>  F=38 )>  -9= (> Þa b '%
%&

conditions, we have ? > œ  -9= )>  -9= (> œ =38 >Î# =38 "&>Î# Þa b a b a b'% '% "#)
%& %& %&

12.  The equation of motion is

#?  ?  $? œ $-9= $>  #=38 $>ww w .

Since the system is , the steady state response is equal to the particular solution.damped
Using the method of , we obtainundetermined coefficients
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? > œ =38 $>  -9= $>
"

'
==a b a b.

Further, we find that  and .  Hence we can writeV œ #Î' œ +<->+8  " œ $ Î%È a b$ 1

? > œ -9= $>  $ Î%==a b a bÈ#
' 1 .

13.  The amplitude of the steady-state response is given by

V œ
J!

É a b7  # # # ## #
= = # =!

.

Since  is constant, the amplitude is  when the denominator of  is .J V! maximum minimum
Let , and consider the function D œ 0 D œ=# a b 7  D  D 0 D# # ##a b a b= #! .  Note that  is
a quadratic, with  at .  Hence the amplitude  attains aminimum D œ  Î#7 V= #!

# # #

maximum at .  Furthermore, since , and therefore= = # =7+B ! !
# # # # #œ  Î#7 œ 5Î7

= =
#

7+B !
# #

#

œ " 
#57

” •.

Substituting into the expression for the amplitude,= =# #œ 7+B

V œ
Î%7   Î#7

œ
 Î%7

œ
"  Î%75

J

J

J
Þ

!

!

!

!

È a b
È

È

# # = #

= # #

#

% # # # ##

# # % #

#

!

!

#=

14 .  The forced response is   The constants are obtain bya b a b+ ? > œ E-9= >  F=38 > Þ== = =
the method of .  That is, comparing the coefficients of undetermined coefficients -9= >=
and , we find that=38 >=

7 E F  5E œ J 7 F  E 5F œ != #= = #=# #
! , and .

Solving this system results in

E œ 7  Î F œ Îˆ ‰= = ? #= ?!
# #    and    ,

in which   It follows that? = = # =œ 7   ÞÉ a b# # # ## #
!

>+8 œ FÎE œ
7 

$
#=

= =a b!
# #

.

a b a b, 7 œ " œ !Þ"#& œ " >+8 œ !Þ"#& Î "  Þ.  Here , , .  Hence # = $ = =!
#
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17 .  Here , , , .  Hence ,a b a b a b+ 7 œ " œ !Þ#& œ # J œ # ? > œ -9= > # = = $! ! ==
# #

?

where  , and ? = = = = $œ #   Î"' œ '%  '$  "' >+8 œ ÞÉa b È# # # %# "
% % #

=
=a b#

a b, Þ  The amplitude is

V œ
)

'%  '$  "'È = =# %
.

a b- .

a b. V.  .  The amplitude is maximum when the denominator of  is minimum.See Prob. 13
That is, when .  Hence .= = = =œ œ $ "% Î) ¸ "Þ%!$" V œ œ '%Î "#(7+B 7+B

È a b È

18 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   Hence the response isE œ $Î F œ ! Þa b=#  "
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? > œ -9= >  -9= >
$

" 
a b c d

=
=

#
.

a b, .
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Note that

? > œ =38 =38
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

19 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution is .  Invoking the initial conditions, we? > œ ? >  Y >a b a b a b-

find that  and   Hence the response isE œ Î F œ " Þa b a b= =# # #  "

? > œ $ -9= >   # -9= >  =38 >
"

" 
a b  ‘ˆ ‰

=
= =

#
# .

a b,.
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Note that

? > œ =38 =38  -9= >  =38 >
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

20.
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21.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ /  -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' "("$&) #&((&)

"$#(#" "$#(#" #&&È
and

Y > œ %$')!! -9= Þ$>  ")!!! =38 Þ$> Þ
"

"$#(#"
a b c da b a b
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a b+ .

a b, .

23.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ / -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' *(%' "#&)

%"!& )#" #&&È
and

Y > œ  "&$' -9= $>  (# =38 $> Þ
"

%"!&
a b c da b a b
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a b+ .

a b, .

24.

25 .a b+
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a b, .

a b- .  The amplitude for a similar system with a  spring is given bylinear

V œ
&

#&  %*  #&È = =# %
.
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Chapter Four

Section 4.1

1.  The differential equation is in standard form.  Its coefficients, as well as the function
1 > œ >a b , are continuous everywhere.  Hence solutions are valid on the entire real line.

3.  Writing the equation in standard form, the coefficients are  functions withrational
singularities at  and .  Hence the solutions are valid on the intervals , ,> œ ! > œ " _ !a ba b a b! " " _, , and , .

4.  The coefficients are continuous everywhere, but the function  is defined1 > œ 68 >a b
and
continuous only on the interval , .  Hence solutions are defined for positive reals.a b! _

5.  Writing the equation in standard form, the coefficients are  functions with arational
singularity at .  Furthermore,  is , and hence notB œ " : B œ >+8BÎ B  "! %a b a b undefined
continuous, at ,   Hence solutions are defined on anyB œ „ #5  " Î# 5 œ !ß "ß #ßâ Þ5 a b1
interval does not that  contain  or .B B! 5

6.  Writing the equation in standard form, the coefficients are  functions withrational
singularities at .  Hence the solutions are valid on the intervals , ,B œ „# _  #a ba b a b # # # _, , and , .

7.  Evaluating the Wronskian of the three functions, .  Hence the[ 0 ß 0 ß 0 œ  "%a b" # $

functions are linearly .independent

9.  Evaluating the Wronskian of the four functions, .  Hence the[ 0 ß 0 ß 0 ß 0 œ !a b" # $ %

functions are linearly .  To find a linear relation among the functions, we needdependent
to find constants , not all zero, such that- ß - ß - ß -" # $ %

- 0 >  - 0 >  - 0 >  - 0 > œ !" " # # $ $ % %a b a b a b a b .

Collecting the common terms, we obtain

a b a b a b-  #-  - >  #-  -  - >   $-  -  - œ !# $ % " $ % " # %
# ,

which results in  equations in  unknowns.  Arbitrarily setting , we canthree four - œ  "%

solve the equations , , , to find that ,-  #- œ " #-  - œ "  $-  - œ " - œ #Î(# $ " $ " # "

- œ "$Î( - œ  $Î(# $, .  Hence

#0 >  "$0 >  $0 >  (0 > œ !" # $ %a b a b a b a b .

10.  Evaluating the Wronskian of the three functions, .  Hence the[ 0 ß 0 ß 0 œ "&'a b" # $

functions are linearly .independent
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11.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have
[ "ß -9= >ß =38 > œ "a b .

12.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß >ß -9= >ß =38 > œ "a b
14.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß >ß / ß > / œ /a b> > #>

15.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß Bß B œ 'Ba b$
16.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ Bß B ß "ÎB œ 'ÎBa b#

18.  The operation of taking a derivative is linear, and hence

a b- C  - C œ - C  - C" " # # " #" #
a b a b a b5 5 5 .

It follows that

P - C  - C œ - C  - C  : - C  - C â : - C  - C Þc d c d ‘" " # # " # " " # 8 " " # #" # " #
8 8 8" 8"a b a b a b a b

Rearranging the terms, we obtain   Since and P - C  - C œ - P C  - P C Þ C Cc d c d c d" " # # " " # # " #

are solutions, .  The rest follows by induction.P - C  - C œ !c d" " # #

19 .  Note that , for .a b a b a b a b+ . > Î.> œ 8 8  " â 8 5  " > 5 œ "ß #ßâß 85 8 5 85

Hence

P > œ + 8x  + 8 8  " â# > â+ 8 >  + > Þc d c da b8 8" 8
! " 8" 8

a b a b, . / Î.> œ < / 5 œ !ß "ß #ßâ.  We have , for .  Hence5 <> 5 5 <>

P / œ + < /  + < / â+ < /  + /

œ + <  + < â+ <  + / Þ

 ‘  ‘
<> 8 <> 8" <> <> <>

8 8" <>
! " 8" 8

! " 8" 8

a b- C œ / <  &<  % œ !.  Set , and substitute into the ODE.  It follows that , with<> % #

< œ „"ß„ # [ / ß / ß / ß / œ (#.  Furthermore, .a b> > #> #>

20 .  Let  and  be arbitrary functions.  Then .  Hencea b a b a b a b+ 0 > 1 > [ 0ß 1 œ 01  0 1w w

[ 0ß 1 œ 0 1  01  0 1  0 1 œ 01  0 1w w w ww ww w w ww wwa b .  That is,

[ 0ß 1 œ Þ
0 1
0 1

w
ww wwa b º º

Now expand the determinant as$ $-by-  
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[ C ß C ß C œ C  C  C Þ
C C C C C C
C C C C C C

a b º º º º º º" # $ " # $
# $ " $ " #

# $ " $ " #

w w w w w w

ww ww ww ww ww ww

Differentiating, we obtain

[ C ß C ß C œ C  C  C 
C C C C C C
C C C C C C

 C  C  C
C C C C C C
C C C C C

w w w w
w w w w w w

ww ww ww ww ww ww

w w w w w w

www www www www

a b º º º º º º
º º º º º º

" # $ " # $
# $ " $ " #

# $ " $ " #

" # $
# $ " $ " #

# $ " $ "
www wwwC

Þ
#

The  line follows from the observation above.  Now we find thatsecond

[ C ß C ß C œ  Þ
C C C C C C
C C C C C C
C C C C C C

w

w w w

w w w w w w

ww ww ww www www www
a b

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $

" # $

" # $ " # $

" # " #

" # $

3 3

Hence the assertion is true, since the first determinant is equal to .zero

a b, .  Based on the properties of determinants,

: > : > [ œ
: C : C : C
: C : C : C
C C C

# $

$ " $ # $ $

# # #" # $

" #

a b a b
â ââ ââ ââ ââ ââ â

w w w w

www www www
3

Adding the  rows to the  row does not change the value of the determinant.first two third
Since the functions are assumed to be solutions of the given ODE, addition of the rows
results in

: > : > [ œ Þ
: C : C : C
: C : C : C

 : C  : C  : C
# $

$ " $ # $ $

# # #" # $

" " "" #

a b a b
â ââ ââ ââ ââ ââ â

w w w w

ww ww ww
3

It follows that .  As long as the coefficients are not: > : > [ œ  : > : > : > [# $ " # $a b a b a b a b a bw

zero, we obtain .[ œ  : > [w
"a b

a b a b a b- [ œ  : > [ > œ.  The first order equation  is linear, with integrating factor  w
" .

œ /B: : > .> [ > œ - /B:  : > .> [ >ˆ ‰ ˆ ‰' 'a b a b a b a b" ".  Hence .  Furthermore,  is zero
only if .- œ !

a b. .  It can be shown, by mathematical induction, that

[ C ß C ßâß C œ Þ

C C â C C
C C â C C
ã ã

C C â C C

C C â C C

w

w w w w

a b
â ââ ââ ââ ââ ââ ââ ââ ââ ââ â

" # 8

" # 8" 8

" # 8" 8

" # 8"
8 8 8

8
8

" # 8"
8 8 8

8
8

a b a b a b a b
a b a b a b a b

2 2 2 2
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Based on the reasoning in Part , it follows thata b,
: > : > â: > [ œ  : > : > : > â: > [# $ 8 " # $ 8a b a b a b a b a b a b a bw ,

and hence .[ œ  : > [w
"a b

22.  Inspection of the coefficients reveals that .  Based on Prob. , we find: > œ ! #!"a b
that , and hence .[ œ ! [ œ -w

23.  After writing the equation in standard form, observe that .  Based on the: > œ #Î>"a b
results in Prob. , we find that , and hence .#! [ œ  #Î> [ [ œ -Î>w #a b
24.  Writing the equation in standard form, we find that .  Using : > œ "Î>"a b Abel's
formula, the Wronskian has the form .[ > œ - /B:  .> œ -Î>a b ˆ ‰' "

>

25 .  Assuming that , then taking the first a b a b a b a b+ - C >  - C > â - C > œ ! 8  "" " # # 8 8

derivatives of this equation results in

- C >  - C > â - C > œ !" # 8" # 8

a b a b a b5 5 5a b a b a b
for .  Setting , we obtain a system of  algebraic equations with5 œ !ß "ßâß 8  " > œ > 8!

unknowns .  The Wronskian, , is the determinant of the- ß - ßâß - [ C ß C ßâß C >" # 8 " # 8 !a ba b
coefficient matrix.  Since system of equations is homogeneous, [ C ß C ßâß C > Á !a ba b" # 8 !

implies that the only solution is the  solution, .trivial - œ - œ â œ - œ !" # 8

a b a ba b, [ C ß C ßâß C > œ ! >.  Suppose that  for some .  Consider the system of" # 8 ! !

algebraic
equations

- C >  - C > â - C > œ !" ! # ! 8 !" # 8

a b a b a b5 5 5a b a b a b ,

5 œ !ß "ßâß 8  " - ß - ßâß -, with unknowns .  Vanishing of the Wronskian, which is" # 8

the determinant of the coefficient matrix, implies that there is a  solution of thenontrivial
system of homogeneous equations.  That is, there exist constants , not all- ß - ßâß -" # 8

zero, which satisfy the above equations.  Now let

C > œ - C >  - C > â - C >a b a b a b a b" " # # 8 8 .

Since the ODE is linear,  is also a  solution.  Based on the system of algebraicC >a b nonzero
equations above, .  This contradicts the uniquenessC > œ C > œ â œ C > œ !a b a b a b! ! !

8"w a b
of the solution.identically zero 

26.  Let .  Then ,  , andC > œ C > @ > C œ C @  C @ C œ C @  #C @  C @a b a b a b" " "" " "
w w w ww ww w w ww

C œ C @  $C @  $C @  C @ Þwww www ww w w ww www
" " " "   Substitution into the ODE results in

C @  $C @  $C @  C @  : C @  #C @  C @  : C @  C @  : C @ œ !" " " " " "
www ww w w ww www ww w w ww w w

" " " # " $ "c d c d .

Since  is assumed to be a solution, all terms containing the factor  vanish.  HenceC @ >" a b
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C @  : C  $C @  $C  #: C  : C @ œ !1 1 1 2 11 1 1
www w ww ww w wc d c d" ,

which is a  ODE in the variable .second order ? œ @ w

28.  First write the equation in standard form:

C  $ C  ' C  C œ !
>  # >  " '

> >  $ > >  $ > >  $
www ww w

# #a b a b a b .

Let   Substitution into the given ODE results inC > œ > @ > Þa b a b#

> @  $ @ œ !
> >  %

>  $
# www wwa b

.

Set .  Then  is a solution of the first order differential equationA œ @ Aww

A  $ A œ ! Þ
>  %

> >  $
w a b

This equation is , with integrating factor .  The general solutionlinear .a b a b> œ > Î >  $%

is .  Integrating twice, it follows that A œ - >  $ Î> @ > œ - >  - >  - >  - Þa b a b% " #
" " # $

Hence   Finally, since  and are givenC > œ - >  -  - >  - > Þ C > œ > C > œ >a b a b a b" " # $ " #
$ # # $

solutions, the  independent solution is third C > œ - >  - Þ$ " "a b
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Section 4.2

1.  The magnitude polar angle of  is  and the  is .  Hence the polar"  3 V œ # Î%È 1

form is given by "  3 œ # / ÞÈ 3 Î%1

3.  The  of  is  and the  is   Hence magnitude polar angle $ V œ $ Þ  $ œ $ / Þ1 31

4.  The  of  is  and the  is   Hence magnitude polar angle 3 V œ " $ Î# Þ  3 œ / Þ1 $ 3Î#1

5.   of  is  and the  is .  HenceThe magnitude polar angleÈ$  3 V œ #  Î' œ "" Î'1 1

the polar form is given by È$  3 œ # / Þ"" 3Î'1

6.   of  is  and the  is .  Hence the polarThe magnitude polar angle "  3 V œ # & Î%È 1

form is given by  "  3 œ # / ÞÈ & 3Î%1

7.  Writing the complex number in polar form, , where  may be any integer." œ / 7#7 31

Thus   Setting  successively, we obtain the three roots as" œ / Þ 7 œ !ß "ß #"Î$ #7 3Î$1

" œ " " œ / " œ /"Î$ "Î$ "Î$, , .  Equivalently, the roots can also be written as# 3Î$ % 3Î$1 1

" -9=  3 =38 œ -9=  3=38 œ, , .a b a b a b a b# Î$ # Î$  "  $ % Î$ % Î$  "  $1 1 1 1" "
# #Š ‹ Š ‹È È

9.  Writing the complex number in polar form, , where  may be any integer." œ / 7#7 31

Thus   Setting  successively, we obtain the three roots as" œ / Þ 7 œ !ß "ß #ß $"Î% #7 3Î%1

" œ " " œ / " œ / " œ /"Î% "Î% "Î% "Î%, , , .  Equivalently, the roots can also be1 1 13Î# 3 $ 3Î#

written as , , , " -9= Î#  3 =38 Î# œ 3 -9=  3=38 œ  " -9= $ Î# a b a b a b a b a b1 1 1 1 1
 3=38 $ Î# œ  3a b1 .

10.  In polar form, , in which  is any integer.# -9= Î$  3 =38 Î$ œ # / 7a b1 1 3 Î$#71 1

Thus .  With , one square root isc da b# -9= Î$  3 =38 Î$ œ # / 7 œ !1 1 "Î# "Î# 3 Î'71 1

given by .  With , the other root is given by# / œ $  3 Î # 7 œ ""Î# 3 Î'1 Š ‹È È
# / œ  $  3 Î #"Î# 3( Î'1 Š ‹È È .

11.  The characteristic equation is   The roots are .<  <  <  " œ !Þ < œ  "ß "ß "$ #

One root is , hence the general solution is repeated C œ - /  - /  - >/ Þ" # $
> > >

13.  The characteristic equation is , with roots   The<  #<  <  # œ ! < œ  "ß "ß # Þ$ #

roots are real and , hence the general solution is distinct C œ - /  - /  - / Þ" # $
> > #>

14.  The characteristic equation can be written as   The roots are< <  %<  % œ ! Þ# #a b
< œ !ß !ß #ß # .  There are two repeated roots, and hence the general solution is given by
C œ -  - >  - /  - >/ Þ" # $ %

#> #>

15.  The characteristic equation is .  The roots are given by ,<  " œ ! < œ  "' a b"Î'
that is, the six  of .  They are , .  Explicitly,sixth roots  " / 7 œ !ß "ßâß & 3Î'7 3Î$1 1
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< œ $  3 Î# $  3 Î# 3  3  $  3 Î#  $  3 Î#Š ‹ Š ‹ Š ‹ Š ‹È È È È, , , , , .  Hence

the general solution is given by C œ / - -9= >Î#  - =38 >Î#  - -9= > 
È$ >Î#c da b a b" # $

- =38 >  / - -9= >Î#  - =38 >Î# Þ% & '
 $ >Î#È c da b a b

16.  The characteristic equation can be written as  .  The rootsa ba b<  " <  % œ !# #

are given by .  The roots are real and , hence the general solution is< œ „"ß„ # distinct
C œ - /  - /  - /  - / Þ" # $ %

> > #> #>

17.  The characteristic equation can be written as .  The roots are given bya b<  " œ !# $

< œ „" , each with .  Hence the general solution ismultiplicity three

C œ - /  - >/  - > /  - /  - >/  - > / Þ" # $ % & '
> > # > > > # >

18.  The characteristic equation can be written as  .  The roots are given< <  " œ !# %ˆ ‰
by .  The general solution is < œ !ß !ß„ "ß„ 3 C œ -  - >  - /  - /  - -9= > " # $ % &

> >

 - =38 >' .

19.  The characteristic equation can be written as .< <  $<  $<  $<  # œ !ˆ ‰% $ #

Examining the coefficients, it follows that <  $<  $<  $<  # œ <  " <  # ‚% $ # a ba ba b<  " Þ < œ !ß "ß #ß„ 3#   Hence the roots are .  The general solution of the ODE is given
by .C œ -  - /  - /  - -9= >  - =38 >" # $ % &

> #>

20.  The characteristic equation can be written as  , with roots  ,< <  ) œ ! < œ !a b$

# / 7 œ !ß "ß # < œ !ß #ß  "„ 3 $#7 3Î$1 , .  That is, .  Hence the general solution isÈ
C œ -  - /  / - -9= $ >  - =38 $ > Þ" # $ %

#> >’ “È È
21.  The characteristic equation can be written as  .  The roots of theˆ ‰<  % œ !% #

equation  are , .  Each of these roots has <  % œ ! < œ "„ 3  "„ 3 Þ% 7?6>3:63-3>C >A9
The general solution is C œ / - -9= >  - =38 >  >/ - -9= >  - =38 > > >c d c d" # $ %

 / - -9= >  - =38 >  >/ - -9= >  - =38 >> >c d c d& ' ( ) .

22.  The characteristic equation can be written as  .  The roots are givena b<  " œ !# #

by , each with   The general solution is < œ „ 3 Þ C œ - -9= >  - =387?6>3:63-3>C >A9 " #

> 
 > - -9= >  - =38 > Þc d$ %

24.  The characteristic equation is   Examining the coefficients,<  &<  '<  # œ !Þ$ #

we find that .  Hence the roots are deduced as<  &<  '<  # œ <  " <  %<  #$ # #a ba b
< œ  "  #„ # C œ - /  - /  - / Þ, .  The general solution is È

" # $
# # # #> > >Š ‹ Š ‹È È

25.  The characteristic equation is   By examining the first")<  #"<  "%<  % œ !Þ$ #

and last coefficients, we find that .")<  #"<  "%<  % œ #<  " *<  '<  %$ # #a ba b



—————————————————————————— ——CHAPTER 4. 

________________________________________________________________________
            page 153

Hence the roots are , .  The general solution of the ODE is< œ  "Î#  "„ $ Î$Š ‹È
given by C œ - /  / - -9= >Î $  - =38 >Î $ Þ" # $

>Î# >Î$’ “Š ‹ Š ‹È È
26.  The characteristic equation is   By examining the<  (<  '<  $!<  $' œ !Þ% $ #

first and last coefficients, we find that

<  (<  '<  $!<  $' œ <  $ <  # <  '<  '% $ # #a ba bˆ ‰.

The roots are .  The general solution is< œ  #ß $ß $„ $È
C œ - /  - /  - /  - / Þ" # $ %

$ $ $ $#> $> > >Š ‹ Š ‹È È

28.  The characteristic equation is   It can be shown<  '<  "(<  ##<  "% œ !Þ% $ #

that .  Hence the roots are<  '<  "(<  ##<  "% œ <  #<  # <  %<  (% $ # # #a ba b
< œ  "„ 3  #„ 3 $, .  The general solution isÈ

C œ / - -9= >  - =38 >  / - -9= $ >  - =38 $ > Þ> #>c d ’ “È È
" # $ %

30.  .C > œ / =38 >Î #  / =38 >Î #a b Š ‹ Š ‹È È" "
# #

>Î # >Î #È È

32.  The characteristic equation is , with roots , .  Hence<  <  <  " œ ! < œ " „ 3$ #

the general solution is .  Invoking the initial conditions,C > œ - /  - -9= >  - =38 >a b " # $
>

we obtain the system of equations

-  - œ #

-  - œ  "

-  - œ  #

" #

" $

" #

with solution , , .  Therefore the solution of the initial value- œ ! - œ # - œ  "" # $

problem is .C > œ #-9= >  =38 >a b
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33.  The characteristic equation is , with roots ,#<  <  *<  %<  % œ ! < œ  "Î#% $ #

" „ # C > œ - /  - /  - /  - /, .  Hence the general solution is .  Applyinga b " # $ %
>Î# > #> #>

the initial conditions, we obtain the system of equations

- -  -  - œ  #

 - -  #-  #- œ !
"

#
"

%
- -  %-  %- œ  #

 - -  )-  )- œ !
"

)

" # $ %

" # $ %

" # $ %

" # $ %









with solution , , , .  Therefore the- œ  "'Î"& - œ  #Î$ - œ  "Î' - œ  "Î"!" # $ %

solution of the initial value problem is .C > œ  /  /  /  /a b "' # " "
"& $ ' "!

>Î# > #> #>

The solution decreases without bound.

34.  .C > œ /  / -9= >  =38 >a b  ‘# #% $
"$ "$ "$

> >Î#
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The solution is an oscillation with  amplitude.increasing

35.  The characteristic equation is , with roots , , .' <  &<  < œ ! < œ !  "Î$  "Î#$ #

The general solution is   Invoking the initial conditions,C > œ -  - /  - / Þa b " # $
>Î$ >Î#

we require that

-  -  - œ  #

 -  - œ #
" "

$ #
" "

* %
-  - œ !

" # $

# $

# $

with solution , , .  Therefore the solution of the initial value- œ ) - œ  ") - œ )" # $

problem is .C > œ )  ")/  )/a b >Î$ >Î#

36.  The general solution is derived in Prob.  asa b#)

C > œ / - -9= >  - =38 >  / - -9= $ >  - =38 $ > Þa b c d ’ “È È> #>
" # $ %

Invoking the initial conditions, we obtain the system of equations
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-  - œ "

 - -  #-  $ - œ  #

 #-  -  % $ - œ !

#- -  "!-  * $ - œ $

" $

" # $ %

# $ %

" # $ %



 #

È
È
È

with solution , , , .- œ #"Î"$ - œ  $)Î"$ - œ  )Î"$ - œ "( $ Î$*" # $ %
È

The solution is a rapidly-decaying oscillation.

38.

[ / ß / ß -9= >ß =38 > œ  )

[ -9=2 >ß =382 >ß -9= >ß =38 > œ %

ˆ ‰
a b

> >

40.  Suppose that , and each of the  are real and- /  - / â - / œ ! <" # 8 5
< > < > < >" # 8

different.  Multiplying this equation by , ./ -  - / â - / œ !< > < < > < < >" # " 8 "
" # 8

a b a b
Differentiation results in

- <  < / â - <  < / œ !# # " 8 "8a b a ba b a b< < > < < ># " 8 " .

Now multiplying the latter equation by , and differentiating, we obtain/ < < >a b# "

- <  < <  < / â - <  < <  < / œ !$ $ # $ " 8 8 # "8a ba b a ba ba b a b< < > < < >$ # 8 # .

Following the above steps in a similar manner, it follows that

- <  < â <  < / œ !8 8 8" "8a b a b a b< < >8 8" .

Since these equations hold for all , and all the  are different, we have .  Hence> < - œ !5 8

- /  - / â - / œ ! _  >  _" # 8"
< > < > < >" # 8"  ,  .

The same procedure can now be repeated, successively, to show that

- œ - œ â œ - œ !" # 8 .
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Section 4.3

2.  The general solution of the homogeneous equation is C œ- - /  - /  - -9= > " # $
> >

 - =38 > 1 > œ $> 1 > œ -9= > ] > œ  $>% " # ".  Let  and .  By inspection, we find that .a b a b a b
Since  is a solution of the homogeneous equation, set 1 > ] > œ > E-9= >  F=38 > Þ# #a b a b a b
Substitution into the given ODE and comparing the coefficients of similar term results in
E œ ! F œ  "Î% and .  Hence the general solution of the nonhomogeneous problem is

C > œa b C >  $>  =38 >
>

%
-a b .

3.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Ta ba b<  " <  " œ ! - / # >he solution of the homogeneous equation is C œ- "

 - -9= >  - =38 > 1 > œ / 1 > œ %> 1 ># $ " #.  Let  and .  Since  is a solution of thea b a b a b>
1

homogeneous equation, set   Substitution into the ODE results in .] > œ E>/ Þ E œ1a b > "Î#

Now let .  We find that .  Hence the general solution of] > œ F>  G F œ  G œ %#a b
the nonhomogeneous problem is C > œa b C >  >/ Î#  % >  "-a b a b> .

4.  The characteristic equation corresponding to the homogeneous problem can be written
as .  T< <  " <  " œ ! -  - / a ba b he solution of the homogeneous equation is C œ- " #

>

 - / 1 > œ # =38 >$
>.  Since  is not a solution of the homogeneous problem, we can seta b

] > œ E -9= >  F =38 > E œ " F œ !a b .  Substitution into the ODE results in  and .
Thus
the general solution is .C > œa b -  - /  - /  -9= >" $#

> >

6.  The characteristic equation corresponding to the homogeneous problem can be written
as .  It follows that   Sincea b<  "# #

- " # $ %œ ! C œ - -9= >  - =38 >  > - -9= >  - =38 > Þa b
1 > ] > œ E F-9= #>  G=38 #>a b a b is not a solution of the homogeneous problem, set .
Substitution into the ODE results in , , .  Thus the general solutionE œ $ F œ "Î* G œ !
is .C > œ C >  $ a b a b-

"
* -9= #>

7.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Thus the homogeneous solution is< <  " œ !$ $a b

C œ -  - >  - >  - /  / - -9= $ >Î# - =38 $ >Î# Þ- " # $ % & &
# > >Î#’ “Š ‹ Š ‹È È

Note the  is a solution of the homogenous problem.  Consider a particular1 > œ >a b
solution
of the form   ] > œ > E>  F Þa b a b$ Substitution into the ODE results in  andE œ "Î#%

F œ !.  Thus the general solution is .C > œ C >  > Î#%a b a b-
%

8.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Hence the homogeneous solution is .< <  " œ ! C œ -  - >  - >  - /$ # >a b - " # $ %

Since  is  a solution of the homogeneous problem, set .1 > ] > œ E-9= #>  F=38 #>a b a bnot
Substitution into the ODE results in  and .  Thus the general solutionE œ "Î%! F œ "Î#!
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is .C > œ C >  Î%!a b a b a b- -9= #>  #=38 #>

10.  From Prob.  in Section , the homogeneous solution is## %Þ#

C œ - -9= >  - =38 >   > - -9= >  - =38 > Þ- " # $ %c d
Since  is  a solution of the homogeneous problem, substitute  into1 > ] > œ E>  Fa b a bnot
the ODE to obtain  and .  Thus the general solution is .E œ $ F œ % C > œ C >  $>  %a b a b-

Invoking the initial conditions, we find that , , , .- œ  % - œ  % - œ " - œ  $Î#" # $ %

Therefore the solution of the initial value problem is

C > œ >  % -9= >  $>Î#  % =38 >  $>  %a b a b a b .

11.  The characteristic equation can be written as .  Hence the< <  $<  # œ !a b#

homogeneous solution is .  Let  and .  NoteC œ -  - /  - / 1 > œ / 1 > œ >-
> #> >

" # $ " #a b a b
that  is a solution of the homogeneous problem.  Set .  Substitution into1 ] > œ E>/" "a b >

the ODE results in .  Now let .  Substitution into the ODEE œ  " ] > œ F>  G>#a b #

results in  and .  Therefore the general solution isF œ "Î% G œ $Î%

C > œ -  - /  - /  >/  >  $> Î%a b ˆ ‰" # $
> #> > # .

Invoking the initial conditions, we find that , .  The solution of the- œ " - œ - œ !" # $

initial value problem is .C > œ "  >/  >  $> Î%a b a b> #
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12.  The characteristic equation can be written as .  Hencea ba ba b<  " <  $ <  % œ !#

the homogeneous solution is .  None of theC œ - /  - /  - -9= #>  - =38 #>-
> $>

" # $ %

terms in  is a solution of the homogeneous problem.  Therefore we can assume a form1 >a b
] > œ E/  F-9= >  G=38 > Þ E œ "Î#!a b >   Substitution into the ODE results in ,
F œ  #Î& G œ  %Î&, .  Hence the general solution is

C > œ - /  - /  - -9= #>  - =38 #>  / Î#!  #-9= >  %=38 > Î&a b a b" # $ %
> $> > .

Invoking the initial conditions, we find that , , ,- œ )"Î%! - œ ($Î&#! - œ ((Î'&" # $

- œ  %*Î"$!% .

14.  From Prob. , t .  Consider the% -  - /  - /he homogeneous solution is C œ- " $#
> >

terms  and .  Note that since  is a  root of the1 > œ >/ 1 > œ #-9= > < œ  "" #a b a b> simple
characteristic equation, Table  suggests that we set   The%Þ$Þ" ] > œ > E>  F / Þ"a b a b >

function  is  a solution of the homogeneous equation.  We can simply choose#-9= > not
] > œ G-9= >  H=38 >#a b .  Hence the particular solution has the form

] > œ > E>  F /  G-9= >  H=38 >a b a b > .

15.  The characteristic equation can be written as .  The roots are givena b<  " œ !# #



—————————————————————————— ——CHAPTER 4. 

________________________________________________________________________
            page 160

as , each with .  Hence the solution of the homogeneous problem< œ „" multiplicity two
is .  Let  and .  The functionC œ - /  - >/  - /  - >/ 1 > œ / 1 > œ =38 >-

> > > > >
" # $ % " #a b a b

/ < œ "> is a solution of the homogeneous problem.  Since  has multiplicity , we set>A9
] > œ E> / =38 >"a b # >.  The function  is  a solution of the homogeneous equation.  Wenot
can set .  Hence the particular solution has the form] > œ F-9= >  G=38 >#a b

] > œ E> /  F-9= >  G=38 >a b # > .

16.  The characteristic equation can be written as , with roots , < <  % œ ! < œ ! „#3Þ# #a b
The root  has multiplicity , hence the homogeneous solution is < œ ! C œ -  - > >A9 - " #

 - -9= #>  - =38 #> 1 > œ =38 #> 1 > œ %$ % " #.  The functions  and  are solutions of thea b a b
homogenous equation.  The complex roots have multiplicity , therefore we need to setone
] > œ E> -9= #>  F> =38 #> 1 > œ % < œ !Þ" #a b a b.  Now  is associated with the  root double
Based on Table , set .  Finally,  and its derivatives  is%Þ$Þ" ] > œ G> 1 > œ >/# $a b a b a b# >

independent of the homogeneous solution.  Therefore set .  Conclude] > œ H>  I /$a b a b >

that the particular solution has the form

] > œ E> -9= #>  F> =38 #>  G>  H>  I / Þa b a b# >

18.  The characteristic equation can be written as , with roots ,< <  #<  # œ ! < œ !# #a b
with multiplicity , and .  The homogeneous solution is two < œ  "„ 3 C œ -  - > - " #

 - / -9= >  - / =38 > 1 > œ $/  #>/$ % "
> > > >.  The function , and all of its derivatives,a b

is independent of the homogeneous solution.  Therefore set ] > œ E/  F>  G / Þ"a b a b> >

Now  is a solution of the homogeneous equation, associated with the1 > œ / =38 >#a b >

complex roots.  We need to set   It follows that the] > œ > H / -9= >  I / =38 > Þ#a b a b> >

particular solution has the form

] > œ E/  F>  G /  > H / -9= >  I / =38 > Þa b a b ˆ ‰> > > >

19.  Differentiating , successively, we haveC œ ? > @ >a b a b
C œ ? @  ?@

C œ ? @  #? @  ?@

ã

C œ ? @
8

4

w w w

ww ww w w ww

8 84 4

4œ!

8a b a b a b"Œ 
Setting , .  So  for any ,@ > œ / @ œ / : œ "ß #ßâß 8a b ! !> 4 4 >a b !

C œ / ?
:

4
a b a b: > 4 :4

4œ!

:
! "Œ ! .

It follows that
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P / ? œ / + ? ‡ Þ
:

4
 ‘ " "– —Œ  a b! !> > 4 :4

:œ! 4œ!

8

8:

:

! a b       

It is evident that the right hand side of Eq.  is of the forma b‡
/ 5 ?  5 ? â 5 ?  5 ? Þ!> 8 8" w

8" 8 ‘! "
a b a b

Hence operator equation  can beP / ? œ / , >  , > â , >  ,c d a b! !> > 7 7"
7! " 7"

written as

5 ?  5 ? â 5 ?  5 ? œ! "
a b a b8 8" w

8" 8

œ , >  , > â , >  , Þ! " 7"
7 7"

7

The coefficients ,  can be determined by collecting the like terms in5 3 œ !ß "ßâß 83

the double summation in Eq. .  For example,  is the coefficient of .  The a b‡ 5 ?!
a b8 only

term that contains  is when  and .  Hence .  On the other hand,? : œ 8 4 œ ! 5 œ +a b8
! !

5 ? > ‡ ?8 is the coefficient of .  The inner summation in  contains terms with , given bya b a b
!:? 4 œ : : œ !ß "ßâß 8a bwhen , for each .  Hence

5 œ +8 8:

:œ!

8
:" ! .

21 .  Clearly,  is a solution of , and  is a solution of the differentiala b+ / C  #C œ ! >/#> w >

equation .  The latter ODE has characteristic equation .C  #C  C œ ! <  " œ !ww w #a b
Hence  and .  Furthermore,a bc d a bc d a b c dH  # $/ œ $ H  # / œ ! H  " >/ œ !#> #> >#

we have , and a ba b c d a bc d a ba b c dH  # H  " >/ œ H  # ! œ ! H  # H  " $/ œ# #> #>

œ H  " H  # $/ œ H  " ! œ !a b a bc d a b c d# ##> .

a b a b, +.  Based on Part ,

a ba b a b a b a ba b ‘  ‘H  # H  " H  # H  " ] œ H  # H  " $/  >/

œ !

# $ # #> >

,

since the operators are linear.  The implied operations are associative and commutative.
Hence

a b a bH  # H  " ] œ ! Þ% $

The operator equation corresponds to the solution of a linear homogeneous ODE with
characteristic equation .  The roots are , with multiplicity a b a b<  # <  " œ ! < œ # %% $

and , with multiplicity .  It follows that the given homogeneous solution is< œ  " $

] > œ - /  - >/  - > /  - > /  - /  - >/  - > /a b " # $ % & ' (
#> #> # #> $ #> > > # >,

which is a linear combination of seven independent solutions.
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22 .  Observe that  and .  Hence the operatora b a bc d a bc d"& H  " / œ ! H  " =38 > œ !> #

L H œ H  " H  " /  =38 >a b a ba b# > is an annihilator of .  The operator corresponding
to the left hand side of the given ODE  is   It follows thata bH  " Þ# #

a b a b ˆ ‰H  " H  " H  " ] œ !# $ # .

The resulting ODE is homogeneous, with solution

] > œ - /  - >/  - /  - >/  - > /  - -9= >  - =38 >a b " # $ % & ' (
> > > > $ > .

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,"&
we have

] > œ - > /  - -9= >  - =38 >a b & ' (
$ > .

22 .  We find that , , and .a b c d a b c d a bc d"' H % œ ! H  " >/ œ ! H  % =38 #> œ !# > #

The operator is an annihilator of .  TheL H œ H H  " H  % >  >/  =38 #>a b a b a b# # # >

operator corresponding to the left hand side of the ODE  is   It follows thatH H  % Þ# #a b
H H  " H  % ] œ !$ ## #a b ˆ ‰ .

The resulting ODE is homogeneous, with solution

] > œ -  - >  - >  - /  - >/  - -9= #>  - =38 #>  - >-9= #>  - >=38 #>a b " # $ % & ' ( ) *
# > > .

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,"'
we have

] > œ - >  - /  - >/  - >-9= #>  - >=38 #>a b $ % & ) *
# > > .

22 .  Observe that ,   The function  isa b a bc d a b c d") H  " / œ ! H  " >/ œ ! Þ / =38 >> > >#

a solution of a second order ODE with characteristic roots .  It follows that< œ  "„ 3a bc dH  #H  # / =38 > œ !# > .  Therefore the operator

L H œ H  " H  " H  #H  #a b a ba b ˆ ‰# #

is an annihilator of .  The operator corresponding to the left hand$/  #>/  / =38 >> > >

side of the given ODE  is   It follows thatH H  #H  # Þ# #a b
H H  " H  " H  #H  # ] œ !# ## #a ba b ˆ ‰ .

The resulting ODE is homogeneous, with solution

] > œ -  - >  - /  - /  - >/ 

 / - -9= >  - =38 >  >/ - -9= >  - =38 > Þ

a b a b a b" # $ % &

' ( ) *

> > >

> >

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,")
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we have

] > œ - /  - /  - >/  >/ - -9= >  - =38 >a b a b$ % & ) *
> > > > .
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Section 4.4

2.  The characteristic equation is .  Hence the homogeneous solution is< <  " œ !a b#

C > œ -  - /  - / [ "ß / ß / œ #- " # $a b a b> > > >.  The Wronskian is evaluated as .  Now
compute the three determinants

[ > œ œ  #
! / /

! /  /

" / /
"a b

â ââ ââ ââ ââ ââ â
> >

> >

> >

[ > œ œ /
" ! /

! !  /

! " /
#a b

â ââ ââ ââ ââ ââ â
>

>

>

>

[ > œ œ /
" / !

! / !

! / "
$a b

â ââ ââ ââ ââ ââ â
>

>

>

>

The solution of the system of equations  isa b"!

? > œ œ  >
>[ >

[ >"

"wa b a ba b
? > œ œ >/ Î#

>[ >

[ >#

#w >a b a ba b
? > œ œ >/ Î#

>[ >

[ >$

$w >a b a ba b
Hence , ,   The particular? > œ  > Î# ? > œ  / >  " Î# ? > œ / >  " Î# Þ" $a b a b a b a b a b# > >

2

solution becomes .  The constant] > œ  > Î#  >  " Î#  >  " Î# œ  > Î#  "a b a b a b# #

is a solution of the homogeneous equation, therefore the general solution is

C > œ -  - /  - /  > Î#a b " # $
> > # .

3.  From Prob.  in Section , "$ %Þ# C > œ - /  - /  - / Þ- " # $a b > > #>   The Wronskian is
evaluated as [ / ß / ß / œ ' /a b> > #> #>.  Now compute the three determinants

[ > œ œ /
! / /

! / #/

" / %/
"a b

â ââ ââ ââ ââ ââ â
> #>

> #>

> #>

$>
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[ > œ œ  $/
/ ! /

 / ! #/

/ " %/
#a b

â ââ ââ ââ ââ ââ â
> #>

> #>

> #>

>

[ > œ œ #
/ / !

 / / !

/ / "
$a b

â ââ ââ ââ ââ ââ â
> >

> >

> >

Hence , , .  Therefore the particular solution? > œ / Î' ? > œ  / Î# ? > œ / Î$" # $
w &> w $> w #>a b a b a b

can be expressed as

] > œ / / Î$!  / / Î'  / / Î'

œ / Î$! Þ

a b  ‘  ‘  ‘> &> > $> #> #>

%>

6.  From Prob.  in Section , ## %Þ# C > œ - -9= >  - =38 >  > - -9= >  - =38 > Þ- " # $ %a b c d   The
Wronskian is evaluated as [ -9= >ß =38 >ß > -9= >ß > =38 > œ %a b .  Now compute the four
auxiliary determinants

[ > œ œ  #=38 >

! =38 > > -9= > > =38 >
! -9= > -9= >  > =38 > =38 >  > -9= >
!  =38 >  #=38 >  > -9= > #-9= >  > =38 >
"  -9= >  $-9= >  > =38 >  $=38 >  > -9= >

"a b
â ââ ââ ââ ââ ââ ââ ââ â

 #> -9= >

[ > œ œ #> =38 >

-9= > ! > -9= > > =38 >
 =38 > ! -9= >  > =38 > =38 >  > -9= >
 -9= > !  #=38 >  > -9= > #-9= >  > =38 >
=38 > "  $-9= >  > =38 >  $=38 >  > -9= >

#a b
â ââ ââ ââ ââ ââ ââ ââ â

 #-9= >

[ > œ œ  #-9= >

-9= > =38 > ! > =38 >
 =38 > -9= > ! =38 >  > -9= >
 -9= >  =38 > ! #-9= >  > =38 >
=38 >  -9= > "  $=38 >  > -9= >

$a b
â ââ ââ ââ ââ ââ ââ ââ â

[ > œ œ  #=38 >

-9= > =38 > > -9= > !
 =38 > -9= > -9= >  > =38 > !
 -9= >  =38 >  #=38 >  > -9= > !
=38 >  -9= >  $-9= >  > =38 > "

%a b
â ââ ââ ââ ââ ââ ââ ââ â

It follows that , ,? > œ  =38 >  > =38 > -9= > Î# ? > œ >=38 >  =38 > -9= > Î#" #
w # w #a b c d a b c d

? > œ  =38 > -9= >Î# ? > œ  =38 >Î#$ %
w w #a b a b, .  Hence

? > œ $=38 > -9= >  #> -9= >  > Î)"a b  ‘#
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? > œ =38 >  #-9= >  #> =38 > -9= >  > Î)#a b  ‘# # #

? > œ  =38 >Î%$a b #

? > œ -9= > =38 >  > Î%%a b c d
Therefore the particular solution can be expressed as

] > œ -9= > ? >  =38 > ? >  > -9= > ? >  > =38 > ? >

œ =38 >  $> -9= >  > =38 > Î) Þ

a b c d c d c d c da b a b a b a b ‘" # $ %

#

Note that only the  is last term not a solution of the homogeneous equation.  Hence the
general solution is

C > œ - -9= >  - =38 >  > - -9= >  - =38 > a b c d" # $ % > =38 > Î) Þ#

8.  Based on the results in Prob. , # C > œ -  - /  - /- " # $a b > >.  It was also shown that
[ "ß / ß / œ # [ > œ  # [ > œ / [ > œ /a b a b a b a b> > > >, with , , .  Therefore we have" # $

? > œ  -=- > ? > œ / -=- > Î# ? > œ / -=- > Î#" # $
w w > w >a b a b a b, , .  The particular solution can

be expressed as   More specifically,] > œ ? >  / ? >  / ? > Þa b c d c d c da b a b a b" # $
> >

] > œ 68 -=- >  -9> >  / -=- = .=  / -=- = .=
/ /

# #

œ 68 -=- >  -9> >  -9=2 >  = -=- = .=

a b k k a b a ba b a b ( (
k k a b a ba b a b (

> >

> >

> >
= =

>

>
! !

!

.

9.  Based on Prob. , , , .  The particular% ? > œ =/- > ? > œ  " ? > œ  >+8 >" # $
w w wa b a b a b

solution can be expressed as   That is,] > œ ? >  -9= > ? >  =38 > ? > Þa b c d c d c da b a b a b" # $

] > œ 68 =/- >  >+8 >  > -9= >  =38 > 68 -9= >a b k k k ka b a b a b .

Hence the general solution of the initial value problem is

C > œ -  68 =/- >  >+8 >  > -9= >  =38 > 68 -9= > Þa b k k k ka b a b a b" - -9= >  - =38 > # $

Invoking the initial conditions, we require that , , .-  - œ # - œ "  - œ  #" # $ #

Therefore

C > œ # 68 =/- >  >+8 >  > -9= >  =38 > 68 -9= >a b k k k ka b a b a b-9= >  =38 > 
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10.  From Prob. ,   In' > =38 > Î) ÞC > œ - -9= >  - =38 >  - > -9= >  - > =38 > a b " # $ %
#

order to satisfy the initial conditions, we require that , ,- œ # -  - œ !" # $

 -  #- œ  "  $Î%  -  $- œ " Þ" % # $,   Therefore

C > œ # > =38 > Î) Þa b -9= >  (=38 >  (> -9= >  %> =38 >  ‘#

12.  From Prob.  , the general solution of the initial value problem is)

C > œ -  - /  - /  68 -=- >  -9> > a b k ka b a b" # $

> >

> >

> >
= => > / /

# #
/ -=- = .=  / -=- = .=( (a b a b

! !

.

In this case, .  Observe that , , and> œ Î# C Î# œ C Î# C Î# œ C Î#! - -1 1 1 1 1a b a b a b a bw w

C Î# œ C Î#ww wwa b a b1 1- .  Therefore we obtain the system of equations

-  - /  - / œ #

- /  - / œ "

- /  - / œ  "

" # $

# $

# $

1 1

1 1

1 1

Î#  Î#

Î#  Î#

Î#  Î#

Hence the solution of the initial value problem is
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C > œ $  /  68 -=- >  -9> >  -9=2 >  = -=- = .= Þa b k k a b a ba b a b (> Î#

>

>
1

!

13.  First write the equation as   TC  B C  #B C  #B C œ #B Þwww ww w" # $ he Wronskian
is evaluated as [ Bß B ß "ÎB œ 'ÎBa b# .  Now compute the three determinants

[ B œ œ  $
! B "ÎB
! #B  "ÎB
" # #ÎB

"
#

$

a b
â ââ ââ ââ ââ ââ â

#

[ B œ œ #ÎB
B ! "ÎB
" !  "ÎB
! " #ÎB

#
#

$

a b
â ââ ââ ââ ââ ââ â

[ B œ œ B
B B !
" #B !
! # "

$a b
â ââ ââ ââ ââ ââ â

#

#

Hence , , .  Therefore the particular solution? B œ  B ? B œ #BÎ$ ? B œ B Î$" # $
w # w w %a b a b a b

can be expressed as

] B œ B  B Î$  B B Î$  B Î"&
"

B
œ B Î"& Þ

a b  ‘  ‘  ‘$ # # &

%

15.  The homogeneous solution is TC > œ - -9= >  - =38 >  - -9=2 >  - =382 > Þ- " # $ %a b   he
Wronskian is evaluated as [ -9= >ß =38 >ß -9=2 >ß =382 > œ %a b .  Now the four additional
determinants are given by , , ,[ > œ # =38 > [ > œ  # -9= > [ > œ  # =382 >" # $a b a b a b
[ > œ # -9=2 > ? > œ 1 > =38 > Î# ? > œ  1 > -9= > Î#% " #a b a b a b a b a b a b a b.  If follows that , ,w w

? > œ  1 > =382 > Î# ? > œ 1 > -9=2 > Î#$ %
w wa b a b a b a b a b a b, .  Therefore the particular solution
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can be expressed as

] > œ 1 = =38 = .=  1 = -9= = .= 
-9= > =38 >

# #

 1 = =382 = .=  1 = -9=2 = .= Þ
-9=2 > =382 >

# #

a b a b a b a b a ba b a b( (
a b a b( (a b a b a b a b

> >

> >

> >

> >
! !

! !

Using the appropriate identities, the integrals can be combined to obtain

] > œ 1 = =382 >  = .=  1 = =38 >  = .= Þ
" "

# #
a b a b a b a b a b( (

> >

> >

! !

17.  First write the equation as   It canC  $B C  'B C  'B C œ 1 B ÎB Þwww ww w $" # $ a b
be shown that C B œ - B  - B  - B- " # $a b # $ is a solution of the homogeneous equation.
The Wronskian of this fundamental set of solutions is   T[ Bß B ß B œ #B Þa b# $ $ he three
additional determinants are given by , , [ B œ B [ B œ  #B [ B œ B Þ" # $a b a b a b% $ #

Hence , , .  Therefore the? B œ 1 B Î#B ? B œ  1 B ÎB ? B œ 1 B Î#B" # $
w # w $ w %a b a b a b a b a b a b

particular solution can be expressed as

] B œ B .>  B .>  B .>
1 > 1 > 1 >

#> > #>

œ   1 > .> Þ
" B # B B

# > > >

a b ( ( (a b a b a b
( ” • a b
B B B

B B B

# $ %
# $

B

B

# $ %

# $
! ! !

!
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Chapter Five

Section 5.1

1.  Apply the ratio test :

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka b k k k kB  $

B  $
œ B  $ œ B  $ Þ

Hence the series converges absolutely for .  The radius of convergence isk kB  $  "
3 œ " B œ # B œ %.  The series diverges for  and , since the n-th term does not approach
zero.

3.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

#8# #

#8

k kk ka b8x B B

8  " x B 8  "
œ œ ! Þ

The series converges absolutely for all values of .  Thus the radius of convergence isB
3 œ _ .

4.  Apply the ratio test :

lim lim
8Ä_ 8Ä_

8" 8"

8 8

k kk k k k k k# B

# B
œ # B œ # B Þ

Hence the series converges absolutely for , or .  T# B B  "Î#k k k k he radius of convergence
is .   term does not approach3 œ "Î# The series diverges for , since the B œ „"Î# n-th
zero.

6.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka ba b k k k ka b a b8 B  B

8  " B  B 8  "
œ B  B œ B  B Þ

8!

!
! !

Hence the series converges absolutely for .  The radius of convergence isk ka bB  B  "!

3 œ " B œ B  ".  At , we obtain the At the other! harmonic series divergent, which is .  
endpoint, , we obtainB œ B  "!

"a b
8œ"

_ 8 "

8
,

which is conditionally convergent.

7.  Apply the ratio test :
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lim lim
8Ä_ 8Ä_

8 # 8"

8" # #8

#¸ ¸a b a bk ka b a b k k k ka b a b$ 8  " B  #

$ 8 B  # $8 $
œ B  # œ B  # Þ

8  " "

Hence the series converges absolutely for , or .  T"
$ k k k kB  #  " B  #  $ he radius of

convergence is .  3 œ $ At  and , the series diverges, since the B œ  & B œ  " n-th
term does not approach zero.

8.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8 8" 8

8" 8 8

k ka b¸ ¸a b a b k k k k8 8  " x B 8 "

8  " 8x B
œ B œ B

8  " /
,

since

lim lim
8Ä_ 8Ä_

8

8

8
"8 "

8  " 8
œ "  œ /a b Œ    .

Hence the series converges absolutely for .  Tk kB  / he radius of convergence is .3 œ /
At , the series , since the B œ „/ diverges n-th term does not approach zero.  This follows
from the fact that

lim
8Ä_

8

8

8x /

8 # 8
œ "

 
.È 1

10.  We have , with , for .  Therefore .0 B œ / 0 B œ / 8 œ "ß #ßâ 0 ! œ "a b a b a bB 8 B 8a b a b
Hence the Taylor expansion about  isB œ !!

/ œ
B

8x
B

8œ!

_ 8" .

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk ka b k k8xB "

8  " x B 8  "
œ B œ !.

The radius of convergence is .3 œ _

11.  We have , with  and , for .  Clearly,0 B œ B 0 B œ " 0 B œ ! 8 œ #ßâa b a b a bw 8a b
0 " œ " 0 " œ "a b a band , with all other derivatives equal to .  Hence the Taylorw zero
expansion about  isB œ "!

B œ "  B  " Þa b
Since the series has only a finite number of terms, the converges absolutely for all  .B

14.  We have , , ,0 B œ "Î "  B 0 B œ  "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that 0 B œ  " 8xÎ "  B 8   " 0 ! œ  " 8xa b a b8 88 8a b a b a b a b a b8"
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for .  Hence the Taylor expansion about  is8   ! B œ !!

"

"  B
œ  " B" a b

8œ!

_
8 8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk k k k k kB

B
œ B œ B .

The series converges absolutely for , but diverges at .k kB  " B œ „"

15.  We have , , ,0 B œ "Î "  B 0 B œ "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that , for .0 B œ 8xÎ "  B 8   " 0 ! œ 8x 8   !a b a b8 8a b a b a b8"

Hence the Taylor expansion about  isB œ !!

"

"  B
œ B"

8œ!

_
8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk k k k k kB

B
œ B œ B .

The series converges absolutely for , but diverges at .k kB  " B œ „"

16.  We have , , ,0 B œ "Î "  B 0 B œ "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that  for0 B œ 8xÎ "  B 8   " 0 # œ  " 8xa b a b8 8 8"a b a b a b a b8"

8   ! B œ #.  Hence the Taylor expansion about  is!

"

"  B
œ   " B  #" a b a b

8œ!

_
8 8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka b k k k kB  #

B  #
œ B  # œ B  # .

The series converges absolutely for , but diverges at  and .k kB  #  " B œ " B œ $

17.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k ka bk k k k k k8  " B 8  "

8B 8
œ B œ B .

The series converges absolutely for .  Term-by-term differentiation results ink kB  "
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C œ 8 B œ "  %B  *B  "'B âw # 8" # $

8œ"

_"

C œ 8 8  " B œ %  ")B  %)B  "!!B âww # 8# # $

8œ#

_" a b
Shifting the indices, we can also write

C œ 8  " B C œ 8  # 8  " B Þw 8 ww 8

8œ! 8œ!

_ _
# #" "a b a b a b   and    

20.  Shifting the index in the second series, that is, setting ,8 œ 5  "

" "
5 œ!

_ _
5" 8

8œ"

8"+ B œ + B5 .

Hence

" " " "
"a b

5 œ! 5 œ! 5 œ! 5 œ"

_ _ _ _
5 5" 5 5

5

" 5" 5"

5 œ"

_
5"

+ B  + B œ + B  + B

œ +  +  + B Þ

5" 5" 5"

21.  , that is, setting ,Shifting the index by # 7 œ 8  #

" "a b a ba b
"a ba b

8œ# 7œ!

_ _

8 7#
8# 7

8œ!

_

8#
8

8 8  " + B œ 7 # 7 " + B

œ 8  # 8  " + B Þ

22.   , that is, set .  It follows thatShift the index by down # 7 œ 8  #

" "
"

8œ! 7œ#

_ _

8 7#
8# 7

8œ#

_

8#
8

+ B œ + B

œ + B Þ

24.  Clearly,
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ˆ ‰" " "a b a b a b"  B 8 8  " + B œ 8 8  " + B  8 8  " + B Þ# 8# 8# 8

8œ# 8œ# 8œ#

_ _ _

8 8 8

Shifting the index in the first series, that is, setting ,5 œ 8  #

" "a b a ba b
"a ba b

8œ#

_ _

8 5#
8# 5

5 œ!

8œ!

_

8#
8

8 8  " + B œ 5  # 5  " + B

œ 8  # 8  " + B Þ

Hence

ˆ ‰"  B# " " "a b a ba b a b
8œ# 8œ! 8œ#

_ _ _

8 8# 8
8# 8 88 8  " + B œ 8  # 8  " + B  8 8  " + B .

Note that when  and , the coefficients in the  series are .  So that8 œ ! 8 œ " second zero

ˆ ‰"  B# " "a b c da ba b a b
8œ# 8œ!

_ _

8 8# 8
8# 88 8  " + B œ 8  # 8  " +  8 8  " + B Þ

26.  Clearly,

" " " "
8œ" 8œ! 8œ" 8œ!

_ _ _ _

8 8 8 8
8" 8 8" 8"8+ B  B + B œ 8+ B  + B Þ

Shifting the index in the first series, that is, setting ,5 œ 8  "

" "a b
8œ"

_ _

8 5"
8" 5

5 œ!

8+ B œ 5  " + B Þ

Shifting the index in the second series, that is, setting ,5 œ 8  "

" "
8œ!

_ _

8 5"
8" 5

5 œ"

+ B œ + B Þ

Combining the series, and starting the summation at ,8 œ "

" " "c da b
8œ" 8œ! 8œ"

_ _ _

8 8 " 8" 8"
8" 8 88+ B  B + B œ +  8  " +  + B Þ

27.  We note that
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B 8 8  " + B  + B œ 8 8  " + B  + B Þ" " " "a b a b
8œ# 8œ! 8œ# 8œ!

_ _ _ _

8 8 8 8
8# 8 8" 8

Shifting the index in the first series, that is, setting ,5 œ 8  "

" "a b a b
" a b

8œ#

_ _

8 5"
8" 5

5 œ"

5 œ!

_

5"
5

8 8  " + B œ 5 5  " + B

œ 5 5  " + B ,

since the coefficient of the term associated with  is .  Combining the series,5 œ ! zero

B 8 8  " + B  + B œ 8 8  " +  + B Þ" " "a b c da b
8œ# 8œ! 8œ!

_ _ _

8 8 8" 8
8# 8 8



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 175

Section 5.2

1.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8# 8
8 88  # 8  " + B  + B œ !

or

" c da ba b
8œ!

_

8# 8
88  # 8  " +  + B œ ! Þ

Equating all the coefficients to zero,

a ba b8  # 8  " +  + œ ! 8 œ !ß "ß #ßâ Þ8# 8 ,       

We obtain the recurrence relation

+ œ 8 œ !ß "ß #ßâ Þ
+

8  " 8  #
8#

8a ba b ,      

The subscripts differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
+ + +

#5  " #5 #5  $ #5  # #5  " #5 #5 x
#5

#5# #5% !a b a ba ba b a b
and

+ œ œ œ â œ Þ
+ + +

#5 #5  " #5  # #5  " #5 #5  " #5  " x
#5"

#5" #5$ "a b a ba b a b a b
Hence

C œ +  + Þ
B B

#5 x #5  " x
! "

5 œ! 5 œ!

_ _#5 #5"" "a b a b
The linearly independent solutions are

C œ + "    â œ + -9=2 B
B B B

#x %x 'x
" ! !

# % 'Œ 

C œ + B    â œ + =382 B
B B B

$x &x (x
# " "

$ & (Œ  .
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4.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8# 8
8 # # 88  # 8  " + B  5 B + B œ ! .

Rewriting the second summation,

" "a ba b
8œ! 8œ#

_ _

8# 8#
8 # 88  # 8  " + B  5 + B œ ! ,

that is,

#+  $ † # + B  8  # 8  " +  5 + B œ ! Þ# $ 8# 8#

8œ#

_
# 8"  ‘a ba b

Setting the coefficients equal to zero, we have , , and+ œ ! + œ !# $

a ba b8  # 8  " +  5 + œ ! 8 œ #ß $ß %ßâ Þ8# 8#
# ,    for  

The recurrence relation can be written as

+ œ  8 œ #ß $ß %ßâ
5 +

8  # 8  "
8#

#
8#a ba b ,    .

The indices differ by , so , , ,  are defined byfour + + + â% ) "#

+ œ  + œ  + œ  â
5 + 5 + 5 +

% † $ ) † ( "# † ""
% )

# # #
! % ),  , , ."#

Similarly, , , ,  are defined by+ + + â& * "$

+ œ  + œ  + œ  â
5 + 5 + 5 +

& † % * † ) "$ † "#
& *

# # #
" & *,  , , ."$

The remaining coefficients are .  Therefore the general solution iszero

C œ + "  B  B  B â 
5 5 5

% † $ ) † ( † % † $ "# † "" † ) † ( † % † $

 + B  B  B  B â
5 5 5

& † % * † ) † & † % "$ † "# † * † ) † % † %

!

# % '
% ) "#

"

# % '
& * "$

” •
” •.

Note that for the  coefficients,even



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 177

+ œ  7 œ "ß #ß $ßâ
5 +

%7 " %7
%7

#
%7%a b ,    

and for the  coefficients,odd

+ œ  7 œ "ß #ß $ßâ
5 +

%7 %7 "
%7"

#
%7$a b ,    .

Hence the linearly independent solutions are

C B œ " 
 " 5 B

$ † % † ( † )â %7 $ %7 %
"a b " a b ˆ ‰

a ba b
7œ!

_ 7" # % 7"

C B œ B "  Þ
 " 5 B

% † & † ) † *â %7 % %7 &
#a b – —" a b ˆ ‰

a ba b
7œ!

_ 7" # % 7"

6.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b#  B 8  # 8  " + B  B 8  " + B  % + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

%+  %+  $+  "#+ # 8  # 8  " +  8 8  " +  8+  %+! # " $ 8# 8 8 8a b a ba b a bB  B œ !" c d
8œ#

_
8 .
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Equating the coefficients to zero, we find that , , and+ œ  + + œ  + Î%# ! $ "

+ œ  + 8 œ !ß "ß #ßâ
8  #8  %

# 8  # 8  "
8# 8

#

a ba b ,   .

The indices differ by , so for two 5 œ !ß "ß #ßâ

+ œ  +
#5  %5  %

# #5  # #5  "
#5# #5

#a ba ba b
and

+ œ  + Þ
#5  "  %5  #

# #5  $ #5  #
#5$ #5"

#a ba ba b
Hence the linearly independent solutions are

C B œ "  B   â
B B

' $!
"a b #

% '

C B œ B    âÞ
B (B "*B

% "'! "*#!
#a b $ & (

7.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 88  # 8  " + B  B 8  " + B  # + B œ ! .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

#+  #+  8  # 8  " +  8+  #+ B œ ! Þ# ! 8# 8 8

8œ"

_
8"c da ba b
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It follows that  and , .  Note that t+ œ  + + œ  + Î 8  " 8 œ !ß "ß #ßâ# ! 8# 8 a b he
indices differ by , so for two 5 œ "ß #ßâ

+ œ  œ œ â œ
+ +  " +

#5  " #5  $ #5  " " † $ † &â #5  "
#5

#5# #5% !
5

a ba b a ba b
and

+ œ  œ œ â œ Þ
+ +  " +

#5 #5  # #5 # † % † 'â #5
#5"

#5" #5$ "
5

a b a ba b
Hence the linearly independent solutions are

C B œ "    â œ " 
B B B

" " † $ " † $ † &
"a b "# % '

8œ"

_ a ba b " B

" † $ † &â #8  "

8 #8

C B œ B    â œ B Þ
B B B

# # † % # † % † '
#a b "$ & (

8œ"

_ a b a b " B

# † % † 'â #8

8 #8"

9.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b"  B 8  # 8  " + B  %B 8  " + B  ' + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that
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'+  #+  #+  '+ 8  # 8  " +  8 8  " +  %8 +  '+! # " $ 8# 8 8 8a b a ba b a bB  B œ !" c d
8œ#

_
8 .

Setting the coefficients equal to zero, we obtain , , and+ œ  $+ + œ  + Î$# ! $ "

+ œ  + 8 œ !ß "ß #ßâ
8  # 8  $

8  " 8  #
8# 8

a ba ba ba b ,   .

Observe that for  and , we obtain .  Since the indices differ by8 œ # 8 œ $ + œ + œ !% &

two, we also have  for .  Therefore the general solution is a polynomial+ œ ! 8   %8

C œ +  + B  $+ B  + B Î$! " ! "
# $ .

Hence the linearly independent solutions are

C B œ "  $B C B œ B  B Î$" #a b a b# $    and    .

10.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" "a ba b%  B 8  # 8  " + B  # + B œ ! Þ# 8 8

8œ! 8œ!

_ _

8# 8

First write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b .

It follows that

#+  )+  #+  #%+ B  B œ !! # " $

8œ#

_
8a b c d" % 8  # 8  " +  8 8  " +  #+a ba b a b8# 8 8 .

We obtain ,  and+ œ  + Î% + œ  + Î"## ! $ "

% 8  # + œ 8  # + 8 œ !ß "ß #ßâa b a b8# 8 ,   .

Note that for , .  Since the indices differ by 8 œ # + œ !% two, we also have  for+ œ !#5

5 œ #ß $ßâ 5 œ "ß #ßâ.  On the other hand, for ,

+ œ œ œ â œ Þ
#5  $ + #5  & #5  $ +  +

% #5  " % #5  " #5  " % #5  " #5  "
#5"

#5" #5$ "

# 5

a b a ba ba b a ba b a ba b
Therefore the general solution is
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C œ +  + B  +  +
B B

% % #8  " #8  "
! " ! "

# #8"

8œ"

_

8
" a ba b .

Hence the linearly independent solutions are  andC B œ "  B Î%"a b #

C B œ B    â œ B
B B B

"# #%! ##%!
#a b $ & ( " a ba b

8œ"

_ #8"

8

B

% #8  " #8  "
.

11.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b$  B 8  # 8  " + B  $B 8  " + B  + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

'+  +   %+  ")+ 8  # 8  " +  8 8  " +  $8 +  +# ! " $ 8# 8 8 8a b a ba b a bB  $ B œ !" c d
8œ#

_
8 .

We obtain , , and+ œ + Î' #+ œ + Î*# ! $ "

$ 8  # + œ 8  " + 8 œ !ß "ß #ßâa b a b8# 8 ,   .

The indices differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
#5  " + #5  $ #5  " + $ † &â #5  " +

$ #5 $ #5  # #5 $ † # † %â #5
#5

#5# #5% !

# 5

a b a ba b a ba b a ba b a b
and
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+ œ œ œ â œ Þ
#5 + #5  # #5 + # † % † 'â #5 +

$ #5  " $ #5  " #5  " $ † $ † &â #5  "
#5"

#5" #5$ "

# 5

a b a ba b a ba b a ba b a b
Hence the linearly independent solutions are

C B œ "    â œ " 
B B &B

' #% %$#
"a b "# % '

8œ"

_ $ † &â #8  " B

$ † # † %â #8

a ba b
#8

8

C B œ B    â œ B Þ
#B )B "'B

* "$& *%&
#a b "$ & (

8œ"

_ # † % † 'â #8 B

$ † $ † &â #8  "

a ba b
#8"

8

12.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

a b a ba b a b" " ""  B 8  # 8  " + B  B 8  " + B  + B œ !
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

Before proceeding, write

B 8  # 8  " + B œ 8  " 8+ B" "a ba b a b
8œ! 8œ"

_ _

8# 8"
8 8

and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

#+  +  8  # 8  " +  8  " 8+  8+  + B œ !# ! 8# 8" 8 8

8œ"

_
8" c da ba b a b .

We obtain  and+ œ + Î## !

a ba b a b a b8  # 8  " +  8  " 8+  8  " + œ !8# 8" 8

for .  Writing out the individual equations,8 œ !ß "ß #ßâ
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$ † # +  # † " + œ !

% † $ +  $ † # +  + œ !

& † % +  % † $ +  # + œ !

' † & +  & † % +  $ + œ !

ã

$ #

% $ #

& % $

' & %

                      

The coefficients can be calculated successively as  , + œ + Î # † $ + œ + Î#  + Î"#$ ! % $ #a b
œ + Î#% + œ $+ Î&  + Î"! œ + Î"#! â 8   # +! & % $ ! 8, , .  We can now see that for ,  is

proportional to .  In fact, for , .  Therefore the general solution is+ 8   # + œ + Î 8x! 8 ! a b
C œ +  + B    â

+ B + B + B

#x $x %x
! "

! ! !
# $ %

.

Hence the linearly independent solutions are  andC B œ B#a b
C B œ "  Þ

B

8x
"a b "

8œ#

_ 8

13.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

# 8  # 8  " + B  B 8  " + B  $ + B œ !" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

%+  $+  # 8  # 8  " +  8+  $+ B œ ! Þ# ! 8# 8 8

8œ"

_
8"c da ba b

It follows that  and+ œ  $+ Î%# !

# 8  # 8  " +  8  $ + œ !a ba b a b8# 8
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for .  T8 œ !ß "ß #ßâ he indices differ by , so for two 5 œ "ß #ßâ

+ œ  œ œ â
#5  " + #5  " #5  " +

# #5  " #5 # #5  $ #5  # #5  " #5

œ + Þ
 " $ † &â #5  "

# #5 x

#5
#5# #5%

#

5

5 !

a b a ba ba ba b a ba ba ba ba b a ba b
and

+ œ  œ œ â
#5  # + #5 #5  # +

# #5 #5  " # #5  # #5  " #5 #5  "

œ + Þ
 " % † 'â #5 #5  #

# #5  " x

#5"
#5" #5$

#

5

5 "

a b a ba ba ba b a ba ba ba ba b a ba ba b
Hence the linearly independent solutions are

C B œ "  B  B  B â œ B
$ & (  " $ † &â #8  "

% $# $)% # #8 x
"a b "a b a ba b# % ' #8

8œ!

_ 8

8

C B œ B  B  B  B â œ B B Þ
" " "  " % † 'â #8  #

$ #! #"! # #8  " x
#a b "a b a ba b$ & ( #8"

8œ"

_ 8

8

15 .  From Prob. , we havea b+ #

C B œ C B œ
B # 8x B

# 8x #8  " x
"a b a b" " a b

8œ! 8œ!

_ _#8 8 #8"

8 #   and    . 

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ # C B  C B! "
wa b a b a b a b a b" #

C B œ #  B  B  B  B  B  B â
" " " "

$ % "& #%
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ #  B  B  B Î$

: œ #  B  B  B Î$  B Î% Þ

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ(

17 .  From Prob. , the linearly independent solutions area b+ (

C B œ " "a b "
8œ"

_ a ba b " B

" † $ † &â #8  "

8 #8

C B œ B  Þ#a b "
8œ"

_ a b a b " B

# † % † 'â #8

8 #8"

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ % C B  C B! "
wa b a b a b a b a b" #

C B œ %  B  %B  B  B  B  B â
" % " %

# $ ) "&
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ %  B  %B  B
"

#

: œ %  B  %B  B  B Þ
" %

# $

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ&

18 .  From Prob. , we havea b+ "#

C B C B œ B"a b a bœ " 
B

8x
"
8œ#

_ 8

   and    . #

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ  $C B  # C B! "
wa b a b a b a b a b" #

C B œ  $  #B  B  B  B  B  B â
$ " " " "

# # ) %! #%!
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ  $  #B  B  B
$ "

# #

: œ  $  #B  B  B  B Þ
$ " "

# # )

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ*

20.  Two linearly independent solutions of   about  areAiry's equation a bB œ !!

C B œ " 
B

# † $â $8  " $8
"a b " a ba b

8œ"

_ $8

C B œ B  Þ
B

$ † %â $8 $8  "
#a b " a ba b

8œ"

_ $8"

Applying the  to the terms of ,ratio test C B"a b
lim lim

8Ä_ 8Ä_

$8$

$8
$k kk k k k# † $â $8  " $8

# † $â $8  # $8  $ $8  " $8  # $8  $

a ba ba ba b a ba ba bB "

B
œ B œ ! Þ

Similarly, applying the  to the terms of ,ratio test C B#a b
lim lim

8Ä_ 8Ä_

$8%

$8"
$

¸ ¸
k k k k$ † %â $8 $8  "

$ † %â $8  $ $8  % $8  # $8  $ $8  %

a ba ba ba b a ba ba bB

B
œ B œ ! Þ

"

Hence both series converge absolutely for all .B

21.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and
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C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 88  # 8  " + B  #B 8  " + B  + B œ !- .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

#+  +  8  # 8  " +  #8+  + B œ ! Þ# ! 8# 8 8

8œ"

_
8- -"c da ba b

Setting the coefficients equal to zero, it follows that

+ œ +
#8 

8  " 8  #
8# 8

a ba ba b-

for .  Note that he indices differ by , so for 8 œ !ß "ß #ßâ 5 œ "ß #ßât two

+ œ œ œ â
%5  %  + %5  )  %5  %  +

#5  " #5 #5  $ #5  # #5  " #5

œ  " + Þ
â  %5  )  %5  %

#5 x

#5
#5# #5%

5
!

a b a ba ba b a ba ba b
a b a ba ba b

- - -

- - -

and

+ œ œ œ â
%5  #  + %5  '  %5  #  +

#5 #5  " #5  # #5  " #5 #5  "

œ  " + Þ
 # â  %5  '  %5  #

#5  " x

#5"
#5" #5$

5
"

a b a ba ba b a ba b a b
a b a b a ba ba b

- - -

- - -

Hence the linearly independent solutions of the  about  areHermite equation a bB œ !!

C B œ "  B  B  B â
#x %x ' x

 %  %  )
"a b a b a ba b- - - - - -# % '

C B œ B  B  B  B âÞ
 #  #  '  #  '  "!

$ x & x ( x
#a b a ba b a ba ba b- - - - - -$ & (

a b, .  Based on the recurrence relation
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+ œ +
#8 

8  " 8  #
8# 8

a ba ba b-
,

the series solution will  as long as  is a  even integer.  If ,terminate nonnegative- - œ #7
then  of the solutions in Part  will contain at most  terms.  Inone or the other a b, 7Î#  "
particular, we obtain the polynomial solutions corresponding to - œ !ß #ß %ß 'ß )ß "! À

-

-

-

-

-

-

œ ! C B œ "
œ # C B œ B

œ % C B œ "  #B

œ ' C B œ B  #B Î$

œ ) C B œ "  %B  %B Î$

œ "! C B œ B  %B Î$  %B Î"&

"

#

"

#

"

#

a ba ba ba ba ba b

#

$

# %

$ &

a b- œ #8 + œ + œ ".  Observe that if , and , then- ! "

+ œ  "
#8â #8  %5  ) #8  %5  %

#5 x
#5

5a b a ba ba b
and

+ œ  " Þ
#8  # â #8  %5  ' #8  %5  #

#5  " x
#5"

5a b a b a ba ba b
for .  It follows that the  of , in  and , is5 œ "ß #ßâ 8Î# B C Cc d coefficient 8

" #

+ œ
 " 8 œ #5

 " 8 œ #5  "
8

5 % 5x
#5 x

5 % 5x
#5" x

Ú
ÛÜ

a b
a b

5

5

a b
a b

  for 

  for 

Then by definition,

L B œ
# C B œ C B 8 œ #5

# C B œ C B 8 œ #5  "
8

8 #5 x #5 x
% 5x 5x

8 #5" x # #5" x
% 5x 5x

a b  a b a b
a b a b

a b a b
a b a b
 "  "

 "  "

5 5
" "

5 5
# #

  

  

a b a b
a b a b5

5

  for 
  for  

Therefore the first six  areHermite polynomials

L B œ "

L B œ #B

L B œ %B  #

L B œ )B  "#B

L B œ "'B  %)B  "#

L B œ $#B  "'!B  "#!B

!

"

#
#

$
)

%
% #

&
& $

a ba ba ba ba ba b
23.  The series solution is given by
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C B œ "  B  B  B  B âÞ
" " " "

# # #x # $x # %x
a b # % ' )

# $ %

24.  The series solution is given by

C B œ "  B    â
B B B

' $! "#!
a b #

% ' )

.

25.  The series solution is given by

C B œ B     â
B B B B

# # † % # † % † ' # † % † ' † )
a b $ & ( *

.
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26.  The series solution is given by

C B œ B     âÞ
B B B B

"# #%! ##%! "'"#)
a b $ & ( *

27.  The series solution is given by

C B œ "    â
B B B

"# '(# ))(!%
a b % ) "#

.
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28.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

a b a ba b a b" " ""  B 8  # 8  " + B  B 8  " + B  # + B œ !
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

After appropriately shifting the indices, it follows that

#+  #+  8  # 8  " +  8  " 8+  8+  #+ B œ !# ! 8# 8" 8 8

8œ"

_
8" c da ba b a b .

We find that  and+ œ +# !

a ba b a b a b8  # 8  " +  8  " 8+  8  # + œ !8# 8" 8

for .  Writing out the individual equations,8 œ "ß #ßâ

$ † # +  # † " +  + œ !

% † $ +  $ † # + œ !

& † % +  % † $ +  + œ !

' † & +  & † % +  # + œ !

ã

$ # "

% $

& % $

' & %

                      

Since  and , the remaining coefficients satisfy the equations+ œ ! + œ "! "



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 193

$ † # +  " œ !

% † $ +  $ † # + œ !

& † % +  % † $ +  + œ !

' † & +  & † % +  # + œ !

ã

$

% $

& % $

' & %

                      

That is, , , , , .  Hence the series solution+ œ "Î' + œ "Î"# + œ "Î#% + œ "Î%& â$ % & '

of the initial value problem is

C B œ B  B  B  B  B  B âÞ
" " " " "$

' "# #% %& "!!)
a b $ % & ' (
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Section 5.3

2.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  =38B C  -9= B C Þww wa b a b

Differentiating twice,

C œ  =38B C  # -9= B C  =38 B C

C œ  =38B C  $ -9= B C  $ =38 B C  -9= B C Þ

www ww w

3@ www ww w

a b a b a ba b a b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ ! ! œ " ! œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  # ! œ !

3.  Let  be a solution of the initial value problem.  First writeC œ B9a b
C œ  C  C Þ

"  B $ 68 B

B B
ww w

# #

Differentiating twice,

C œ B  B C  $B 68 B  B  # C  $  ' 68 B C Þ
 "

B
www # ww w

$
 ‘ˆ ‰ a b a b

C œ B  B C  $B 68 B  #B  %B C 
 "

B

 '  )B  "#B 68 B C  ") 68 B  "& C Þ

3@ # $ www # # ww
%

w

’ˆ ‰ ˆ ‰
a b a b “

Given that  and , the  and the last9 9 9a b a b a b" œ # " œ ! " œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  ' ! œ %#

4.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  B C  =38B C Þww # w a b

Differentiating twice,

C œ  B C  #B  =38B C  -9= B C

C œ  B C  %B  =38B C  #  #-9= B C  =38 B C Þ

www # ww w

3@ # www ww w

a b a ba b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ + ! œ + ! œ !! "

w wwfirst equation gives 
two equations give  and .9 9www 3@

! "a b a b! œ  + ! œ  %+

5.  Clearly,  and  are analytic for all .  Hence the series solutions: B œ % ; B œ 'B Ba b a b
converge everywhere.

7.  The  of  are the  cube roots of .  They all lie on thezeroes threeT B œ "  B  "a b $

unit circle in the complex plane.  So for , .  For , the B œ ! œ " B œ #! !3738 nearest
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root is , hence ./ œ "  3 $ Î# œ $3 Î$
738

1 Š ‹È È3

8.  The only root of  is .  Hence .T B œ B œ "a b zero 3738

9 .  a b, : B œ  B ; B œ  " Ba b a b and  are analytic for all .a b a b a b- : B œ  B ; B œ  " B.   and  are analytic for all .a b a b a b. : B œ ! ; B œ 5B B.   and  are analytic for all .#

a b a b/ T B œ "  B " œ ". The only root of  is .  Hence .  3738a b1 .  : B œ B ; B œ # Ba b a b and  are analytic for all .a b3 Þ  The  of  are .  Hence .zeroes T B œ "  B „ 3 œ "a b #
7383a b a b4 Þ T B œ %  B „# œ #  The  of  are .  Hence .zeroes #
7383a b a b È È5 Þ T B œ $  B „ $ œ $  The  of  are .  Hence .zeroes #

7383a b a b6 Þ T B œ "  B " œ "  The only root of  is .  Hence .3738a b7 .  : B œ BÎ# ; B œ $Î# Ba b a b and  are analytic for all .a b a b a b a b8 : B œ "  B Î# ; B œ $Î# B.   and  are analytic for all .

12.  The Taylor series expansion of , about , is/ B œ !B
!

/ œ Þ
B

8 x
B

8œ!

_ 8"
Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

– —– —" " "a ba b
8œ! 8œ! 8œ!

_ _ _8

8# 8
8 8B

8 x
8  # 8  " + B  B + B œ ! Þ

First note that

B + B œ + B œ + B  + B  + B â + B â" "
8œ! 8œ"

_ _

8 8" 8"
8 8 # $ 8

! " # .

The coefficient of  in the B8 product of the two series is

- œ8 #+  '+  "#+ â 8  " 8 +  8  # 8  " +
" " "

8 x 8  " x 8  # x
# $ % 8" 8#a b a b a b a ba b Þ

Expanding the individual series, it follows that

#+  #+  '+ B  +  '+  "#+ B  +  '+  "#+  #!+ B â



# # $ # $ % # $ % &
# $a b a b a b

+ B  + B  + B â œ ! Þ! " #
# $

Setting the coefficients equal to zero, we obtain the system , ,#+ œ ! #+  '+  + œ !# # !$

+  '+  "#+  + œ ! +  '+  "#+  #!+  + œ ! â# $ % " # $ % & #, , .  Hence the
general solution is
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C B œ +  + B  +  +  +  #+  +  â
B B B B

' "# %! "#!
a b a b a b! " ! ! " " !

$ % & 'Œ %

$
+  #+! " .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# %!
"a b $ % &

C B œ B    â
B B B

"# #! '!
#a b % & '

Since  and  converge everywhere, .: B œ ! ; B œ B/ œ _a b a b B 3

13.  The Taylor series expansion of , about , is-9= B B œ !!

-9= B œ Þ
B

#8 x
" a b
8œ!

_ #8a b " 8

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —– —" " " "
8œ! 8œ! 8œ" 8œ!

_ _ _ _

8 8
8 8a ba b a ba b " B

#8 x
8  # 8  " + B

8 #8

8#
8  8+ B  # + B œ ! Þ

The coefficient of  in the B8 product of the two series is

- œ8 #+ ,  '+ ,  "#+ , â 8  " 8 + ,  8  # 8  " + ,# 8 $ 8" % 8# 8" " 8# !a b a ba b ,

in which -9= B œ ,! " # , B  , B â , B â# 8
8 .  It follows that

#+  #+  - B  8  # + B œ ! Þ# ! 8 8

8œ" 8œ"

_ _
8 8" "a b

Expanding the product of the series, it follows that

#+  '+ B   +  "#+ B   $+  #!+ B â



# $ # % $ &
# $ #+

+ B  + B  #+ B â œ ! Þ

!

$ %
$ %

a b a b
1

Setting the coefficients equal to , , zero, ,+  + œ ! '+  + œ !# ! $ "  +  "#+ œ !# %

 $+  #!+  + œ ! â Þ$ & $ ,    Hence the general solution is

C B œ +  + B  + B  +  +  +  +  + â
B B B B B

' "# '! "#! &'!
a b ! " ! " ! " ! "

#
$ % & ' (

.

We find that two linearly independent solutions are

C B œ "  B   â
B B

"# "#!
"a b #

% '
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C B œ B    â
B B B

' '! &'!
#a b $ & (

The  zero of  is at   Hence nearest T B œ -9= B B œ „ Î# Þ œ Î# Þa b 1 3 1738

14.  The Taylor series expansion of , about , is68 "  B B œ !a b !

68 "  B œ Þ
B

8
a b "

8œ"

_ 8a b " 8"

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —" "
– —" " "a b

8œ! 8œ!

_ _8

8œ" 8œ! 8œ!

_ _ _8

8" 8
8 8

a b a ba b
a b

 "
8  # 8  " + B

 "

8

8#
8

8"

B

8 x


 8  " + B  B + B œ ! Þ
B

8

The first product is the series

#+   #+  '+ B  +  '+  "#+ B   +  '+  "#+  #!+ B # # $ # $ % # $ % &
# $a b a b a b â .

The second product is the series

+ B  #+  + Î# B  $+  +  + Î$ B  %+  $+ Î#  #+ Î$  + Î% B " # " $ # " % $ # "
# $ $a b a b a b âÞ

Combining the series and equating the coefficients to , we obtainzero

#+ œ !

 #+  '+  +  + œ !

"#+  '+  $+  $+ Î# œ !

#!+  "#+  *+  $+  + Î$ œ !

ã

#

# $ " !

% $ # "

& % $ # "

                                

Hence the general solution is

C B œ +  + B  +  +  #+  +  +  â
B B (B B

' #% "#! "#!
a b a b a b! " ! " ! " "

$ % & 'Œ &

$
+  +" ! .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# "#!
"a b $ % '

C B œ B    â
B B (B

' #% "#!
#a b $ % &

The coefficient  is analytic at , but its power series has a: B œ / 68 "  B B œ !a b a bB
!

radius of convergence .3 œ "
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15.  If  and  are solutions, then substituting  into the ODE results inC œ B C œ B C" # #
#

# T B  #BU B  B V B œ !a b a b a b# .

Setting , we find that .  Similarly, substituting  into the ODE resultsB œ ! T ! œ ! Ca b "

in .  Therefore  and  may not be analytic.  If they were,U ! œ ! T B ÎU B V B ÎT Ba b a b a b a b a b
Theorem  would guarantee that  and  were the  two solutions.  But note$Þ#Þ" C C" # only
that an  value of  cannot be a linear combination of  and   Hencearbitrary C ! C ! C ! Þa b a b a b" #

B œ !!  must be a singular point.

16.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  + B œ ! Þ

That is,

" c da b
8œ!

_

8" 8
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtainzero

+ œ
+

8  "
8"

8

for  .  It is easy to see that .  Therefore the general solution8 œ !ß "ß #ßâ + œ + Î 8 x8 ! a b
is

C B œ + "  B   â
B B

# x $ x

œ + / Þ

a b ” •!

# $

!
B

The coefficient , which can be arbitrary.+ œ C !! a b
17.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ ! Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ ! Þ

Combining the series, we have
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+ " "c da b
8œ"

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficient equal to ,  and  for .zero + œ ! + œ + Î 8 œ "ß #ßâ" 8" 8" a b8  "

Note that the indices differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
+ + +

#5 #5  # #5 # † %â #5
#5

#5# #5% !a b a ba b a b
and

+ œ ! Þ#5"

Hence the general solution is

C B œ + "    â â
B B B B

# # # x # $ x # 8 x

œ + /B: B Î#

a b ” •
ˆ ‰

!

# % ' #8

# $ 8

!
# .

The coefficient , which can be arbitrary.+ œ C !! a b
19.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

a b a b" ""  B 8  " + B  + B œ ! Þ
8œ! 8œ!

_ _

8" 8
8 8

That is,

" " "a b
8œ! 8œ" 8œ!

_ _ _

8" 8 8
8 8 88  " + B  8+ B  + B œ ! Þ

Combining the series, we have

+  + " ! "c da b
8œ"

_

8" 8 8
88  " +  8+  + B œ ! Þ

Setting the coefficients equal to ,  and for .zero + œ + + œ + 8 œ !ß "ß #ßâ" ! 8" 8

Hence the general solution is

C B œ + "  B  B  B â B â

œ + Þ
"

"  B

a b  ‘!
# $ 8

!

The coefficient , which can be arbitrary.+ œ C !! a b
21.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8
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" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ "  B Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ "  B Þ

Combining the series, and the nonhomogeneous terms, we have

a b a b+  "  #+  +  " B " # ! "c da b
8œ#

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtain , , andzero + œ " #+  +  " œ !" # !

+ œ  8 œ $ß %ßâ
+

8
8

8#  ,    .

The indices differ by , so for two 5 œ #ß $ßâ

+ œ  œ œ â œ œ
+ +  " +  " +  "

#5 #5  # #5 % † 'â #5 # † % † 'â #5
#5

#5# #5% # !
5" 5

a b a ba b a b a ba b a b a b
,

and for 5 œ "ß #ßâ

+ œ œ  œ œ â œ Þ
+ +  "

#5  " #5  " #5  " $ † &â #5  "
#5"

#5" #5$
5

a b a ba b a ba b
Hence the general solution is

C B œ +  B  B   +   + â
"  + B B B B

# $ # # x $ † & # $ x
a b ! ! !

! #
$ % & '

# $

Collecting the terms containing ,+!

C B œ + "    â 
B B B

# # # x # $ x

 B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (

a b ” •
” •
!

# % '

# $

# $ % & ' (

# $

Upon inspection, we find that

C B œ + /B:  B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (
a b ” •!

# $ % & ' (

# $
ˆ ‰ B Î##

Note that the given ODE is , with integrating factor .  Thefirst order linear .a b> œ /B Î##

general solution is given by
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C B œ / / .?  C !  " /  " Þa b a b( a bB Î# ? Î# B Î#
B

# # #

!

23.  If , then .  If , then  for .  As a result,! !œ ! C B œ " œ #8 + œ ! 7   8  ""a b #7

C B œ "  Þ"
7

7
#7a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  " #8  $ â #8  #7 "

#7 x

!

!

!

œ ! "

œ # "  $B

œ % "  "!B  B

#

# %$&
$

If , then  for .  As a result,! œ #8  " + œ ! 7   8  "#7"

C B œ B  Þ#
7

7
#7"a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  $ #8  & â #8  #7 "

#7  " x

!

!

!

œ " B

œ $ B  B

œ & B  B  B

&
$

$

"% #"
$ &

$ &

24 .  Based on Prob. ,a b+ #$

!

!

!

œ ! " C " œ "

œ # "  $B C " œ  #

œ % "  "!B  B C " œ

"

"

"

a ba ba b
#

# %$& )
$ $

Normalizing the polynomials, we obtain

T B œ "

T B œ   B
" $

# #

T B œ  B  B
$ "& $&

) % )

!

#

%

a b
a b
a b

#

# %

!

!

!

œ " B C " œ "

œ $ B  B C " œ 

œ & B  B  B C " œ

#

#

#

a ba ba b
& #
$ $

$

"% #" )
$ & "&

$ &

Similarly,
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T B œ B

T B œ  B  B
$ &

# #

T B œ B  B  B
"& $& '$

) % )

"

$

&

a b
a b
a b

$

$ &

a b, .

a b a b a b a b- T B T B B œ ! T B.   has no roots.   has one root at .  The  of  are at! " #zeros
B œ „"Î $ Þ T B B œ ! „ $Î& T BÈ a b a bÈ  The  of  are , .  The roots of  are givenzeros $ %

by , .  The roots of  are given byB œ "&  # $! Î$& "&  # $! Î$& T B# Š ‹ Š ‹È È a b&

B œ ! B œ $&  # (! Î'$ $&  # (! Î'$ and , .# Š ‹ Š ‹È È
25.  Observe that

T  " œ
 "  " #8  #5 x

# 5 x 8  5 x 8  #5 x

œ  " T "

8

8

a b a b a b a b" a b a b
a b a b

8 5

8
5 œ!

Ò8Î#Ó

8

 

.

But  for  nonnegative integers .T " œ " 88a b all

27.  We have

ˆ ‰ "a ba bB  " œ B
 " 8 x

5 x 8  5 x
# #58

5 œ!

8 85

,

which is a polynomial of  .  Differentiating degree n times#8 ,

.

.B

8

8
ˆ ‰ "a ba b a ba b a bB  " œ #5 #5  " â #5  8  " B

 " 8 x

5 x 8  5 x
# #588

5 œ

8 85

.

,

in which the  is .  Note that if , then .lower index . .œ 8Î#  " 8 œ #7 " œ 7 "c d
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Now shift the index, by setting

5 œ 8  4 .

Hence

.

.B

8

8
ˆ ‰ " a ba b a ba b a b

" a b a ba b a b

B  " œ #8  #4 #8  #4  " â 8 #4  " B
 " 8 x

8  4 x4 x

œ 8x B Þ
 " #8  #4 x

8  4 x4 x 8  #4 x

# 8#48

4œ!

8Î# 4

4œ !

8Î# 4
8#4

c d

c d

Based on Prob. ,#&

.

.B

8

8
ˆ ‰ a bB  " œ 8x # T B Þ# 88

8

29.  Since the  polynomials , , ,  are , and the 8  " T T â T! " 8 linearly independent degree
of  is , any polynomial, , of degree  can be expressed as a linear combinationT 5 0 85

0 B œ + T Ba b a b"
5 œ!

8

5 5 .

Multiplying both sides by  and integrating,T7

( (a b a b a b a b"
" "

" "

5 œ!

8

0 B T B .B œ + T B T B .B7 5 5 7 .

Based on Prob. ,#)

( a b a b
"

"

57T B T B .B œ
#

#7 "
5 7 $ .

Hence

( a b a b
"

"

70 B T B .B œ + Þ
#

#7 "
7
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Section 5.4

2.  We see that  when  and .  Since the three coefficients have noT B œ ! B œ ! "a b
factors
in common, both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! # #

B : B œ B œ # Þ
#B

B "  B
a b a b

lim lim
BÄ! BÄ!

# #

# #B ; B œ B œ % Þ
%

B "  B
a b a b

The singular point  is Considering ,B œ ! B œ "regular.  

lim lim
BÄ" BÄ" # #a b a b a b a bB  " : B œ B  " Þ

#B

B "  B

The latter limit .  Hence  is an  singular point.does not exist irregularB œ "

3.   when  and .  Since the three coefficients have no common factors,T B œ ! B œ ! "a b
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! #

B : B œ B Þ
B  #

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Considering ,B œ ! B œ "

lim lim
BÄ" BÄ" #

a b a b a b a bB  " : B œ B  " œ " Þ
B  #

B "  B

lim lim
BÄ" BÄ"

# #
#

a b a b a b a bB  " ; B œ B  " œ ! Þ
 $B

B "  B

Hence  is a B œ " regular singular point.

4.  T B œ ! B œ ! „"a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! $ #

B : B œ B Þ
#

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Near ,B œ ! B œ  "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B
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lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ  " regular singular point.  At ,B œ "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B

lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ " regular singular point.

6.  The only singular point is at .  We find thatB œ !

lim lim
BÄ! BÄ! #

B : B œ B œ " Þ
B

B
a b

lim lim
BÄ! BÄ!

# # #
# #

#
B ; B œ B œ  Þ

B 

B
a b /

/

Hence  is a B œ ! regular singular point.

7.  The only singular point is at .  We find thatB œ  $

lim lim
BÄ$ BÄ$

a b a b a bB  $ : B œ B  $ œ ' Þ
 #B

B  $

lim lim
BÄ$ BÄ$

# #
#a b a b a bB  $ ; B œ B  $ œ !Þ

"  B

B  $

Hence  is a B œ  $ regular singular point.

8.  Dividing the ODE by , we find thatB "  Ba b# $

: B œ ; B œ
" #

B "  B B "  B "  B
a b a ba b a b a b# # $  and   .

The singular points are at B œ ! „" B œ ! and .  For ,

lim lim
BÄ! BÄ!

B : B œ B œ " Þa b "

B "  Ba b#
lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þa b #

B "  B "  Ba b a b# $

Hence  is a B œ ! regular singular point.  For ,B œ  "



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 206

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim

BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ  Þ
"

%

#

B "  B "  Ba b a b# $

Hence  is a B œ  " regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " Þ
#

B "  B "  Ba b a b# $

The latter limit does not exist irregular.  Hence  is an  singular point.B œ "

9. Dividing the ODE by , we find that  a b a bB  # B  "#

: B œ ; B œ
$  #

B  # B  # B  "
a b a ba b a ba b#   and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a b a bB  # : B œ B  # Þ
$

B  #a b#
The limit does not exist irregular.  Hence  is an  singular point.  For ,B œ  # B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ ! Þ
$

B  #a b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ ! Þ
 #

B  # B  "a ba b
Hence  is a B œ " regular singular point.

10.  T B œ ! B œ ! $a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ!

B : B œ B œ Þ
B  " "

B $  B $
a b a b

lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þ
 #

B $  B
a b a b

Hence  is a B œ ! regular singular point.  For ,B œ $
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lim lim
BÄ$ BÄ$

a b a b a b a bB  $ : B œ B  $ œ  Þ
B  " %

B $  B $

lim lim
BÄ$ BÄ$

# #a b a b a b a bB  $ ; B œ B  $ œ ! Þ
 #

B $  B

Hence  is a B œ $ regular singular point.

11.  Dividing the ODE by , we find thata bB  B  ##

: B œ ; B œ
B  " #

B  # B  " B  # B  "
a b a ba ba b a ba b  and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a bB  # : B œ Þ
B  " "

B  " $
œ

lim lim
BÄ# BÄ#

#a b a bB  # ; B œ Þ
# B  #

B  "
œ !

a b
Hence  is a B œ  # regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a bB  " : B œ œ Þ
#

$

B  "

B  #

lim lim
BÄ" BÄ"

#a b a bB  " ; B œ œ ! Þ
# B  "

B  #

a ba b
Hence  is a B œ " regular singular point.

13.  Note that  and .  Evidently,  is  analytic at .: B œ 68 B ; B œ $B : B B œ !a b k k a b a b not !

Furthermore, the function  does  have a Taylor series about .B : B œ B 68 B B œ !a b k k not !

Hence  is an B œ ! irregular singular point.

14.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is/  " B œ !B

/  " œ B  B Î#  B Î' âB # $ .

Hence the function  is analytic at .  Similarly, the TaylorB : B œ # /  " ÎB B œ !a b a bB

series of , about , is/ -9= B B œ !B

/ -9= B œ "  B  B Î$  B Î' âB $ % .

The function  is also analytic at .  Hence  is a B ; B œ / -9= B B œ ! B œ !# Ba b regular
singular point.
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15.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is=38 B B œ !

=38 B œ B  B Î$x  B Î&x â$ & .

Hence the function  is analytic at .  On the other hand, B : B œ  $=38 BÎB B œ ! ; Ba b a b
is a rational function, with

lim lim
BÄ! BÄ!

# #
#

#
B ; B œ B œ " Þ

"  B

B
a b

Hence  is a B œ ! regular singular point.

16.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  We find that

lim lim
BÄ! BÄ!

B : B œ B œ " Þ
"

B
a b

Although the function  does not have a Taylor series about , note thatV B œ -9> B B œ !a b
B ; B œ B -9> B œ "  B Î$  B Î%&  #B Î*%& â B œ !# # % 'a b .  Hence  is a regular
singular point.  Furthermore, ;a bB œ -9> BÎB B œ „8# is undefined at .  Therefore the1
points  are B œ „81 also singular points.  First note that

lim lim
BÄ„8 BÄ„81 1

a b a b a bB…8 : B œ B…8 œ ! Þ
"

B
1 1

Furthermore, since  has period ,-9> B 1

; B œ -9> BÎB œ -9> B…8 ÎB

œ -9> B…8 Þ
"

B…8 „8

a b a b
a b a b

1

1
1 1

Therefore

a b a b a b a b” •a ba bB…8 ; B œ B…8 -9> B…8 Þ
B…8

B…8 „8
1 1 1

1

1 1
#

From above,

a b a b a b a bB…8 -9> B…8 œ "  B…8 Î$  B…8 Î%& â1 1 1 1# % .

Note that the function in brackets near is analytic  .  It follows that the functionB œ „81a b a bB…8 ; B B œ „81 1#  is also analytic near .  Hence all the singular points are regular.

18.  The singular points are located at , .  Dividing the ODE byB œ „8 8 œ !ß "ßâ1
B =38 B B : B œ $ -=- B B ; B œ B -=- B B : B, we find that  and .  Evidently,   isa b a b a b# #

not even defined at .  Hence  is an On the otherB œ ! B œ ! irregular singular point.  
hand, the Taylor series of , about , isB -=- B B œ !
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B -=- B œ "  B Î'  (B $'! â# % .

Noting that ,-=- B…8 œ  " -=- Ba b a b1 8

a b a b a b a b a b
a b a b a b” •a b

B…8 : B œ $  " B…8 -=- B…8 ÎB

œ $  " B…8 -=- B…8 Þ
"

B…8 „8

1 1 1

1 1
1 1

8

8

It is apparent that  is analytic at .  Similarly,a b a bB…8 : B B œ „81 1

a b a b a ba b a b a bB…8 ; B œ B…8 -=- B

œ  " B…8 -=- B…8

1 1

1 1

# #

8 # ,

which is also analytic at .  Hence all other singular points are B œ „81 regular.

20.   is the only singular point.  Dividing the ODE by , we have B œ ! #B : B œ $Î #B# a b a b
and   It follows that; B œ  B "  B Î#Þa b a b#

lim lim
BÄ! BÄ!

B : B œ B œ
$ $

#B #
a b ,

lim lim
BÄ! BÄ!

# #
#

B ; B œ B œ  Þ
 "  B "

#B #
a b a b

Hence  is a Let .B œ ! C œ +  + B  + B â + B âregular singular point.  ! " #
# 8

8

Substitution into the ODE results in

#B 8  # 8  " + B  $B 8  " + B  "  B + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8" " "a ba b a b a b .

That is,

# 8 8  " + B  $ 8+ B  + B  + B œ !" " " "a b
8œ# 8œ" 8œ! 8œ"

_ _ _ _

8 8 8 8"
8 8 8 8 .

It follows that

 +  #+  + B  #8 8  " +  $8+  +  + B œ ! Þ! " ! 8 8 8 8"

8œ#

_
8a b c d" a b

Equating the coefficients to , andzero, we find that , + œ !! #+  + œ !" !

a ba b#8  " 8  " + œ + 8 œ #ß $ßâ8 8" ,   .

We conclude that all the  are .  Hence  is the only solution that+ C B œ !8 equal to zero a b
can be obtained.

22.  Based on Prob. , the change of variable, , transforms the ODE into the#" B œ "Î0
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form

0 0
0 0

% $
#

#

. C .C

. .
 #  C œ ! .

Evidently,  is a singular point.  Now  and .  Since the value0 0 0 0 0œ ! : œ #Î ; œ "Îa b a b %

of    does not exist, , that is, , is an  singular point.lim
0Ä!

#0 0 0; œ ! B œ _a b irregular

24.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 ! !
0 0 0 0 0

% $ #
# # #

#Œ  ” •Œ  a b"   # "   #   " C œ !
" . C " " .C

. .
,

that is,

ˆ ‰ a b0 0 0 ! !
0 0

% # $
#

#
  #   " C œ !

. C .C

. .
.

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "

 "  "
a b a b a ba b0 0

0 ! !

0 0 0# # #
 and .

It follows that

lim lim
0 0Ä! Ä!

0 0 0: œ œ !a b #

 "

0

0#
,

lim lim
0 0Ä! Ä!

# #0 0 0; œ œ  Þa b ! !

0 0
! !

a ba b a b "

 "
 "

# #

Hence   is a 0 œ ! B œ _a b regular singular point.

26.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 -
0 0 0

% $ #
#

#

. C " .C

. .
 #  #  C œ !” • ,

that is,

0 0 0 -
0 0

% $
#

#

. C .C

. .
 #   C œ !ˆ ‰ .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a ba b

0 0
0 -

0 0

#

$ %
 and .

It immediately follows that the limit  lim
0Ä!

0 0 0: œ ! B œ _a b a b Hence  does not exist.  
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is an irregular singular point.

27.  Under the transformation , the ODE becomesB œ "Î0

0 0
0 0 0

% $
#

#

. C .C "

. .
 #  C œ ! .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a b0 0
0 0

 and .
&

We find that

lim lim
0 0Ä! Ä!

0 0 0: œ œ #a b #

0
,

but

lim lim
0 0Ä! Ä!

# #0 0 0; œa b a b "

0&
.

The latter limit Hence   is an does not exist irregular.   singular point.0 œ ! B œ _a b
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Section 5.5

1.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  %<  #

œ <  $<  # Þ

a b a b
#

The roots are , .  Hence the general solution, for , is< œ  #  " B Á !

C œ - B  - B Þ" #
# "

3.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  $<  %

œ <  %<  % Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ # B Á !two

C œ -  - 68 B B Þa bk k" # #

5.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  <  "

œ <  #<  " Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ " B Á !two

C œ -  - 68 B B Þa bk k" # 

6.  Substitution of  results in the quadratic equation , whereC œ B  " J < œ !a b a b<

J < œ <  (<  "# Þa b #

The roots are , .  Hence the general solution, for , is< œ  $  % B Á "

C œ - B  "  - B  " Þ" #a b a b$ %

7.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  " Þa b #

The roots are .  Hence the general solution, for , is< œ  &„ #* Î# B Á !Š ‹È
C œ - B  - B Þ" #k k k k & #* Î#  & #* Î#Š ‹ Š ‹È È

8.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
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J < œ <  $<  $ Þa b #

The roots are complex, with .  Hence the general solution, for ,< œ $„ 3 $ Î# B Á !Š ‹È
is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ $Î# $Î#È È$ $

# #

10.  Substitution of  results in the quadratic equation , whereC œ B  # J < œ !a b a b<

J < œ <  %<  ) Þa b #

The roots are complex, with .  Hence the general solution, for , is< œ  #„#3 B Á #

C œ - B  # -9= # 68 B  #  - B  # =38 # 68 B  # Þ" #a b a b a b a bk k k k# #

11.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  <  % Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "„ 3 "& Î#Š ‹È
B Á !, is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ "Î# "Î#È È"& "&

# #

12.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  % Þa b #

The roots are , .  Hence the general solution, for , is< œ " % B Á !

C œ - B  - B Þ" #
%

14.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ %<  %<  "( Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "Î#„#3
B  !, is

C œ - B -9= # 68 B  - B =38 # 68 B Þ" #
"Î# "Î#a b a b

Invoking the initial conditions, we obtain the system of equations
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- œ #

 -  #- œ  $
"

#

"

" #

Hence the solution of the initial value problem is

C B œ #B -9= # 68 B  B =38 # 68 B Þa b a b a b"Î# "Î#

As , the solution decreases without bound.Bp!

15.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  %<  % Þa b #

The root is , with multiplicity .  Hence the general solution, for , is< œ # B  !two

C œ -  - 68 B B Þa bk k" # #

Invoking the initial conditions, we obtain the system of equations

- œ #

 #-  - œ $
"

" #

Hence the solution of the initial value problem is

C B œ #  ( 68 B B Þa b a bk k #
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We find that  as .C B p! Bp!a b 

18.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  œ !< # "
are

< œ
"„ "  %

#

È "
.

If , the roots are complex, with .  Hence the general" " "Î% < œ "„ 3 %  " Î#"ß# ˆ ‰È
solution, for , isB Á !

C œ - B -9= %  " 68 B  - B =38 %  " 68 B Þ
" "

# #
" #k k k k k k k kŒ  Œ È È"Î# "Î#" "

Since the trigonometric factors are  as .  If , the rootsbounded, C B p! Bp! œ "Î%a b "
are equal, and

C œ - B  - B 68 B Þ" #k k k k k k"Î# "Î# 

Since  , lim
BÄ!

Èk k k kB 68 B œ ! C B p! Bp!  "Î%a b  as .  If , the roots are real, with"

< œ "„ "  % Î# B Á !"ß# ˆ ‰È " .  Hence the general solution, for , is

C œ - B  - B Þ" #k k k k"Î# "% Î# "Î# "% Î#È È" "

Evidently, solutions approach   That is,zero as long as "Î#  "  % Î#  ! ÞÈ "

!   "Î%" .

Hence  solutions approach all zero, for ."  !

19.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  # œ !< #

are , .  Hence the general solution, for , is< œ  " # B Á !

C œ - B  - B Þ" #
" #

Invoking the initial conditions, we obtain the system of equations
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-  - œ "

 -  #- œ
" #

" # #

Hence the solution of the initial value problem is

C B œ B  B Þ
#  " 

$ $
a b # #" #

The solution is bounded, as , if .Bp! œ ##

20.  Substitution of  results in the quadratic equation .C œ B <   " <  &Î# œ !< # a b!
Formally, the roots are given by

< œ
"  „  #  *

#

œ Þ

"  „  "  "!  "  "!

#

! ! !

! ! !

È
ÊŠ ‹Š ‹È È

#

a b È3 < "!  The roots  will be "ß# complex zero, if .  For solutions to approach ,k k"  !

as , we need Bp_  "!  "   ! ÞÈ !a b k k33 "  œ Þ  The roots will be , if   In this case, all solutions approachequal ! È"!

zero as long as  ."  œ  "!! È
a b k k333 "    The roots will be real and , if .  It follows thatdistinct ! È"!

< œ7+B

"    #  *

#

! ! !È #

.

For solutions to approach , we need   That is,zero "    #  * ! ! !È # ! Þ

"    "!! È .

Hence all solutions approach , as , as long as zero Bp_  " Þ!

23 .  Given that , .  By the chain rule,a b a b a b a b+ B œ / C B œ C / œ A DD D

.C . .A .D " .A

.B .B .D .B B .D
œ A D œ œa b .

Similarly,

. C . " .A " .A " . A .D

.B .B B .D B .D B .D .B
œ œ  

œ   Þ
" .A " . A

B .D B .D

# #

# # #

# # #

#

” •

a b, .  Direct substitution results in
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B   B  A œ !
" . A " .A " .A

B .D B .D B .D
#

# # #

#” • ” •! " ,

that is,

. A .A

.D .D
  "  A œ !

#

#
a b! " .

The associated  is .  Since ,characteristic equation <   " <  œ ! D œ 68B# a b! "
it follows that C B œ A 68B Þa b a b
a b- <.  If the roots  are real and , then"ß# distinct

C œ - /  - /

œ - B  - B Þ
" #

" #

< D < D

< <

" #

" #

a b. <.  If the roots  are real and , then"ß# equal

C œ - /  - D /

œ - B  - B 68 B Þ
" #

" #

< D < D

< <

" "

" "

a b/ < œ „ 3.  If the roots are , then , andcomplex conjugates - .

C œ / - -9= D  - =38 D

œ B - -9= 68 B  - =38 68 B Þ

-

-

Da bc da b a b" #

" #

. .

. .

24.  Based on Prob. , the change of variable  transforms the ODE into#$ B œ /D

. A .A

.D .D
  #A œ !

#

#
.

The associated  is , with roots , .characteristic equation <  <  # œ ! < œ  " ##

Hence , and A D œ - /  - / C B œ - B  - B Þa b a b" # " #
D #D " #

26.  The change of variable  transforms the ODE intoB œ /D

. A .A

.D .D
 '  &A œ /

#

#
D .

The associated  is , with roots , .characteristic equation <  ' <  & œ ! < œ  &  "#

Hence   Since the right hand side is  a solution of theA D œ - /  - / Þ- " #a b D &D not
homogeneous equation, we can use the  to showmethod of undetermined coefficients
that a particular solution is .  Therefore the general solution is given by[ œ / Î"#D

A D œ - /  - /  / Î"# C B œ - B  - B  BÎ"# Þa b a b" # " #
D &D D " &, that is, 

27.  The change of variable  transforms the given ODE intoB œ /D
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. A .A

.D .D
 $  #A œ $/  #D

#

#
#D .

The associated  is , with roots , .characteristic equation <  $ <  # œ ! < œ " ##

Hence   Using the , letA D œ - /  - / Þ- " #a b D #D method of undetermined coefficients
[ œ E/  FD/  GD H#D #D .  It follows that the general solution is given by
A D œ - /  - /  $D/  D  $Î#a b " #

D #D #D , that is,

C B œ - B  - B  $B 68 B  68B  $Î# Þa b " #
# #

28.  The change of variable  transforms the given ODE intoB œ /D

. A

.D
 %A œ =38 D

#

#
.

The solution of the homogeneous equation is   The rightA D œ - -9= #D  - =38 #D Þ- " #a b
hand side is  a solution of the homogeneous equation.  We can use the not method of
undetermined coefficients to show that a particular solution is .  Hence[ œ =38 D"

$

the general solution is given by , that is,A D œ - -9= #D  - =38 #D  =38 Da b " #
"
$

C B œ - -9= # 68 B  - =38 # 68 B  =38 68 B Þa b a b a b a b" #
"
$

29.  After dividing the equation by , the change of variable  transforms the ODE$ B œ /D

into

. A .A

.D .D
 $  $A œ !

#

#
.

The associated  is , with complex rootscharacteristic equation <  $ <  $ œ !#

< œ  $„ 3 $ Î#Š ‹È .  Hence the general solution is

A D œ / - -9= $ DÎ#  - =38 $ DÎ#a b ’ “Š ‹ Š ‹È È$DÎ#
" # ,

and therefore

C B œ B - -9= 68 B  - =38 68 Ba b ” •Œ  Œ $Î#
" #

È È$ $

# #
.

30.  Let .  Setting , successive differentiation gives B  ! C œ  B C œ  <  Ba b a b< <w "

and .  It follows thatC œ < <  "  Bww <a ba b #

P  B œ < <  " B  B  < B  B   B Þc d a b a b a b a ba b< <# <" <# ! "

Since , we find thatB œ  B# #a b
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P  B œ < <  "  B  <  B   B

œ  B < <  "  <  Þ

c d a ba b a b a ba b a b c da b
< < < <

<
! "

! "

Given that and  are roots of , we have .< < J < œ < <  "  <  P œ !" # a b a b c d! " a b B <3

Therefore  and  are  solutions of theC œ  B C œ  B" #a b a b< <" # linearly independent
differential equation, , for , as long as .P C œ ! B  ! < Á <c d " #
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Section 5.6

1.   when .  Since the three coefficients have no common factors, T B œ ! B œ ! B œ !a b
is a singular point.  Near ,B œ !

lim lim
BÄ! BÄ!

B : B œ B œ Þ
" "

#B #
a b

lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þ
"

#
a b

Hence  is a LetB œ ! regular singular point.  

C œ B +  + B  + B â + B â œ + B< # 8 <8
8 8

8œ!

_ˆ ‰ "! " # .

Then

C œ <  8 + Bw <8"

8œ!

_

8" a b
and

C œ <  8 <  8  " + B Þww <8#

8œ!

_

8" a ba b
Substitution into the ODE results in

# <  8 <  8  " + B  <  8 + B 

 + B œ !

" "a ba b a b
"

8œ! 8œ!

_ _

8 8
<8" <8"

8œ!

_

8
<8" .

That is,

# <  8 <  8  " + B  <  8 + B  + B œ !" " "a ba b a b
8œ! 8œ! 8œ#

_ _ _

8 8 8#
<8 <8 <8 .

It follows that

+ #< <  "  < B  + # <  " <  <  " B 

 # <  8 <  8  " +  <  8 +  + B œ ! Þ

! "
< <"

8œ#

_

8 8 8#
<8

c d c da b a b
"c da ba b a b

Assuming that , we obtain the + Á !! indicial equation , with roots #<  < œ ! < œ "Î##
"
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and .  It immediately follows that .  Setting the remaining coefficients< œ ! + œ !# "

equal
to , we havezero

+ œ 8 œ #ß $ßâ
 +

<  8 # <  8  "
8

8#a bc da b ,   .

For , the recurrence relation becomes< œ "Î#

+ œ 8 œ #ß $ßâ
 +

8 "  #8
8

8#a b ,   .

Since , the  coefficients are .  Furthermore, for ,+ œ ! 5 œ "ß #ßâ" odd zero

+ œ œ œ Þ
 + +  " +

#5 "  %5 #5  # #5 %5  $ %5  " # 5x & † * † "$â %5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
For , the recurrence relation becomes< œ !

+ œ 8 œ #ß $ßâ
 +

8 #8  "
8

8#a b ,   .

Since , the  coefficients are , and for ,+ œ ! 5 œ "ß #ßâ" odd zero

+ œ œ œ Þ
 + +  " +

#5 %5  " #5  # #5 %5  & %5  " # 5x $ † ( † ""â %5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
The two linearly independent solutions are

C B œ B " 
 " B

# 5x & † * † "$â %5  "
"a b È – —" a b a b

5 œ"

_ 5 #5

5

C B œ "  Þ
 " B

# 5x $ † ( † ""â %5  "
#a b " a b a b

5 œ"

_ 5 #5

5

3.  Note that  and , which are  analytic at .  SetB : B œ ! B ; B œ B B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8 8
<8" <8<  8 <  8  " + B  + B œ ! ,

and after multiplying both sides of the equation by ,B

" "a ba b
8œ! 8œ"

_ _

8 8"
<8 <8<  8 <  8  " + B  + B œ ! .

It follows that
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+ < <  " B  <  8 <  8  " +  + B œ ! Þ! 8 8"
< <8

8œ"

_c d c da b a ba b"
Setting the coefficients equal to zero indicial equation, the  is .  The roots< <  " œ !a b
are  and .  Here .  The recurrence relation is< œ " < œ ! <  < œ "" # " #

+ œ 8 œ "ß #ßâ
 +

<  8 <  8  "
8

8"a ba b ,   .

For ,< œ "

+ œ 8 œ "ß #ßâ
 +

8 8  "
8

8"a b ,   .

Hence for ,8   "

+ œ œ œ â œ
 + +  " +

8 8  " 8  " 8 8  " 8x 8  " x
8

8" 8# !

#

8

a b a b a b a ba b
.

Therefore one solution is

C B œ B
 " B

8x 8  " x
"a b " a ba b

8œ!

_ 8 8

.

5.  Here  and , which are  analytic at .  SetB : B œ #Î$ B ; B œ B Î$ B œ !a b a b# # both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

$ <  8 <  8  " + B  # <  8 + B  + B œ ! Þ" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8 <8#

It follows that

+ $< <  "  #< B  + $ <  " <  # <  " B 

 $ <  8 <  8  " +  # <  8 +  + B œ !

! "
< <"

8œ#

_

8 8 8#
<8

c d c da b a b a b
"c da ba b a b .

Assuming , the + Á !! indicial equation is , with roots , $<  < œ ! < œ "Î$ < œ ! Þ#
" #

Setting the remaining coefficients equal to , we have , andzero + œ !"

+ œ 8 œ #ß $ßâ
 +

<  8 $ <  8  "
8

8#a bc da b ,   .

It immediately follows that the  coefficients are equal to .  For ,odd zero < œ "Î$

+ œ 8 œ #ß $ßâ
 +

8 "  $8
8

8#a b ,   .

So for ,5 œ "ß #ßâ
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+ œ œ œ
 + +  " +

#5 '5  " #5  # #5 '5  & '5" # 5x ( † "$â '5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
.

For ,< œ !

+ œ 8 œ #ß $ßâ
 +

8 $8  "
8

8#a b ,   .

So for ,5 œ "ß #ßâ

+ œ œ œ
 + +  " +

#5 '5  " #5  # #5 '5  ( '5  " # 5x & † ""â '5  "
#5

#5# #5% !
5

5a b a ba ba ba b a ba b
.

The two linearly independent solutions are

C B œ B " 
 "

5x ( † "$â '5  "
"

#a b – —" a ba b"Î$

5 œ"

_ 5 5Œ B

#

C B œ "  Þ
 "

5x & † ""â '5  "
#

#a b " a ba b
5 œ"

_ 5 5Œ B

#

6.  Note that  and , which are  analytic at .  SetB : B œ " B ; B œ B  # B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8" <8

<  8 <  8  " + B  <  8 + B 

 + B  # + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last

+ < <  "  <  # B  B œ !Þ!
< <8

8œ"

_c d c da b " a ba b a b<  8 <  8  " +  <  8 +  # +  +8 8 8 8"

Assuming , the + Á !! indicial equation is , with roots .  Setting<  # œ ! < œ „ ## È
the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
 +

<  8  #
8

8"

#a b ,   .

First note that .  So for ,a b Š ‹Š ‹È È È<  8  # œ <  8  # <  8  # < œ ##

+ œ 8 œ "ß #ßâ
 +

8 8  # #
8

8"

Š ‹È ,   .
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It follows that

+ œ 8 œ "ß #ßâ
 " +

8x "  # # #  # # â 8 # #
8

8
!a b

Š ‹Š ‹ Š ‹È È È ,   .

For ,< œ  #È
+ œ 8 œ "ß #ßâ

 +

8 8  # #
8

8"

Š ‹È ,   ,

and therefore

+ œ 8 œ "ß #ßâ
 " +

8x "  # # #  # # â 8 # #
8

8
!a b

Š ‹Š ‹ Š ‹È È È ,   .

The two linearly independent solutions are

C B œ B " 
 " B

8x "  # # #  # # â 8 # #
"a b Ô ×Ö ÙÕ Ø" a b

Š ‹Š ‹ Š ‹È È ÈÈ#

8œ"

_ 8 8

C B œ B "  Þ
 " B

8x "  # # #  # # â 8 # #
#a b Ô ×Ö ÙÕ Ø" a b

Š ‹Š ‹ Š ‹È È È #

8œ"

_ 8 8È

7.  Here  and , which are  analytic at .  SetB : B œ "  B B ; B œ  B B œ !a b a b# both
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" "a ba b a b
" "a b

8œ! 8œ!

_ _

8 8
<8" <8"

8œ! 8œ!

_ _

8 8
<8 <8

<  8 <  8  " + B  <  8 + B 

 <  8 + B  + B œ ! Þ

After multiplying both sides by ,B

" "a ba b a b
" "a b

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8 <8

<  8 <  8  " + B  <  8 + B 

 <  8 + B  + B œ !Þ+1 +1

After adjusting the indices in the  series, we obtainlast two
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+ < <  "  < B  B œ ! Þ!
< <8

8œ"

_c da b "c da ba b a b a b<  8 <  8  " +  <  8 +  <  8 +8 8 8"

Assuming , the + Á !! indicial equation is , with roots .  Setting< œ ! < œ < œ !#
" #

the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
+

<8
8

8" ,   .

With ,< œ !

+ œ 8 œ "ß #ßâ
+

8
8

8" ,   .

Hence one solution is

C B œ "   â â œ /
B B B

"x #x 8x
"a b # 8

B.

8.  Note that  and , which are  analytic at .B : B œ $Î# B ; B œ B  "Î# B œ !a b a b# # both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

# <  8 <  8  " + B  $ <  8 + B 

 # + B  + B œ ! Þ

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8# <8

After adjusting the indices in the  series, we obtainsecond-to-last

+ #< <  "  $<  " B  + # <  " <  $ <  "  " 

 # <  8 <  8  " +  $ <  8 +  +  #+ B œ !Þ

! "
<

8œ#

_

8 8 8 8#
<8

c d c da b a b a b
"c da ba b a b

Assuming , the + Á !! indicial equation is , with roots  and#<  <  " œ ! < œ "Î##
"

< œ  "# .  Setting the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ #ß $ßâ
 #+

<  8  " # <  8  "
8

8#a bc da b ,   .

Setting the remaining coefficients equal to , we have , which implies that allzero + œ !"

of the  coefficients are .  With ,odd zero < œ "Î#

+ œ 8 œ #ß $ßâ
 #+

8 #8  $
8

8#a b ,   .

So for ,5 œ "ß #ßâ
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+ œ œ œ
 + +  " +

5 %5  $ 5  " 5 %5  & %5  $ 5x ( † ""â %5  $
#5

#5# #5% !
5

a b a b a ba b a ba b
.

With ,< œ  "

+ œ 8 œ #ß $ßâ
 #+

8 #8  $
8

8#a b ,   .

So for ,5 œ "ß #ßâ

+ œ œ œ
 + +  " +

5 %5  $ 5  " 5 %5  "" %5  $ 5x & † *â %5  $
#5

#5# #5% !
5

a b a b a ba b a ba b
.

The two linearly independent solutions are

C B œ B " 
 " B

8x ( † ""â %8  $
"a b – —" a b a b"Î#

8œ"

_ 8 #8

C B œ B "  Þ
 " B

8x & † *â %8  $
#a b – —" a ba b"

8œ"

_ 8 #8

9.  Note that  and , which are  analytic at .B : B œ  B  $ B ; B œ B  $ B œ !a b a b# both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" " "a ba b a b a b
" "

8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8" <8

8œ! 8œ!

_ _

8 8
<8" <8

<  8 <  8  " + B  <  8 + B  $ <  8 + B

 + B  $ + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last

+ < <  "  $<  $ B 

 <  8 <  8  " +  <  8  # +  $ <  8  " + B œ !Þ

!
<

8œ"

_

8 8" 8
<8

c da b
"c da ba b a b a b

Assuming , the + Á !! indicial equation is , with roots  and<  %<  $ œ ! < œ $#
"

< œ "# .  Setting the remaining coefficients equal to , the recurrence relation iszero

+ œ 8 œ "ß #ßâ
<  8  # +

<  8  " <  8  $
8

8"a ba ba b ,   .

With ,< œ $
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+ œ 8 œ "ß #ßâ
8  " +

8 8  #
8

8"a ba b ,   .

It follows that for ,8   "

+ œ œ œ â œ
8 " + + # +

8 8  # 8  " 8  # 8x 8  #
8

8" 8# !a ba b a ba b a b .

Therefore one solution is

C B œ B " 
#B

8x 8  #
"a b – —" a b$

8œ"

_ 8

.

10.  Here  and , which are  analytic at .B : B œ ! B ; B œ B  "Î% B œ !a b a b# # both
Set C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" " "a ba b
8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8# <8<  8 <  8  " + B  + B  + B œ ! Þ

"

%

After adjusting the indices in the  series, we obtainsecond

+ < <  "  B  + <  " <  B 
" "

% %

 <  8 <  8  " +  +  + B œ ! Þ
"

%

! "
< <"

8œ#

_

8 8 8#
<8

” • ” •a b a b
"” •a ba b

Assuming , the + Á !! indicial equation is , with roots <  <  œ ! < œ < œ "Î#Þ# "
% " #

Setting the remaining coefficients equal to , we find that .  The recurrencezero + œ !"

relation is

+ œ 8 œ #ß $ßâ
 %+

#<  #8  "
8

8#

#a b ,   .

With ,< œ "Î#

+ œ 8 œ #ß $ßâ
 +

8
8

8#

#
,   .

Since , the  coefficients are .  So for ,+ œ ! 5   "" odd zero

+ œ œ œ â œ
 + +  " +

%5 % 5  " 5 % 5x
#5

#5# #5% !

# # # 5# #

5

a b a b
a b

.

Therefore one solution is
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C B œ B " 
 " B

# 8x
"a b È – —"a b

a b8œ"

_ 8 #8

#8 #
.

12 .  Dividing through by the leading coefficient, the ODE can be written asa b+
C  C  C œ !

B

"  B "  B
ww w

# #

#!
.

For ,B œ "

: œ B  " : B œ Þ!
BÄ" BÄ"
lim lima b a b B "

B  " #
œ

; œ B  " ; B œ Þ!
BÄ" BÄ"

#lim lima b a b !#a b"  B

B  "
œ !

For ,B œ  "

: œ B  " : B œ œ Þ
"

#
!

BÄ" BÄ"
lim lima b a b B

B  "

; œ B  " ; B œ œ ! Þ!
BÄ" BÄ"

#lim lima b a b !#a ba bB  "

"  B

Hence both  and  are B œ  " B œ " regular singular points.  As shown in Example ,"
the indicial equation is given by

< <  "  : <  ; œ !a b ! ! .

In this case,  sets of roots are  and .both < œ "Î# < œ !" #

a b a b a b, > œ B  " ? > œ C >  " Þ.  Let , and   Under this change of variable, the differential
equation becomes

ˆ ‰ a b>  #> ?  >  " ?  ? œ ! Þ# ww w #!

Based on Part ,  is a  singular point.  Set   a b !+ > œ ! ? œ + > Þregular
8œ!

_

8
<8 Substitution

into the ODE results in

" "a ba b a ba b
" " "a b a b

8œ! 8œ!

_ _

8 8
<8 <8"

8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8" # <8

<  8 <  8  " + >  # <  8 <  8  " + > 

 <  8 + >  <  8 + >  + > œ ! Þ!

Upon inspection, we can also write
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" " "a b a b
8œ! 8œ! 8œ!

_ _ _
#

8 8 8
<8 <8" <8<  8 + >  # <  8 + >  + > œ !ÞŒ <  8 

"

#
!#

After adjusting the indices in the second series, it follows that

+ >  > œ !Þ!
<" <8

8œ!

_

” • ” •Œ  Œ a b a b#< <  <  8 +  # <  8  " <  8  +  +
" "

# #
" #

8 8" 8
#!

Assuming that , the  is , with roots , .+ Á ! #<  < œ ! < œ ! "Î#!
#indicial equation

The recurrence relation is

a b a bŒ <  8 +  # <  8  " <  8  +  + œ ! 8 œ !ß "ß #ßâ
"

#
#

8 8" 8
#! ,    .

With , we find that for ,< œ "Î# 8   ""

+ œ +
%  #8  "

%8 #8  "

œ  " + Þ
"  % *  % â #8  "  %

# #8  " x

8 8"

# #

8
# # ##

8 !

!

! ! !

a ba b
a b c dc d a b ‘

a b
With , we find that for ,< œ ! 8   "#

+ œ +
 8  "

8 #8  "

œ  " + Þ
 "  %  â 8 " 

8x † $ † &â #8  "

8 8"

# #

8
# # ##

!

!

! ! ! ! !

a ba b
a b a bc dc d a b ‘

a b
The two linearly independent solutions of the areChebyshev equation 

C B œ B  " "  B  ""
8

# # ##

8
a b k k a b– —""Î# 8

8œ"

_ a b c dc d a b ‘
a b "

"  % *  % â #8  "  %

# #8  " x

! ! !

C B œ "  B  " Þ#
8

# # ##a b a b"
8œ"

_
8a b a bc dc d a b ‘

a b "
 "  %  â 8 " 

8x † $ † &â #8  "

! ! ! ! !

13.  Here  and  , which are  analytic at .B : B œ "  B B ; B œ B B œ !a b a b# - both
In fact,

: œ B: B œ " ; œ B ; B œ !! !
BÄ! BÄ!

#lim lima b a band .

Hence the  is  , with roots .  Setindicial equation < <  "  < œ ! < œ !a b "ß#
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C œ +  + B  + B â + B â! " #
# 8

8 .

Substitution into the ODE results in

" "a b
" "

8œ# 8œ"

_ _

8 8
8" 8"

8œ! 8œ!

_ _

8 8
8 8

8 8  " + B  8+ B 

 8+ B  + B œ ! Þ-

That is,

" "a b a b
" "

8œ" 8œ!

_ _

8" 8"
8 8

8œ" 8œ!

_ _

8 8
8 8

8 8  " + B  8  " + B 

 8+ B  + B œ ! Þ-

It follows that

+  +  8  " +  8  + B œ !" ! 8" 8

8œ"

_
# 8- -" ‘a b a b .

Setting the coefficients equal to , we find that , andzero + œ  +" !-

+ œ + 8 œ #ß $ßâ
8  " 

8
8 8"#

a b-
,   .

That is, for ,8   #

+ œ8
a b a ba b a b

a b
8  "   "  â 8 " 

8
+ œ â œ +

8x

- - - -
# 8" !# .

Therefore one solution of the Laguerre equation is

C B œ "  B Þ
 "  â 8 " 

8x
"a b "a ba b a b

a b8œ"

_

#
8- - -

Note that if , a  , then  for .  In that case, the- œ 7 + œ ! 8   7 "positive integer 8

solution is a polynomial

C B œ "  B Þ
 "  â 8 " 

8x
"a b "a ba b a b

a b8œ"

7

#
8- - -
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Section 5.7

2.   only for .  Furthermore,  and T B œ ! B œ ! B : B œ  #  B B ; B œ #  B Þa b a b a b# #

It follows that

: œ  #  B œ  #

; œ #  B œ #

!
BÄ!

!
BÄ!

#

lim

lim

a b
ˆ ‰

and therefore  is a B œ ! regular singular point.  The indicial equation is given by

< <  "  #<  # œ !a b ,

that is, , with roots  and .<  $<  # œ ! < œ # < œ "#
" #

4.  The coefficients , , and  are analytic for all .  Hence there areT B U B V B B −a b a b a b ‘
no singular points.

5.  T B œ ! B œ ! B : B œ $ B ; B œ  # Þa b a b a b only for .  Furthermore,  and   It=38 B
B

#

follows that

: œ $ œ $
=38 B

B
; œ  # œ  #

!
BÄ!

!
BÄ!

lim

lim

and therefore  is a B œ ! regular singular point.  The indicial equation is given by

< <  "  $<  # œ !a b ,

that is, , with roots  and .<  #<  # œ ! < œ  "  $ < œ  "  $#
" #

È È
6.  T B œ ! B œ ! B œ  # : B œ B B  # Î#a b a b a b for  and .  We note that , and" "

; B œ  B  # Î# Þ B œ !a b a b"   For the singularity at ,

: œ œ
" "

# B  # %

; œ œ !
 B

# B  #

!
BÄ!

!
BÄ!

#

lim

lim

a b
a b

and therefore  is a B œ ! regular singular point.  The indicial equation is given by

< <  "  < œ !
"

%
a b ,

that is, , with roots  and .  For the singularity at ,<  < œ ! < œ < œ ! B œ  ## $ $
% %" #
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: œ B  # : B œ œ 
" "

#B %

; œ B  # ; B œ œ !
 B  #

#

!
BÄ# BÄ#

!
BÄ# BÄ#

#

lim lim

lim lim

a b a b
a b a b a b

and therefore  is a B œ  # regular singular point.  The indicial equation is given by

< <  "  < œ !
"

%
a b ,

that is, , with roots  and .<  < œ ! < œ < œ !# & &
% %" #

7.  T B œ ! B œ ! B : B œ  B ; B œ " Þa b a b a b only for .  Furthermore,  and   It" =38 B
# #B

#

follows that

: œ B: B œ "

; œ B ; B œ "

!
BÄ!

!
BÄ!

#

lim

lim

a b
a b

and therefore  is a B œ ! regular singular point.  The indicial equation is given by

< <  "  <  " œ !a b ,

that is, , with roots  .<  " œ ! < œ „ 3# complex conjugate 

8.  Note that  only for .  We find that , andT B œ ! B œ  " : B œ $ B  " Î B  "a b a b a b a b
; B œ $Î B  "a b a b#.  It follows that

: œ B  " : B œ $ B  " œ  '

; œ B  " ; B œ $ œ $

!
BÄ" BÄ"

!
BÄ" BÄ"

#

lim lim

lim lim

a b a b a b
a b a b

and therefore  is a B œ  " regular singular point.  The indicial equation is given by

< <  "  '<  $ œ !a b ,

that is, , with roots  and .<  (<  $ œ ! < œ (  $( Î# < œ (  $( Î##
" #Š ‹ Š ‹È È

10.  T B œ ! B œ # B œ  # : B œ #B B  # B  #a b a b a b a b for  and .  We note that ,# "

and   For the singularity at ,; B œ $ B  # B  # Þ B œ #a b a b a b" "

lim lim
BÄ# BÄ# #

a b a bB  # : B œ
#B

B  %
,

which is herefore  is an undefined irregular.  T  singular point.  For the singularityB œ !
at ,B œ  #
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: œ B  # : B œ œ 
#B "

B  # %

; œ B  # ; B œ œ !
$ B  #

B  #

!
BÄ# BÄ# #

!
BÄ# BÄ#

#

lim lim

lim lim

a b a b a b
a b a b a b

and therefore  is a B œ  # regular singular point.  The indicial equation is given by

< <  "  < œ !
"

%
a b ,

that is, , with roots  and .<  < œ ! < œ < œ !# & &
% %" #

11.  T B œ ! B œ # B œ  # : B œ #BÎa b a b for  and .  We note that , anda b%  B#

; B œ $Î Þ B œ #a b a b%  B#   For the singularity at ,

: œ B  # : B œ œ  "
 #B

B  #

; œ B  # ; B œ œ !
$ #  B

B  #

!
BÄ# BÄ#

!
BÄ# BÄ#

#

lim lim

lim lim

a b a b
a b a b a b

and therefore  is a B œ # regular singular point.  The indicial equation is given by

< <  "  < œ !a b ,

that is, , with roots  and .  For the singularity at ,<  #< œ ! < œ # < œ ! B œ  ##
" #

: œ B  # : B œ œ  "
#B

#  B

; œ B  # ; B œ œ !
$ B  #

#  B

!
BÄ# BÄ#

!
BÄ# BÄ#

#

lim lim

lim lim

a b a b
a b a b a b

and therefore  is a B œ  # regular singular point.  The indicial equation is given by

< <  "  < œ !a b ,

that is, , with roots  and .<  #< œ ! < œ # < œ !#
" #

12.  T B œ ! B œ ! B œ  $ : B œ  #B B  $a b a b a b for  and .  We note that , and" "

; B œ  "Î B  $ Þ B œ !a b a b#   For the singularity at ,

: œ B: B œ œ 
 # #

B  $ $

; œ B ; B œ œ !
 B

B  $

!
BÄ! BÄ!

!
BÄ! BÄ!

#
#

#

lim lim

lim lim

a b
a b a b

and therefore  is a B œ ! regular singular point.  The indicial equation is given by
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< <  "  < œ !
#

$
a b ,

that is, , with roots  and .  For the singularity at ,<  < œ ! < œ < œ ! B œ  $# & &
$ $" #

: œ B  $ : B œ œ
 # #

B $

; œ B  $ ; B œ  " œ  "

!
BÄ$ BÄ$

!
BÄ$ BÄ$

#

lim lim

lim lim

a b a b
a b a b a b

and therefore  is a B œ  $ regular singular point.  The indicial equation is given by

< <  "  <  " œ !
#

$
a b ,

that is, , with roots  and .<  <  " œ ! < œ "  $( Î' < œ "  $( Î'# "
$ " #Š ‹ Š ‹È È

13 .  Note the  and .  a b a b a b+ : B œ "ÎB ; B œ  "ÎB Furthermore,  andB : B œ "a b
B ; B œ  B Þ# a b   It follows that

: œ " œ "

; œ  B œ !

!
BÄ!

!
BÄ!

lim

lim

a b
a b

and therefore  is a B œ ! regular singular point.

a b, Þ  The indicial equation is given by

< <  "  < œ !a b ,

that is, , with roots .< œ ! < œ < œ !#
" #

a b- .  Let .  Substitution into the ODE results inC œ +  + B  + B â + B â! " #
# 8

8

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8" 8 88  # 8  " + B  8  " + B  + B œ ! .

After adjusting the indices in the first series, we obtain

+  +  8 8  " +  8  " +  + B œ !" ! 8" 8" 8

8œ"

_
8"c da b a b .

Setting the coefficients equal to , it follows that for ,zero 8   !

+ œ
+

8  "
8"

8

#a b .

So for ,8   "
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+ œ œ œ â œ + Þ
+ + "

8 8 8  " 8x
8 !

8" 8#

# # # #a b a b
With , one solution is+ œ "!

C B œ "  B  B  B â B â
" " "

% $' 8x
"

# $ 8
#a b a b .

For a second solution, set .C B œ C B 68 B  , B  , B â , B â# " " #a b a b # 8
8

Substituting into the ODE, we obtain

P C B † 68 B  # C B  P , B œ !c d a ba b – —"" "
w 8

8œ"

_

8 .

Since , it follows thatP C B œ !c da b"

P , B œ  # C B– —" a b
8œ"

_

8
8 w

" .

More specifically,

," 8" 8" 8

8œ"

_
8

# $ %

 8 8  " ,  8  " ,  , B œ

œ  #  B  B  B  B â
" " "

' (# "%%!

"c da b a b
.

Equating the coefficients, we obtain the system of equations

, œ  #

%,  , œ  "

*,  , œ  "Î'

"',  , œ  "Î(#

ã

"

# "

$ #

% $

Solving these equations for the coefficients, , , ,, œ  # , œ  $Î% , œ  ""Î"!)" # $

, œ  #&Î$%&' â% , .  Therefore a second solution is

C B œ C B 68 B   #B  B  B  B â Þ
$ "" #&

% "!) $%&'
# "a b a b ” •# $ %

14 .  Here  ata b+ B : B œ #B B ; B œ 'B/ Þa b a b and   Both of these functions are # B analytic
B œ ! B œ !, therefore  is a regular singular point.  Note that : œ ; œ ! Þ! !

a b, Þ  The indicial equation is given by
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< <  " œ !a b ,

that is, , with roots and .<  < œ ! < œ " < œ !#
" #

a b !- < œ " C œ B + B Þ.  In order to find the solution corresponding to , set "
8œ!

_

8
8   Upon

substitution into the ODE, we have

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8" 8 8
8" 8" B 8"8  # 8  " + B  # 8  " + B  ' / + B œ ! .

After adjusting the indices in the first exponential two series, and expanding the  function,

" "a b
8œ" 8œ"

_ _

8 8"
8 88 8  " + B  # 8+ B  '+ B  '+  '+ B 

 '+  '+  $+ B  '+  '+  $+  + B â œ !

! ! "
#

# " ! $ # " !
$ %

a b
a b a b .

Equating the coefficients, we obtain the system of equations

#+  #+  '+ œ !

'+  %+  œ !

"#+  '+  œ !

#!+  )+  œ !

ã

" ! !

# "

$ #

% $

'+  '+

'+  '+  $+

'+  '+  $+  +

! "

# " !

$ # " !

Setting , solution of the system results in , , ,+ œ " + œ  % + œ "(Î$ + œ  %(Î"#! " # $

+ œ "*"Î"#! â% , .  Therefore one solution is

C B œ B  %B  B  B â
"( %(

$ "#
"a b # $ % .

The exponents differ by an integer.  So for a second solution, set

C B œ + C B 68 B  "  - B  - B â - B â# " " #a b a b # 8
8 .

Substituting into the ODE, we obtain

+P C B † 68 B  #+ C B  #+ C B  +  P "  - B œ !
C B

B
c d a b a ba b a b – —"" ""

"w 8

8œ"

_

8 .

Since , it follows thatP C B œ !c da b"

P "  - B œ  #+ C B  #+ C B  +
C B

B– —" a b a b a b
8œ"

_

8
8 w

" "
" .

More specifically,



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 237

" "a b
8œ" 8œ"

_ _

8" 8
8 88 8  " - B  # 8 - B  '  '  '- B 

 '-  '-  $ B â œ  +  "!+B  +B  +B â
'" "*$

$ "#

a b
a b

"

# "
# # $ .

Equating the coefficients, we obtain the system of equations

' œ  +

#-  )-  œ "!+

'-  "!- œ  +
'"

$

"#-  "#- œ +
"*$

"#
ã

# "

$ #

% $

'

 '-  $

 '-  $-  "

"

# "

Solving these equations for the coefficients, .  In order to solve the remaining+ œ  '
equations, set .  Then , , ,- œ ! - œ  $$ - œ %%*Î' - œ  "&*&Î#% â Þ" # $ %

Therefore a second solution is

C B œ  ' C B 68 B  "  $$B  B  B â Þ
%%* "&*&

' #%
# "a b a b ” •# $ %

15 .  Note the  and .  a b a b a b a b a b+ : B œ 'BÎ B  " ; B œ $B B  "" " Furthermore,
B : B œ 'B Î B  " B ; B œ $BÎ B  " Þa b a b a b a b# # and   It follows that

: œ œ !
'B

B  "

; œ œ !
$B

B  "

!
BÄ!

#

!
BÄ!

lim

lim

and therefore  is a B œ ! regular singular point.

a b, Þ  The indicial equation is given by

< <  " œ !a b ,

that is, , with roots  and .<  < œ ! < œ " < œ !#
" #

a b !- < œ " C œ B + B Þ.  In order to find the solution corresponding to , set "
8œ!

_

8
8   Upon

substitution into the ODE, we have
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" "a b a b
" "a b

8œ" 8œ"

_ _

8 8
8" 8

8œ! 8œ!

_ _

8 8
8# 8"

8 8  " + B  8 8  " + B 

 ' 8  " + B  $ + B œ ! .

After adjusting the indices, it follows that

" "a b a b
" "a b

8œ# 8œ"

_ _

8" 8
8 8

8œ# 8œ"

_ _

8# 8"
8 8

8 8  " + B  8 8  " + B 

 ' 8  " + B  $ + B œ ! .

That is,

 #+  $+   8 8  " +  +  ' 8  " + B œ !Þ" ! 8 8" 8#

8œ#

_
8"c da b a bˆ ‰8  8  $#

Setting the coefficients equal to zero, we have , and for ,+ œ $+ Î# 8   #" !

8 8  " + œ 8  8  $ +  ' 8  " +a b a bˆ ‰8 8" 8#
# .

If we assign , then we obtain , , , .+ œ " + œ $Î# + œ *Î% + œ &"Î"' â! " # $

Hence one solution is

C B œ B  B  B  B  B â
$ * &" """

# % "' %!
"a b # $ % & .

The exponents differ by an .  So for a second solution, setinteger

C B œ + C B 68 B  "  - B  - B â - B â# " " #a b a b # 8
8 .

Substituting into the ODE, we obtain

#+B C B  #+ C B  '+B C B  + C B  +  P œ !
C B

B" " " "
"

8œ"

_

8
8w wa b a b a b a b a b – —""  - B ,

since .  It follows thatP C B œ !c da b"

P "  - B œ #+ C B  #+B C B  + C B  '+B C B  +
C B

B– —" a b a b a b a b a b
8œ"

_

8
8 w w

" " " "
" .

Now

P œ $   #-  $- B   '-  &-  '- B 

  "#-  *-  "#- B   #!-  "&-  ")- B âÞ
– —""  - B

8œ"

_

8
8 a b a ba b a b# " $ # "

#

% $ # & % $
$ %

Substituting for , the  of the ODE isC B"a b right hand side
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+  +B  +B  +B  +B  +B â
( $ $$ )'( %%"

# % "' )! "!
# $ % & .

Equating the coefficients, we obtain the system of equations

$ œ +

 #-  $- œ +
(

#

 '-  &-  '- œ +
$

%

 "#-  *-  "#- œ +
$$

"'
ã

# "

$ # "

% $ #

We find that .  In order to solve the second equation, set .  Solution of the+ œ $ - œ !"

remaining equations results in , , , .- œ  #"Î% - œ  "*Î% - œ  &*(Î'% â# $ %

Hence a second solution is

C B œ $ C B 68 B  "  B  B  B â Þ
#" "* &*(

% % '%
# "a b a b ” •# $ %

16 .  After multiplying both sides of the ODE by , we find that  anda b a b+ B B : B œ !
B ; B œ B B œ ! B œ !# a b .  Both of these functions are  at , hence  is a analytic regular
singular point.

a b a b, : œ ; œ ! < <  " œ !.  Furthermore,  .  So the indicial equation is , with roots! !

< œ " < œ !" #and .

a b !- < œ " C œ B + B Þ.  In order to find the solution corresponding to , set "
8œ!

_

8
8   Upon

substitution into the ODE, we have

" "a b
8œ" 8œ!

_ _

8 8
8 8"8 8  " + B  + B œ ! .

That is,

" c da b
8œ"

_

8 8"
88 8  " +  + B œ ! .

Setting the coefficients equal to zero, we find that for ,8   "

+ œ
 +

8 8  "
8

8"a b .

It follows that
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+ œ œ œ â œ
 + +  " +

8 8  " 8  " 8 8  " 8x 8  "
8

8" 8# !

#

8

#a b a b a b a b
a b a b .

Hence one solution is

C B œ B  B  B  B  B â
" " " "

# "# "%% #))!
"a b # $ % & .

The exponents differ by an .  So for a second solution, setinteger

C B œ + C B 68 B  "  - B  - B â - B â# " " #a b a b # 8
8 .

Substituting into the ODE, we obtain

+P C B † 68 B  #+ C B  +  P "  - B œ !
C B

B
c d a ba b a b – —"" "

"w 8

8œ"

_

8 .

Since , it follows thatP C B œ !c da b"

P "  - B œ  #+ C B  +
C B

B– —" a b a b
8œ"

_

8
8 w

"

" .

Now

P œ "  #-  - B  '-  - B  "#-  - B 

 #!-  - B  $!-  - B âÞ
– —""  - B

8œ"

_

8
8 a b a b a ba b a b# " $ # % $

# $

& % ' &
% &

Substituting for , the  of the ODE isC B"a b right hand side

 +  +B  +B  +B  +B â
$ & ( "

# "# "%% $#!
# $ % .

Equating the coefficients, we obtain the system of equations

" œ  +

#-  - œ +
$

#

'-  - œ  +
&

"#

"#-  - œ +
(

"%%
ã

# "

$ #

% $

Evidently, .  In order to solve the + œ  " second equation, set .  We then find- œ !"

that , , , .- œ  $Î% - œ (Î$' - œ  $&Î"(#) â# $ %   Therefore a second solution is

C B œ  C B 68 B  "  B  B  B â Þ
$ ( $&

% $' "(#)
# "a b a b ” •# $ %
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19 .  After dividing by the leading coefficient, we find thata b+
: œ B: B œ œ Þ!

BÄ! BÄ!
lim lima b # ! " "   B

"  B

a b
#

; œ B ; B œ œ ! Þ!
BÄ! BÄ!

#lim lima b  B

"  B

!"

Hence  is a B œ ! regular singular point.  The indicial equation is ,< <  "  < œ !a b #
with roots  and .< œ "  < œ !" ##

a b, Þ B œ "  For ,

: œ B  " : B œ œ "    Þ!
BÄ" BÄ"
lim lima b a b   "   B

B

# ! "a b
# ! "

; œ B  " ; B œ œ ! Þ!
BÄ" BÄ"

#lim lima b a b !"a bB  "

B

Hence  is a B œ " regular singular point.  The indicial equation is

<  < œ !# a b# ! "  ,

with roots  and .< œ < œ !" ## ! " 

a b !- <  < C œ + B Þ.  Given that  is not a positive integer, we can set   Substitution" #
8œ!

_

8
8

into the ODE results in

B "  B 8 8  " + B  8+ B  + B œ !Þa b a b" " "
8œ# 8œ" 8œ!

_ _ _

8 8 8
8# 8" 8c da b# ! " "   B !"

That is,

" " "a b a b a b
a b" "

8œ" 8œ# 8œ!

_ _ _

8" 8 8"
8 8 8

8œ" 8œ!

_ _

8 8
8 8

8 8  " + B  8 8  " + B  8  " + B 

 "   8+ B  + B œ !Þ

#

! " !"

Combining the series, we obtain

# !" # ! " !"+  +  #  # +  "    + B  E B œ !" ! # " 8

8œ#

_
8c da b a b " ,

in which
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E œ 8  " 8  +  8 8  "  "   8  +8 8" 8a ba b c da b a b# ! " !" .

Note that .  Setting the coefficients8 8  "  "   8  œ 8  8 a b a b a ba b! " !" ! "
equal to , we have , andzero # !"+  + œ !" !

+ œ +
8  8 

8  " 8 
8" 8

a ba ba ba b! "

#
 

for .  Hence one solution is8   "

C B œ "  B  B 
† "x  " † #x

 "  "

 B âÞ
 "  #  "  #

 "  # † $x

"a b a b a ba ba ba b a ba ba ba b

!" ! ! " "

# # #

! ! ! " " "

# # #

#

$

Since the nearest other singularity is at , the radius of convergence of  willB œ " C B"a b
be  .at least 3 œ "

a b !. <  < C œ B , B Þ.  Given that  is not a positive integer, we can set   Then" #
"#

8œ!

_

8
8

Substitution into the ODE results in

B "  B 8  "  8  + B 

 8  "  + B  + B œ !Þ

a b a ba b"
" "a b

8œ!

_

8
8 "

8œ! 8œ!

_ _

8 8
8 8"

# #

# !"

#

# #c da b# ! " "   B

That is,

" "a ba b a ba b
" " "a b a b a b

8œ! 8œ!

_ _

8 8
8 8"

8œ! 8œ! 8œ!

_ _ _

8 8 8
8 8" 8"

8  "  8  + B  8  "  8  + B 

 8  "  + B  "   8  "  + B  + B œ !Þ

# # # #

# # ! " # !"

# #

# # #

After adjusting the indices,

" "a ba b a ba b
" " "a b a b a b

8œ! 8œ"

_ _

8 8"
8 8

8œ! 8œ" 8œ"

_ _ _

8 8" 8"
8 8 8

8  "  8  + B  8  8  "  + B 

 8  "  + B  "   8  + B  + B œ !Þ

# # # #

# # ! " # !"

# #

# # #

Combining the series, we obtain

"
8œ"

_

8
8F B œ !# ,

in which
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F œ 8 8  "  ,  8  8     ,8 8 8"a b c da ba b# # # ! " !" .

Note that .  Setting ,a ba b a ba b8  8     œ 8   8   F œ !# # ! " !" ! # " # 8

it follows that for ,8   "

, œ , Þ
8   8  

8 8  " 
8 8"

a ba ba b! # " #

#

Therefore a second solution is

C B œ B "  B 
"   "  

#  "x

 B â Þ
"   #   "   #  

#  $  # x

#a b ” a ba ba ba ba ba ba ba ba b •
"

#

# ! # " #

#

! # ! # " # " #

# #

a b/ .  Under the transformation , the ODE becomesB œ "Î0

0 0 0 # ! " !"
0 0 0 0 0 0 0

% $ #
#

#

" " . C " " " .C
"   # "    "    C œ !

. .
Œ  œ Œ  ” •a b .

That is,

ˆ ‰  ‘a b0 0 0 # 0 ! " 0 !"
0 0

$ # # #
#

#
  #    "    C œ !

. C .C

. .
.

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#    "   

 
a b a ba b a b
0 0

# 0 ! " !"

0 0 0 0# $ #
 and .

It follows that

: œ : œ œ "  !
Ä! Ä!

lim lim
0 0

0 0 ! "a b a b a b#    "  

 "

# 0 ! "

0
,

; œ ; œ œ Þ!
Ä! Ä!

#lim lim
0 0

0 0a b 

 "

!"

0
!"

Hence   is a 0 œ ! B œ _a b regular singular point.  The indicial equation is

< <  "  "  <  œ !a b a b! " !" ,

or   Evidently, the roots are  and .<   <  œ ! Þ < œ < œ# a b! " !" ! "

21 .  a b+ Note that

: B œ ; œ
B B

a b a b! "
0

= >
 and .
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It follows that

lim lim
BÄ! BÄ!

"=B : B œ Ba b ! ,

lim lim
0 0Ä! Ä!

# #=0 0 "; œ B Þa b
Hence if  or , one or both of the limits does not exist.  Therefore  is an=  " >  # B œ !
irregular singular point.

a b- C œ + B  + B â + B âÞ.  Let   Write the ODE as! " 8
< <" <8

B C  B C  C œ !$ ww # w! " .

Substitution of the assumed solution results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8 8 8
8<" 8<" 8<8  < 8  <  " + B  8  < + B  + B œ !Þ! "

Adjusting the indices, we obtain

" " "
8œ" 8œ" 8œ!

_ _ _

8" 8" 8
8< 8< 8<a ba b a b8  "  < 8  <  # 8  "  <+ B  + B  + B œ !Þ! "

Combining the series,

" +  E B œ !! 8

8œ"

_
8<" ,

in which .  Setting the coefficients equalE œ +  8  "  < 8  <   # +8 8 8"" !a ba b
to , we have .  But for ,zero + œ ! 8   "!

+ œ + Þ
8  "  < 8  <   #

8 8"
a ba b!

"

Therefore, regardless of the value of , it follows that , for .< + œ ! 8 œ "ß #ßâ8
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Section 5.8

3.  Here  and , which are both analytic everywhere.  We sB : B œ " B ; B œ #Ba b a b# et
C œ B +  + B  + B â + B â< # 8

8a b! " # .  Substitution into the ODE results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8 8 8
<8 <8 <8"<  8 <  8  " + B  <  8 + B  # + B œ ! Þ

After adjusting the indices in the  series, we obtainlast

+ < <  "  < B  B œ !Þ!
< <8

8œ"

_c d c da b " a ba b a b<  8 <  8  " +  <  8 +  # +8 8 8"

Assuming , the + Á !! indicial equation double is , with  root .  Setting the< œ ! < œ !#

remaining coefficients equal to , we have for ,zero 8   "

+ < œ  + <
#

8  <
8 8"#a b a ba b .

It follows that

+ < œ + 8   "
 " #

8  < 8  <  " â "  <
8 !

8 8

#a b a b
c da ba b a b ,   .

Since , one solution is given by< œ !

C B œ B
 " #

8x
"

8œ!

_ 8 8

#
8a b "a b

a b .

For a second linearly independent solution, we follow the discussion in Section  .&Þ(
First
note that

+ < " " "

+ < 8  < 8  <  " "  <
œ  #  â8

w

8

a ba b ” •.

Setting ,< œ !

+ ! œ  #L + ! œ  #L Þ
 " #

8x
8
w

8 8 8

8 8

#a b a b a b
a b

Therefore,

C B œ C B 68 B  # B
 " # L

8x
# "

8œ!

_ 8 8
8

#
8a b a b "a b

a b .

4.  etHere  and , which are both analytic everywhere.  We sB : B œ % B ; B œ #  Ba b a b#

C œ B +  + B  + B â + B â< # 8
8a b! " # .  Substitution into the ODE results in
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" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8" <8

<  8 <  8  " + B  % <  8 + B 

 + B  # + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last

+ B  B œ !Þ! 8 8 8 8"c d a ba b a ba b< <  "  %<  # <  8 <  8  " +  % <  8 +  # +  +< <8

8œ"

_"c d
Assuming , the + Á !! indicial equation is , with roots  and<  $<  # œ ! < œ  "#

"

< œ  # 8   "# .  Setting the remaining coefficients equal to , we have for ,zero

+ < œ  + <
"

8  <  " 8  <  #
8 8"a b a ba ba b .

It follows that

+ < œ + 8   "
 "

8  <  " 8  < â #  < 8  <  # 8  < â $  <
8 !

8a b a bc dc da ba b a b a ba b a b , .

Since , one solution is given by< œ  ""

C B œ B B
 "

8 x 8  " x
"

" 8

8œ!

_ 8a b " a ba b a b .

For a second linearly independent solution, we follow the discussion in Section  .&Þ(
Since , we find that<  < œ R œ "" #

+ < œ 
"

<  # <  $
"a b a ba b ,

with .  Hence the leading coefficient in the solution is+ œ "!

+ œ <  # + < œ  "lim
<Ä#

"a b a b .

Further,

a b a b a b
a b c da ba b a b<  # + < œ Þ

 "

8  <  # 8  <  " 8  < â $  <
8

8

#

Let .  It follows thatE < œ <  # + <8 8a b a b a b
E < " " " "

E < 8  <  # 8  <  " 8  < $  <
œ   #  â8

w

8

a ba b ” •.

Setting ,< œ < œ  ##
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E  # " " "

E  # 8 8  " 8  #
œ   #  â "

œ L L Þ

8
w

8

8 8"

a ba b ” •

Hence

-  # œ  L L E  #

œ  L L
 "

8x 8  " x

8 8 8" 8

8 8"

8
a b a b a b

a b a ba b .

Therefore,

C B œ  C B 68 B  B "  B
 " L L

8x 8  " x
# "

# 8

8œ"

_ 8
8 8"a b a b – —"a b a ba b .

6.  Let .  Then  and C B œ @ B Î B C œ B @  B @Î# C œ B @ a b a b È w w ww ww"Î# $Î# "Î#

 B @  $B @Î%$Î# &Î#w .  Substitution into the ODE results in

 ‘  ‘ Œ B @  B @  $B @Î%  B @  B @Î#  B  B @ œ !
"

%
$Î# "Î# "Î# "Î# "Î# "Î#ww w w # .

Simplifying, we find that

@  @ œ !ww ,

with  .  Hencegeneral solution @ B œ - -9= B  - =38 Ba b " #

C B œ - B -9= B  - B =38 Ba b " #
"Î# "Î# .

8.  The absolute value of the ratio of consecutive terms is

º º k k a b k k
k k a b a b a ba b+ B B # 7 " x7x B

+ B % 7 # 7 "
œ œ

B # 7 # x 7  " x

#7#
#7#

#7
#7

#7# ##7

#7 #7#
.

Applying the ,ratio test

lim lim
7Ä_ 7Ä_

#º º k ka ba b+ B B

+ B % 7 # 7 "
œ œ !

#7#
#7#

#7
#7

.

Hence the series for  converges absolutely  values of .  Furthermore,N B B"a b for all
since the series for  also converges absolutely for all , term-by-term differentiationN B B!a b
results in
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N B œ
 " B

# 7x 7 " x

œ
 " B

# 7 " x7x

œ 
B  " B

# # 7 " x7x

!
w

7œ"

_ 7 #7"

#7"

7œ!

_ 7" #7"

#7"

7œ!

_ 7 #7

#7

a b " a b a b
" a ba b

" a ba b  .

Therefore, .N B œ  N B! "
wa b a b

9 .  Note that  and , which are  analytic at .a b a b a b+ B : B œ " B ; B œ B  B œ !# # #/ both
Thus  is a  singular point.  Furthermore,  and .  HenceB œ ! : œ " ; œ regular ! !

#/
the  is , with roots  and .indicial equation <  œ ! < œ < œ # #/ / /" #

a b, .  Set C œ B +  + B  + B â + B â< # 8
8a b! " # .  Substitution into the ODE

results in

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8# # <8

<  8 <  8  " + B  <  8 + B 

 + B  + B œ ! Þ/

After adjusting the indices in the  series, we obtainsecond-to-last

+ < <  "  <  B  + <  " <  <  "  

 <  8 <  8  " +  <  8 +  +  + B œ !Þ

! "
# < #

8œ#

_

8 8 8 8#
# <8

 ‘  ‘a b a b a b
" ‘a ba b a b

/ /

/

Setting the coefficients equal to zero, we find that , and+ œ !"

+ œ +
 "

<  8 
8 8## #a b /

,

for .  It follows that .  Furthermore, with8   # + œ + œ â œ + œ â œ !$ & #7"

< œ / ,

+ œ +
 "

8 8  #
8 8#a b/ .

So for ,7 œ "ß #ßâ

+ œ +
 "

#7 #7 #

œ +
 "

# 7x "  #  â 7 "  7

#7 #7#

7

#7 !

a b a ba ba b a ba b
/

/ / / /
.
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Hence one solution is

C B œ B " 
 " B

7x "  #  â 7 "  7 #
"a b – —" a ba ba b a ba bŠ ‹/

7œ"

_ 7 #7

/ / / /
.

a b- <  < œ # < œ .  Assuming that  is  an integer, simply setting  in the above" # / /not
results in a second  solutionlinearly independent

C B œ B "  Þ
 " B

7x "  #  â 7 "  7 #
#a b – —" a ba ba b a ba bŠ ‹

7œ"

_ 7 #7
/

/ / / /

a b a b. C B.  The absolute value of the ratio of consecutive terms in   is"

º º k k a b a b
k k a b a b a bk ka ba b

+ B B # 7x "  @ â 7

+ B
œ

B # 7 " x "  @ â 7 " 

œ
B

% 7 " 7 " 

#7#
#7#

#7
#7

#7# #7

#7 #7#

#

/

/

/
.

Applying the ,ratio test

lim lim
7Ä_ 7Ä_

#º º k ka ba b+ B B

+ B % 7 " 7 " 
œ œ !

#7#
#7#

#7
#7 /

.

Hence the series for  converges absolutely  values of .  The same can beC B B"a b for all
shown for .  Note also, that if  is a  integer, then the coefficients in theC B#a b / positive
series for   are .C B#a b undefined

10 .  It suffices to calculate .  Indeed,a b c da b+ P N B 68 B!

c d a ba b a b
N B 68 B œ N B 68 B 

N B

B
! !

!w w

and

c d a ba b a b a b
N B 68 B œ N B 68 B  # 

N B N B

B B
! !

! !ww ww
w

#
.

Hence

P N B 68 B œ B N B 68 B  #BN B  N B 

 BN B 68 B  N B  B N B 68 B Þ

c d a b a b a ba b a b a b a b! !! !

! ! !

# ww w

w #

Since ,B N B  BN B  B N B œ !# ww w #
! ! !a b a b a b

P N B 68 B œ #BN Bc d a ba b! !
w .
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a b c d a ba b, P C B œ ! +.  Given that , after adjusting the indices in Part , we have#

, B  # , B  8 ,  , B œ  #BN B" # 8 8#
# # # 8 w

8œ$

_"ˆ ‰ a b! .

Using the series representation of  in Problem ,N B )!
wa b

, B  # , B  8 ,  , B œ  #
 " #8 B

# 8x
" # 8 8#

# # # 8

8œ$ 8œ"

_ _ 8 #8

#8 #
" "ˆ ‰ a b a b

a b .

a b- .  Equating the coefficients on both sides of the equation, we find that

, œ , œ â œ , œ â œ ! Þ" $ #7"

Also, with , , that is, .  Furthermore, for ,8 œ " # , œ "Î "x , œ "Î # "x 7   ## #
# #

# #a b a b ‘
a b a b a b

a b#7 ,  , œ  #
 " #7

# 7x

#
#7 #7#

7

#7 #
.

More explicitly,

, œ  " 
" "

# % #

, œ "  
" " "

# % ' # $

ã

% # #

' # # #

Œ 
Œ 

       

It can be shown, in general, that

, œ  "
L

# 7x
#7

7" 7

#7 #a b a b .

11.  Bessel's equation of  isorder one

B C  BC  B  " C œ !# ww w #ˆ ‰ .

Based on Problem , the roots of the indicial equation are  and .  Set* < œ " < œ  "" #

C œ B +  + B  + B â + B â< # 8
8a b! " # .  Substitution into the ODE results in

" "a ba b a b
" "

8œ! 8œ!

_ _

8 8
<8 <8

8œ! 8œ!

_ _

8 8
<8# <8

<  8 <  8  " + B  <  8 + B 

 + B  + B œ ! Þ

After adjusting the indices in the  series, we obtainsecond-to-last
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+ < <  "  <  " B  + <  " <  <  "  " 

 <  8 <  8  " +  <  8 +  +  + B œ !Þ

! "
<

8œ#

_

8 8 8 8#
<8

c d c da b a b a b
"c da ba b a b

Setting the coefficients equal to zero, we find that , and+ œ !"

+ < œ + <
 "

<  8  "

œ + <
 "

8  <  " 8  <  "

8 8##

8#

a b a ba b
a ba b a b ,

for .  It follows that .  Solving the recurrence8   # + œ + œ â œ + œ â œ !$ & #7"

relation,

+ < œ +
 "

#7 <  " #7 <  " â <  $ <  "
#7 !

7

# #a b a b
a ba b a b a b .

With ,< œ < œ ""

+ " œ + Þ
 "

# 7 " x7x
#7 !

7

#7
a b a ba b

For a linearly independent solution, we follow the discussion in Section  .second &Þ(
Since , we find that<  < œ R œ #" #

+ < œ 
"

<  $ <  "
#a b a ba b ,

with .  Hence the leading coefficient in the solution is+ œ "!

+ œ <  " + < œ 
"

#
lim
<Ä"

#a b a b .

Further,

a b a b a b
a b c da b a b<  " + < œ Þ

 "

#7 <  " #7 <  " â $  <
#7

7

#

Let .  It follows thatE < œ <  " + <8 8a b a b a b
E < " " "

E < #7 <  " #7 <  " $  <
œ   # â#7

w

#7

a ba b ” •.

Setting , we calculate< œ < œ  "#
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-  " œ  L L E  "
"

#

œ  L L
"  "

# #7 #7 # â#

œ  L L Þ
"  "

# # 7x 7 " x

#7 7 7" #7

7 7"

7

#

7 7"

7

#7"

a b a b a b
a b a b

c da b
a b a ba b

Note that implies that , so+ < œ ! E < œ !#7" #7"a b a b
-  " œ E < œ !

.

.<
#7" #7"

<œ<

a b a b” •
#

.

Therefore,

C B œ  68B  Þ
"

B
#

7œ! 7œ"

_ _7 7#7 #7
7 7"a b "  " B  " L L B

# 7 " x7x # 7x 7  " x #
B " – — – —" "a b a b a ba b a bŠ ‹ Š ‹

Based on the definition of ,N B"a b
C B œ  N B 68 B  "  Þ

"  " L L B

B 7x 7 " x #
# "a b a b – —" a b a ba b Š ‹ 

7œ"

_ 7
7 7" #7

12.  Consider a solution of the form

C B œ B 0 Ba b È ˆ ‰ .! "

Then

C œ † 
.0 B 0

. B # B
w

0

!" 0"

È Èa b
in which .  Hence0 !œ B"

C œ †  † 
. 0 B .0 B 0

. .B B B B %B B
ww

# # # # #

#0 0

! " !" 0" "

È È Èa b
,

and

B C œ B B  B B  B 0 Þ
. 0 .0 "

. . %
# ww # # # #

#

#
! " !" 0

0 0
" "È È È a b

Substitution into the ODE results in

! " !" 0 ! " / " 0
0 0

# # # # # # # # #
#

#
B  B  0  B   0 œ ! Þ

. 0 .0 " "

. . % %
" " "a b a bŒ 

Simplifying, and setting , we find that0 !œ B"
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0 0 0 / 0
0 0

# # #
#

#

. 0 .0

. .
   0 œ ! ‡ˆ ‰ a b a b,   

which is a  equation of  .  Therefore, the general solution of the given ODEBessel order /
is

C B œ B - 0 B  - 0 Ba b È  ‘ˆ ‰ ˆ ‰" " # #! !" " ,

in which  and  are the linearly independent solutions of  .0 0 ‡" #a b a b a b0 0
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Chapter Six

Section 6.1

3.

The function  is 0 >a b continuous.

4.

The function  has a  at .0 > > œ "a b jump discontinuity

7.  Integration is a linear operation.  It follows that

( ( (
( (

! ! !

E E E
=> ,> => ,> =>

! !

E E
,= >  ,= >

-9=2 ,> † / .> œ / † / .>  / † / .>
" "

# #

œ / .>  / .> Þ
" "

# #
a b a b

Hence

( – — – —
!

E
=>

,= E  ,= E

-9=2 ,> † / .> œ  Þ
" "  / " "  /

# =  , # =  ,

a b a b

Taking a , as ,limit Ep_
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( ” • ” •
!

_
=>

# #

-9=2 ,> † / .> œ 
" " " "

# =  , # =  ,

œ Þ
=

=  ,

Note that the above is valid for .=  ,k k
8.  Proceeding as in Prob. ,(

( – — – —
!

E
=>

,= E  ,= E

=382 ,> † / .> œ  Þ
" "  / " "  /

# =  , # =  ,

a b a b

Taking a , as ,limit Ep_

( ” • ” •
!

_
=>

# #

=382 ,> † / .> œ 
" " " "

# =  , # =  ,

œ Þ
,

=  ,

The limit exists as long as .=  ,k k
10.  Observe that   It follows that/ =382 ,> œ /  / Î# Þ+> Ð+,Ñ> Ð+,Ñ>ˆ ‰

( – — – —
!

E
+> =>

+,= E  ,+= E

/ =382 ,> † / .> œ  Þ
" "  / " "  /

# =  +  , # =  ,  +

a b a b

Taking a , as ,limit Ep_

( ” • ” •
a b

!

_
+> =>

# #

/ =382 ,> † / .> œ 
" " " "

# =  +  , # =  ,  +

œ Þ
,

=  +  ,

The limit exists as long as .=  +  ,k k
11.  Using the  of the Laplace transform,linearity

_ _ _c d  ‘  ‘=38 ,> œ /  / Þ
" "

#3 #3
3,> 3,>

Since

(
!

_
+3, > =>/ / .> œ

"

=  +  3,
a b  ,

we have
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(
!

_
„ 3,> =>/ / .> œ

"

=… 3,
.

Therefore

_c d ” •=38 ,> œ 
" " "

#3 =  3, =  3,

œ
,

=  ,# #
.

12.  Using the  of the Laplace transform,linearity

_ _ _c d  ‘  ‘-9= ,> œ /  / Þ
" "

# #
3,> 3,>

From Prob. , we have""

(
!

_
„ 3,> =>/ / .> œ

"

=… 3,
.

Therefore

_c d ” •-9= ,> œ 
" " "

# =  3, =  3,

œ
=

=  ,# #
.

14.  Using the  of the Laplace transform,linearity

_ _ _ ‘  ‘  ‘/ -9= ,> œ /  / Þ
" "

# #
+> +3, > +3, >a b a b

Based on the integration in Prob. ,""

(
!

_
+„ 3, > =>/ / .> œ Þ

"

=  +… 3,
a b  

Therefore

_ ‘ ” •
a b

/ -9= ,> œ 
" " "

# =  +  3, =  +  3,

œ
=  +

=  +  ,

+>

# #
.

The above is valid for .=  +

15.  Integrating ,by parts
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( (º
a b

a b
! !

E E
+> => += >

+= > E

!
E += E +=

#

>/ † / .> œ   / .>
> / "

=  + =  +

œ Þ
"  /  E +  = /

=  +

a b a b
a b a b

Taking a , as ,limit Ep_

( a b!

_
+> =>

#
>/ † / .> œ Þ

"

=  +

Note that the limit exists as long as .=  +

17.  Observe that   For any value of ,> -9=2 +> œ > /  > / Î# Þ -a b+> +>

( (º
a b

a b
! !

E E
-> => -= >

-= > E

!
E -= E -=

#

> / † / .> œ   / .>
> / "

=  - =  -

œ Þ
"  /  E -  = /

=  -

a b a b
a b a b

Taking a , as ,limit Ep_

( a b!

_
-> =>

#
>/ † / .> œ Þ

"

=  -

Note that the limit exists as long as .  Therefore,=  -k k
( – —a b a b

a b a b
!

_
=>

# #

# #

# #

> -9=2 +> † / .> œ 
" " "

# =  + =  +

œ
=  +

=  + =  +
.

18.  Integrating ,by parts

( (º
(

! !

E E
8 +> => 8" += >

8 += > E

!
8  =+ E

!

E
8" += >

> / † / .> œ   > / .>
> / 8

=  + =  +

œ   > / .> Þ
E / 8

=  + =  +

a b a b
a b a b

Continuing to integrate by parts, it follows that



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 258

( a b
a b a b a b

ˆ ‰!

E
8 +> =>

8 += E 8" += E

#

+= E

$ 8"

+= E

> / † / .> œ   
E / 8E /

=  + =  +

 â Þ
8xE/

8  # x =  + =  +

8x /  "

a b a b

a b a b

That is,

( a b a b!

E
8 +> => += E

8 8"
> / † / .> œ : E † / 

8x

=  +
a b ,

in which  is a  of degree .  For any  polynomial,: 88a b0 polynomial given

lim
EÄ_

8
 =+ E: E † / œ !a b a b ,

as long as .  Therefore,=  +

( a b!

_
8 +> =>

8"
> / † / .> œ

8x

=  +
.

20.  Observe that   Using the result in Prob. ,> =382 +> œ > /  > / Î# Þ ")# # +> # +>a b
( – —a b a b

a b
a b

!

_
# =>

$ $

# #

# # $

> =382 +> † / .> œ 
" #x #x

# =  + =  +

œ
#+ $=  +

=  +
.

The above is valid for .=  +k k
22.  Integrating ,by parts

( (º
! !

E E
> > >

E

!
E E

> / .> œ  > /  / .>

œ "  /  E/ Þ

Taking a , as ,limit Ep_

(
!

_
> E> / .> œ "  / Þ

Hence the integral .converges

23.  Based on a series expansion, note that for ,>  !

/  "  >  > Î#  > Î#> # # .
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It follows that for ,>  !

> / 
"

#
# > .

Hence for any finite ,E  "

(
"

E
# >> / .> 

E  "

#
.

It is evident that the limit as  does not exist.Ep_

24.  Using the fact that , and the fact thatk k-9= > Ÿ "

(
!

_
>/ .> œ " ,

it follows that the given integral .converges

25 .  Let .  Integrating ,a b+ :  ! by parts

( (º
(

! !

E E
B : B : B :"

E

!

: E B :"

!

E

/ B .B œ  / B  : / B .B

œ  E /  : / B .BÞ

Taking a , as ,limit Ep_

( (
! !

_ _
B : B :"/ B .B œ : / B .B .

That is, .> >a b a b:  " œ : :

a b, : œ !.  Setting ,

>a b (" œ / .B œ "
!

_
B .

a b a b- : œ 8 ,.  Let .  Using the result in Part ,

> >

>

>

a b a ba b a b
a ba b a b

8  " œ 8 8

œ 8 8  " 8  "

ã

œ 8 8  " 8  # â# † " † " .

Since ,  .> >a b a b" œ " 8  " œ 8x

a b a b. ,.  Using the result in Part ,
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> >

>

>

a b a b a ba ba b a b
a ba b a b a b

:  8 œ :  8  " :  8  "

œ :  8  " :  8  # :  8  #

ã

œ :  8  " :  8  # â :  " : : .

Hence

>

>

a ba b a ba b a b:  8

:
œ : :  " :  " â :  8  " Þ

Given that , it follows that> 1a b È"Î# œ

> >
1Œ  Œ  È$ " "

# # # #
œ œ

and

> >
1Œ  Œ  È"" * ( & $ $

# # # # # # $#
œ † † † œ

*%&
.
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Section 6.2

1.  Write the function as

$ $ #

=  % # =  %
œ

# #
.

Hence ._" $
#c da b] = œ =38 #>

3.  Using partial fractions,

# # " "

=  $=  % & =  " =  %
œ 

# ” •.

Hence ._" > %>#
&c da b ˆ ‰] = œ /  /

5.  Note that the denominator  is =  #=  &# irreducible over the reals.  Completing the
square, =  #=  & œ =  "  %# #a b .  Now convert the function to a rational function
of the variable  .  That is,0 œ =  "

#=  # # =  "

=  #=  &
œ

#

a b
a b=  "  %# .

We know that

_
0

0
"

#” •#

 %
œ # -9= #> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •#=  #

=  #=  &#
œ #/ -9= #> .

6.  Using partial fractions,

#=  $ " " (

=  % % =  # =  #
œ 

# ” •.

Hence .  Note that we can also write_" #> #>"
%c d a ba b] = œ /  (/

#=  $ = $ #

=  % =  % # =  %
œ # 

# # #
.

8.  ,Using partial fractions

)=  %=  "# " = #

= =  % = =  % =  %
œ $  &  #

#

# # #a b .
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Hence ._"c da b] = œ $  & -9= #>  # =38 #>

9.  The denominator  is =  %=  &# irreducible over the reals.  Completing the square,
=  %=  & œ =  #  "# #a b .  Now convert the function to a rational function of the
variable  .  That is,0 œ =  #

"  #= &  # =  #

=  %=  &
œ

#

a b
a b=  #  "#

.

We find that

_
0 0

0"
# #” •& #

 "  "
 œ & =38 >  # -9= > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" #>” • a b"  #=

=  %=  &#
œ / & =38 >  # -9= > .

10.   over the reals.  CompletingNote that the denominator  is =  #=  "!# irreducible
the square, =  #=  "! œ =  "  *# #a b .  Now convert the function to a rational
function of the variable  .  That is,0 œ =  "

#=  $ # =  "  &

=  #=  "!
œ

#

a b
a b=  "  *# .

We find that

_
0

0 0
"

# #” •# & &

 *  * $
 œ # -9= $>  =38 $> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” • Œ #=  $

=  #=  "!#
œ / # -9= $>  =38 $>

&

$
.

12.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  $= ] =  #] =  =  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

=  $

=  $=  #
a b

#
.
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Using partial fractions,

=  $

=  $=  ##
œ 

# "

=  " =  #
.

Hence .C > œ ] = œ # /  /a b c da b_" > #>

13.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  " œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

"

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

"

=  #=  ##
œ

"

=  "  "a b# .

First note that

_
0

"
#” •"

 "
œ =38 > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •"

=  #=  ##
œ / =38 > .

Hence .C > œ / =38 >a b >

15.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  #=  % œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  %

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
Completing the square,
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#=  %

=  #=  ##
œ

# =  "  #

=  "  $

a b
a b# .

First note that

_
0

0 0
"

# #” • È ÈÈ# # #

 $  $
 œ # -9=2 $ >  =382 $ >

$
.

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” •  È ÈÈ#=  %

=  #=  ##
œ / # -9=2 $ >  =382 $ >

#

$
.

16.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  &] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  &] =  #=  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  $

=  #=  &
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

#=  $

=  #=  &#
œ

# =  "  "

=  "  %

a b
a b# .

We know that

_
0

0 0
"

# #” •# " "

 %  % #
 œ # -9= #>  =38 #> .

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” • Œ #=  $

=  #=  &#
œ / # -9= #>  =38 #>

"

#
.

17.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  % = ] =  = C !  = C !  C ! 

 ' = ] =  = C !  C !  % = ] =  C !  ] = œ !

% $ # w ww www $ # w ww

# w

a b a b a b a b a b a b a b a b a b ‘
 ‘a b a b a b c d a ba b a b

Applying the ,initial conditions
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= ] =  %= ] =  '= ] =  %= ] =  ] =  =  %=  ( œ !% $ # #a b a b a b a b a b .

Solving for the transform of the solution,

] = œ œ
=  %=  ( =  %=  (

=  %=  '=  %=  " =  "
a b a b

# #

% $ # %
.

Using partial fractions,

=  %=  ( % # "

=  " =  "
œ  

=  " =  "

#

% % $ #a b a b a b a b .

Note that  and .  Hence the solution_ _ _c d a b c d c da b a b> œ 8x Î= / 0 > œ 0 >8 8" +>
=p=+

of the IVP is

C > œ
=  %=  (

=  "
a b a b_" $ > # > >– —#

%
œ > /  > /  > /

#

$
.

18.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  ] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  ] =  =  = œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  "
a b

#
.

By inspection, it follows that C > œa b _" ‘=
= "# œ -9=2 > Þ

19.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  %] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  %] =  =  #= œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  #
a b

#
.

It follows that C > œa b _" ‘ È=
= ## œ -9= # > Þ

20.  Taking the Laplace transform of both sides of the ODE, we obtain
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= ] =  = C !  C !  ] = œ
=

=  %
# w #

#
a b a b a b a b= .

Applying the ,initial conditions

= ] =  ] =  = œ
=

=  %
# #

#
a b a b= .

Solving for , the transform of the solution is] =a b
] = œa b = =

=  =  % = 
a ba b# # # # #= =

.

Using partial fractions on the first term,

= " = =

=  =  % %  =  =  %
œ a ba b ” •# # # # # # #= = =

.

First note that

_ = _
=

" "
# # #” • ” •= =

=  =  %
œ -9= > œ -9= #>    and   .

Hence the solution of the IVP is

C > œ -9= >  -9= #>  -9= >
" "

%  % 

œ -9= >  -9= #>
&  "

%  % 

a b
= =

= =

=

= =
=

# #

#

# #
.

21.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ
=

=  "
# w

#
a b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  =  # œ
=

=  "
#

#
a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b = =  #

=  #=  # =  " =  #=  #
a ba b# # #

.

Using partial fractions on the first term,

= " =  # =  %

=  #=  # =  " & =  " =  #=  #
œ a ba b ” •# # # #

.

Thus we can write
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] = œ
"

&
a b = # " # #=  $

=  " & =  " & =  #=  #
 

# # #
.

For the , we note that .  So thatlast term =  #=  # œ =  "  "# #a b
#=  $ # =  "  "

=  #=  #
œ

=  "  "# #

a b
a b .

We know that

_
0

0 0
"

# #” •# "

 "  "
 œ # -9= >  =38 > .

Based on the  of the Laplace transform,translation property

_" >” • a b#=  $

=  #=  ##
œ / # -9= >  =38 > .

Combining the above, the solution of the IVP is

C > œ -9= >  =38 > 
" # #

& & &
a b / # -9= >  =38 > Þ>a b

23.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  ] = œ
%

=  "
# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  ] =  #=  $ œ
%

=  "
# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b % #=  $

=  " =  "
a b a b$ # .

First write

#=  $ # =  "  " # "

=  " =  " =  "
œ œ  Þ

=  "a b a b a b
a b

# # #

We note that

_
0 0 0

" #
$ #” •% # "
  œ # >  #  > .

So based on the  of the Laplace transform, the solution of the IVP istranslation property
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C > œa b # > /  > /  # / Þ# > > >

25.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  ] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
(

0 > œ 0 > / .>

œ > / .>

œ  
" / /

= = =

!

_
=>

!

"
=>

# #

= =

.

Solving for the transform,

] = œ  / Þ
" =  "

= =  " = =  "
a b a b a b# # # #

=

Using partial fractions,

" " "

= =  " = =  "
œ 

# # # #a b
and

= " =

= =  " = =  "
œ  Þ

# # #a b
We find, by inspection, that

_"” •"

= =  "# #a b œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

Let

_c da b a b1 > œ œ
=  "

= =  "# #

" " = "

= = =  " =  "
  

# # #
.
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Then .  It follows, therefore, that1 > œ "  >  -9= >  =38 >a b
_" =

"” • a bc d/ † œ ? >
=  "

= =  "# #a b "  >  "  -9= >  "  =38 >  "a b a b a b .

Combining the above, the solution of the IVP is

C > œ "  >  "  -9= >  "  =38 >  "a b a b a b a b>  =38 >  ? >"a bc d .

26.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  %] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
( (

0 > œ 0 > / .>

œ > / .>  / .>

œ 
" /

= =

!

_
=>

! "

" _
=> =>

# #

=

.

Solving for the transform,

] = œ  / Þ
" "

= =  % = =  %
a b a b a b# # # #

=

Using partial fractions,

" " " "

= =  % % = =  %
œ  Þ

# # # #a b ” •
We find that

_"
# #” •a b" " "

= =  % % )
œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

It follows that



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 270

_" =
# # "” • ” •a b a b a b a b/ † œ ? > >  "  =38 >  "

" " "

= =  % % )
.

Combining the above, the solution of the IVP is

C > œ >  =38 >  ? > >  "  =38 >  "
" " " "

% ) % )
a b a b a b a b” •" .

28 .  Assuming that the conditions of Theorem  are satisfied,a b+ 'Þ#Þ"

J = œ / 0 > .>
.

.=

œ / 0 > .>
`

`=

œ  > / 0 > .>

œ /  >0 > .> Þ

w =>

!

_

!

_
=>

!

_
=>

!

_
=>

a b a b(
(  ‘a b
(  ‘a b
( c da b

a b, 5   ".  Using , suppose that for some ,mathematical induction

J = œ /  > 0 > .>a b5 =>

!

_
5a b a b a b( ’ “ .

Differentiating both sides,

J = œ /  > 0 > .>
.

.=

œ /  > 0 > .>
`

`=

œ  > /  > 0 > .>

œ /  > 0 > .>

a b5" =>

!

_
5

!

_
=> 5

!

_
=> 5

!

_
=> 5"

a b a b a b( ’ “
( ’ “a b a b
( ’ “a b a b
( ’ “a b a b .

29.  We know that

_ ‘/ œ
"

=  +
+> .

Based on Prob. ,#)

_ ‘ ” • > / œ
. "

.= =  +
+> .
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Therefore,

_ ‘ a b> / œ
"

=  +
+>

#
.

31.  Based on Prob. ,#)

_ _c d c da b
” •

 > œ "
.

.=

œ Þ
. "

.= =

8
8

8

8

8

Therefore,

_c d a b a b
> œ  "

 " 8x

=

œ Þ
8x

=

8 8
8

8"

8"

33.  Using the  of the Laplace transform,translation property

_ ‘ a b/ =38 ,> œ Þ
,

=  +  ,
+>

# #

Therefore,

_ ‘ – —a ba b
a b

> / =38 ,> œ 
. ,

.= =  +  ,

œ
#, =  +

=  #+=  +  ,

+>
# #

# # # #
.

34.  Using the  of the Laplace transform,translation property

_ ‘ a b/ -9= ,> œ Þ
=  +

=  +  ,
+>

# #

Therefore,

_ ‘ – —a b
a b

a b

> / -9= ,> œ 
. =  +

.= =  +  ,

œ
=  +  ,

=  #+=  +  ,

+>
# #

# #

# # # # .

35 .  Taking the Laplace transform of the given ,a b+ Bessel equation
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_ _ _c d c d c d> C  C  > C œ !ww w .

Using the  of the transform,differentiation property

 C  C  C œ !
. .

.= .=
_ _ _c d c d c dww w .

That is,

 = ] =  = C !  C !  =] =  C !  ] = œ !
. .

.= .=
 ‘a b a b a b a b a b a b# w .

It follows that

ˆ ‰ a b a b"  = ] =  =] = œ !# w .

a b a b, ] =.  We obtain a  ODE in :first-order linear

] =  ] = œ !
=

=  "
w

#
a b a b ,

with integrating factor

.a b Œ ( È= œ /B: .= œ =  "
=

=  "#
# .

The first-order ODE can be written as

.

.=
=  " † ] = œ !’ “È a b# ,

with solution

] = œ
-

=  "
a b È #

.

a b- =.  In order to obtain  powers of , first writenegative

" " "

=  "
œ "  Þ

= =È ” •
# #

"Î#

Expanding in a ,Š ‹"  "
=#

"Î#

binomial series

" " " † $ " † $ † &

"  "Î=
œ "  =  =  = â

# # † % # † % † 'È a b# # % ' ,

valid for .  Hence, we can formally express   as=  " ] =# a b
] = œ -    â Þ

" " " " † $ " " † $ † & "

= # = # † % = # † % † ' =
a b ” •$ & (
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Assuming that  inversion is valid,term-by-term

C > œ - "    â
" > " † $ > " † $ † & >

# #x # † % %x # † % † ' 'x

œ - "    â Þ
#x > %x > 'x >

# #x # † % %x # † % † ' 'x

a b ” •
” •

# % '

# # # # # #

# % '

It follows that

C > œ - "  >  >  > â
" " "

# # † % # † % † '

œ - > Þ
 "

# 8x

a b ” •
" a b

a b
# # # # # #

# % '

8œ!

_ 8

#8 #
#8

The series is evidently the expansion, about , of B œ ! N > Þ!a b
36 .  Taking the Laplace transform of the given ,a b, Legendre equation

_ _ _ ! ! _c d c d a b c d ‘C  > C  # > C   " C œ !ww # ww w .

Using the  of the transform,differentiation property

_ _ _ ! ! _c d c d c d a b c dC  C  # C   " C œ !
. .

.= .=
ww ww w

#

#
.

That is,

 ‘  ‘a b a b a b a b a b a b
c d a b a ba b a b

= ] =  = C !  C !  = ] =  = C !  C ! 
.

.=

 # = ] =  C !   " ] = œ ! Þ
.

.=

# w # w
#

#

! !

Invoking the , we haveinitial conditions

= ] =  "  = ] =  "  # =] =   " ] = œ ! Þ
. .

.= .=
# #

#

#
a b a b c d a b a b ‘ a b ! !

After carrying out the differentiation, the equation simplifies to

. .

.= .=
= ] =  # = ] =  =   " ] = œ  " Þ

#

#
# # ‘  ‘a b c d a b a ba b ! !

That is,

= ] =  #= ] =  =   " ] = œ  "
. .

.= .=
# #

#

#
a b a b a b a b ‘! ! .

37.  By definition of the Laplace transform, given the appropriate conditions,
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_ 7 7

7 7

c d a ba b ( (” •
( ( a b

1 > œ / 0 . .>

œ / 0 . .> Þ

! !

_ >
=>

! !

_ >
=>

Assuming that the order of integration can be exchanged,

_ 7 7

7 7

c d a ba b ( (” •
( a b” •

1 > œ 0 / .> .

œ 0 . Þ
/

=

!

_ _
=>

!

_ =
7

7

c da b a bNote the  of integration is the area between the lines  and region 7 7> œ > > œ ! Þ
Hence

_ 7 7

_

c d a ba b (
c da b

1 > œ 0 / .
"

=

œ 0 > Þ
"

=

!

_
=7
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Section 6.3

1.

3.

5.
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6.

7.  Using the Heaviside function, we can write

0 > œ >  # ? >a b a b a b#
# .

The Laplace transform has the property that

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

Hence

_ ‘a b a b>  # ? >#
# œ

# /

=

 =

#

2
.

9.  The function can be expressed as

0 > œ >  ? >  ? > Þa b a bc da b a b1 1 1#

Before invoking the ><+8=6+>398 :<9:/<>C of the transform, write the function as

0 > œ >  ? >  >  # ? >  ? > Þa b a b a b a b a b a b1 1 11 1 1# #

It follows that

_
1c da b0 > œ  

/ / /

= = =

 = # = # =

# #

1 1 1

.

10.  It follows directly from the ><+8=6+>398 :<9:/<>C of the transform that

_c da b0 > œ  #  '
/ / /

= = =

= $= %=

.

11.  Before invoking the ><+8=6+>398 :<9:/<>C of the transform, write the function as

0 > œ >  # ? >  ? >  >  $ ? >  ? > Þa b a b a b a b a b a b a b# # $ $
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It follows that

_c da b0 > œ   
/ / / /

= = = =

#= #= $= $=

# #
.

12.  It follows directly from the ><+8=6+>398 :<9:/<>C of the transform that

_c da b0 > œ 
" /

= =# #

=

.

13.  Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" $ #>
%– —a b

$x

=  #
œ > / .

15.  First consider the function

K = œ Þ
# =  "

=  #=  #
a b a b

#

Completing the square in the denominator,

K = œ Þ
# =  "

=  "  "
a b a b

a b#
It follows that

_" >c da bK = œ # / -9= > Þ

Hence

_" #= >#
# ‘a b a b a b/ K = œ # / -9= >  # ? > Þa b

16.  The  of the function  is    Using inverse transform #Î =  % 0 > œ =382 #> Þa b a b# the
><+8=6+>398 :<9:/<>C of the transform,

_"
#=

# #” • a b a b# /

=  %
œ =382 # >  # † ? > Þ

17.  First consider the function

K = œ Þ
=  #

=  %=  $
a b a b

#

Completing the square in the denominator,



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 278

K = œ Þ
=  #

=  #  "
a b a b

a b#
It follows that

_" #>c da bK = œ / -9=2 > Þ

Hence

_" # >"
=

# "” •a b a b a b=  # /

=  %=  $
œ / -9=2 >  " ? > Þa b

18.  Write the function as

J = œ    Þ
/ / / /

= = = =
a b = #= $= %=

It follows from the ><+8=6+>398 :<9:/<>C of the transform, that

_"
= #= $= %=

" # $ %” • a b a b a b a b/  /  /  /

=
œ ? >  ? >  ? >  ? > Þ

19 .  By definition of the Laplace transform,a b+
_c d a ba b (0 -> œ / 0 -> .> Þ

!

_
=>

Making a change of variable, , we have7 œ ->

_ 7 7

7 7

c d a ba b (
( a b

0 -> œ / 0 .
"

-

œ / 0 . Þ
"

-

!

_
= Î-

!

_
 =Î-

a b
a b
7

7

Hence , where ._c da b ˆ ‰0 -> œ J =Î-  +" =
- -

a b a b, +.  Using the result in Part ,

_” •Œ  a b0 œ 5 J 5= Þ
>

5

Hence

_"c da b Œ J 5= œ 0 Þ
" >

5 5
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a b a b- ,.  From Part ,

_"c da b Œ J += œ 0 Þ
" >

+ +

Note that .  Using the fact that ,+=  , œ + =  ,Î+ / 0 > œ 0 >a b c d c da b a b_ _->
=p=-

_" ,>Î+c dJ +=  , 0
" >

+ +
a b Œ œ / .

20.  First write

J = œ
8xa b ˆ ‰=

#

8" .

Let   Based on the results in Prob. ,K = œ 8xÎ= Þ "*a b 8"

" =

# #
K œ 1 #>_"’ “Š ‹ a b,

in which .  Hence1 > œ >a b 8

_" 8" 88c d a ba bJ = œ # #> œ # > Þ

23.  First write

J = œ Þ
/

# =  "Î#
a b a b

% ="Î#a b

Now consider

K = œ
/

=
a b #=

.

Using the result in Prob. ,"* ,a b
_"c da b Œ K #= œ 1

" >

# #
,

in which .  Hence    .  It follows that1 > œ ? > K #= œ ? >Î# œ ? >a b a b c d a b a ba b# # %
" " "

# #_

_" >Î#
%c d a ba bJ = œ / ? >

"

#
.

24.  By definition of the Laplace transform,
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_c d a ba b (0 > œ / ? > .> Þ
!

_
=>

"

That is,

_c da b (0 > œ / .>

œ Þ
"  /

=

!

"
=>

=

25.  First write the function as  .  It follows that0 > œ ? >  ? >  ? >  ? >a b a b a b a b a b! " # $

_c da b ( (0 > œ / .>  / .> Þ
! #

" $
=> =>

That is,

_c da b0 > œ 
"  / /  /

= =

œ Þ
"  /  /  /

=

= #= $=

= #= $=

26.  The transform may be computed directly.  On the other hand, using the ><+8=6+>398
:<9:/<>C of the transform,

_c d a ba b "
– —"a b

a b

0 > œ   "
" /

= =

œ  /
"

=

œ
" "   /

= "  /

5œ"

#8"
5

5=

5 œ!

#8"
= 5

= #8#

=
.

That is,

_c da b a ba b0 > œ
"  /

= "  /

#= 8"

=
.

29.  The given function is , with .  Using the result of Prob. ,periodic X œ # #)

_c d a ba b ( (0 > œ / 0 > .> œ / .>
" "

"  / "  /#= #=
! !

# "
=> => .

That is,
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_c da b a b
a b

0 > œ
"  /

= "  /

œ
"

= "  /

=

#=

=
.

31. , with .  Using the result of Prob. ,  The function is periodic X œ " #)

_c da b (0 > œ > / .> Þ
"

"  /=
!

"
=>

It follows that

_c da b a ba b0 > œ Þ
"  / "  =

= "  /

=

# =

32.  , with .  Using the result of Prob. ,The function is periodic X œ #)1

_c da b (0 > œ =38 > † / .> Þ
"

"  / =
!

=>
1

1

We first calculate

(
!

=>
 =

#

1 1

=38 > † / .> œ Þ
"  /

"  =

Hence

_c da b a ba b0 > œ Þ
"  /

"  / "  =

 =

 = #

1

1

33 .a b+

_ _ _c d c d c da b a b0 > œ "  ? >

œ 
" /

= =

"
=

.
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a b, .

Let .  ThenJ = œ "  ? >a b c da b_ "

_ 7 7” •( c d a ba b
!

>

"

=

#
"  ? . œ J = œ Þ

" "  /

= =

a b- .

Let .  ThenK = œ 1 >a b c da b_

_c d a b a ba b

a b

2 > œ K =  / K =

œ  /
"  / "  /

= =

œ
"  /

=

=

= =

# #
=

= #

#
.
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34 .a b+

a b, X œ # #).  , with .  Using the result of Prob. ,The given function is periodic

_c d a ba b (0 > œ / : > .> Þ
"

"  /#=
!

#
=>

Based on the piecewise definition of ,: >a b
( ( (a b a b

a b
! ! "

# " #
=> => =>

#
= #

/ : > .> œ > / .>  #  > / .>

œ "  / Þ
"

=

Hence

_c da b a ba b: > œ Þ
"  /

= "  /

=

# =

a b a b- : > 'Þ#Þ".  Since  satisfies the hypotheses of Theorem ,

_ _c d c d a ba b a b: > œ = : >  : !w .

Using the result of Prob. ,$!

_c da b a ba b: > œ
"  /

= "  /
w

=

=
.

We note the , hence: ! œ !a b
_c da b ” •a ba b: > œ

" "  /

= = "  /

=

=
.


