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—I-L‘EDREM:

We can cortl e gas‘Fem '3 the matix C has « ranh n whee
C= [R AR ... A""'B]

T e Basis Tueoren |

det U be « fp-dnmeAS\onaf sabspoce g R

" Any emea% ndepudent set of exacity p elonots n U is & besis for M
* Any seb 95 P elerments °g U et sgns U is a basis gor U

ExTeusion To  TuveRIIBLE mairix THEOREM

Cl:3
Cz =2

} el

Su‘opoae_ As an oxn motax, The f"%‘-’"‘S ot ewlug,(’m{-,
* () = R” < Nt (A = {0}
" cxnk(a) < o + o (Wl () - o

- Evo‘grou A hes a pwo £ . (‘__,Uc/g colpra %A (Aqs S p.oo}

Soppee A s an mun meiix TThe PO(UOums e equivalert -




Re-ceqons Q- Derenwonns | etk
/""'\—\
—ne,o‘emz A iﬁo‘ :l 1huedible 4 ad-be 3o A_1: ! J

€ 0d -Ye -C &

SUG MAVRICES

rDegunhoA: A'() \s o Sobmakix  ablaned th a ol A b w1 Gnd ol |y remooed,

| -2 50

\ 5 o

Azlz oom - ARl z y o
3‘%'0—9 o .

ol"\ 20 2 O

wm’no«i The (CJ’])- @84;51‘0( 3 & mativ A1y Cij and s Goen L"a CLS: (—I)UJ act(ALj)

| s O < 4
Acl2 u - Cos =(-1)
© -2

n

~2

o -2
o

Derermipaots

(Deglmhmz The oetesmneat og 29 Wh makir A, ol N2 s gue 53 et (AY =Gy Cu +GptChp +- 1t Gy -Cin ,% w1 det(ay - A

OJ,EC,TUQE q DETERMINAVTS |

“Theorem:
T[nc C)efwmingn+ OX an nyn matrix A Caﬂ.be (.ONPU*}J bs a w(?ac;l‘or erpansion P a,.a w  or dowon any coblomn .

The co Jctor eXpansion acfoss row i s Aver by
det (A) = i1 Cis tQiz Ci2 +...x Qis- Cin
The cofactor espusion down coloma ) 1S gluen by

Odet (A) = GIJCU. -'azjcz\jv...q— Ckn;\'c'\'j

DeTERMWAITS OF TRIVG0LAR matRIcES

—'T'Corc'w.
:l? A 1S ar nxw 4(\'5\'\50&1 rocex , len det () s He Prpdyu" e arltien okg.m’ rain diagonad o A Jeﬁ'{A\:Gu *Q22 - Gan

Row operATIONS A DETERMINAMT S

ELEMENTARY Dow OPERATIONS :
1 O row s replaced by e som @4 seld o) o wolliple & anotner row.
2. Two fows cre H\trc‘nmy,d
5. One oow s mubtple) by o fonzeo [ZIN A S
Theorem:
det A bo o Swee medun ad A~ usihg OV v opaGtion,
o. O3 row opestion A4 wos used; fen Jek B = cder A

b. —TS v opuchion 2 wet uvsed MW det B = -Oet A

C-J—g ow OFU"\"U" A wos oscod Yun JetB = 4JetA



ToueRTizin 17 Asd DETERMIVADTS

TECOPBM'.
A sgquore matix A 5 goerdible 1§ @nd °""g g det A to

TL‘CMM:

det A= o 1§ and O'Ie; 1§ e olumng %A cre e,m% r)epwJe/ﬂ‘

(RZOPEQ'WBS OF DETERMINAUTS

'_,EGOrCM H

:rj A oo nxn matex tey det AT = bt A

CHhumn  opctons are herdled 1 dle same manner as w  operstons

Theoem:

T0 AcidB cre vaw matnces, fher et (AB) = det(A)det 3y
Corpl by :

T2 A s on nuehble motix Tier det(a-') = AL

det (ay
P decrone IO Coawre’s Roe

SY.STEM OF A EQuATiovS To L unkpowwus

Toomuas  FoR TuDWDOAL  EATRIES
sAv=b gor an (Mxuy-madnx A and ectwb n R

A - A'b
‘535#»« has onigue solohin o8y 1f (det A £0) bhor r= A ,
- X X1 =
It exse K:A|L’ X= )fl —s xz:%
Xn X..'='_)
(2%xD) maTRIY
A=[q 5} L:["] CRMERS RUIE Tm  (ox2)-CASE
<9 a Jp ~bg Y _ .
Xz — A (Y = ] Az(b\_[c‘
Als =L f”""S P ad —pbe a o C g
ad-be |C G * I_q]
Xy . CP 129 ¥ . oA (o) x. 9=hA: (b
x= _) op - by ad -be det A det A
0d ~be ['CP*%]

CRAMGR'S RULE  BENERAL CASE

Suglem  Ax=b worlh nvertlole (xm)-metiix A and b g B hes e omgue solobor  x= [xi, e, 0]
Comers roe : X = M\
det (4)
Ai(by = (o - ai-1 bain- - an]

oLEcrufle |0 AmdPucation oF deTERMwAOTS

De+crmlnan+s as area or vlume:

“Theorer: B A s o 222 marx, fhe ata of the pam(@eﬁogm Octemned by the wlomns o A s \c)e‘f(A\‘_

]? Ais e 3x3 maix,dhe volome of the sz%(’ap'\aec) Jefermined loa'ﬂ«e colurns f A s \t)o‘i‘(A)\_



Luem ARANSFORMATIONS AND AREAS R UDLWMES

_l-hEOQeM L

det T R* — R* be a Gnear Fransformation wilh standord matix A. Jg S s« @mﬂe rEgIon 1n R fhen:

Area of T(S) = |det (8)]. (area of S)

Si"’”&‘eang TR —R S « Oneew Frondormation o1t Sandard madrix A a0 S s a B”’M g n ,m'!, fen:

Volume of T(5) > |det (A)]- (votere o S)

1 -
A'— [1 l} ’&klmmwﬂ‘: 3

IUTEG‘RATlou ALY  CHAMGE OF VARIABIES

e Onew ‘f(mgéamdion maps fle rechingle with verhcen (0,0, (3,0)(2,2) and (0,0)
to e peallelogam witn verfices (00Y,C2MY (1,9) paa (3,3)

A oml ectngle ic mapped Jom (u,v) - oordinglea fo o (G510 1n Gy} -cooroinaten Yt is opponmcied by a e llelogrom

v o J/’ T ;____ 0=p
P;} AV r=a s r=
ov “ 1771 o=a |
i |
iji"'J Au ! ‘ ’
u ‘ X , .
ox  ox 0= -
Area: Aulv Area: det( i ;)‘AUAV R
a, a, /
v v /'=u =a
/BT
, n|
pt-——=f // f(x,y)dA
JJS
r=a s r=b
- ‘“1: 0=a i ://R f(rcos(0), rsin(f))det(J)drdb
’ ’ Here, the polar coordinates are
\l x = rcos(6) y = rsin(9),
\ so the Jacobian equals
0=p r=h ox  Ox ;
= = cos(0) —rsin(0)
R det(J) =18, §|=|_
/A _ ‘ ) %‘f %g sin(@)  rcos(0)
/:bﬂ: = rcos’(0) + rsin’(6) = r e
0 x ’yN

(PQE(JECTUQE M Tonen (Przonua- AUD ORTUOGCONALITY

“ToNeR PRODUCT To TWo DMENSIONT

,a&mhon:

For two vechre a- :;] wd b= ):E‘;\ The niner product: a- b = G bi +de by

olu@”h o) a: \(a"l.,a,_! =(a:

—
Distonce behueoy @ and b dist (aib) =l -bi = |(a-1(a-b)

AleeBr4IC

When you change variables during
integration, you need the Jacobian.

This is a determinant that described the
scaling factor after a change of variables.

For example for polar coordinates we have

//s f(x,y)dA

= // f(rcos(8), rsin(@))|det(J)|drdo

wtx
« >
I;\

6e0ncTRIC

abolall - libil-cos &



Toren PhopucT 0 N

rDethon:

b
For two vedors co. [a'] anc) L;_._ [bI] a-b: al'l3| + 5\2"52 et Cn-ba = QTb
Qn "

E LemevTary ProPepnes:
’T&eorcm:
. G~b b (5“_1”\"'6‘}1‘4)
ca(bicyzabra-c (Ornecaity)
- (heb)= boaby - (aa) b (trerity)

fae 20 &nd ara =0 on% .; G=0 [Paall'!ulh

ooz Gt Gy2a .. tan

6eoneT™ TV R

(A Few) POCRERTIES OF MORM AUD DISIAN Co

(Deglmho«s: for two vectrs a an b i r":

oo = fel flall lasbll€lall +1|b]| (trieagle heguodity)
dist (4/0) = Jist (b,&)
" The bom of o llal = (aa
a+b
o_I'L,, distance befweer o ond b dist (o) = N\a-bl b
. Orihobooa[ \3 [o.-b: O] =

Orruosonac (RO:]ELT](;,J ovT0 A LE

(b-5)-(b-ca) Lo —> (o-ca)-a =0

. be b 22 .
T oo a-c

J\EUUEE M ]T.weg rprzowcr AOD OhreosonaT™

OﬂTnoooum. Compremersr

hon. x L
368"\!‘10’1( A uvedtor x s orﬂ/.oaoan fo ¢ sbsmce 3 4 ey Q% Ls J)ol‘ each s 10 S aofaton S

The orfhoéona? compleriot S, derote) £+ s he set of ol vecrs fuat are oo gonel b S, ard 15 o&uq,z_g o sobsoxce of

Ovruosonal  SeT

]b(ﬂ"lhm' A sot Sog wectors SL-V"""V”’S o M”15 alled an orhogored sef 8 ViVj=0 Qor each per

Theoem: An 0(+L.050Aaﬂ st S-= {u,,_,_vpg Qg nonzwo vecore 15 a Creat; wOepur der- sef.

@ED'UATQQ Wi ?ESpEC/‘_ TO AD ORTHO6ONAL BASIS

ol set
rDQ(?'“'hU": Av chogorgd Lesis pr o sobspe W 18 o basis for W et s also an orkogon

Theorem: I S- EV'”- Ved s an  orfogonl leasiy for o sbyexe U 0 R we o write any edr ye()n e follong cag:

LAV, L v 9. Ve
3 Vi Vi v V2 V2 Ve roox Vp-\/p.vl"




% Jeavrze |2 OI‘LWDGO/UAL moaecmo;\l&|

OnRTvocOoNAL PRIV onTO A TLAVE

2=9-3 y
7
i

v
'
|

uzjﬁ__ .
<~‘w 9= pPe)

o

t/J‘P&‘M

lly - = dstene o fo W Shorlest distine S 1981 5 dskece From y @

Formula OF ORTHOOOANAL PROJECTION OF ¥ OnTo W

Wcorcm:
The Or‘“noéona[ projechon 4Ry ol plae W e orthosoncd basis -{w ,tu} 15t

A _ ka'(.kl \j.uz
- '(A| +—'M.
Wi (A
La @ Uz -U

O{,EC,TUQE D Onmuosonat “Phozecnons

OQTMOA)OEMAL SETS OZ‘n-toeo/JA(_ MATRLICES

De Xmlho'\:
An atvonormal st S s an orﬂnogonaﬂ sef %U"J”'zuﬁg og oait vectors

So,“‘"'u‘\}:o '5 ;#J,acd wirur o= A

l l'lGOrem~

An Mmyw moteix U hes orhonorﬂl‘\-{ colomns )g and oﬂ@a 3g UTU=|

(Delm\‘hon :

An ortwogond et is o ogure nveble puatrin U sock fhet U7 < U7

Orruosonac (Pﬁoaeo‘nops . Tue eeweRAL casE

KDEFIUITIOL):

.J«;(’ W be & subspace oquh_‘l'lw\ eoch g " 'YQ“ con be wrttr 1n ke gorm %:8 vT.

. (/JW 5 1S n (,J ma X g »n ’“’l@ of'h\o(sonae (,orwpee/MM} (.L)‘\‘
. 8 'S colled e orfigoncd projechon of y.

Tﬁwrer\a:
—”12 dew:-«pmiﬁon ta=3 F 28 uﬂ}aue, jg {U.I,-v,lkﬂ} IS an or‘ﬂtoaorwé basis Oé w fuer

sl -
%1 L RV W il °
Wi Up -Up

BV V. 0\0(‘) ?:‘3‘3

N : v
I PRAWY = L,
57- POy Yy - 22T

“Uz2-Wy

"8

U2



O RTHO 6 OMAL (Pizoa ECTION

. yOlJ can &'}Cfml’\e ‘H’LC. Matox s()s fle pmjechon onto The (x,%)—p&nc_ _rI/IIS N ﬁo‘»/euea lona Hle mappiqs I—&,«n,;) = (*x10,2)

_ 10 o
) ’L‘e metax 1S T suer bg A= [o <] O]

oo |
ESY AsvRoxuation
Theoem:

det W be a sobspere of Ry o vechor 1n N md et 3 e fhe oriogonal projechn iy onbo L. TThea

“‘3‘5"5 ly-vll  for a0 cedons iy w

Re decve B Tue Geau - Seumor Process

Uow To FAD A ORTUDEONAL BAS) 7

Soppose U= spar $bi ke, bu] 15 & sobspace n R

A Is dnere orﬂnoso:\a[ besis {u.u,lm/m (Al\? for n?

2. low Yo gn() {U.i,m ,...,lAL]?

NUMERICAL  EXAMPLE

b 94- ‘1 f .F"’() an olﬂnos‘y‘“ﬂ b"‘StS (?or M s Span {b' 'bz ,Lz}
i . I We

/1_ (A.I:b,

2. Wby brz b, - %t_'.)m__bz_bz—bh

A
3. Wa :bs —Lg - '03- Lb:'“‘ e
v g

6eucnRAL STEP

Woea = biog o Y biviwe
W, W e -2

Whar TF e \ecors e  OSPENDENT?

S _ ’
Vppose U= span §b o, ,...,bu} s « sobspsce 0 M. 3% §b,,bz,<.;,bh3 s o Odcpemdat set, can  Grom - SchmiOt shp hellp
to §nd G0 octnggonal besis  fof n?



OJEQ'UP_G ‘3 /_IEE 6QAM—SCW1(1!T %

> Constrochon %’ pojector makix (oM odumormal  basis

GJDOLLA’\\‘Y:
:L—g iu‘-,._.,U\pﬁ S an orlionomad ot o W and U < [M: Uy - LM’], -“4&
P4 = UUTy

(PQé'A‘EC‘W’?E A4 olea.sT - Souanes 'Peom,cw\&

deast Sauares  SowTion

Degnihon:

A s mya malrix, b € "EM and Ax = | (i consis beat
A @oct-sgoes chifion @ A<= bt cr g €K sk fuat 1b-AFN € |y - Axll, for o x €W

/:‘b
Cr A

X5 @uct-sguae selton of ax = b g ad onty ! a3:b

Ax < b (mw«srg\-ml'\ — 5 Ax- ,L\) (alwoys consisteat)

Solohons A Ax =D oe cbled Cecst -sauares solohong  and deroted LB X

oleowrzs AU Jeaer-Squm Rasiens

4R s 6 Gust-sguoe sclhor o Ax=b g end oy 1§ 4= b= poj e (b)
2 E‘hne chomns A ac brecy ndoperdert  un o fesst ST soluhon o} e sy Ax=b 13 vagua
T3 e colomrs o A ae breorf) cepudort ot Ax zbo has infarely mong st -sgueres solubons.

Mormar  Eauamio

" Tneonem:
cThe st o} boust-sguces sofdione 9) 4x : b coincdes witl e nonemphy et of sobofions & T syglen.

AAc = ATh  (normat eguohmns)
.,Jg AA ¢ nuestble , dwen Hhe Sgg‘.u" Axzb Wug a omgee Gonsh- Sgaeren solohon X, whch 15 guen log %= (ATay' Ak



’?v;-oleaurm 5 EISEUVEUO'RS avn Eresnvalves

- An eigenvector o an A XN madix A 18 o nontgo vector X such dhal Ax Nx for some  scafer hN

*A scala, % s an eigenuclue 08 an nxXn mgine A 1§ e egator  Ax =hx hes «  non Favial sowhon.

s J
o [:] nE] e o
W= [‘i] A‘*=I:—ZZ;] = [—i}f—hg - Axz=x — A& -X =0 — Ax =X =0
(A x:0 — [° Glo ~ | O] 2w ou-TRivrAac soLoTIous
S | lo o1lo

<
.
—
& ow
[E—
<
1

[Iﬂ v

decuns  [5 Esenvecmes Aod  Eloeovalves

(DE'FM}H'IQ\):
* A real nomber N

vector x 1€ Caf/el) on Qléznue(jl)f COlr‘%pO'\()iﬁta‘ o M

s an e:&muduc o! o matix A .‘g oe eraste g popago uector x gor which  Ax = Xx. Jan W d case e

v The eguspace of an W xw malnX A corceaponding  to e elﬁy\ua.eJe N wiasisis of Ywe o vechor and aft he exgmuectrs

withy el‘guuﬁg’e Noie. g e Sﬂ-d ol soltors & te eguahon (A -X)x =0

-ITAEDREAA-
The elgmuaﬂwx S~ {ongels matix are the exlnes on e main dasonad

mo'l:m:

j_f Vi, Vo .. Vr ar egervectors wm’»pon!)”(g o e dishnet aige/\uw{«MA MoXe L Ne rc‘gpe()hlleé g an AxV matiiy A,

Then de set £u), Ve, WD o el cndepudert

CM(\’RACTEIUWC 'Potvuol‘«IAL

. ()g an nxw matrix A s given % Yle oelommaat |A 'Xl,

’ILED'IZEM-‘
A scalor Ni s an ggsuualog oj‘fl’c N xw matn< A 5 and aneb lc( N s a soluhon oéihe characternShc po(ql\omjgj eé A

MULTI BLCITY OF El6EMV ALUZS

+ Algabraic muhipbiety: oli o an cigaube N is fe nomos g octors (3 =N 0 de chamackriche pehyrom il

v Geometric MU(HPeICl""('ji & an eigawlve N s obg‘/\ﬂd os  fu dmesion ‘gﬂ‘ egersoace Eni. nombe 4 ndopudent e igrvectory c?"r M.

D'“EUSIUU OF THE E\6ENSpAcs

Theorm,
For each erguualve N fhe geomelric moehplicdy s ot mast equol o fie algelrac Mu@-lv.pb;a{;:

1 com Exg oy

Tovedripee Mamis  TueoRsmy

Theorem:
:l'& A s an  NXW matrie, Tl Ye Zo%w'x ‘5"”\‘6/‘4015 mﬂ%lw\?{'} o1 volork

a Deehble matfix
S. MNumbu O s not ay eigyualue
4. T dojymnant 4 A 15 oot 2o



(RéJECTUDE 6 DlAGounSABLE MoTRicex

¢ To dia gonite o mahmix

P-[iE) war - [19)

© A mabrix A 1y called dagonisable 1§ here emsle o inemble modnn D sch Mot DTAP s o dagond mekrix

olw"'zé 16 DI“ﬁOUALIYATIOA}

SIMILaRITY :

59"“ matrices A adB o i ber |g1w:\5an nuvehlole  mateix (?suda hcd

A=PBP

Tneonen :

I‘é NXN matacer A ad B e omilor , ten '#ua Wave e same  dharmctershe veo%f‘om'\ﬁ! ond hea e ame 3‘6""'”“‘["“ (witn

fle same  motintcikes)

DIAGONIIABLE  MATRICES
<A mctix A s dagonable § end on g A smiler do o Jingorad mctix D,
«This means dhet A 15 eguel to PDF Sor some nvehble matric P ond dggorel reneix D

rD(Ao ONALI12ATON —IIAEOQEM .

Theoren:

Ar nxwv medrisa A s alaéoAerb&, .)g od only 3 A har n {Mw% m&pw)(ﬁ'f espvelors.
Theorem:
An Axw mManx A s diasonglianble (] o0 onﬂq 1@ e sum

%dum E)\=V’

& e dmarsions § e eguspectsr s AL Thet 15

"DifcovAvnTion marrices N xn matcicea ot g&w’ fuaa n distuct eguoalves

Theoem: der A be o1 nxa matnx N egnoadves oe ral. A s dagonizable g and
2. Find o besis for coch  egmspece oty f  for each eignuslve N, fe Jmersion o fle egaspact Ex is eguel To fe algeliaic

3. Conshuet P molhptichy of N

" Comsvet D

A Fing Hle igarvabues R} A



Re - decwne 7

CONPLEX Elséluvmugs. Anp  E leepveciors

CDMPLEsl fDLAU e

The compten Plne C2 s tle vecr spuce et consisks of ol vecddore  wrla Awo coordinantes

2\ and 22 ,wka-t loo‘ll'l 2 and 17.&
ot comnlx  nombes.

COMPLE* \ecwes

rj?&g port: Oga complex wedor g =x + iéj wih % end Y N s 2 X
Imabnnoq cart: @(ga complen Ledor 3 = ><+-ia will x m)a n R s 2__3

CoUuada st 2= X -y

KPEAL— VaLuep  MaTRices

_)71 EONEA:

-TSA S an mxwn maix Lidh sl evfies 0 N 18 & (conpler )eiguualie ] A wHl eigrestor v, 4hen
° S\ 5 also an cigtrveloe ,,é A
°oy 1S h«c l:om%pmdmé WU%W

Smumurz(._ OF A RaTRxy CITY COMPEY EIGENVAWES

jTﬂCO!EM.’

a ~b
. Suppoae a and b oe redd and ot bot 200 and e raainx A 18 cgual o [b a]

> The e\s,uualaes % A ce Gt b and a-bi

(a/b)
r C \ =
S CRCa [D :].[m ° 5"'(0\] ‘59

slr (o) -cos [6)

Cooromare Vewrors

,DEFW ITION:

Cy
Assume /B={b.,.__,5p? s a besis gor ¢ soospece W o)f'k"' Tle coordmcie vector 0! x n W elehe o B s [X]B :[ }

G
Wit G e, Cp such That

X=GC- b, +.-- +Cp~bp

Cooeoinsre TeansrormaTions

]V\corun:

Assome B = b, by s o bass for N e P= [_lo. v ba] Then for > n n

A-PCP
Plxlg=X e [x]y = P'x

o molthy

ot Mot h;
P! E P
L Mmooy >[AX]B =y
C

KREAL, MATR(cGS WiTh CoMPLEY E16ENVALVES

“Theorem:
det A be areat 2x2-matrix wiht complex eguoale a-bh ond an assocakd eguvedor v oin €2 The A=PCP whure

fP=D~e»\/ ‘va_] and C -_[E 'b]

a






