AE4304 Examination April 2012

Question 1

[1] True. This can be proved as follows:
Ray(1) = E{z(t)y(t + 7)}
Setv =t + 7, thent = v — 7, substitute:
Rey(7) = E{z(v —7)y(v)} = E{y(v)z(v —7)}

Now, we are considering stationary processes, san be replaced with any other time, includ-
ingt:

Ray(r) = E{g()z(t — )} = E{g()z(t + (=7))} = Ryz(=7) qed

[2] True. The proof is very similar tfil]. Note that you need to explain your answer on the exam
in more elaborate terms than this!

[3] True. All auto-functions are even functions (can be provedlar as in[1]).

[4] True. This can be proven as follows:

Kzz(0) = Co;m%m) _ E{(z(t) - mg(t +0) —pa)} _ E{<:i’(t()jg— pa)’} _ Z_z =1
ged

Question 2

This derivation follows directly from the lecture notesgddacture slides.

The signalz(t) can be approximated b(t) through a Fourier Series expansion, an arragyof
sine and cosine functions:

N-1 N-1
T =Y [agcos(kwot) + by sin(kwot)] = ag + > [ax cos(kwot) + by sin(kwot )]
k=0 k=1

To find the coefficients, andb, a quadratic loss function J can be defined:
to+T

J(ao,...,aN_1,b1,...,bN_1) = if [.f(t) —%(t)]Zdt

— tof [Z(t) — (ao + Nz_l[ak cos(kwot) + by, sin(kwot)])]?dt

to k=1
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Minimizing J will yield the best fit, with necessary conditis

0] _8J _ 8] _
dag — day — Ob

fort=1,2,...,N —1.

Starting with the parametey. If gaio = 0 then:

to+T N—-1
[ 212(t) — (a0 + > [ax cos(kwot) + by, sin(k‘wot)])} (—1)dt =0
i k=1
to+T to+T to+T N—1
zt)dt = [ apdt+ [ > [ag cos(kwot) + by sin(kwot)]dt
to to to k=1

to k=1 to to

to+T N-1 to+T to+T
[ z(t)dt =Tag+ > [ax [ cos(kwot)dt + by [ sin(kwot)dt

The two integrals on the right hand side are zero fok alihich yields:

to+T
ap =7 [ z(t)dt

to

ged
We continue with deriving an expression for variahigsif g—&]l = 0 (for all ¢) then:
to+T
f 2 (ag + Z [ay cos(kwot) + by, sin(kwot)]) | (— cos(lwpt))dt = 0
k=1
t0+T to+T

[ Z(t) cos(lwot)dt = [ ag cos(lwot)dt+
¢ ¢
' fo4TN-1
[ 3 [ak cos(kwot) cos(lwpt) + by sin(kwot ) cos(lwpt)]dt
fo k=1
to+T ’ to+T
[ &(t) cos(lwot)dt = ag [ cos(lwot)dt+

to to

N— to+T to+T

S lar [ cos(kwot) cos(lwet)dt + by, [ sin(kwot) cos(lwot)dt
k=1 to to

The first integral on the right hand-side is zero for/allThe last integral term on the right

hand side is also zero for alandl, using the fact that all basic cosine and sine functions are

orthogonal. The second integral termig £ # [ and equal§ if k= 1. Hence:
to+T
[ Z(t) cos(lwpt)dt = ;%

2
to

Substitutingk for [ (both are just our integer indices):

to+T
ak =2 tf z(t) cos(kwot )dt
0
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ged
Similarly, for b, we can derive:

to+T
[ z(t) sin(kwot)dt

to

by, =

2
T

ged
Note that in the 2nd year BSc cours®trumentation & Sgnals another (and perhaps simpler
and more elegant) derivation is given, which you can aldoviohere.

Question 3

Starting from the time-domain and the definition of convialnt

[eo]

2(t) =z(t)xy(t) = [ a(n)ylt—7)dr

T=—00

Fourier transforming:

2) = Fla sy} = J | T atoyte - ryar| esar

t=—o0 lr=—o0
= { [ x(r)ylt - T)dT:| e Iwt=T)emiwT q¢ now, change the order of integration
t=—o0 lr=—0o0
= [ [ ax(n)ylt—7)e et qtdr take all7-functions out of innet integral
T=—00 t=—00
= [ a(r)evr / y(t — 1)e7*d(t — 7) dr for o =t — 7 the CTFT ofy(o) is found
T=—00 t\zfoo )
=Y(w)
= [ z(r)e Y (w)dr Y (w) can be taken out of the-integral
= / z(T)e 7dr Y (w) = X(w)Y (w) ged
= X(w)
Question 4

The input signal to the system, white noise, has equal power all frequencies. Consider
the frequency response (magnitude only) of a second oralesfar function (Figure 1). If the
damping ratio decreases, the peak at the natural frequenoyases. When the damping ra-
tio becomes smaller and smaller and eventually becomes ther@utput of the second order
system to an inpudt the natural frequency will become an undamped sine functi@auto-
correlation of a sine is a cosine function.
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Figure 1: 2nd order system dynamics (horizontal axis,ig [rad/s])

The white noise signal, containing energyaHtfrequencies, will excite the system also at the
natural frequency, yielding an undamped sine wH&nhextremely small.

Therefore; corresponds to the smallest damping ratio gntb the largest damping ratio.

Question 5
This question is the same as in the exam of April 2011, pleasethere.

Question 6

The Nyquist rate of this signal is2=10 Hz, so it should be sampled at a frequency higher than
10 Hz! Now, the current sampling frequency equals 5 Hz, which isstmall. Remember that
sampling does two things: (i) it creates an infinite numbecagies (also called aliases) of the
original spectrum, located at each integer multiple of gn@gling frequency, and (ii) all these
copies arescaled with the sampling frequency.

Here, aliasing will occur, the sampling frequency is too lcawusing the copies of the original
spectrum located at the integer multiples of the samplieguency to overlap, see Figure 2.
The aliases are scaled with the sampling frequency: theiirman values become 18=50.

The resulting CTFT of the sampled signal is then the summatiati these individual aliases,

which becomes a straight line @t 50, see Figure 3.

Question 7
Remember:
Spy(w) = [H(w)[*Spw(w) = [H(w)[*W

The value of the PSD at zero frequency=£ 0 [rad/s]) can be easily calculated:

LIn this case, sinc& (f)=0 at 5 Hz, sampling at 10 Hz would be just sufficient.
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Figure 2. CTFT of the sampled signal: all individual aliaskgufe shows only the positive
frequencies)
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Figure 3: CTFT of the sampled signal: final result (positivagfrencies only)
Sys(0) = [H(0)]*- 2 =2,

so we see that PSD(3) is incorrect. Further, the cut-offieegy of the first order system
appears at a frequency éf = 0.5 [rad/s], eliminating PSD(4) (and again PSD(3) for that
matter!). Finally, the slope of a first order system is “-1"h@n the Bode magnitude plot is
shown on a log-log scale, like here). Hence, the slope of tiyeud signal PSD should be “-27,
eliminating PSD(1). The correct PSD is therefore PSD(2).

Question 8

The relationship between all input signals (which are jusi here,z andn) and the output
signaly can be found using two methods. The first method is by anajydirectly the closed
loop relationship between the inputs and outputs from tleekbtiagram. The second is by
calculating the relationships mathematically, step bp.ste

Method 1 First, rearrange the block diagram by moving fiiéenput andH; block before the
loop, see Figure 4. This makes it perhaps a little easier tbtfia open and closed loop paths.
Remember that the closed loop transfer function betweengarn and output can be found by
where DC is the ‘direct connection’ between that input anigphoty and OL is the ‘open loop’:
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v

Figure 4: Block diagram re-arranged

Ha(w) = 1261
Find the relationship between inpli{w) and outputy” (w):
_Y(w) _  Hi(w)Hs(w)
Hl) = T(0) = T+ Hylo) ol

Find the relationship between inpiit(w) and output’ (w):
Ho ) — Y@) _ _Hal)H(w)
" N(w) 1+ Hy(w)Hs(w)

The complete relationship between the output and all inpansbe described as:

_ Hl w H2 w 7 H2 w H3 w N
Y(w) =17 In(h()w)P(lz()w)UW) T f([l()w)f(h()“’)N(W)

Method 2 From the block diagram the relations between the signaldedaund as follows:

(w) = Hi(w)(U(w) =Y (w)) _ (*)
(w) = Hy(w)(Hs(w)N (w) + X (w)) (**)

=~ :><j|

Substituting (*) in (**) yields:

1_/(w)=lsz(W)(H:a(W)N( w) + Hy (w)(U(
= Hy(w)Hs(w)N(w) + Hy(w) Hy(w)U (w

Re-arranging:
(1+ Hi(w)Hy(w))Y (w) = Hy(w)Hy(w)U(w) + Hy(w)Hs(w)N(w)

And the same relationship is found as in Method 1:

— Hl(w)HQ(w) HQ(W)Hg(UJ)

Y(w) = Ulw) + N(w
( ) 1+H1(w)H2(w) \\() 1+H1(CU)H2(W) \\(,—l
N 7 “signal’” N ~~ 7 “signal’’

v
“dynamics’’ “dynamics’’
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Note that one should always end up with something in the fdrsummations of ‘dynamics’
multiplied with ‘signals’; when these two mix up somewhesemething has gone terribly
wrong and it is better to start all over again!

Methods 1 and 2 continued... Now, to save time, the relationship that we just derived @an b
expressed as follows:

whereD: H, () Ho (o)
d W)= TV H ) Bl
and:
A(w) _ H2(W)H3(W>

The conjugate is then described by:
Y(~w) = 0(-w)U(~w) + A(—w)N(~w)

Now the PSD of the output signal can be easily calculated:

= |0(w)PE{U(w)U (~w) }+8(w) A(—w) E{U (@) N (—w) }H+-A(w)B(—w) E{N (w)U (-w) }+
[Aw)PE{N (W) N(-w)}

Filling in all auto- and cross-PSDs that we see in this eguati
Syg(w) = [O(w)[*Saa(w)+0(w) A(—w) Sxa(w)+A (W) B(—w) Sar (w)+]A(w) [* Saa(w)

Note that because andn are correlated, none of the cross-PSDs are zero. They athaire
tained in the equations!

Question 9

Start by transforming the transfer function to the différ@nequation (note that | skipped the
bars over the signal symbols to save typing effort):

Y{(s) 1

H{(s) = U(s) (14 sm)(1+ sm)
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(1+ (11 + m2)s + 2s?)Y (s) = U(s)
Transform to the time-domain:
T (t) + (11 + 12)y(t) + y(t) = u(t)

Transform the differential equations to state spagét) = y(t) andxs(t) = y(t):

3.
no
—
~
N—
Il

§() = —~22(1) — ZLy(t) + 2ult) = — Ry (t) — 2L (f) + )

)= el 0] [0

y(t) = [1 0] {“"1(”} + (0] u(t)

(1)

Substituted, B andWW in the Lyapunov equation and solve for the steady-stater@owse ma-
triX Cuy ss:

AC, s 55 + Cop ssAT + BWBT = 0, with W =1 s0

0 1 Cii Cia] | [Ci C| [0 ==& 0 15 Joo
{ 1 _m} {021 022}7{021 CQJ L T I o B (U [ P

T2 172 T1T2 TIT2

Matrix multiplication:

1 +
{ Oy Cho ]+ [012 —L 0y, -t 012} . [0 0 }
1 _ T1+T _ 1 _ Ti+T 1 _ Ti+T 1 =
Oy - RO, —L Oy - 0y, | T 0 Oy - ey, o L

b o

Matrix summation:

Co1 + Cho Coy — =—Cyy — 20y |00
G L — 50y L (Gt ) 250 = 0 0

This gives us four equations with four unknowids {, C12, Co; andCsy):

C(21 + 012 =0 (1)
Coz = 7 O = 52Cha = 0 @)
Cop — %Oll — 7-71'1—:'72—2 Cy =0 )
Ty — 7 (Ci + Cn) = 2220y = 0 @)

Inserting (1) into (4) allows”;, to be computed; adding (2) and (3) and then substituting (1)
allows C; to be computed. This yields:
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1
Clonss = [2(”0”2) - ! ]

27112 (T14+72)

From the earlier defined transformatigft) = x,(¢) the variance of the output signal is found:

2 _ 2 —
O'y—O'xl—OH—

ged

1
2(11+72)

That's all Folks!



