Problems and Solutions Section 2.1 (2.1 through 2.15)

2.1  To familiarize yourself with the nature of the forced response, plot the solution of a
forced response of equation (2.2) with @ = 2 rad/s, given by equation (2.11) for a variety
of values of the initial conditions and w, as given in the following chart:

Case X, V, fo On
1 0.1 0.1 0.1 1
2 -0.1 0.1 0.1 1
3 0.1 0.1 1.0 1
4 0.1 0.1 0.1 2.1
5 1 0.1 0.1 1
Solution: Given: @ = 2 rad/sec.
From equation (2.11):
x(t):v—osin o, t+ (X, - fo ~) Cos @, t+ o ~ cosmt
o, 0] ®, -0
Insert the values of x,, v, f,, and o, for each of the five cases.
x10t) :=0.1-sin(t) + 0.133-cos(t) — 0.0333 - cos(2-1)
x2it) '=0.1-sin(t) — 0.0667-cos (1) — 0.0333 coz (2-1)
x30t) = 0.1-sin(t) + 0.433-cos(t) — 0.0333 cos (2-1)
x4 (1) = 0.0467-5in (2.1-1) + 0.244-co3 (2-1) — 0.144-co3 (2.1-1)
x501) = 0.1-sin(t) + 1.033-cos(t) — 0.0333 coz (2-1)
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2.2

2.3

Repeat the calculation made in Example 2.1.1 for the mass of a simple spring-mass
system where the mass of the spring is considered and known to be 1 kg.

Solution: Given: m , =1 kg, Example 1.4.4 yields that the effective mass is

mg, 1
m, =m+ 3 :10+§:10.333kg.

Thus the natural frequency, X and the coefficients in equation (2.11) for the system now
become

o, = 1000 =9.837 rad/s, w = 2a)n =19.675 rad/s
\/10 + %

f 2.338 Y,
0= . ~=—8.053x 10° m, -2 =0.02033 m
w’-w* 9.837°-19.675 ®

Thus the response as given by equation (2.11) is

X =

x(t) = 0.02033sin9.837t + 8.053x 10~3(c0s9.837t — c0s19.675t) m

A spring-mass system is driven from rest harmonically such that the displacement
response exhibits a beat of period of 0.2z s. The period of oscillation is measured to be
0.027 s. Calculate the natural frequency and the driving frequency of the system.

Solution: Given: Beat period: T, = 0.27 s, Oscillation period: T,=002xs

O -0 O +o
Equation (2.13): x(t) = 22 fo = sin [ ”2 t}sin[ ”2 t}
So, T.=027= 2%
®, -0
0, -0 = AT 20 rad/s
0.27
T,=0027 = —F
o, +
dr
0, to = =200 rad/s
0.02r

Solving for w,and w gives:
Natural frequency: o, =110 rad/s
Driving frequency: @ =90 rad/s
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2.4 Anairplane wing modeled as a spring-mass system with natural frequency 40 Hz is
driven harmonically by the rotation of its engines at 39.9 Hz. Calculate the period of the
resulting beat.

Solution: Given: ®,=2mr (40) =80 rad/s, @ =2m (39.9) =79.87 rad/s
4r Ar

= =20s.
w,-0 80r—-79.87

Beat period: T, =

2.5  Derive Equation 2.13 from Equation 2.12 using standard trigonometric identities.

Solution: Equation (2.12):  x(t) = Zfo > [cos wt—cos w,1]
W, -0
fO
o’ -0
X(t) = A[coswt-cos w,t]

=A[l+coswt-(1+cos w,t)]

Let A=

2

= A[2c0s% 2t - 2c0s? &t]
2 2

= 2A [(cos® Lt - cos? D cos? @4y - (cos? Dt cos? Lot cos? 20
2 2 2 2 2 2

» O

=

=2A[(1 - cos? &t) cos? Lt —(1-cos? £t) cos
2 2 2
=2A [sin? Lt cos? Lt - cos? Lt sin? L]
2 2 2 2

=2A [sin&t cos 2t - cosLnt singt] [sin&t cos 2t - cosPnt singt]
2 2 2 2 2 2 2
Jo,—0,] . [o,to ]
=2Asin | ——1t sin | —/——t
L 2 1L 2 7]

_2f, . Jo,-o,.] . [o,to.] .. . :
X(t) = . smL > tJ smL > tJ which is Equation (2.13).

n
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2 -

Compute the total response of a spring-mass system with the following values: k = 1000
N/m, m = 10 kg, subject to a harmonic force of magnitude F, = 100 N and frequency of

8.162 rad/s, and initial conditions given by x, = 0.01 mand v, = 0.01 m/s. Plot the
response.

Solution: Given: k =1000 N/m, m = 10 kg, Fo=100 N, o = 8.162 rad/s

X0=0.01m, vo=0.01 m/s
From Eq. (2.11):

Vo . f f
x(t) = 9 sin opt + (X —2—02) cos wnt +2—02cos ot

@n (O P () 0p°—o
wn:\/K:,/@:lorad/s f,=0 =290 1oN/m
m 10 m 10
In Mathcad the solution is
x =001 v =001 wh = 10 w:= 8162 =10
xt) = ﬂ-si.n(c-.;tn-'f,) + [0 - _ 0 -cos(wn-t) + L-cos(w-t)
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2.7

Consider the system in Figure P2.7, write the equation of motion and calculate the
response assuming a) that the system is initially at rest, and b) that the system has an
initial displacement of 0.05 m.
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Solution: The equation of motion is
mx + kx =10sin10t
Let us first determine the general solution for
X+’ x=f,snot
Replacing the cosine function with a sine function in Eq. (2.4) and following the same
argument, the general solution is:
X(t) = AsSinw,t+ A, cosm,t +%sinwt

n

Using the initial conditions, x(0) = x, and X(0) = v,, a general expression for the

response of a spring-mass system to a harmonic (sine) excitation is:

v, f . f .
X(t) = (=% -— —2—)sinw,t + X, cosw,t + ———sinwt
. 0, 0 -0 0," -0

Given: k=2000 N/m, m=100 kg, =10 rad/s,

\/7 2000 = /20 rad/s = 4.472 rad/s fo,= irrol - 10 = 0.1N/kg

n

100
a) X=0 m,vo—O m/s
Using the general expression obtained above:

10 0.1 0.1
X(t) =(0 - . st 20t + 0 + ———sin10t
= J20 ,/202—102) J20° - 10?

=2.795%103sin4.472t —1.25x1073sin10t
b) Xo=0.05m,vp=0 m/s

10 0.1
x(t) = (0 - siny/20t + 0.05c08/20t + ————sin10t
®=( V20 J —102) J2 0 -10?

= 0.002795sin 4.472t +0.05c0s4.472t — 0.00125sin10t
=5.01x 1072 sin(4.472t +1.515) — 1.25x 10 sin 10t




2.8

Consider the system in Figure P2.8, write the equation of motion and calculate the
response assuming that the system is initially at rest for the values k, =100 N/m, k, =

500 N/m and m = 89 kg.

ky &
e o e lbsm N
—
Solution: The equation of motion is
. . 1
mx + kx =10sin10t where k:ﬁ
—_—t —
kB k

The general expression obtained for the response of an underdamped spring-mass system
to a harmonic (sine) input in Problem 2.7 was:

. fo .
X(t) = ( —Z)smwnt + X, COSw, t + ———=Sinwt
o, w 0 -0 0, -0
Substituting the following values
k= 1/(1/100+1/500) 83.333 N/m, m =89 kg o =10 rad/s

and initial condltlons Xo=0, Vo=
The response of the system is evaluated as
X(t) =0.0117sin 0.968t —0.00113sin10t
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Consider the system in Figure P2.9, write the equation of motion and calculate the
response assuming that the system is initially at rest for the values 6 = 30°, k = 1000 N/m
and m = 50 kg.

dapn L2 h

Figure P2.9

Solution: Free body diagram:
Assuming x = 0 to be at equilibrium:

5

Fs

F=40 sin .5 (Forces that are normal
to the x direction are
neglected)
D F = mx =—Kk(x +A) + mgsin + 90sin25t (1)

where A is the static deflection of the spring. From static equilibrium in the x direction
yields
—kA+mgsing 2
Substitution of (2) onto (1), the equation of motion becomes
mx + kx = 90sin2.5t
The general expression for the response of a mass-spring system to a harmonic (sine)
excitation (see Problem 2.7) is:

v, f . f .
X(t) = (=% -— —2—)sinw,t + X, cosw,t + ———sinwt
o, 0, 0 -0 0," -0

n

Given: vg=0, X0=0, =25 rad/s

o = | %= 190 _ o5 4472 radis |, 1, =
m 50

izﬂng/kg
m 50 5

So the response is:
X(t) =-0.0732sin4.472t + 0.1309sin 2.5t
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211

2.12

Compute the initial conditions such that the response of :
mX +kx= F, cosmt

oscillates at only one frequency ().

Solution: From Eg. (2.11):
Vo . f f
x(t) =0 sin opt +(Xg — 5 0 2)cos wnpt +2—02
@n (OPE () wp°—o
For the response of mX +k x = F, cos wt to have only one frequency content, namely,

of the frequency of the forcing function, , the coefficients of the first two terms are set
equal to zero. This yields that the initial conditions have to be

cos wt

and v, =0

Then the solution becomes

f
X(t) = —5——; cos ot
0, -0

n

The natural frequency of a 65-kg person illustrated in Figure P.11 is measured along
vertical, or longitudinal direction to be 4.5 Hz. a) What is the effective stiffness of this
person in the longitudinal direction? b) If the person, 1.8 m in length and 0.58 m? in cross
sectional area, is modeled as a thin bar, what is the modulus of elasticity for this system?

x(1)

Figure P2.11 Longitudinal vibration of a person
cycles 2x rad
s cycles

=97 rad/s.

Solution: a) First change the frequency in Hz to rad/s: w_=4.5

Then from the definition of natural frequency:
k =mw? =65-(97)° =5.196 10" N/m
b) From section 1.4, the value of the stiffness for the longitudinal vibration of a beam is
EA ko (5.196x10%)(.8)
= =E=—=
1 A 0.58

K =1.613x10° N/m* =1.613x10° Pa

If the person in Problem 2.11 is standing on a floor, vibrating at 4.49 Hz with an
amplitude of 1 N (very small), what longitudinal displacement would the person “feel”?
Assume that the initial conditions are zero.
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Solution: Using equation (2.12) for a cosine excitation and zero initial conditions yields
(converting the frequency from Hertz to rad/s and using the value of k calculated in 2.11):

1
2
(OME ()

a0 |
65(k _
m

F
=2

2

(4.49-2r)°

o
65/5.196 % 10*
65

=0.00443347 = 0.0043 m
—(4.49-21)°

Vibration of body parts is a significant problem in designing machines and structures. A
jackhammer provides a harmonic input to the operator’s arm. To model this situation,
treat the forearm as a compound pendulum subject to a harmonic excitation (say of mass
6 kg and length 44.2 cm) as illustrated in Figure P2.13. Consider point O as a fixed pivot.
Compute the maximum deflection of the hand end of the arm if the jackhammer applies a
force of 10 N at 2 Hz.

Figure P2.13 Vibration model of a forearm driven by a jackhammer

Solution: Taking moments about point O yields (referring to Example 1.4.6 for the
inertial of a compound pendulum):

me? . (.

Te +mg Esme = F,/cos6cosmt
Using the linear approximation for sine and cosine and dividing through by the inertia

yields:

. 3F
6+ 3—99 = —C2coswt
20 m/¢

Thus the natural frequency is
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W = 1/3—9 = | 308D g 27 vads (=0.92 Hz)
"\ 20 T\ 2(0.442)

and the system is well away from resonance. Referring to equation (2.13), the amplitude
for zero initial conditions is (converting the driving frequency from 2 Hertz to 2(2r)

rad/s):
2(3&4}
2f me?
6] = || = 3 =0.182 rad
@, =07 198 _ (5 opy
20

Note that sin(0.182) = 0.181 so the approximation made above is valid. The maximum
linear displacement of the hand end of the arm is just

\x\ = r\e\ =0.442-0.182 =0.08 m

Consider again the camera problem of Example 2.1.3 depicted in Figure P2.14, and
determine the torsional natural frequency, the maximum torsional deflection experienced
by the camera due to the wind and the linear displacement corresponding to the computed
torsional deflection. Model the camera in torsional vibration as suggested in the figure
where Jp = 9.817x10° m* and L = 0.2 m. Use the values computed in Example 2.1.3 for
the mass (m =3 kg), shaft length (¢ = 0.55m), torque (M = 15 x L Nm) and frequency (®
= 10 Hz). Here G is the shear modulus of aluminum and the rotational inertia of the
camera is approximated by J = mL2. In the example, torsion was ignored. The purpose
of this problem is to determine if ignoring the torsion is a reasonable assumption or not.
Please comment on this assumption based on the results of the requested calculation.

+—> .
e L wind M coswt

camera — ®_

_ —
( mounting
«—

bracket —, |7 &A1)

p— k==
/

JO(1) + kO(1) = M coswt

Figure P2.14 Torsional vibration of a camera

Solution: First calculate the rotational stiffness and inertia from the data given:
GJ, 267x10"x9.817x10°

/ 0.55
where the modulus is taken from Table 1.2 for aluminum. The inertia is approximated by

J =mL?*=3(0.2)> =0.12 kg - m?

k= =4.766x10° N-m
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The torsional natural frequency is thus

o, = \/g =1.993x10° rad/s

This is well away from the driving frequency. To see the effect, recall equation
magnitude of the forced response given in Example 2.1.2:

2f, | _|amy 1] _
corf—a)z‘ - a)rf—a)z‘ -
Clearly this is very small. To change this to a linear displacement of the camera tip, use
X =r0=(0.2)(1.26x10°)=2.52x10"° m
well within the limit imposed on the camera’s vibration requirement of 0.01 m. Thus, the

assumption to ignore torsional vibration in designing the length of the mounting bracket
made in example 2.1.3 is justified.

1.26 x10° rad

An airfoil is mounted in a wind tunnel for the purpose of studying the aerodynamic
properties of the airfoil’s shape. A simple model of this is illustrated in Figure P2.15 as a
rigid inertial body mounted on a rotational spring, fixed to the floor with a rigid support.
Find a design relationship for the spring stiffness k in terms of the rotational inertia, J, the
magnitude of the applied moment, My, and the driving frequency, o, that will keep the
magnitude of the angular deflection less then 5°. Assume that the initial conditions are

zero and that the driving frequency is such that @? - »* >0.

-«
-«

<—
«u(t)=M coswt
‘_
‘_
‘.—
‘.—

Figure P2.15 Vibration model of a wing in a wind tunnel
Solution: Assuming compatible units, the equation of motion is:
.. .. M
JO(t) + k6(t) = M cosmt = 6(t) + ge(t) = Tocosa)t

From equation (2.12) the maximum deflection for zero initial conditions is
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