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Problems and Solutions Section 3.10 (3.65 through 3.71)

3.65*. Compute the response of the system in Figure 3.26 for the case that the damping
islinear viscous and the spring is a nonlinear soft spring of the form
k(x) = kx — kx*

and the system is subject to a excitation of the form (t;, = 1.5and t, = 1.6)

F(t) =1500[@(t—t,) - D(t —t,)| N
and initial conditions of x, = 0.01 mand v, = 1.0 m/s. The system has amass of 100 kg, a
damping coefficient of 30 kg/s and a linear stiffness coefficient of 2000 N/m. The value
of k, istaken to be 300 N/m®. Compute the solution and compare it to the linear solution
(k, = 0). Which system has the largest magnitude? Compare your solution to that of
Example 3.10.1.
Solution: The solution in Mathcad is

x0=001v0=1 m:=100 k:=2000 kl:=300  ¢:=30

FO = 1500 1= 15 ..
m Ry mof)o= o ¢ =003
=0 m =23
Xzz[ ]Y:X
v0

F(t) = 0-B(t - t1) — f0-B(t — t2)

X1
Di{t,2) =
~2.2.n-X] — wn’-Xg + [u-(xg)3 + f(t)]
T

Lit,¥) =
| (—2-2.0n-¥ - wnd Yg) + £08)
7 = rfixed(X,0, 10,2000 D)

O (I S W = thfixed(Y,0,10,2000,1)

xL = W<1>
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Note that for this load the load, which is more like an impulse, the linear and nonlinear
responses are similar, whereas in Example 3.10.1 the applied load is a “wider” impulse

and the linear and nonlinear responses differ quite a bit.

3.66*. Compute the response of the system in Figure 3.26 for the case that the damping is
linear viscous and the spring is a nonlinear soft spring of the form
k(x) = kx — kx*
and the system is subject to a excitation of the form (t;, = 1.5and t, = 1.6)
F(t) =1500[@(t—t,) - D(t —t,)| N

and initial conditions of x, = 0.01 mand v, = 1.0 m/s. The system hasamass of 100 kg, a
damping coefficient of 30 kg/s and alinear tiffness coefficient of 2000 N/m. Thevalue

of k, istaken to be 300 N/m*. Compute the solution and compare it to the linear solution
(k, = 0). How different arethe linear and nonlinear responses? Repeat thisfor t, = 2.

What can you say regarding the effect of the time length of the pulse?

Solution: The solution in Mathcad for the caset, = 1.6 is
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[=———-————"—Prob309="———— B
x0 :=0.01 ,_ . ||
S m =100 k1= 2000 S =
[k oL 1= 3 FO :=1300 11 =15 Z =16
wn = E=— FO
m - = — =
2 n‘fﬁ o = ” =003
x0
x =[ ] T =X
s
[ =%t —1) -0t —12)
%
Dit,¥) = 2 ; L
“Z{wn K, —wn X, + [-::e,- (%) + f(tj] [
Ty
Lt,¥) = 3
(—2-§-mn-'ﬁ:’1 — on -Ynjl + fit)
Z := rkfived (3 ,0,10,2000 D)
Lt g =zl W= rhkfixed (¥ ,0,10,2000,L)

%L = wWo1F
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Note in this case the linear response is almost the same as the nonlinear response.
Next changing the time of the pulse input to t, = 2 yields the following:
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[l=————————Prob309=————————— M|
x0 1= 0.01 _ . -
v = 1 m = 100 k = z000 I E
o i k . o 1= 3 Fo = 1500 11 =15 =
S = FO
in q ' = — =
2 o 0 1= — & = 0.034
x0
= T =X
o

fit) =00t —t1) — 0% (1 - 12)

Ki
Dit,x) = 2
-2 GwnH, —wn - H, + |:I3-L.- (Kuf + fI:t:I]
?1
L{t,T) = 3

(—E-Q-mn-‘fl — -YD] + £(t)
Z i= rifixed (3,010, 2000 , D)
pimptlE oot W 1= rhfixed (¥ ,0,10,2000,L)

%L = W lF
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Note that as the step input last for alonger time, the response of the linear and the
nonlinear becomes much different.
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3.67*. Compute the response of the system in Figure 3.26 for the case that the damping
islinear viscous and the spring stiffnessis of the form

k(X) = kx—kx?

and the system is subject to aexcitation of the form (t;, = 1.5and t, = 2.5)

F(t) =1500[@(t—t,) - D(t —t,)| N
initial conditions of x, = 0.01 mand v, = 1 m/s. The system has a mass of 100 kg, a
damping coefficient of 30 kg/s and alinear tiffness coefficient of 2000 N/m. Thevalue
of k, istaken to be 450 N/m?*. Which system has the largest magnitude?
Solution: The solution is computed in Mathcad as follows:
= ProbIbl=""——————"H]

¥ =0m

] v |

ol = 1 m =100 k = z000 .

_ £ . e =45 FO:=1500 11 :=15 2 =2c
wn = o ¢ = Fo

f0i=— =003
m

fit) =f0-F{t—t) —0-Ft—12)

15'57“1
Dit,®) = 2 .
-2 Goon ¥y —on X, + [n-:,- (KD) + f(tj]
Yl
Lit,¥) = 2
(—Z-Q-mn-‘fl — -“fn) + 1t}
Z 1= akfixed (3 ,0,10,2000 ,I)
Lk g o= EilE W= rkfixed (¥ ,0,10,2000,L)

xL = wol®
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t | the actual response

Note that the linear response under predicts
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3.68*. Compute the response of the system in Figure 3.26 for the case that the damping is
linear viscous and the spring stiffnessis of the form

K(x) = kx + kx?

and the system is subject to a excitation of the form (t, = 1.5and t, = 2.5)

F(t) =1500[@(t—t,) - D(t —t,)| N
initial conditions of x, = 0.01 mand v, = 1 m/s. The system has a mass of 100 kg, a
damping coefficient of 30 kg/s and alinear tiffness coefficient of 2000 N/m. Thevalue
of k, istaken to be 450 N/m?*. Which system has the largest magnitude?
Solution: The solution is calculated in Mathcad as follows:

x0 = 0.01 m = 100 k = 2000
I . . FO:=1500 t1:=15 .
_— \F =1 a=45 £ =130
m
C —
= = m ’
w0 m ¢ =0034
f(t) = 0. 2{t-t1) - 0-B(t - t2)
X +
D(t,X) =
_2.2.n- X — wn’ Xg + [—u-(:x:g)2 + f(t)]
Ty
Z = rkfixed(2{,0,10,2000,D) Lit,T) =
(—2.¢.0n 7] - wn? Yg) + £
t= Z<D> X = ?_',<1>
- W W= rkfized(Y,0,10,2000,L)
In this case (compared to the
| hardening spring of the previous
. problem, the linear response over
| ;.&\ predicts the time history.
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3.69* . Compute the response of the system in Figure 3.26 for the case that the damping is
linear viscous and the spring stiffnessis of the form
k(X) = kx—kx*



and the system is subject to a excitation of the form (t;, = 1.5and t, = 2.5)

F(t) =150[@(t—t,) - d(t —t,)| N
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initial conditions of x, = 0.01 mand v, = 1 m/s. The system has a mass of 100 kg, a
damping coefficient of 30 kg/s and alinear tiffness coefficient of 2000 N/m. Thevalue
of k, istaken to be 5500 N/m?. Which system has the largest magnitude transient? Which
has the largest magnitude in steady state?

Solution: The solution in Mathcad is given below. Note that the linear system response

isless than that of the nonlinear system, and hence underestimates the actual response.

Ll Proh 3.62 HlE
x0 := 0.01 . . =
: S m = 100 k = 2000 .= a0 =

" "JE . v i=55 FO =150 =15 ...
= m ﬁ = i E _
o o 0=—  f=003
x0
¥ :[ ] Y= ¥
w0
i) =0 F0t—1t1) — 0 &1 —12)
Ki
Dt,%) = 2
-2 Goon K —wn X + [—m- (Knjz + fl:tj]
Y1
L{t,¥) = 2
(—Z-an-‘fi — wn 'Yn) + 1(1]
Z := rkfixed (¥ ,0,10,2000, D)
R S W 1= rkfived (¥ ,0,10,2000,L)
L = wWE LT
04 T
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3.70*. Compare the forced response of a system with velocity squared damping as

defined in equation (2.129) using numerical simulation of the nonlinear equation to that
of the response of the linear system obtained using equivalent viscous damping as
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defined by equation (2.131). Use asinitia conditions, x, = 0.01 m and v, = 0.1 m/swith a

mass of 10 kg, stiffness of 25 N/m, applied force of theform (t, = 1.5 and t, = 2.5)
Ft)=19@(t-t)- d(t—t,)| N

and drag coefficient of o = 25.

Solution: The solution calculated in Mathcad is given in the follow:

80:=001 05 gqm= 11=Oo k=25 4.=25 Fo=15
k - 2 4
wn = |— f0 =
m
3o
=15 £2=25 ceq = |2 g
3T
_ceq
0 CE £() = F0-B(t—t1) - 0. B(t—12)
¥ =
v0 ¥ S
D(t,X) =
—on? Xg - 2 (X)) = + £
m 31| ¢ = 0.564
T
DI, Y) = ( 2 )
Z = rkfized(3{,0,20,2000,D) —2:¢wn Ty —wn Yo/ +£(1)
p= 20 o D W= rkfixed(Y,0,20,2000,D1)
%L = W(D
;
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Note that the linear solution is very different from the nonlinear solution and dies out
more rapidly.
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3.71*. Compare the forced response of a system with structural damping (see table 2.2)
using numerical smulation of the nonlinear equation to that of the response of the linear
system obtained using equivalent viscous damping as defined in Table 2.2. Use the
initial conditions, X, = 0.01 m and v, = 0.1 m/s with amass of 10 kg, stiffness of 25 N/m,
applied force of theform (t, = 1.5 and t, = 2.5)

F(t)=19@(t-t)- d(t—t,)| N
and solid damping coefficient of b = 8. Does the equivalent viscous damping
linearization, over estimate the response or under estimate it?
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Solution: The solution is calculated in Mathcad as follows. Note that the linear solution

isan over estimate of the nonlinear response in this case.

=== PrbhiIiM=———— 0 H

¥ '=0.01 vl =01 m =10 k=25 b= Fil '= 15
k i ::E
wn = | — 1M
m Z2:h
ceq =
i1 '= 5 7 =25 1T I
ceq
£ = — —
i)=&t —1) —0Fi(t—12)
0 i 2 afkm
X = Vo= e
M 1
D{t,¥) = 2 h %y
0 ml I:'| |K1| I::I
?1
L{t,T) =

2
(—Z-Q-mn-?l — wn 'Ynjl + (1)
Z 1= rifixed (% ,0,20,2000, )
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ti=2<0* - W= rkfived (Y ,0,20,2000,L)
' 7L = Wl
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