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Problems and Solutionsfor Section 3.2 (3.15 through 3.25)
3.15 Calculate the response of an overdamped single-degree-of-freedom system to an
arbitrary non-periodic excitation.
t
Solution: From Equation (3.12): x(t) = J F (‘L')h(t - r)dr
0
For an overdamped SDOF system (see Problem 3.4)
h(t _ T) — ;e—@)n (t—r) (ewn e —l(t—r) _ e—wn I —1(t—1))d1_
2me /% -1
~lo, (t-7) (e“’" Zaft-1) e 2 1(tr)jdr

‘ 1
x(t) = b[F (r)me
= x(t) i g lElioe) _ gronttafi) ) dt

__ e e“wnf(
2me /% -1 'o[ " (T)e
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3.16 Calculate the response of an underdamped system to the excitation given in
Figure P3.16.

Plot of a pulse input of the form f(t) = F,sint.

Figure P"3.16

Solution:

x(t):mi%e—cwntj[p(f)ewsmwd (t-)]ar

F(t) = Fosin(t) t<m (From Figure P3.16)
Fort<m, x(t) = micgdeg“’"ti(sin e sino, (t - r))dr

2[1+ 20, + wan{ecwnt [(wd —1)sint (o, cost}— (a)d —1)sin o,t-lo, coswdt}

+ 2[“ Zaid +wn2}{e§wnt [(wd —1)sint -, cost} + (cod —1)sina)dt -, coswdt}

Forz>r,: j; f(z)h(t-1)d7 = jo” f(z)h(t-7)d7 + j‘ (O)h(t - 7)d7
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X (t) = mia(’)de“:“’nt ]:(sin e sina, (t - r)) dr

F

=_0 gt
mw

X
d

{ - {e@n{(wd—1>sm[wd(t—nn—cwncos[wd(t—nm}

2[1+ 20, + o * —(a)d —l)sina) t—Cw cosw,t

d

o {e@’n{(wﬂ+1)sm[wd(t—fnﬂ:wcos[wd(t—nm}

2[1+ 20, + 0" +(0, ~1)sinw,t - Lo, cose,t

Alternately, one could take a Laplace Transform approach and assume the under-damped
system is a mass-spring-damper system of the form

mx(t) + cx(t) + kx(t) = F(t)
The forcing function given can be written as

F(t)=F(H (t) - H(t-))sin(t)
Normalizing the equation of motion yields

R(t) + 26w, x(t) + w2x(t) = f,(H (t) - H (t - x))sin(t)
where f, = in: andm, candk aresuchthat0 < <1.

Assuming initial conditions, transforming the equation of motion into the Laplace domain
yields

f0(1+ e‘”s)
s+ 1)(32 +2{w S+ a)ﬁ)

X(s):(

The above expression can be converted to partial fractions

s\ As+B rs Cs+D
X(s)=f0(1+e )(SZ+1)+fO(1+e )(SZ+ZCws+a)2j

where A, B, C, and D are found to be
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e %o,

(1— a),f)z + (ZCcon)2
B = w’ -1

(1— a)rf)2 + (2(;’wn)2
o %o,

(1—a)lf)2 +(24’con)2
D= (1—w§)2+(2§wn)2
(1—w§) +(2§wn)2

Notice that X(s) can be written more attractively as

a As+B Cs+D s As+B Cs+D
X(S)_ fo 2 + 2 2 + foe 2 + 2 2
s+l s°+2{w s+ s+l s°+2{w s+w;

= 1,(G(s)+e™°G(s))
Performing the inverse Laplace Transform yields
x(t)=fo(g(t)+ H (t-7)g(t - 7))

where g(t) is given below

g(t) = Acos(t) + Bsin(t) + Ce™™' cos(w,t ) + (D_—ngnj e sn(w,t)
Wy

o, isthe damped natural frequency, w, = ,1- > .

Let m=1 kg, c=2 kg/sec, k=3 N/m, and F,=2 N. The system is solved numerically. Both
exact and numerical solutions are plotted below
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Figure 1 Analytical vs. Numerical Solutions

Below isthe code used to solve this problem
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% Establish atime vector
t=[0:0.001:10];

% Define the mass, spring stiffness and damping coefficient
m=1;
c=2;
k=3;

% Define the amplitude of the forcing function
FO=2;

% Calculate the natural frequency, damping ratio and normalized force amplitude
zeta=c/(2* sgrt(k* m));

wn=sgrt(k/m);

fO=FO/m;

% Calculate the damped natural frequency
wd=wn*sgrt(1-zeta*2);

% Below isthe common denominator of A, B, C and D (partial fractions
% coefficients)
dummy=(1-wn"2)"2+(2* zeta* wn)"2;

% Hence, A, B, C, and D are given by
A=-2* zeta* wn/dummy;
B=(wn"2-1)/dummy;

C=2* zeta* wn/dummy;
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D=((1-wn"2)+(2* zeta* wn)"2)/dummy;

% EXACT SOLUTION
%

khkhkkkhkhkkhkhhkkhhhkkhhhkhhhkhdhhkhdhhkhdhhkhdhhkhkhhkhdhhhkhhhkhhhkhdhhkhdhhkhdhhkhdhhkhdhkhdhkkhdkkdkxk,%x%x
*
%
kkhkhkkkhkhkkhkhhkkhhhkkhhhkhhhkhdhhkhdhhkhdhhkhdhhkhdhhkhkhhhkhhhkhhhkhdhhkhdhhkhdhhkhdhhkhdhhkhdhddhkkdkxd,%x%x
*
for i=1:length(t)
% Start by defining the function g(t)
g(i)=A*cog(t(i))+B* sin(t(i))+C* exp(-zeta* wn* t(i))* cos(wd* t(i)) +((D-
C* zeta* wn)/wd)* exp(-zeta* wn*t(i))* sin(wd*t(i));
% Before t=pi, the response will be only g(t)
if t(i)<pi
xe(i)=f0*g(i);
% d isthe index of delay that will correspond to t=pi
d=i;
else
% After t=pi, the responseis g(t) plus adelayed g(t). The amount
% of delay ispi seconds, and it is d increments
xe(i)=f0* (g(i)+g(i-d));
end;
end;

% NUMERICAL SOLUTION
%

R R R R R b ke e R R R ok e R R o R R Rk ke e R R
*

%

R R R R e b ke e b b e R R R ok e R R o o R R Rk ke R b b

*

% Start by defining the forcing function
for i=1:length(t)
if t(i)<pi
f(i)=fO*sin(t(i));
else
f(i)=0;
end;
end;

% Define the transfer functions of the system
% Thisisgiven below
% 1




3- 23

06 Sh\2+2* zeta* wn+wn”2

% Define the numerator and denominator
num=[1];

den=[1 2* zeta* wn wn"2];

% Establish the transfer function
sys=tf(num,den);

% Obtain the solution using Isim
xn=lsm(sysf,t);

% Plot the results

figure;

set(gcf,'Color','White');

plot(t,xet,xn,--");

xlabel (‘'Time(sec)');

ylabel (‘Response);

legend(‘Forcing Function’,'Exact Solution’,'Numerical Solution’);
text(6,0.05,\uparrow','FontSize', 18);

axes('Position’,[0.55 0.3/0.8 0.25 0.25])
plot(t(6001:6030),xe(6001:6030),t(6001:6030),xn(6001:6030),'--");

3.17 Speed bumps are used to force drivers to slow down. Figure P3.17 isamodel of a
car going over a speed bump. Using the data from Example 2.4.1 and an
undamped model of the suspension system (k = 4 x 10° N/m, m = 1007 kg), find
an expression for the maximum relative deflection of the car’ s mass versus the
velocity of the car. Model the bump as a half sine of length 40 cm and height 20
cm. Note that thisis amoving base problem.
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Figure P3.17 Modéd of acar driving over a speed bump.

Solution: Thisis abase motion problem, so the first step isto trandate the
equation of motion into a useable form. Summing forcesyields in the vertical
direction yields
mx(t) + k(x(t) - y(1)) =0
were the displacement y(t) is prescribed. Next defined the relative displacement
to be z(t) = x(t)-y(t), the relative motion between the car’ s wheel and body. The
equation of motion becomes:
mz(t) + my(t) + kz(t) = 0 = mz(t) + kz(t) = —my(t)
Substitution of the form of y(t) into this last expression yields:
mz(t) + kz(t) = mY o’ sina t(@(t) - ot - 1,))

where @ isthe Heavyside step function and a, is the frequency associated with
the bump. The relationship between the bump frequency and the car’ s constant
velocity is

2r V4

waZ_KV:ZV

where v is the speed of the car in m/s. For congtant velocity, the time t =v/,

when the car finishes going over the bump.
Here, z(t) is From equation (3.13) with zero damping the solution is:

t
2(t) = ij f(t-7)sinw rdr  t<t,
mo_ <
Substitution of f(t) =y(t) yields:
Y(l)z t
z(t)=—=> Jsin(wbt —-o,7)sinw tdr =
n 0

t
2
Ycob

1 sin(a)bt —(o + a)b)r) sin(a)bt +(w, — a)b)r)
w 2 —(0, +o,) o, -0,

n 0

Yo! 1 : :
= > > (a)nsma)bt—a)bsma)nt) t<tl
(Dn wn - wb

where the integral has been evaluated symbolically. Clearly aresonance situation
prevails. Consider two cases, high speed (w, >> ) and low speed ((o, << ®,))

as when the two frequencies are near each other and obvious maximum occurs.
For high speed, the amplitude can be approximated as

Yo! o

2
b a)b
2

wn wn - a)b

Yo

b . : B .
—— ((a)n /wb)smwbt—smwnt)~ sinw t
wn wn - wb

For the values given, this has magnitude:
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Thisincreases with the cube of the velocity. Thusthe faster the car is going the
more sever the bump is (larger relative amplitude of vibration), hence serving to

dow motorist down. A plot of magnitude versus speed shows bump sizeis

amplified by the suspension system.

5 k
k=410 m .= 1007 wh 1= [—
m
L:=04 Y:=02
2 -
JT JT
i 12 A 3
Z(v) =
wil 12
ot~ 2 4
- L B
1 T
0.75 - -
z(v) p,/
— 05+
b 4
025t .
5 10
¥
For dow speed, magnitude becomes
2
Y(”] Vo
( n
20|~ | =
o \0 -0,

A plot of the approximate magnitude versus speed is given below

wn = 1993
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05 7
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Clearly at speeds above the designed velocity there is strong amplification of the
bump’ s magnitude, causing discomfort to the driver and passengers, encouraging
a slow speed when passing over the bumb.

3.18 Calculate and plot the response of an undamped system to a step function with a

finiterisetimeof t, forthecasem=1kg, k=1 N/m,t, =4sand F,= 20 N. This
function is described by

Solution: Working in Mathcad to perform the integrals the solution is:
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= ——————————— 314 [FE
k =
=1 k=1 FO =20 LEIIL:=J; =
rlly o
x1(t) = - J T-smlit—'r) dr
- oo 4 1]
x1(t) = %- (ml.?in)- (t — =zin(t))
1
X2 (t) :=‘ l i -(1 —%)-sm[t—*r:l]d*r i
m- oL
4
-1 FO 1 Fo
201 = —(t—4]- —zinft — 43
X2 (1) y (t—d) (m.mn) +¢1 sin (1t — 4) (m-mn]
n(t) = xlit) + x2(t)-$ (1 —4)
1 FO _: FO _ 2
4 |IZ|'.|1 I'.lJl'L:| |IZ|'.|1 l'.l.'ll'l.:I
50
20 T
x[t]
10 -
0 5 10 15 -
[

J il
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3.19 A wave consigting of the wake from a passing boat impacts a seawall. It is
desired to calculate the resulting vibration. Figure P3.19 illustrates the situation
and suggestsamodel. Thisforcein Figure P3.19 can be expressed as

£(0)- F0[1—%] 0<t<t,

0 t>t

0

Calculate the response of the seal wall-dike system to such aload.

1 o

Tty

i
|
.

WA
i
[~

Solution: From Equation (3.12): x(t) :_t[ F(r)h(t—r)dr
0

From Problem 3.18, h(t — 1) = isin o, (t - r)for an undamped system
Mo

n

0' x(t):ﬁ j e [1__}.% (t_f)df}
()= j sino, (1~ c)oe-L | rsina t- )df}

00

After integrating and rearrang| ng,

x(t) = :To[wisin ot —t} + %[l— coswt] t<t,

0

Fort >t, j; f(1)h(t - 7)dt = jot f(t)h(t - 7)d7 + j: (O)h(t - 7)d7

=2 ] a(l—tﬁ]smwn(t—f)dr]

nf o0 0

()= | § st cJoe- £ cano - e

nfo0 00




3- 29

After integrati ng and rearranging,

x(t) o

3.20 Determine the response of an undamped system to aramp input of the form F(t) =
Fot, where F,isaconstant. Plot the response for three periods for the case m=1kg, k =
100 N/m and F, =50 N.

sin, (t— t)]——[coswt] t>t,

Solution: From Eg. (3.12): x(t)

I F()h(t—)dr

From Problem 3.8, h(t—r):isinwn(t—r)for an undamped system.
Mo

n

Therefore,

()= || (o =) |= 5 ] csn e o

n

After integrating and rearranging,

F F_F

x(t): : i—isinwr R

mo, | ©, o " k ko,

Using the valuesm = 1 kg, k= 100 kg, and F, =50 N yields

x(t) = 0.5t —.05sin(10t) m
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3.21 A machine resting on an elastic support can be modeled as a single-degree-of -
freedom, spring-mass system arranged in the vertical direction. The ground is subject to
a motion y(t) of the form illustrated in Figure P3.221. The machine has a mass of 5000
kg and the support has stiffness 1.5x10° N/m. Calculate the resulting vibration of the
machine.

- (s}
[ [EXE

Solution: Given m= 5000 kg, k = 1.5x10° N/m, o, = ‘/%1 =0.548 rad/s and that

the ground motion is given by:

2.5t 0<t<0.2
y(t)=10.75-1.25t 0.2<t<0.6
0 t>0.6

The equation of motionis mX +k(x—y) =0 or mX + kx = ky = F(t) Theimpulse
response function computed from equation (3.12) for an undamped systemis

h(t—1) = %Sin o (t-1)

This gives the solution by integrating a yh across each time step:
X() = —— ['ky()sin, (t- 1)z = o, [ y(@)sine, (t- 7)dt
mo, ~° 0

For theinterval 0<t < 0.2:
X(t)=o, jot2.51'sina)n(t —-1)dt
= X(t) = 2.5t — 4.56sin0.548t mm 0<t<0.2
For theinterval 0.2<t < 0.6:
X(t) = o j0°'22.5rsin o (t-7)dr+o, j;z(o.75—1.251)sin o, (t—1)dt

=0.75-0.5c0s0.548(t — 0.2) —1.25t + 2.28sin 0.548(t — 0.2)
Combining this with the solution from the first interval yields.
x(t) =0.75+1.25t — 0.5c0s0.548(t — 0.2)
+6.48sin0.548(t — 0.2) — 4.565in0.548(t —0.2) mm 0.2<t<0.6
Finaly for theinterval t >0.6:
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x(t) =0, jo°'22_5tsin o (t-7)dr+o, jo(f:(o.75—1.25t)sin o (t-7)dT+ o, J;(O)sin o (t-7)dr

=-0.5c050.548(t — 0.2) — 2.28sin 0.548(t — 0.6) + 2.28sin0.548(t — 0.2)
Combining this with the total solution from the previous time interval yields.
X(t) =—0.5c050.548(t — 0.2) + 6.845sin0.548(t — 0.2) — 2.28sin 0.548(t — 0.6)

—4.56sin0.548t mmt>0.6
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3.22 Consider the step response described in Figure 3.7. Calculate t, by noting that it
occurs at the first peak, or critical point, of the curve.

Solution: Assumet,=0. Theresponseisgiven by Eq. (3.17):
F F
x(t) = ~2 - ——2—e" cos(w,t - ¢)
Kk ky1-¢2
To find t,, compute the derivative and let X (t) =0

()= fgz [~to,& 5 cos(w,t— ) + & (-0, Jsin(w,t - 9) ] =0

:—Cwncos(wdt—q))—wdsin(wdt—q)):0

_Cwn

:>tan(a)dt—</))= .

d
_Ca)n

d

}(n can be added or subtracted without changing the

t= i[rz +to+ tan‘l(_gw” j]
wd wd

But,</):tan1[ 6 ]
1-¢?

0,

wdt—q)—zr:tan‘l[

tangent of an angle)
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3.23 Calculate the value of the overshoot (0.s.), for the system of Figure P3.7.

Solution:

The overshoot occurs at tp =7

Substitute into Eq. (3.17):

F
—Le
k
3.24 Itisdesredtodesign asystem so that its step response has a settling time of 3 s
and atimeto peak of 1 s. Calculate the appropriate natural frequency and

damping ratio to use in the design.

o, ]y

0S. =

Solution:

Givent =3s,t =1s

Settling time:
t = 35 =3s =fw_= 35 =1.1667 rad/s
* lo, "3

Peak time:

T
thw—:1s =0, =0 1-* = radls
d

2 2
1.1667 1.1667
o, 1—[ ) :n:wnzll—[ j}:nz
o, o,

{ L 13611

n 2

w

n

} =’ =0’ -1311=7" = »_=3.35rad/s



Next use the settling time relationship to get the damping ratio:
¢ = 1.1667 _ 1.1667 £ =0.3483
o, 3.35 e
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3.25 Plot the response of a spring-mass-damper system for thisinput of Figure 3.8 for

the case that the pulse width is the natural period of the system (i.e., t, = vw,).

Solution:

The values from Figure 3.7 will be used to plot the response.

F,=30N

k =1000 N/m
=01

o = 3.16 rad/s

From example 3.2.2 and Figure 3.7, with t = " wehavefort=0to t;,
0]

F want

X(t):_O_FOe—cos(a)dt—q)) Whel’e¢:tanl[ CC J
1- 2

X(t) = .03 - .03015e % cog(3.144t-.1002)  O<t<t,

Fort>t,,

-Gzl ol oo

X(t) = 0.0315e3% { 1.3691c0(3. 144t — 3.026) — cos(3.144t - .1002)} t > t,

The plot in Mathcad follows:

w 1= 3.144
x(t) = 0.03 — 0300 " #% % ons [w-t — 1002) + [ (0.0315) - e”#1% % (13691 -cos [w-t - 3.226)

0.4 q

0z T

/\/\/\M
VA

x[t]
- 1}
-0z /

— |03 |IUJ't -

.1

1
1
1
1
i
1
o
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

)2

i1
t— —
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