Problems and Solutions Section 3.8 (3.53 through 3.56)
3.53 Show that a critically damped system is BIBO stable.
Solution:

For a critically damped system
1 ~0,(t-2)
h(t—7)==(t-7)e ™
(t-7)= 1, (t=7)

Let f(t) be bounded by the finite constant M. Using the inequality for integrals and
Equation (3.96) yields:

X(t) <[ f@n(t- ) de = j M Lt e)er e

0

The function h(t — t) decays exponentially and hence is bounded by some constant times
1/t, say My/t. This is just a statement the exponential decays faster then “one over t”
does. Thus the above expression becomes;

x| <M j.%dr = MM,
0

This is bounded, so a critically damped system is BIBO stable.



3.54  Show that an overdamped system is BIBO stable.

Solution: For an overdamped system,
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Let f(t) be bounded by M,

From equation (3.96),
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Since @ /{*—1-{w, <0, then 1—e is bounded.
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Also, since - /(> —1-{w_ <0, then 1—e is bounded.

Therefore, an overdamped system is BIBO stable.
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3.55

Is the solution of 2X +18x = 4cos2t + cost Lagrange stable?

Solution: Given
2X +18x = 4cos2t + cost

The total solution will be

x(t) =X, (t) + X, (t) + X, (t)

From Eq. (1.3): X, (t) = Asin(a)nt +¢)
f
From Eq. (2.7): X oy (t) = ?EZZCOSZ'[
—_ foz
and Xp, (t) = wrf T cost

Adding the solutions yields

f f

01 01
772 COS2t + 7 7

cost|< M

‘x(t)‘ = Asin(3t + <p) +

Since3#2,3#1, and the homogeneous solution is marginally stable, this system is

Lagrange stable.
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3.56  Calculate the response of equation (3.99) for x, =0,v, =1 for the case thata =4 and b =

0. Is the response bounded?
Solution: Given:x, =0,v, =1La=4,b=0. From Eq. (3.99),

X+ X+4X =ax+hbx =4x

So, X+x=0

Let
x(t) = Ae™
x(t) = LAe™
x(t) = 22Ae™

Substituting,
A2 Ae™ + AAe™ =0
A+A=0

So, 4,,=0,-1

The solution is

()= A6 + A = A A

x(t)=-Ae™
x(0)=0=A+A
x(0)=1=-A,

So, A =landA =-1
Therefore,
x(t) =1-¢*

Since‘x(t)‘ = ‘1— e“‘l, the response is bounded.



