
Problems and Solutions for Section 4.5 (4.56 through 4.66) 
 
4.56 Consider the example of the automobile drive train system discussed in Problem 4.44.  

Add 10% modal damping to each coordinate, calculate and plot the system response. 

 

 Solution: Let k1 = hub stiffness and k2 = axle and suspension stiffness. From Problem 

4.44, the equation of motion with damping is 
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 Other calculations from Problem 4.44 yield: 
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 Use the summation method to find the solution. Transform the initial conditions: 
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 Pre-multiply by
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T
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 The solution is given by 
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 The following Mathcad session illustrates the solution without the rigid body mode 

(except for x1 which shows both with and without the rigid mode) 

 

        The read solid line is the first mode with the rigid body mode included. 

 

 

 

 



4.57     Consider the model of an airplane discussed in problem 4.47, Figure P4.46.  (a) Resolve 

the problem assuming that the damping provided by the wing rotation is ζi = 0.01 in each 

mode and recalculate the response.  (b) If the aircraft is in flight, the damping forces may 

increase dramatically to ζi = 0.1.  Recalculate the response and compare it to the more 

lightly damped case of part (a). 

 

 Solution: 
 

 From Problem 4.47, with damping 

 

  

    

3000 0 0

0 12,000 0

0 0 3,000

!

"

#
#
#

$

%

&
&
&

!!x + C !x +

13455 '13455 0

'13,455 26910 '13,455

0 '13,455 13,455

!

"

#
#
#

$

%

&
&
&

x = 0  

    

    

x 0( ) = 0.02 0 0!" #$
T

 m

!x 0( ) = 0

%
1

= 0 &
1

= 0 rad/s

%
2

= 4.485 &
2

= 2.118 rad/s

%
3

= 6.727 &
3

= 2.594 rad/s

 

  

  

v
1

=

!0.4082

!0.8165

!0.4082

"

#

$
$
$

%

&

'
'
'

v
2

=

0.7071

0

!0.7071

"

#

$
$
$

%

&

'
'
'

v
3

=

0.5774

!0.5774

0.5774

"

#

$
$
$

%

&

'
'
'

 

 

 The solution is given by 
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 Now, 
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 The solution is given by 
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Same thing as part (a), but now the following values are obtained 
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Notice that the rigid mode is not effected by changing the damping ratio, and hence 
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Consequently, the solution becomes 
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Below is the plot of the displacement of the left wing 

 

 

 

 

 



4.58 Repeat the floor vibration problem of Problem 4.50 using modal damping ratios of 
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 Solution: The equation of motion will be of the form: 
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 Use the mode summation method to find the solution. First transform the initial 

conditions: 
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 The solution is given by Eq. (4.115): 
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4.59 Repeat Problem 4.58 with constant modal damping of 
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with the solution of Problem 4.58. 

 

 Solution: Use the equations of motion and initial conditions from Problem 4.58.  The 

mode shapes, natural frequencies and transformed initial conditions remain the same.  

However the constants of integration are effected by the damping ratio so the solution 
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 Mode shapes: 
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 The solution is 
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 The primary difference between problems 4.58 and 4.59 is the settling time; the 

responses in Problem 4.59 decay faster than those of Problem 4.58. 



4.60 Consider the damped system of Figure P4.1.  Determine the damping matrix and use the 

formula of Eq. (4.119) to determine values of the damping coefficient cI for which this 

system would be proportionally damped. 

 

 Solution: 
 

 From Fig. 4.29, 
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 From Eq. (4.119) 

 

  

  

C = !M + "K

c
1
+ c

2
#c

2

#c
2

c
2

+ c
3

$

%
&
&

'

(
)
)

=

!m
1
+ " k

1
+ k

2
( ) #"k

2

#"k
2

!m
1
+ " k

2
+ k

3
( )

$

%
&
&

'

(
)
)

 

 

 To be proportionally damped, 

 

  

  

c
2

= !k
2

c
1

= "m
1
+ !k

1

c
3

= "m
2

+ !k
3

 

Alternately, compute KM
-1

C symbolically and show that the condition for symmetry: 

 

Requiring the off diagonal elements to be equal enforces symmetry.  This requires 

  
m

1
k

2
c

3
= m

2
k

2
c

1
+ (m

2
k

1
! m

1
k

3
)c

2
 

 

 

 

 

 

 

 

 



4.61 Let k3 = 0 in Problem 4.60.  Also let 
  
m

1
= 1,m

2
= 4,k

1
= 2,k

2
= 1 and calculate c1, c2 and 

c3 such that ζ1 = 0.01 and ζ2 = 0.1. 

 

 Solution: 
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Since negative damping is not usually possible, this design would not work. 

 

 

 

 

 



4.62 Calculate the constants α and β for the two-degree-of-freedom system of Problem 4.29 

such that the system has modal damping of 
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4.63 Equation (4.124) represents n equations in only two unknowns and hence cannot be used 

to specify all the modal damping ratios for a system with n > 2.  If the floor vibration 

system of Problem 4.51 has measured damping of ζ1 = 0.01 and ζ2 = 0.05, determine ζ3. 
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 Eq. (4.124) 
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Since the problem contains three modes only, and since the first and second modal 
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4.64 Does the following system decouple?  If so, calculate the mode shapes and write the 

equation in decoupled form. 
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 The system will decouple if 
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! = 3  

 

 Therefore, the diagonal terms require 

 

  

 

5 = ! + 15

3 = ! + 3
 

 

 These yield different values of α, so the system does not decouple. An easier approach is 

to compute CM
-1

K to see if it is symmetric: 

CM
!1

K =
5 !3

!3 3

"

#
$

%

&
'

1 0

0 1

"

#
$

%

&
'

5 !1

!1 1

"

#
$

%

&
' =

9 !2

!12 6

"

#
$

%

&
'  

 Since this is not symmetric, the system cannot be decoupled. 

 



4.65 Calculate the damping matrix for the system of Problem 4.63.  What are the units of the 

elements of the damping matrix? 

 

 Solution: 
 

 From Problem 4.58, 

 

  

 

! = "8.8925#10
"7

$ = 3.0052 #10
2

 

 

 From Problem 4.48 

 

  

  

M =

200 0 0

0 2000 0

0 0 200

!

"

#
#
#

$

%

&
&
&

K = 3.197 '10
(4

9 / 64 1 / 6 13 / 192

1 / 6 1 / 3 1 / 6

13 / 192 1 / 6 9 / 64

!

"

#
#
#

$

%

&
&
&

 

 

 So, 

  

  

C = !M + "K

C =

0.01334 0.01602 0.006506

0.01602 0.03025 0.01602

0.006506 0.01602 0.01334

#

$

%
%
%

&

'

(
(
(

 

 

 The units are kg/s 

 

4.66 Show that if the damping matrix satisfies  C = !M + "K , then the matrix   CM
!1

K is 

symmetric and hence that   CM
!1

K = KM
!1

C . 

 

 Solution:  Compute the product  CM
!1

K  where C has the form:  C = !M + "K . 

  

CM
!1

= ("M + #K )M
!1

= " I + #KM
!1 $ CM

!1
K = "K + #KM

!1
K

KM
!1

C = KM
!1

("M + #K ) = "K + #KM
!1

K

                                             $ KM
!1

C = CM
!1

K

 


