
Problems and Solutions for Section 4.6 (4.67 through 4.76) 
 

4.67 Calculate the response of the system of Figure 4.16 discussed in Example 4.6.1 if 

F1(t) = δ(t) and the initial conditions are set to zero.  This might correspond to a 

two-degree-of-freedom model of a car hitting a bump. 

 

 Solution: From example 4.6.1, with F1(t) = δ(t), the modal equations are 
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 Also from the example, 
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The solution to an impulse is given by equations (3.7) and (3.8): 
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 The solution in physical coordinates is 
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4.68 For an undamped two-degree-of-freedom system, show that resonance occurs at 

one or both of the system’s natural frequencies. 

 

 Solution: 
 

 Undamped two-degree-of-freedom system: 
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 Note: placing F1 on mass 1 is one way to do this.  A second force could be placed 

on mass 2 with or without F1. 

 

 Proceeding through modal analysis, 
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 where b1 and b2 are constants from the matrix P
T
M

-1/2
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 If F1(t) = a cos ωt and ω = ω1 then the solution for r1 is (from Section 2.1), 
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 The solution for r2 is 
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 If the initial conditions are zero, 
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 Converting to physical coordinates X(t) = M
-1/2

Pr(t) yields 

 

  

  

x
1
(t) = c

1
r
1
(t) + c

2
r

2
(t)

x
2
(t) = c

3
r
1
(t) + c

4
r

2
(t)

 

 

 where ci is a constant from M
-1/2

P. 

 

 So, if the driving force contains just one natural frequency, both masses will be 

excited at resonance.  The driving force could contain the other natural frequency 

(ω = ωn2), which would cause r1 and r2 to be 
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 and 
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 so both masses still oscillate at resonance. 

 

 Also, if F1(t) = a1 cos ω1t + a2 cos ω2t where ω1 = ωn1 and ω2 = ωn2, then both r1 

and r2 would be at resonance, so x1(t) and x2(t) would also be at resonance. 

 



4.69 Use modal analysis to calculate the response of the drive train system of Problem 

4.44 to a unit impulse on the car body (i.e., and location q3).  Use the modal 

damping of Problem 4.56.  Calculate the solution in terms of physical coordinates, 

and after subtracting the rigid-body modes, compare the responses of each part. 

 

 Solution: 
 

 Let k1 = hub stiffness and k2 = axle and suspension stiffness. 

 

 From Problems 41 and 51, 
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 The initial conditions are 0. 

 

 Also 
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 From equation (4.129): 
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 Modal force vector: 

 



  

   

P
T

M
!1/ 2F(t) =

.01775

.003949

.001668

"

#

$
$
$

%

&

'
'
'

( (t)  

 

 The modal equations are 
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 The solution for r1 is 
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 The solutions for r2 and r3 are given by equations 3.7 and (3.8) 
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 The solution in physical coordinates is 
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 The magnitude of the components is much smaller than that in problem 51, but 

they do oscillate at the same frequencies. 

 



4.70 Consider the machine tool of Figure 4.28.  Resolve Ex. 4.8.3 if the floor mass m = 

1000 kg, is subject to a force of 10 sint (in Newtons).  Calculate the response.  

How much does this floor vibration affect the machine’s toolhead? 

 

 Solution: 
 

 From example 4.8.3, with F3(t) = 10 sint N and m3 = 1000 kg. 
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 Calculating the eigenvalues and eigenvectors yields 
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 Modal force vector: 
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 Undamped modal equations: 
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 Inserting the damping terms, 
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 The damped natural frequencies are 
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 Inserting values, 
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 With zero initial conditions: 
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 Convert to physical coordinates: 

 

  

   

x(t) = M
!1/ 2

Pr(t) =

!.02108 .02494 .03786

!.02023 !.003993 !.008670

!.001904 !.02684 .01662

"

#

$
$
$

%

&

'
'
'

r(t)  

 

 Therefore 

 

  

  

x
1
(t) = !.02108r

1
+ .02494r

2
+ .03786r

3

x
2
(t) = !.02023r

1
! .003933r

2
! .008670r

3

x
3
(t) = !.001904r

1
! .02684r

2
+ .01662r

3

 

 



4.71 Consider the airplane of Figure P4.46 with damping as described in Problem 4.57 

with ζ1 = 0.1.  Suppose that the airplane hits a gust of wind, which applies an 

impulse of 3δ(t) at the end of the left wing and δ(t) at the end of the right wing.  

Calculate the resulting vibration of the cabin [x2(t)]. 

 

 Solution: From Problems 4.46 and 4.57 
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 From equation (4.129): 
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 The modal equations are 
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 The solution for r1 is 
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 The solutions for r2 and r3 are given by equations (3.7) and (3.8) 
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 The solution in physical coordinates is 
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4.72 Consider again the airplane of Figure P4.46 with the modal damping model of 

Problem 4.57 (ζi = 0.1).  Suppose that this is a propeller-driven airplane with an 

internal combustion engine mounted in the nose.  At a cruising speed the engine 

mounts transmit an applied force to the cabin mass (4m at x2) which is harmonic 

of the form 50 sin 10t.  Calculate the effect of this harmonic disturbance at the 

nose and on the wind tips after subtracting out the translational or rigid motion. 

 

 Solution:  From Problems 4.47 and 4.57 
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 The initial conditions are 0.   From equation (4.129): 
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 The modal equations are 
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 The solutions in physical coordinates is 
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4.73 Consider the automobile model of Problem 4.14 illustrated in Figure P4.14.  Add 

modal damping to this model of ζ1 = 0.01 and ζ2 = 0.2 and calculate the response 

of the body [x2(t)] to a harmonic input at the second mass of 10 sin3t N. 

 

 Solution: From problem 4.14 
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 The initial conditions are all 0. From equation (4.129): 
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 The solutions in physical coordinates is 
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4.74 Determine the modal equations for the following system and comment on 

whether or not the system will experience resonance. 
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Solution: Here M = I so that the eigenvectors and mode shapes are the same.  

Computing the natural frequencies fromdet(!"
2
I + K ) = 0   yields:  

ω1 = 0.618 rad/s  and ω2 =1.681 rad/s 

Next solve for the mode shapes and normalize them to get  

P =
0.526 !0.851

0.851 0.526

"

#
$

%

&
',    so that P

T
1

0

"

#
$

%

&
' =

0.526

!0.851

"

#
$

%

&
'  

The modal equations then become: 
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The driving frequency is equal to the natural frequency of mode one so the system 

exhibits resonance. 

 

4.75 Consider the following system and compute the solution using the mode 

summation method. 
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#
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&  

 
Solution: From Example 4.2.4 
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1

2 =
3 0

0 1

!

"
#

$

%
&, M

' 1

2 =

1
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0 1

!

"
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%
&  and V =

1
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"
#
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%
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1
= 2,(

2
= 2 rad/s  

 

 

Appropriate IC are q
0
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=
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!i = tan
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# i v i

T
q(0)

 v i

T
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= tan
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T
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2
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x(t) = M
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2
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