Problems and Solutions for Section 4.7 (4.76 through 4.79)

4.76  Use Lagrange's equation to derive the equations of motion of the lathe of Fig. 4.21 for the
undamped case.

Solution: Let the generalized coordinates be6,,6, and 6, .

The Kinetic energy is
1... 1... 1..
T :EJlef +EJ2022 +EJ39§
The potential energy is

1

u :gkl(%—@z)z +%k2(63—02)2

There is a nonconservative moment M(t) on inertia 3. The Lagrangian is

1., 1. ., 1. . 1 2 1 2
L=T-U 2531912+5329§+5339§—§k1(92—91) —Ekz(eg—ez)
Calculate the derivatives from Eq. (4.136):
oL . df dL N
—=J6, —|—1|=J06
0, 't dt aelj t
oL . df dL
—=J06, —|—1|=J0
90, 27 dt aezj 2
a—'.‘=J39 af oL = 3.0,
00, dt{ 06,
oL
% = _klel + klez
1
oL
87:_k191_(k1+k2)02+k293
2
oL
a_ez_kzez_kzes

3
Using Eq. (4.136) yields
JO, +k6, -k0,=0

3.6, -k, + (k1 + k2)92 ~k,6,=0

18, - k6, +k,0,= M(t)

In matrix form this yields



J 0 0 k -k 0 0

1 1 1
0 J, 0|6+|-k k+k, -k, [6=| 0
0 0 J 0 -k Kk M (t)

3 2 2



4.77 Use Lagrange's equations to rederive the equations of motion for the automobile of
Example 4.8.2 illustrated in Figure 4.25 for the casec, =c, =0.

Solution: Let the generalized coordinates be x and 6.
The Kinetic energy is
T= %mx2 +Lag
The potential energy is (ignoring gravity)
1 2 1 2
u :Ekl(x— 16) +§k2(x+ 1,6)
The Lagrangian is
1 ., 1. ., 1 2 1 2
L=T-U=_mi+_ 06" —Ekl(x— 16) —Ekz(x +1,0)
Calculate the derivatives from Eq. (4.136):

dL . dfdL .
—=mx —|— |=mX
oX dt ox

oL _ .. ddL "
—=J0 —|—=|=J6
d0 dt\ 06

aL

o= = (K, +k,)x +(kl, —k1,)6

g';) (k1 —k,1,)x—(k12)e
Using Eq. (4.136) yields
mx +(k, +k, )x+(kJ, —k,1,)6 =0
36+ (k1 — k) x = (k)? +k,12)o =0
In matrix form this yields

m O] X + k1+k2 kzlz_klll X =0
0 3)16] |kl -kl kiZ+kI?|6



4.78 Use Lagrange's equations to rederive the equations of motion for the building model
presented in Fig. 4.9 of Ex. 4.4.3 for the undamped case.

Solution:

Let the generalized coordinates be X1, X2, X3 and 4.
The Kinetic energy is

1 1 1
T:%mﬁ+§%@+§%ﬁ+§mﬁ

The potential energy is (ignoring gravity)
1 1 2 1 2 1 2
U= Ekle +Ek2(x2 —~ xl) +Ek3(x3— x2) +Ek4(x4 - x3)
The Lagrangian is
L=T-U :%mxf +%m>‘<22 +%m>‘<32 +%mx§
1

_%klxlz _Ekz (Xz - Xl)Z%kz(Xs - Xz)z _%k4 (X4 - X3)2

Calculate the derivatives from Eq. (4.136):

LS} (15
ox, b dt{ox t
kg 9y
ox, 27 dt{ox 2
A, Sy
ox, P dt{ox 33
R I
ox, % dt{ ox o



Using Eq. (4.136) yields

In matrix form this yields

m 0
0 m,
0 0
0 0

g%=-(h+kgﬁ+kg2
gi_@&—@fmgg+g&
gé_@@—@g«J&—hn
aaTL =k, X, — KX,

rnl).(.l + (kl + kZ)Xl - kzxz =
mzxz - kle +(k2 + k3 X, 373
m,%, — kx, + (k, +k, )%, — k,,

m,X, — k4x3 + k4x4 =0

0 0] [k+k, -k, 0
0 0 |k Ktk -k
m 0 —k,  k,+k,
0 m| | O 0 K,




4.79 Consider again the model of the vibration of an automobile of Fig. 4.25. In this case
include the tire dynamics as indicated in Fig. P4.79. Derive the equations of motion
using Lagrange formulation for the undamped case. Let m3 denote the mass of the car

acting at c.g.
i '
¥y -_--Iﬁ:\-\
:;;I
._ﬁ iu .
Solution: '

Let the generalized coordinates be X, X,,X, and 6. The kinetic energy is

T :Emle +%m2>‘<22 +%m3>'<32 +%Jt92

The potential energy is (ignoring gravity)
1 2 1 1 1
U= Ekl(x3 10— xl) +Ek2(x3 —0,0-X,)° +§k3X12 +Ek4x§
The Lagrangian is thus:

1 1 1 1..0 1
L=T-U :§m1X12 +Em2)'(22+§m3).(§ +EJ92——k1(X3—I19—X1)2

1 2 1 1
—Ekz(x3 + I20—x2) —Ekaxl2 —§k4x22

Calculate the derivatives indicated in Eq. (4.146):

oL daL] }
—.:mX ——_=m1X1

ox, ' dt| ox

a_L—m)‘( ia_L =m.X
ox, 2% dt{ox, W
LY R
ox, % dt| ox, e
JL : d(dL .
—=J0 —|==|=J6
36 dt ae]



aL
a__
(—?_)I(_Z = _(kz + k4)X2 + k2X3 - k2|29
oL
ox,
oL
26

(k1 + k3)X1 + k1X3 - I(1|19

Using EQ. (4.146) yields

%, +(k; + k)% — kX + k9 =0

m,X, +(k4 + kz)Xz - KX, —Kkl,806=0

M;X; — kX — KX, +(k1 + kz)Xg —(k1|1— k2|2)9 =0
36 + kil x, — kol x, — (k1|1 - k2|2)X3 + (|(1|12 + k2|22) =0

in matrix form

= k1X1 + kzxz - (k1 + kz)xs + (k1|1 + k2|2)9

= _k1|1X1 - kzlzxz + (k1|1 + kzlz)xe _(k1|12 + k2|22)9

m 0 0 0]%)] [(k+k) 0O -k kol
0 m 0 0|lx| | O (ketk) -k kyl,
0 0 m oflx K, -k, (k+k)  =(kl, + ki)
o 0 0 JJ(8] | kKl Kl (ol k) (k2 +Kk12)
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