Sewart Calculus ET 5e 0534393217; 11. Infinite Sequences and Series; 11.1 Sequences

1. (a) A sequenceis an ordered list of numbers. It can also be defined as a function whose domain is
the set of positive integers.

(b) Theterms a approach 8 as n becomes large. In fact, we can make a as closeto 8 aswelike by
taking n sufficiently large.

(c) Theterms a become large as n becomes large. In fact, we can make a as large aswe like by
taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a exists. Examples:

N— oo
(v, {12}
(b) A divergent sequence is a sequence for which lim a_ does not exist. Examples: {n} ,{sinn}

N— oo

3. anzl—(O.Z) n , S0 the sequenceis { 0.8,0.96,0.992,0.9984,0.99968, ...} .
paomLl J23456 1 [ 3153
-a=3— »sothesequenceisq 5.z.5.77° 2 =Y Y53 11070

3(-1) : 33 -3 3 -3 B 3 11 1

6.a=2-4-6- - - - - (2n),sothesequenceis
{22-42-4.62-4.6-82-4-6-8-10,...}={2,848,384,3840,...} .

7. a1:3 a, 1:2an—1 . Each term is defined in terms of the preceding term.
a2=2a1—1=2(3)—1=5 : a3=2a2—1=2(5)—1=9 .a 4=2a3—1=2(9)—1=17 .a=2a 4—1=2(17)—1=33 . The
sequenceis{3,5,9,17,33,...} .

a

8.a=4,a = — . Each term is defined in terms of the preceding term.
toml a1
n
a a
1 4 4 2 4/3 43 _
a= a1 41 3° az= 21 4 13 =4 . Slnceas—a1 , We can see that the terms of the
1 2 ?3 -1

sequence will alternately equal 4 and 4/3 , so the sequenceis { 4, g A4, g 4,.. }
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9. The numerators are all 1 and the denominators are powersof 2 , so a= ln

2

10. The numerators are all 1 and the denominators are multiples of 2, so &=
11.{2,7,12,17,...} .Eachtermislarger than the preceding oneby 5, so
an:a1+d(m1):2+5(m1):5m3 :
pd 1z 34 Th ator of then thtermii ditsd inat '(+1)2

: 2'9" 16°' 25" . The numerator of the n th term is n and its denominator is (n
Including the alternating signs, we get an:(—l)n n 5 -

(n+1)
2 4 8 .2 . [ 2\™

13. { 1,—5,5 —2—7} . Eachtermis— 3 times the preceding one, soan—<— 3 ) :

14.{5,1,5,1,5,1,...} . Theaverageof 5and 1is 3, so we can think of the sequence as alternately
adding 2 and -2 to 3. Thus, an:3+(—1)nJrl

15. an:n(ml) .8 —>00 @8N—>00 , S0 the sequence diverges.

16 a-il_lﬂ/n 0a ﬂ)—}asn Converges
47301 3 un P& 30 3 B> 9
2 2\ 2 2
17 a = 3+5n _ (3+5n )/n _ 5+3/n 5+0 5 c
.a= 5 = > = Teun ,s0a > 140 asn— oo . Converges

n+n (n+n2) n

18.a = \F] 1 ,S0a
" 1+n Uyn+1 041

n
_ 2 12\ L2\ _2
19.an—3n—— <3> ,sollman—sllm <3> 3 0=0 by (8) withr= 3 -

=1 asn— oo . Converges

. Converges

n— o0 n— oo

= = 1 The numerator approaches co and the denominator approaches 0+1=1 as
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N—o0 , 508 —00 85N— 00 and the sequence diverges.

)ml )ml

-1) n_ (-1
nZ+1 n+1/n

Theorem and Theorem 6. Converges

1
21.an:( ,soO§|an|— <~ —0asn-oo ,s0a 0 by the Squeeze

n+1/n—

n 3 3
-1)n n
2. a=—"— Hn Now|a| -— 1 o iasnoo , but the terms of the sequence
n 3 2 1
n+2n +1 n+2n+1 1+ +=
n 3
n

{ ar} aternate in sign, so the sequence 8,8, ... Converges to -1 and the sequence a,a,8,...

convergesto +1 . This shows that the given sequence diverges since its terms don’t approach asingle
real number.

23. a =cos (n/2) . This sequence diverges since the terms don’t approach any particular real number
asn— oo . Thetermstake on values between-1and 1.

24. a =cos (2/n) . Asn— o , 2/n— 0, so cos (2/n)— cos 0=1 . Converges

25 5 = (2n-1)! (2n-1)! 3 1
8 2n+D)! T @) @n)2n 1) T (2n+1)(2n)

— 0 ash— oo . Converges

. . T . 7T
26. 2n— 00 ash— oo , SO since lim arctanx= > we have lim arctan2n= 5 - Converges

X— 00 n— oo

e+e 1+ 1+0
27.an: &= . — 0 asn— oo . Converges

n -n
e -1 e e-e e-0

Inn Inn 1 1

28. an:InZn:In2+Inn: In2+1_’ 0+1—>1asn—>oo . Converges
Inn
2 2
2-n n 2X 2
29.a=ne =— .Sncelim ——I|m ——I|m — =0, it follows from Theorem 3 that lim a—O
n e X—>00 @ X—>00 @ X—00 @ N-— oo

Converges
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30. & =ncos nr=n(-1)" . Since | an| =n— o0 asn— oo , the given sequence diverges.

2 2
COS n COS n

n

2

31. 0<

< i , Sosince lim i =0, converges to 0 by the Squeeze Theorem.
2"

N— o0 2 2n
n+1 1
32. an:In (nt1)-Inn=In ( e )zln <1+ N >—> In (1)=0 as h— oo . Converges

sin (1/n)

T sin (1x) =lim [] wheret=1/x]=1, it follows from

1/x .
t—-0

. Since lim

X— 00

Theorem 3 that { an} convergesto 1.

’ 1 1
34. a :ﬁf n2—1: n2 Co= - n2 1- 1 =n( ——_|1- 1 —-n(0-1)—--nasn-oo ,
n n n2 \I?] n2

soa —-00 8sN—00 . Diverges

33. an:nsi n(1/n)=

SIN

2\ Un 1 2 1
3B.a=| 1+- =|lna==-In| 1+- .Asns-oco0 , - >0andIn { 1+ —-»0,s0lna—-0.
n n n n n n n

Thus, a—>e0:1asn—>oo Converges
1
36.a =—— and lim —— —:sllma =0 by the
T R T S UL
Squeeze Theorem. Converges

37.{0,1,0,0,1,0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never
stays arbitrarily close to either one (or any other value) for n sufficiently large.

1 1
38.{ ———————— } By T anda_ = for al positiveintegersn . lim an—O

1'3'2°'4°3’'5’4’6’ 2n-1 on N2 o
. : 1 1
sincelim a_ =lim =-=0andlim a_=lim —2 =0. For n sufficiently large, a can be made as
N— o0 2n-1 N— o0 n N— o0 2n N— oo n+2

closeto 0 aswe like. Converges

1 2 3 n-1
30.a=" 2 3 )

n

>

NI

—00 @8N—>00 ,S0 { an} diverges.

I\)ID
4>|3

40.
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27
. g':—_>Oasn—>c>o , SO by the

NIw

Squeeze Theorem and Theorem 6, { (-3) n/n} convergesto 0 .

\ J
-2.5

+1 . . . .
From the graph, we see that the sequence { (-1) " nT } is divergent, since it oscillates between 1
and -1 (approximately).

42.
2.5

( N\
O\ / 20

From the graph, it appears that the sequence convergesto 2 .

2 \" 2 \n

{ ( - ) convergesto 0 by (6), and hence { 2+ ( - ) } convergesto 2+0=2 .
43.

0.8

[ vveeeseeseesesnesneest et st )\

\_ 50

0
From the graph, it appears that the sequence converges to about 0.78 .

I 2n i 2
M o1 M 5N

n— oo Nn— o0

1 solim arctan [ =22 ) =arctan1= 2=
=1,0 arctan ontl —arcan—4 ]

N— oo
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- &

R 500

—0.5

From the graph, it appears that the sequence converges (slowly) to O .

snn 1 sinn
0< | | < —= —»0asn- oo , s0 by the Squeeze Theorem and Theorem 6, § —— converges
yn —qn In

to0.

45.

\. . )10

(IJ:rom the graph, it appears that the sequence convergesto O .

O<a = n_?’ n n n 1 1 1 1
" nn (M) (2 (3 3 2 1
2
n
S G Dm0y  ornz4
1/n

(TUn) (L2in) (Lam) 0 &N

So by the Squeeze Theorem, { n3/n!} convergesto O .

46.

10

0 20

From the graph, it appears that the sequence convergesto 5.
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n n n n
=5 = '\/ 3”+5”§-\/5”+5”:9\/§'\/ 5
= 02-55Basn o0 lim 27"=2"=1]
N— oo

Hence, a— 5 by the Squeeze Theorem.

Ux
Alternate Solution: Let y:(3x+5X ) . Then

X X
i I +
lim Iny _ iy n(3x 5x) —im 3In3+51n5

X— 00 3X+5X

X
<—2> In3+In5
= lim 3\ x =In5
X— 00 ~
<5> +1

, In5 Nf_n n
so lim y=e :5,andso{'\/3+5} convergesto 5.

X— 00

X— 00
X— 00

47.

1
s N

N .. ’ 10
From the graph, it appears that the sequence approachesO .
135-.--(2n1) _1 3 5 2n-1

2n 2n 2n 2n

0<an: o
(2n)
1 1
< —. (1) - - - - =— = —
< @) (=50 8 oo
135 . (2n-1) } convergesto 0 .

(2n)"

So by the Squeeze Theorem, {

48.
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190

e 3
o~ 710
5000
4
o 715

. : 1-3-5.- . . . . (2n-1 :
From the graphs, it seems that the sequence diverges. a= o ( ) . Wefirst

: . 3\ _
prove by induction that a> ( > ) for al n. Thisisclearly truefor n=1, so let P(n) be the
statement that the above istrue for n . We must show it is then true for n+1 .

2n+1 3\l 2n+l 1 2+l 3
a.~a m > ( > ) . (induction hypothesis). But L > = , and so we get that
3\" .. . . :
) = :< > ) which is P(n+1) . Thus, we have proved our first assertion, so since

n’
n+1— (
3
2

L

49. (a) an:1000(1.06) = a1:1060 : a2:1123.60 : a3:1191.02 , a 4:1262.48 ,and a5=1338.23 :

2
n-1
) diverges (by (8)), so does the given sequence { an}

(b) lim an:1000Iim (1.06)n , S0 the sequence diverges by (8) withr=1.06>1 .

Nn— oo Nn— oo

—1a if a IS an even number

50. a e 2 When al:11 ,thefirst 40 termsare 11, 34, 17
: 3a+1 if a is an odd number

,52,26,13,40,20,10,5,16,8,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2
,1,4,2,1,4,2,1,4.Whena1:25,thefirst40termsare25,76,38,19,58,29,88,44,22

,11,34,17,52,26,13,40,20,10,5,16,8,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4
,2,1,4.Thefamous Collatz conjecture is that this sequence always reaches 1 , regardless of the
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starting point a .

51.1f [r|>1, then {rn} diverges by (8), so { nrn} diverges aso, since |nrn| :nlrnlz |rn| f

X

=0, so lim nr'=0, and hence { nrn}

. X .. X .. 1 . r
[r|<1thenlim xr =lim — =lim ———— =lim
_lnr nN— oo

X— 00 X— 00 rix X— 00 (7Inr)rix X— 00
converges whenever |r|<1.

52.(a) Let lim an:L . By Definition 1, thismeans that for every ¢ >0 there is an integer N such that

N— o0

|an—L| <c whenever n>N . Thus, |an+1—L <c whenever n+1>N<n>N-1 . It follows that

lima =Landsolim a=Ilim a
n+1 n+

n
Nn— oo N— o0 N— oo

1

-1++5
(b) If L=lim a_thenlim a_ =L also, so L must satisfy L=1/(1+L) = L%+L-1=0= L= 42[

Nn— oo Nn— oo
(since L hasto be non-negativeif it exists).
53. Since a IS a decreasing sequence, a>a . for all n>1 . Because all of its terms lie between
5and 8, a is a bounded sequence. By the Monotonic Sequence Theorem, { an} IS

convergent; that is, { an} hasalimit L . L must be lessthan 8 since { an} is decreasing, so
5<L<8.

. : . . 1
54. an:1/5n defines a decreasing geometric sequence since a..= < a<a foreachn>1.The

. . 1
sequence is bounded since O<an§ T foraln>1.

(I N B 1 1 1 :
55. a= o3 IS decreasing since a.= 2 1)3 2045 < o3 =a_ for each n> 1 . The sequenceis

) 1 1
bounded sinceO<a < = foral n>1.Notethata =~ .
n— 5 1 5

2X-3

2n-3 . : : ' P—
56.a = —— defines an increasing sequence since for f(x)= il

n 3n+4

/ —(2x- : . 1
f (x= Bt (2x3)3) . 17 >0 . The sequence is bounded sincea >a =- - forn>1,
2 n— 1 7
(3x+4) (3x+4)
anda<——=<--=7 forn>1.
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57.a =cos (n/2) is not monotonic. Thefirst few termsare0,-1,0,1,0,-1,0,1, ... . Infact,

the sequence consists of theterms0, -1, 0, 1 repeated over and over again in that order. The
sequence is bounded since |an| <iforaln>1.

58. an:nefn defines a positive decreasing sequence since the function f (x):xefx isdecreasing for x>1
X X - 1
f /(x):e “xe =e X(l—x)<0] for x>1 .] The sequence is bounded above by =3 and below by 0.

n : : : X
59.a =—— definesadecreasing sequence since for f(x)=——,
n+1 X +1

(x2+1) (1)x(29 _ 1%

() ()’

t /(0=

. . 1
< 0for x> 1 . The sequence is bounded since O<a ng > for all

n>1

1 . : . . : 1. . :
60. a =n+ F\ defines an increasing sequence since the function g(x)=x+ % sincreasing for x>1 .

] /(x):1—1/x2>0] for x>1 .] The sequence is unbounded since a 00 85N—>00 . (Itis, however,
bounded below by a1:2 )

61. alzzl’2 , a2:23/4 , a3:27/8, ,soanzz(znl)’znzzl(l’zn) lim a =lim 21’(1’2n):21:2.

Nn— oo n— oo

Alternate solution : Let L=lim a . (We could show the limit exists by showing that { an} IS

N— o0

bounded and increasing.) Then L must satisfy L:\[ 2-L= L2:2L:> L(L-2)=0. L0 since the
sequence increases, so L=2 .

62. (a) Let Pn be the statement that a.,za and a< 3. P1 isobviously true. We will assume that Pn

istrue and then show that as aconsequence P must also betrue.a . >a @\/ 2+a_ > \/ 2+a
n+l n+2 n+l n+l n

&2+a >2+a <a . >a ,whichistheinduction hypothesis.a  <3& . [2+a <3< 2+a <9<
n+1 n n+tl— n n+1 n n

ang 7, which is certainly true because we are assuming that ang 3.So Pn istruefor all n, and so

a<a< 3 (showing that the sequence is bounded), and hence by the Monotonic Sequence Theorem,

[im a exists.

nN— oo

(b) If
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: . _ B 2 2 3 B o
L_r|1!>noo a, then rI]Inoo a, 1—L aso, so L—\[ 2+L =L =2+L < L -L-2=0&(L+1)(L-2)=0<L=2 (since
L can’'t be negative).

63. We show by induction that { an} Isincreasing and bounded above by 3.

Let Pn be the proposition that a.,>a and 0<an<3 . Clearly P1 istrue. Assume that Pn Istrue. Then

1 1 1 1
a >a> —<—=>———> —
n+1 n n+1 n
Nowa =3 1 >3- 1 =a_ <P . Thisprovesthat { a } Isincreasing and bounded above by
n+2 a ) a n+l n+l n
n+ n
3,0 1:a1<an<3 ,that is, { an} Is bounded, and hence convergent by the Monotonic Sequence
Theorem.
3+45
If L=lim a , then [im an+1:L also, so L must satisfy L=3-1/L= L273L+1:0:> L= 42[ . But L>1
N— oo Nn— o0
L= 3+45
,SOL=——".

64. We use induction. Let Pn be the statement that O<an+ 1§ ang 2 .Clearly P 1 Istrue, since
a=1/(3-2)=1.Now assumethat P_istrue. Thena <a—=-a .>-a—=3a .>3a=
2 n n+1 n n+1 n n+1 n
q = 1 < 1
2 3 -a 3-a
n+1l n
hypothesis, so Pn+ 1 istrue.

=a_ .- Also a >0 (since 3a . is positive) and a <2 by the induction

1 3+£45
To find the l[imit, we use the fact that lim an:Iim a .= L= STL = L2—3L+1:0:> L= 42[ . But

Nn— oo Nn— oo

3-45
LgZ,sowemusthaveL:JZ[ .

65. (a) Let a be the number of rabbit pairsin the n th month. Clearly a1:1:a2 . Inthe n th month,
each pair that is 2 or more months old (that is, a, pairs) will produce a new pair to add to the a
, SO that { an} :{ fn} , the Fibonacci sequence.

1
pairs already present. Thus, a=a +a_

ol _ 1:n _fm1+fm2_ n2 _ 1 _ 1 .
(b) a=—— =a = = =1+ =1+ =1+ — . If L=lim a , then
fn fl’Fl fml fml fml/fmz amz N0

2
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: . . 1 1+y5 |
L=lim a . and L=lim a , 0 L must satisfy L=1+ L= LZ—L—1:O:> L= 42[ (since L must be
N— o0 Nn— oo

positive).

66. (a) If f iscontinuous, then f(L)=f <Iim an>:lim f (an):lim a_ =L by Exercise 52(2).
N— oo Nn— oo N— oo

(b) By repeatedly pressing the cosine key on the calculator (that is, taking cosine of the previous
answer) until the displayed value stabilizes, we see that L~ 0.73909 .

50
' 2\

67.(a) 0 ——1

5 5
From the graph, it appears that the sequence { % } convergesto 0, that is, lim EI =0.

N— oo

1

e N
y=0.1
(b) 75 0\ : 125
0.03
e N
y = 0.001

9.5 . - 15.5
0

From the first graph, it seems that the smallest possible value of N correspondingto¢=0.1is9, since

n5/n! <0.1 whenever n> 10, but 95/9! >0.1 . From the second graph, it seems that for ¢ =0.001 , the
smallest possible valuefor N is11.
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68. Let c >0 and let N be any positive integer larger thanIn (¢)/In |r| . If n>N then n>In (¢ ) /In |r|

<¢ , and so by Definition 1, lim r'=0..

N— oo

n n n
=nin |r|<lne =1In (|r| )<Ing:> Ir] <e = |r -0

69. If lim |an|:o then lim —|an|:O , and sincef|an|§an§ |an| ,we havethat lim a =0 by the

Nn— oo Nn— oo N— oo
Squeeze Theorem.
70. (a)
bn+1— i 1 22 n33 1
== =ph+b ath a+h a+. - - +ba +a’
b-a
<bn+brklb+bm2b2+bm3b3+ o +bbm1+bn: (n+ 1)bn

(b) Sinceb-a>0 , we have b —a" <(n+1)b'(b-a)= b™ —(n+1)b(b-a)<a" = b"[(n+1)a-nb]<a"

1\N 1 n+1
(c) With this substitution, (n+1)a-nb=1 , and so b = <1+ - ) <a = ( 1+ ) _

2n 2 2n 2n

1\"/1 1 \n 1\ 2n
(d) With this substitution, we get <1+— ) ( = ><1:> <1+— ) <= <1+— ) <4
(e a<a, since { an} isincreasing, so an<a2n<4 :

(f) Since { an} Isincreasing and bounded above by 4 , a<a< 4 ,and so { an} is bounded and
monotonic, and hence has a limit by Theorem 11.

71. (a) First we show that a>a1>b1>b :
at+b 1 1 2 :
a-b="— ab=3 (a2 ab+b):§ (Ya—b)™>0 (sincea>b ) = a>b, . Also

1 1
a-a=a- 3 (ath)=7 (a-b)>0 and kyblzth/a_b ={b (yb—a)<0, so0 a>a >b >b . In the same way we
can show that a1>a2>b2>b1 and so the given assertion istrue for n=1 . Suppose it istrue for n=k , that

Is, ak>ak+1>bk+1>bk . Then

1 1
Az Pz = 2 (ak+1+bk+1) \/ Be1Ps1™ 2 (ak+12 \’ Bee1Ps +bk+1)
1 2
. (\’ Aert *\’ bk+1) >0

a = 1 _1
I TR W 2 @003 (ak+1bk+1) >0
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and bk+1bk+2:bk+1\/ ak+1bk+1 = b k+1 (\/ kel ak+1 )<0:> ak 1>ak+2 bk+2>bk+1 so the

assertion istrue for n=k+1 . Thus, it istrue for all n by mathematical induction.
(b) From part (a) we have a>a >a_ 1>bn+ 1>bn>b , which shows that both sequences, { an} and

{ bn} , are monotonic and bounded. So they are both convergent by the Monotonic Sequence

Theorem.
a+b

. . . . nn a+f3
(o Letlim a=x and lim b=5 .Thenlim a 1:I|m >a=— =

nN— oo n Nn— oo n n— oo e n— oo 2 2
2x=a+f=a=f .
72.(a) Lete>0. Since lim a, =L , there exists N_ such that |a L|<£ for >N . Since

N— o0

rI:n a, =L, thereexists N, such that |a2n+l—L| <e forn>N, . Let N:max{ 2N1,2N2+1} and let

n>N . If niseven, then n=2mwhere m>N_, s0 |an—L| :| aZm—L| <¢ . If nisodd, then n=2m+1 ,

where m>N,, , s0 |an—L|:|a2rm1—L| < . Therefore lim a =L .

N— oo
1 3 1 7 1 17
(b) a=1,a=1+ 1+1-3° =15, a; 1+5/2 c =14,a=1+ 125- 12 =1.416
1 4 1 99 1 239
a=1+ 2912 - 29 ~ 1413793, a =1+ 20129~ 70 ~1.414286 , a~1+ 169/70 ~ 169 ~1.414201 ,
1 577 :
a =1+ 208/169 408N1'414216 . Notice that a <a_<a_<a_and a>a >a >a, . It appearsthat the odd
terms are increasing and the even terms are decreasing. Let'sprovethata, >a, anda, <a, . by
mathematical induction. Suppose that a .Thenl1l+a, >l+a_ = 1 < L =
k2 ok 2k-2 & 1+a 1+a
2k-2 2k
I —— <lr = = B 181 ™ 18y 1By —>—— -
+ay, +ay, a1 Ty
1+ 1 >1+ 1 =a_>a_ . .Wehave thus shown, by induction, that the odd terms are
1+a 1+a 2k~ 2k+2

2k-1 2k+1
increasing and the even terms are decreasing. Also all termslie between 1 and 2, so both { an} and

{ bn} are bounded monotonic sequences and are therefore convergent by Theorem 11. Let

1 4+3an

1
[im a2 =L .Thenlim a. =L adso. Wehavea _=1+ =1+ =
oo 2N o o 2Nn+2 n+2 1+1+1/(1+an) (3+2an)/(1+an) 3+2an

SO
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% Taking limits of both sid s R L I L S
a2n+2— 3+2a2 . Ing IMITS O DOLN SIAeS, Weg = 3+2L = = = =Z= —J_
n

(sinceL>0). Thus, lim aZn:ﬁ . Similarly we find that rl]ifﬁoannﬂ:ﬁ . S0, by part (a), lim an:ﬁ :

N— o0 Nn— oo

73. (a) Suppose { pn} convergesto p . Then

b blim p
Py oo I bp 2
P = lim p bl bt p +ap=bp=- p(p+a-b)=0=- p=0or p=b-a.
n atp. nooo L atlim P, atp
N— oo
b : P
p P P
(b) p. .= AN <pp since 1+ — >1 .
n+1 a+p p a n a
n n
1+ —
a

b b b\ 2 b b\ 3
(c) By part (b), p1<<a>p0’p2<<5>p1<<51> po,p3<<a>p2<<a> P, » €tc. In general,

b\" , : b\" :
pn<<5> pO,SO|Im pngllm (5) -po—Osmceb<a.

n— oo n— oo

(d) Let a<b . Wefirst show, by induction, that if p0<tra , then pn<tya and PP, -
bp,  pbap)

For n=0 , we have P~ >0 since po<tka . S0 PR, -

Po™ a+p, Po atp,
Now we suppose the assertion istrue for n=k , that is, pk<t}a and PP, - Then

bp,  a(b-a)+bp -ap bp, a(b-ap)

b-a-p =b-a- >0 because p<b-a.So p . .<b-a.And
k+1 \ i1
a+ pk at pk at pk
bp P, (b-ap,,)
Tkl _ Tkl k+1 :
Pz Pea™ atp, P arp,,, >0 since p,,,<b-a. Therefore, p, >p, . . Thus, the

assertion istrue for n=k+1 . It istherefore true for all n by mathematical induction. A similar proof by
induction shows that if p0>t}a , then pn>t}a and { pn} is decreasing. In either case the sequence

{ pn} is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. It then

follows from part (a) that lim pn:tka.

nN— oo




