Sewart Calculus ET 5e 0534393217; 11. Infinite Sequences and Series; 11.12 Applications of Taylor Polynomials

1. (a)
0 COS X 1 1
1 -Sin X 0 1
2 —COS X -1 1- % x2
3 sin X 0 1- % x2
4 COS X 1 1- % x2+ 2—14 x4
5 -Sin X 0 1%x2+2—14x4
12 1 4 1 &6
6 —COS X -1 1—2x+24x—720x
T,=Ts 2
f V=1,
f
/[ )
T, -2 T,=T
(b)
x |f T,7T, T,7T, T,7Ts T
% 0.7071 1 0.6916 0.7074 0.7071
% 0 1 -0.2337 0.0200 -0.0009
T -1 1 -3.9348 0.1239 -1.2114

(c) Asnincreases, Tn(x) isagood approximation to f(x) on alarger and larger interval.

2. (a)

n 1"

T ()
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I 1 1
1 [x? -1 1-(x-1)=2-x
2 |ox® 2 1 (x1)+(x 1) =x 3x+3
3 4 6 2 3 3 2
-6X 1-(x-1)+(x-1) —(x-1) =X +4x —6x+4

(b)

X f To T1 Tz T3
0.9 1.1 1 11 1.11 (1111
1.3 0.7692 1 0.7 0.79 10.763

(c) Asnincreases, Tn(x) isagood approximation to f(x) on alarger and larger interval.

3.

0 In x 0
1 1/x 1
2 *1/X2 —1
3 2/X3 2
4 Lex -6
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s Y
e \

¢ (n)
T 4(x):2: (1) (x-1)"=0+(x-1) - = (x—1)2+21)’(x—1)3—211(x—1)4
4.
n iV i)
0 |ef &
1 e &
2 ¢ &
3 | &
-1 f 4

(0 E E
T 3(x):§]i (2) (x-2) =+ (x-2)+ = 1 0+ = (x—2)
5,
i (1)
0 sin X
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) 1
2 . -
sin X >
3 —COS X _E
2
e _' \f
T.

fw<z>
3 6 7 \" 1
T0=2 n! <X6 > "2
6.
(n) (n)<ﬁ
n fY7(x) f 3
1
0 COS X -5
1 -Sin X JE
2
1
2 —COS X 5
3 sin X E
2
1
4 COS X -5
/\

AN

w|¥
~—r

VN
x

w|¥

N—
=}
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PR (BB E (5 (F)

7.
AR i (0
0 Jarcsinx 0
1 1 1—x2 1
3 |2d+ i) 1
b () )
n 3
_y3 (0)
T3(x)—2n — 5
8.
n 1V £ )
0 |(Inx)/x 0
1 |adnxi 1
2 |a3+2nxC -3
3 |z einxix 1
"l _1(6 ; )
T 3(x):2: (1)( x1)"=(x 1) = (x 1%+ 1—1 (x-1)°
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n f(n)(X) f(n) (O)
0 |y 0
1 |12xe”™ 1
2 |ax-1)e -4
3 |a32x)e ™ 12
T,
f\ _6.6) J
B O n0, 1142123 _2 3

T3(x)—2 S X =7 1T X o X T X=X 22X
10.
0 |(and)™ 2

1
1 k(aed) ™ >

3
5 3(3+x ) 312 :

)
2 ( )(1) 1

T,(0=Y (x-1)'=2+ 5 (x 1)+— (x-1)°=2+ = (x )+ 2 (x 1)°

11. In Maple, we can find the Taylor polynomials by the following method: first definef:=sec(x);
and then set
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T2:=convert(taylor(f,x=0,3),polynom);, T4:=convert(taylor(f,x=0,5),polynom);,
etc. (Thethird argument in the taylor function is one more than the degree of the desired
polynomial). We must convert to the type polynom because the output of thetaylor function
contains an error term which we do not want. In Mathematica, we use
Tn:=Normal[Series[f,{x,0,n}]] ,withn=2,4, etc. Note that in Mathematica, the "degree
argument is the same as the degree of the desired polynomial. In Derive, author sec x , then enter
Calculus ,Taylor,8,0; and then ssimplify the expression. The eighth Taylor polynomial is
- (x) 1+1x2+ 5 4 61 6 277 8

2 24" 720 8064

f 8 Ty T T,

( N

T,

N -

—4

12. See Exercise 11 for the CAS commands used to generate the Taylor polynomials. The ninth

1 3 2 5 17 7 62 9
Taylor polynomial for tan x isT (X)=x+ 3 X+t X+t 35X Y g3 X

7 i1 T
Z )

-25 t + 2.5

T Ty —7

13.
n |V "4
VX 2
1 -2 1
1 5 X 2
1 -3e 1
2 | 3% 32
3 52
3 5 X
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(@) f(x):ﬁm (x):2+}(x74)7 Y 32( x4y =2+ = (x 4)- = (x74)2

®) |R (x)| Ix 4 where | £/ 0] < M. Now 4< x< 4.2= [ x-4]< 0.2= |x-4] *< 0.008 .
Since f / (x) is decreasing on [4,4.2] ,wecantakelef M (4)|——4 226

2
| R )| < 3/—56 (0.008)= 050138 =0.000015625 .

(c) From the graph of | Rz(x)| = | Yx-T 2(x)| it seems that the error is less than 1.52+ 10 ~ on [4,4.2]

0.00002

¥=Ry(x)]
al 42
14.
n (" (%) ( )(1)
0 |x? 1
1 ,2)(3 -2
2 6X_4 6
3 |oax®
(a)

F() =x ~T (%
=1-2(x- 1)+ (x 1)

:1—2(x—1)+3(x—1)

(b) | Rz(x)| Ix 11°, where | f (x)| <M . Now 0.9< x< 1.1= |x-1]< 0.1= |x-1] *< 0.001 .

Since f / (x) isdecreasing on [0.9,1.1] , we can take
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m=| 1’ (0.9)|= -,
(0 9)
) 24/(0 9)° 10,004
|IRM| < (0.00)=5 =20
~0.00677404

0.005

C) 090M Jll

From the graph of | Rz(x)| = | X T 2(x)| , it seems that the error is less than 0.0046 on [0.9,1.1] .

15.

n f(n)(x) ¢ )(1)

0 [,Z° 1

1 ?23)(1/3 %

2 | {2; x ¥ - g

3 2%)(7/3 2%

4 g_i -10/3

@ =T )= 1+3(x - 22 0c2 22 (1’210 2 1) S 00 o ()

) [RM|< 7 Ix 1)* where | #¥00| <M . Now 0.8< x< 1.2= |x71|<0.2;» Ix-1] *< 0.0016 .

) 10/3

Since |f (x)| isdecreasing on [0.8,1.2] , we can take M:| f (0. 8)| (O 8)

5_6 ©. 8)710/3

81
| R3(x)| < — 5z (0.0016)~0.00009697 .
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(c) From the graph of | RS(X)| = | T 3(x)| , it seems that the error isless than 0.0000533 on
[0.8,1.2] .

0.00006

0.8 12

16.
(n) (n) (7
n fY7(x) f 3
0 COS X —;
1 -Sin X - 3;
2 —COS X - %
3 sin X lg
4 COS X —;
5 -Sin X
(a)

f(x)=cosx =T ()
_1 3< E>_1< E>2+E< E>3+i< E>4
“2 2 \ X3 )7 2\" 3 12 \*3) T8 \"3

0 |R@|<g |x

T

3
. T 1 /7\°

letting x=> givesM=1, s0 |R4(x)|§ = < 3 > ~0.0105 .

(©)

5 5 5
‘ ,wherelf(S)(x)lgM .Nowogxgz—g :><x%> §<%> ,and
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0.012

J

7
3

. ) 2T
From the graph of | R 4(x)| :| cos x-T 4(x)| , it seemsthat the error is less than 0.01 on [O, 3 ] .

17.
0 tan X 0
1 sec 2x 1
2 25ec *x tan X 0
3 2 2 4 2
4sec Xtan x+2sec X
4 2 3 4
8sec xtan x+16sec xtan x

(8) F(=tan x=T (x)=x+ % X

M
(0) [R)|< 75 X", where |+ ¥l <M . Now o< x< Z = x< =

4
6 < > , and letting x=

ol

[. (4). . . < n>] .
sincef ' ’isincreasingon 0’6 gives

ool < () (5) (5) (5) |

olA

41

I ENEAY
= s ~0.057859

9

)

(©)

0.01

From the graph of
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| R3(x)| = | tan x-T 3(3)| , it seems that the error is less than 0.006 on [0,7/6] .

18.
0 |In(1+2x) In3
1 |2/(1+2x) %
4
2 | 4
2 a)(1+2x) 9
16
3 _=
3 |16/(1+2x) >7
4 |oei1+29"
(@) f(x)=In (1+2x)zT {9=In3+ ?23 (1) 49 o (x x-1)+ 16/ 27 =220 1)’
) |RM|< 7 Ix 11, where | {(x)| <M . Now 0.5< x< 1.5= -0.5< x 1< 0.5= |x-1|< 0.5=
1 1 1
| x-1] < — , and letting x=0.5 gives M=6 , s0 | R (x)| < _| 16 = oy ~0-015625.

0.005

MK )

I(:Cr)om the graph of | R{X) :| In (1+2x)-T 3(x)| , it seems that the error isless than 0.005 on [0.5,1.5] .
19.

no | (%) ¢ (n) ©)

0o | & 1

1 eX2(2x) 0

2 eX2(2+4x2) 2

3 ex2(12x+8x3) 0

4 eX2(12+48x2+16x4)
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(8) f(x=e' ~T (0= 1+3x —14+x
) [R|< 7 |x| ‘where | 10l <m

Now 0< x< 0.1= X g (0.1) , and
letting x=0.1 gives

0.01
e 12+0.48+0.0016
|R(x)|§ ( )(o 1) ~0.00006 .
3 24
(©)
0.00008
0 0.1

2
From the graph of |R (x)| | (1+x2) | , it appears that the error isless than 0.000051 on [0,0.1] .
20.
0 [xInx 0
1 In x+1 1
2 1/x 1
3 ,1/)(2 -1
T

(8) TO)=xInxa T (Y=(x 1)+ % (x-1) —é x-1°

1 1
(b) |R(x)|< 2 x1)® where | #9%)| <M . Now 0.5< x< 1.5 = [x-1]< 5 = x1 < = TR

Since | f (x)| is decreasi ng on [0.5,1.5] , we can take M:| f(4)(0.5)| =2/(0.5) *-16 , SO
| R (x)| (]Jl6)— ~ —o 0416 .
(c) From the graph of | R3(x)| :| xIn x-T 3(x)| , it seems that the error is less than 0.0076 on [0.5,1.5]
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0.008

¥ =|Ry(x)]

0.5 1.5
0 1
21.
0 |xsinx 0
1  |Sin X+Xcos X 0
2 2C0S X-Xsin X 2
3  [-3sin x-xcos x 0
4  |-4cos x+xsin X -4
5 [5sin x+xcos x
_ 2 1
(@ f(X)=xsinx~T (x): = (x—O) (x O)4—x2 6 x4
(b) | R (x)| |x| , where | f (x)| <M . Now -1< x< 1= |x|< 1, and agraph of f(5)(x) shows
5 1

that | f (x)|<5for -1<x< 1. Thus, we can take M=5 and get | R (x)| < = 1—2—4—00416

(c) From the graph of | R 4(x)| —| xsin x-T 4(x)| , it seems that the error is Iess than 0.0082 on [-1,1] .

0.009

| y=IRw)

Ao

(%) ()

n
0 sinh 2x
1 2cosh 2x
2 4sinh 2x
3

4

5

8cosh 2x
16sinh 2x
32cosh 2x

O|0|OIN|Of—

W

2
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6  |64sinh 2x
: 0, 8.3 32 5 4 3 4 5
(@ f(X)=sinh2x~T (x)—2x+ 3l X + 5 X =2x+ 3x+15x
(b) |R5(x)| |x| Wherelf (x)|<M For x in[-1,1] , wehave |x|<1. Since f' (x)|san

increasing odd function on [-1,1] , we see that | f (x)l < ¢ (1):64si nh 2:32(e -e 2)% 232.119, so

232.12
we can take M=232.12 and get |R5(x)| < 0 O

(c) From the graph of | R5(x)| = | sinh 2x-T 5(x)| , it seems that the error islessthan 0.027 on [-1,1] .

0.03

Y =IR)

: . 1 3 1 2 43 3
23. From ExerC|se5,smx:—+3E <x—z )—— (x—z> —£ (x—%) +R3(X),Where

2 2 6 4 6 12

4 (¢] (¢] (¢]
|R(x)|< — x% ‘ with |f(4)(x)|:|sinx|§ M=1. Now x=35=(30 +5 ):<%+3£6>

radians, so the error is

< % )4
T 36 . .
R3< - ) ‘ < ———— <0.000003 . Therefore, to five decimal places,

36 41
o 1 3 T 1 T ZE 7 \3
S35~ 5+ <36>4 <36> 12 <36> ~0.57358 .

24. From Exercise 16,

cosx:}—ﬁ <x—z )—211 <x—E >2+E <x—z >3+i (x— >4+R4(x).Nowsince

2 2 3 3 12 3 48

x=69 =(60 +9 )= <§+2—0> radians, the error is |R4(x)|§

0 3 2 43 3 4
decimalplaces,c0369~}—£ <l>——1 <£> +3E <£> +i <£> ~0.35837 .

2 2 20 4 \ 20
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X

25. All derivativesof € aree’ , o | Rn(x)| < || ™1 Where 0<x<0.1 . Lett ng x=0.1,

0.1

e
(n+1)!

Rn(O.l)g (0.1)n+1<0.00001 , and by trial and error we find that n=3 satisfies this inequality

(n+1)!
since R3(0.1)<0.0000046 . Thus, by adding the four terms of the Maclaurin series for e

correspondington=0,1, 2, and 3, we can estimate eo'1 towithin 0.00001 . (In fact, thissum s
110516 and e "~ 110517 .)

n
26. Example 6 in Section .9 gives the Maclaurin series for In (1-x) as—>- :;1 XF for |x|<1 . Thus,
n
~ v (04) oo
In1.4=In[1-(-0.4)]=X N —Zn: 1(—1)
is less than the first neglected term by the Alternating Series Estimation Theorem, and we find that
| a6| =(0.4) */6~0.0007<0.001 . So we need the first five (non-zero) terms of the Maclaurin series for

the desired accuracy. (In fact, this sum is approximately 0.33698 and In 1.4~ 0.33647 .)

n
1(04 . . : :
" % . Since thisis an aternating series, the error

. 1 31 5 . . N :
27. SN X=X- 31 X + o X By the Alternating Series Estimation Theorem, the error in the

T 1 3. 1l 5
approximation sin x=x- =7 X islessthan 5l X

2 <001 | x| <120(0.01) = |x <(1.2) "~ 1.037 .

1 : : . .
The curves y=x- 6 x3 and y=sin x-0.01 intersect at x~ 1.043, so the graph confirms our estimate.

Since both the sine function and

0.9
-

y=sinx + 0.01

y=x—%x3

y=sinx — 0.01

the given approximation are odd functions, we need to check the estimate only for x>0 . Thus, the
desired range of valuesfor x is-1.037<x<1.037 .

28.
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1 1 1
cos x=1- 5 x2+ 2 x4 al x6+ - . By the Alternating Series Estimation Theorem, the error isless
1 1
than ‘ <0.005< x <720(O 005)< | x| <(3. 6) ~1.238 . The curves y=1-3 X+ >4 x* and

y=CO0S x+0 005 intersect at X~ 1.244 , so the graph confirms our estimate. Since both the cosine
function and the given approximation

0.34
Vs

y = cosx + 0.005

y = cosx — 0.005

122
0.32

/ 1.26

are even functions, we need to check the estimate only for x>0 . Thus, the desired range of values for
X 15-1.238<x<1.238 .

29. Let S(t) be the position function of the car, and for convenience set S(0)=0 . The velocity of the
caris
v(t)=s /(t) and the acceleration is a(t)=s / /(t) , SO the second degree Taylor polynomial is

T (t) S(0)+v(O)t+ —/—~ ( 0) 2 t 20t+t . We estimate the distance travelled during the next second to be

S()~T 2(1)—20+1-21 m. ThefunctionT 2(t) would not be accurate over afull minute, since the car

could not possibly maintain an acceleration of 2 m/ 52 for that long (if it did, its final speed would be
140 m/ s~313 mi / h!)

30. (a)

n L% b"(20)
o | Zoecx (t-20) 0

1 o Zoea (t-20) ap

> | 2p Zoea (t-20) N 2p i

The linear approximationis T (t)=p (20)+p /(20)(t—20)=p 20[ 1+ (t-20)] . The quadratic
approximation is
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020

T 0=0(20)+ (20)(t-20)+ —

(t-20)°=p 20[ L+a (t-20)+ % o 2(t—20)2]

8x 1077

(b) —250 5 1000

1.01p

0.99p

& J

(C) -0 125% 1078

From the graph, it seemsthat T l('[) iswithin 1% of p(t) , that is, 0.99 (1)<T 1(t)g 1.01p(t) , for 14

80

Cc<t<58 C.

2
31_E=%_L2=ﬂ2_+2=ﬂ2 |:1_<1+%> i| '
D (D+d)” D D (1+d/D)” D
We use the Binomia Series to expand (1+d/D) 2.

_afy (1,4 @(9)&(2)3)}
E = _1<12<D>+2! D 3 \p/)"
B 2 3
-2 [o(8)a( ) e (8) ]t () L
D * D D
when D is much larger than d ; that is, when P isfar away from the dipole.

N

N
N

n n
1 2 1 1 )
32.(a) —+—== —_— Equation 1) where
@ —+—==g( — - | (Equation)

o} i i 0
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1{0:\/ R2+(so+ R) 2—2R (so+ R) cos¢ and (Ji:\/ R2+(SIR) 2+2R (SIR) cos¢p (2)
Using cos ¢ ~ 1 gives

( :\/ R2+(s +R) 2—2R(s +R) :\/ R2+32+2Rs +R2—2Rs —2R2 :-\/ 32 =S
[0} 0 [0} [0} [0} 0 [0} (0]

and similarly, [i:sl . Thus, Equation 1 becomes

n.—n
nsl nlso nl n2 L
|

_ 4 — =
= R

S S S
0 0

(b) Using cos ¢ ~1- —; qbz in (2) gives us

b \/R2+(SO+R) 2—2R(SO+R) (1— % ¢2>

2 2 2 2,2 22 2 2 22
\/ R+so+2Rso+R —2Rso+Rsoqb 2R +R ¢ :\/ so+Rsqu +R ¢

Anticipating that we will use the binomial series expansion (1+x) = 1+kx , we can write the last

R K o/ R K

: 2 _
expression for (ﬁ‘o ass 1+¢ —+= and similarly, éiizsl 1-¢ -5 . Thus,
S S S s
0 |
n,. n ns ns n, s n s
. 2_1 27 10 - 12 7 1 o
from Equation 1, I +7 =R ; . enl o+l =4 TR 7 &
[0} | | [0} | [0}
n 2 12 2 -1/2
2 2
_1 1+¢ _R + 5 + _2 1,(13 B _ 5
S S S s &
[0} [0} 0 | | I
12 12
", 2/ R R2 N 2/ R R2
=—= 1-¢ -—— -— 1+¢ —+ —
R s 2 R s 2
5 o %

o . -1 -1 _ . N . .
Approximating the expressions for (0 and {;‘i by the first two termsin their binomial series, we get
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n n 2
1 1
_1 1,—(1)2 B 5 +_2 1+—¢2 _R,E
S 2 s &2 S 2 s &
[0} [0} O | I |
n n 2
_ 2 1 2/ R R 1 1 2/ R R
"R 2 Sz) R|:12¢ <s+2 <
IS o S
I (0]
2 2 2
hMORRNEY /RE
2 2
% 28o % S, S S S
2 2 2
B /R K MO R RN
RT2R | 5 2 s @
| (0}
nl n2
— 4 —
S S
[0} |
n n 2 n 2 2 n 2 2 2
2 hohw SR RNM RENY FrRENY (RE
"R R 2 2R 2 2R T2 | g | g 2
2% \ % s % s S s %\ 8 s
2
M Y SRR <1+g>+”z¢ R R <; 1>
"R 2 s 2 s R 2 s 2 R g
o S5 o S S S
2 .2 2.2
M MR N 1\, R s 1N /1
A N AN WA BN VAN

From Figure 8, we seethat sin ¢ =h/R . So if we approximatesin ¢ with ¢ , we get h=R}) and
hzng 2R2 and hence, Equation 4, as desired.

33. (a) If the water is deep, then 27d/L islarge, and we know that tanh x— 1 as x— co . SO we can

approximate tanh (2rd/L)~ 1, and so Vo gL/(27) e v 1[ gL/(27) .
(b) From the table, the first term in the Maclaurin series of tanh x is x , so if the water is shallow, we
can approximate
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2ed _ 2d gL 2nd
tanh andso v N T vaygd .

L L
n f(n)( X) f(n)(O)
0 Jtanhx 0
1 lsechx 1
2 | 2sech’x tanh x 0
3 |asech™(3tanh “x-1) -2

(c) Sincetanh x isan odd function, its Maclaurin seriesis aternating, so the error in the

27d  2nd
approximation tanh T~ isless than the first neglected term, which is

I (0)|< > 1 2n>
3\ L
3
If L>10d |, th }< > —1< >3—”— the error in the approximation v’=gd i
 then 3 3 1o ) =378 »Sotheerro e appro onv =gdis
gL 7r3
less than o 3—75~O.01329L.
/2
dx Lﬂ/2 2\ V2
:4-\/5 f[1+( k'sin x)] dx
0 \/1—ksm X 0
13 135
1 2 2 2 222 3
1—5(—kzsin2x)+ > 2isinA) % - (4Bsin®) .- |

< 1.35 7 >k6+
2.4.6 2

[split up the integral and use the result from Exercise 8.1.44]

22
_2m/ 1—k2 13k 2325226+---
24& FAe
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(b) Thefirst of the two inequalitiesis true because all of the termsin the series are positive. For the

second,
ro oL 1+sz+12-3 4 L35 6 1357 8
g 2 22. 4 22 42 62 22 42 62 82

| 2
< 271-\/ g _1+zllk2+211k4+211k6+211k8+---]

. . : : : 1 _ 1
The terms in brackets (after the first) form a geometric series with a= 2 k2 and r:kzzsm ? ( =0 0) <1

2
2
SoT<27r-\/ 1+Ml =21 = 43k2
9 44

(c) We substitute L=1 , g=9.8 , and k=sin (100/2) ~0.08716 , and the inequality from part (b)
becomes 2.01090< T < 2.01093, so T~ 2.0109 . The estimate T ~ 274/ L/g~ 2.0071 differs by about
0.2% .

If 0 0:42o , then k=~ 0.35837 and the inequality becomes 2.07153<T < 2.08103, so T~ 2.0763 . The

one-term estimate is the same, and the discrepancy between the two estimates increases to about
3.4% .

35. (a) L isthelength of the arc subtended by the angle6 , so L=R9 = 0 =L/R. Now sec 6 =(R+C)/R
= Rsec 0 =R+C = C=Rsec 0 -R=Rsec (L/R)-R.

1 5
(b) From Exercise 11, sec x~T (x) 1+ - x2+ x . By part (a),

2% %
2 4
1/L\2 5 /L\*% 1 12 5 _* L s
C:sR|:1+—<—>+—<—>i|R—R-R—+—R Re— 2=
2\ R/) "22 \ R 27 2T AT R 3

(c) Taking L=100 km and R=6370 km, the formulain part (a) says that C=Rsec (L/R)-R=6370 sec

(100/6370)-6370~0.78500996544 km

> s* 100  s100°
The formulain part (b) saysthat Ca o + —— = 5= + ' -, ~0.78500995736 km.
24R 24. 6370
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The difference between these two results is only 0.00000000808 km, or 0.00000808 m!

/1 (n)

36.T (x) f(a+ —— (a) (x-a)+ T!(a) (x—a)2+- cet le(a) (x—a)n .Let 0O<m<n. Then
(m) (m+1)
Tg=m £ m.‘a) (x—a)°+(m+1)<m>- @ A
(")
(1) - (n-mel) —& (a) (x-a)" "

(a)
m!

For x=a, al termsin this sum except thefirst oneare 0, soT ()—

(a) .

37. Using f(x):Tn(x)+Rn(x) with n=1 and x=r , we have f(r):Tl(r)+R1(r) : whereT1 isthefirst-

. / .
degree Taylor polynomial of f at a . Because a=xX_, f(r)=f (xn)+f (xn) (rxn)+R1(r) .Butr isa
root of f , so f(r)=0 and we have O=f (xn)+f /(xn) (rxn)+R1(r) . Taking the first two termsto the
left side gives us f /(xn) (xn—r)—f (xn):Rl(r) . Dividing by f /(xn)  we get

f ( xn) R(")
r = . By the formulafor Newton’ s method, the left side of the preceding

) ()

equationisx T, 0 |

R ()

)

|r -X | Comblnlng this inequality with the facts |f (x)|< M and

. Taylor’ s Inequality gives us

RO ()I

|f (x)|>Kg|vesus|x —r|< |x r|




