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1. Let y(X)= E o x . Theny (x) Z an and the given equation, y/—y:O , becomes

Zoolnc X 1—2 L x =0 . Replacing n by n+1 in the first sum glvesZ _n+1)c xan:;Oc X =

S0 o 0[ (n+l)cn+ 1—cn] X =0 . Equating coefficients gives (n+l)cn+ 1—cn=0 , SO the recursion relation

c o C o
n 1 0 1 11 0 1 0
SC ™ 1 ,n=0,1,2,... .Thencl—co,cz—écl—a €363 5% 3 'S~ 2% , and
“
in general, C . Thus, the solution is
C n
y(X)= Z cx =3 oﬁx =C _Oﬁzcoex

2Lety(x)2 cx Theny =Xy=Y xy—0:>2 ncx —XZ cx =0 or

n1 . : : : . :
Z;’i nc X —E:;Ocnx '=0. Replacing n with n+1 in the first sum and n with n-1 in the second

glv&sZ _(n+1c 1x Z _.C X —Oorc 3% 1(n+1) x Z _C. X "=0 . Thus,

c 1+Z . [ (n+1)c_ ¢ 1] x =0 . Equating coefficients gives ¢ =0and (n+l)c ¢ =0.Thus the

C
. . . n-1 .
recursion relation Is¢ = rr1 ,n=12, ... .But cl—O : soc3—0 and c5—0 and in generd 02n+1—0.
C c, C c Cc C c Cc
0 2 0 0 4 0 0 0
Also,c=—= ,c=—=—F=—7" ,C =% = = andingeneral c, =—— . Thus, the
22744 42 £, 066 642 3y 2

solutionis

3. Assuming y(x)=X. - cx , we havey (x) E ncx —Z _(n+1)c 1xn and

e y=- Z _C, N Y L 2x . Hence, the equation y '=x ybecom&s

:0(n+1)cn 1x E _C 2x =0orc +2c, x+2 [(n+1)cn+1—cm2]x =0 . Equating coefficients

givesc 1:(:220 and
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c

n-2 . _ " _
Coit™ 1 forn=2,3, ... . But cl—O , SO c4—0 and 07—0 and in genera 03n+1—0 . Similarly c2—0 0]

C C3 C0 Co C6 C0 C0 Co
,C=—FZ=7/F==—"7" ,CE—Z—=—"———-=—]—"—" , ... andcsn—— .
3-3 3 n

Cqp, 2—0 FlnaIch

Thus, the solution is

3 CO 3 X3n X3/3 n 3/3
n [ee} n o0 o0 X
y(X)_Zn OCnX Zn o3n* _Zn 0 X COEn 0 _C02n=0 noo°

4. Lety(x)=X"

nzocnxn:>y/(x)=2:; nc_ X —Z _(n+1)c X . Then the differential

+1

equation becomes (x—B)Zoo _(n+D)c X +22 e X =0=

Z:;O(nﬂ)c X —32 _(n+l)c x+22 cx O:>Z ncx Z _S(n+1)c, xn+2:;020nxn20

= Z:;O[(n+2)cn—3(n+1)cn+ 1]x 0<SI nceZ _nc. X Z _,nc x ) . Equating coefficients gives

(n+2)cn 200
(n+2)cn73(n+1)cn+1:O,thusthe recursion relationiscn+1: 3+ ) ,n=0,1,2,... . Then 01:? ,
3c 300 4c 4c0 5¢c 500 (n+1)c
3

c——l—— c———— c——3 andingeneral, c =
2302) 2 833 3 4@ g T NIERET

. Thusthe solutionis

3n

9c
y(X)= E cx—cZ Ml |:Notethatc ¥ Ml 0 for|x|<3.:|
n=0 _n 0 n=0 _n 2
3 3 (3-x)

CX =y /(x):Zoo ncnxm1 and y/ /(x):Zoo [(n+2)(n+l)c X . The differential

n=1 n+2

5. Let y(x)=X oio

equation becomesZ _(n2)(n+l)e x+xE _,nc. X +Z e X =0 or

:0[(n+2)(n+1)cn+2+ncn+cn] X <SI nceX nc. X Z _onc X ) . Equating coefficients gives

n=1

—(nt1)c c
. . . n n
(n+2)(n+1)cn+2+(n+1)cn—0 , thus the recursion relation is Coro™ (M) D) . 2 n=0,1,2,... .
S c, ¢ C,

c
Then the even coefficients are given by C,= 2 C= 254 Ce= E = 546" and in general,
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. S (fl)nc C c; C
cZH:(—l) A .. o o . The odd coefficients are C 3 C= 535"
C C, . C, (—2)nn! c,
¢/ 2357 , and in general, c2n+1:(—1) 357 ... (2] = 2ne )] . The solutionis

n n
y()():c Zoo ﬂ X2n+C 200 (-2 n!' 2n+1

07 n=0 0 17 n=0 (2n+1)!

6. Let y(x)= E cx Theny (x) Z n(ml)cx —E _(m2(n+1)c 2xn.Hence, the
equationy :y becomesEn:O(n+2)(n+l)c X' Z _C X OorE [(n+2)(n+l)c

. . ) n ; 0
So the recursion relatlonlscn+2— (2 (D) ,n=0,1,... .Given co and C1’Cz" 51 ,c4—4 3
= ¢ 3 ¢ ¢ s ©
y e G ST andc=——

i 2

C_&
6 6-5

n (2n)! 332'% 54 5432 5 %976 7

Corit™ 2+ D)] . Thus, the solution is

o1 X2n X2n+1

n 00 n+ (o] o
= +

Z n=0C2n+1% CoZ n=0 (2n)! Cl2 n=0 (2n+1)!

y(X)= Z _Ch X'

The solution can be written as

X, X X X C+C c—C
W=C cosh x+¢ Snh x| orvix)= ete €€ 07 x 07 x
y( )—coco C S ory( )—c0 5 C—> =5 ¢© >

00 n /1 o0 n-2
7.Lety(x)=X _cx .Theny =X n(n-1)cx

(x2+1) y Moy :;On(ml) cnxn+2 :;O(n+2) (n+1)c

xy Z ncxand

X . The differential eguation becomes

0 (ml) c
)y n:O[ (n+2) (n+1)c_ +[n(n-1)+n-1] cn] x'=0 . The recursion relationisc__=- .

n+2

n+2 n+2 '’

v v C 3c 3c

0 2 0 4 2“0
n=0,1,2,... .Givenc_andc ,c=+% ,c=—=—— ,c= ——=(-1) —/— , ...,
0 1’722 8 4T 2,76 6 3 3

2|0

"0
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1.3 ... (2n-3) (2n-3)'c (2n-3)'c
c,=()"" - ()" —— =) — forn=23,... .
2 n! 22 “ni(n-2)! 2" nl(n-2)!
0-c
¢="3 =0=c¢, ,,=0forn=1,2,... . Thusthe solutionis
2
X (1)"*(2n-3) 20
y(x)=c;re,x+e, 2 +CoZn 2 ,2n2 '

27 "nl(n-2)!

8. Assuming y(x) Z cx y (x) Z n(ml)cx —Z _(m2(n+1)c 2xnand

—xy(x):—En: —Z _C 1x . The equation y /—xy becomes
0 n .
Zn: (M2(n+1)c X Z _C X "0 or 2c, +Z [(n+2)(n+1)cn+2—crkl] x =0 . Equating
c
coefficients gives c,=0 and Co= Wrzrlwl) forn=12, ... .Since c,=0,c, =0 forn=0,1,2,... .
Givenc c—i c—&— 0 C,= 0 Givenc
0% 32'% 65 6532 ' "% 3@BHLBNIENA) - 6532 1
c—i i = n cC, .= Cl The solution can be
£ 43776 7643 %m 31)3n(Bn2)(@n3)...7.6 4.3 u
written as
o (Bn2)(3EN5)----741 30 oo BnL@En4) 852 3w
Y=e s @) "o @n+1)] X

n

9Lety(x)2 cx . Then xy(x) XZ ncx 72 ncx—Zoooncx,

n= n

y (x) Z _(m2(n+1)c 2x and theequatlony xy —y=0 becomes

_ 0[ (n+2)(n+1)cn+2—ncn—cn] X'=0 . Thus, the recursion relation is

nc +c_ cn(n+1) C
Coio (2)(nt1) ~ (2)(n+D) — n2 forn=0,1,2, ... . One of the given conditionsis
0)=1 . But y(0 E 0 +040+. - - = -1 H —i’__l _C_Z_i
y(0)=1 . But y(0)= C()—C =€y, s0¢=Ll . Hence, =5 =5 . C=7 =5
_E‘_L _ 1 The other di dition isv (0120 . But
C6_6_2-4-6 y oo Cy = . Theo er given conditionisy (0)=0. Bu

2 n!
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c,
3 5—0 Ce =0,
c, .=0forn=0,1,2,....Thus, thesolution to the initial-value problem is

2n+1
2n 2 n 2
0 N 00 2N 0 ‘X /2! X /2
y(X)_anocnx _Zn:OCZnX =2 n=0 2nnl _Zn 0 nl =€

/ 1) ] ]
y (0)22nzlncn(O)M:cl+O+O+- ++=C,, S0 clzo . By therecursion relation, c_=

n+2

. Rels n 2 00
10. Assuming that y(x)—Zn: L. X wehavex y=Zn= S£X and

(x) Z n(ml)cx —Z _(n+4)(n+3)c 2 2oc ,+6c x+2 _(mA)(n+3)c X

Thus, the equationy ' +x’y=0 b 2c.+6c x+ 5% [ (n+4)(n+3 "20. %
us, theequationy ' +x y=0 becomes 2c_+ C X+ n:O[(n+ )(n+ )cn+4+cn]x =0.

c
n

c2:c3:O and therecursion relation is Cod™ W ,n=0,1,2,

c., and by therecursionrelation,c, . =c, . _=c, _=0for n=0,1,2,

/
But C7Y (O)_O_C A+l 42 4An+3

Also, cO:y(O):l , SO

C o 2 n
1 -1 -1
T T S (1)

S 43 43'% 87 8743 % 4n@n-1)@n4)(4n5) - .- 43"
Thus, the solution to the initial-value problem is

3

4n
n X

an(4n-1)(4n-4)(4n-5)- - - - - 4.3

(X)E cx C+Z cx—1+2 (D

cxX' Wehavexy—xZ cx Z 1,

n+1
xy—xZ ncx —Z _nex

11. Assuming that y(x)=>_ (=%

(x) E _n(n-1)c. X —Z (m3)(n+2)c 1[replacenwith n+3] =

2c, +Z (n+3)(n+2)c 12X +1,

and the equation y /+x y +xy=0 becomes 202+E :; o[(n+3)(n+2)cn+3+ncn+cn:| xn+1:O :
So
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-nc_—C_ (n+1)c

0220 and the recursion relation isc_ = (" 3)(n+2) = (M 3)(n+2) n=0,1,2 ,

But CO:y(O):O:c2 and by the recursion relation, 03n203n+2:0 forn=0,1,2,

/
Also, =y (0)=1,s0
SC

42 % 2 25
23723 '% 76D 75237

Thus, the solution is

2 2 2
(1)2252’“.’C :1n252 ----- Gny

2 2 3n+1
- 3
y(X)= Z cx X+Z |:(1) (3n(+;;l)x i|

12. (3) Let y0=2"" c x". Thenxy | /(9= _n(n-c X =5 (m2)(n+d)e x"

= N (n+2 = +E +2 ™2 ndth ot
Xy (X)_ n=1nCnX_ n:{]_(n )Cn+2X =C,X (n )C X »andthe equation

Xy +xy " +x°y=0 becomes c X+ ;o:o{ [(n+2)(n+1)+(n+2)] Cn+2+cn} K20 0 ¢,~0 andthe

c
: . _ n _ o= _ _
recursion relation isc_ = (n+2)2 ,n=0,12, ... .Butc =y (0)—Osoc2n+1—0 for n=0,1,2,... . Also,
c, c,

1 2 1 2 1
CO:y(O)::I_ ) SO 02:7 _2 C - _2 —( 1) - :(*1) 4 > 6:* - —( 1) > sy

2 4 4 2 2 (2) 6 2 (3')
ch]:(—l)n an . The solution is

2 (n)
2n

y(x)Z cx Z (1)
2(')

(b) The Taylor polynomials T o0 T O shown in the graph. Because T 10 andT o e close together

throughout the interval [-5,5] , it is reasonable to assume that T 1 isagood approximation to the
Bessel function on that interval.
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