Sewart Calculus ET 5e 0534393217;2. Limits and Derivatives; 2.4 The Precise Definition of a Limit

1. (a) To have 5x+3 within adistance of 0.1 of 13, we must have 12.9< 5x+3< 13.1=

9.9<5x< 10.1= 1.98< x< 2.02 . Thus, x must be within 0.02 units of 2 so that 5x+3 iswithin 0.1 of
13.

(b) Use0.01 in place of 0.1 in part (&) to obtain 0.002 .

2. (a) To have 6x-1 within adistance of 0.01 of 29, we must have 28.99< 6x-1< 29.01=

29.99< 6x< 30.01= 4. 9983< X< 5, 0016 . Thus, x must be within O. 0016 units of 5 so that 6x-1 is
within 0.01 of 29.

(b) Asin part (a) with 0.001 in place of 0.01 , we obtain 0.00016 .
(c) Asin part (a) with 0.0001 in place of 0.01 , we obtain 0.000016 .

3. Ontheleft side of x=2 , we need |x-2| <

10 4
——2‘ =3 . On theright side, we need

7
10 4 . .
| x-2| < 3 -2 ‘ 3 For both of these conditions to be satisfied at once, we need the more
. ) 4 4 "
restrictive of the two to hold, that is, |x-2| < - So we can choose 6 = - sorany smaller positive
number.

4. On the left side, we need | x-5| <|4-5|=1 . On theright side, we need |x-5| <|5.7-5|=0.7 . For both
conditions to be satisfied at once, we need the more restrictive condition to hold; that is, |x-5|<0.7 .
So we can choose 6 =0.7 , or any smaller positive number.

5. The leftmost question mark is the solution of \R:LG and the rightmost, \[7<22.4 . So the values are

2 2 _ . .

1.6 =2.56 and 2.4 =5.76 . On the left side, we need | x-4| <|2.56-4| =1.44 . On the right side, we need
| x-4| <|5.76-4| =1.76 . To satisfy both conditions, we need the more restrictive condition to hold —
namely, |x-4|<1.44 . Thus, we can choose §=1.44 , or any smaller positive number.

. 1
,that is, x=—

\IE

: . . . 3 . / 3 :
guestion mark is the positive solution of x2: = ,thatis, x= > On the left side, we need

6. The left-hand question mark is the positive solution of x2: , and the right-hand

NI

2

| x-1| <

1
— -1 ‘ ~0.292 (rounding down to be safe). On the right side, we need

\IE

3
2—1

0=0.224 (or any smaller positive number).

| x-1| < ~0.224 . The more restrictive of these two conditions must apply, so we choose

7. w’ 4x+1-3|<0.5 <= 2.5<\[ 4x+1<3.5. We plot the three parts of thisinequality on the same screen
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and identify the x —coordinates of the points of intersection using the cursor. It appears that the
inequality holds for 1.3125< x< 2.8125 . Since |2-1.3125|=0.6875 and |2-2.8125| =0.8125 , we
choose 0<5 <min{ 0.6875,0.8125} =0.6875 .

N B

) 1
8. |Inx- 5

need 0.42< x< 0.64 . So since |0.5-0.42| =0.08 and |0.5-0.64| =0.14 , we choose
0<5 < min{0.08,0.14} =0.08 .
0.7

<0.1 < 0.4<sin x<0.6 . From the graph, we see that for thisinequality to hold, we

03 / J 0.7

0.3

9. For e =1 , the defiinition of alimit requiresthat wefind s such that | (4+x-3x)-2| <1

1<4+x73x3<3 whenever 0<|x-1| <5 . If we plot the graphs of y=1, y:4+x—3x3 and y=3 on the same
screen, we see that we need 0.86< x< 1.11 . So since |1-0.86|=0.14 and |1-1.11|=0.11 , we choose

0=0.11 (or any smaller positive number). For ¢ =0.1 , we must find & such that | (4+x—3x3) —2| <0.1

@1.9<4+x—3x3<2.1 whenever 0<|x-1|<é . From the graph, we see that we need 0.988< x< 1.012 .
So since |1-0.988| =0.012 and |1-1.012| =0.012 , we choose 6 =0.012 (or any smaller positive
number) for the inequality to hold.

4

y=3

0.8 \ - \ 12
0

y=19

0.98 . . 7 1.02
1.8
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X

-1| <0.5&

10. For ¢ =0.5 , the definition of alimit requires that we find o such that

X X
1 -1
0.5< £ <1.5 whenever 0<|x-0| <5 . If we plot the graphs of y=0.5, y= €
same screen, we see that we need -1.59< x< 0.76 . So since |0-(-1.59)|=1.59 and |0-0.76|=0.76 ,
we choose 6 =0.76 (or any smaller positive number). For ¢ =0.1 , we must find o such that

ex—l ex—l

, and y=1.5 on the

-1| <0.1 <0.9<

-0.21<x<0.18 . So since |0-(-0.21) | =0.21 and |0-0.18| =0.18 , we choose ¢ =0.18 (or any smaller
positive number) for the inequality to hold.
2

~
y=15 /

<1.1 whenever 0<|x-0| <5 . From the graph, we see that we need

—0.5 . . 7 0.5
0.8

11. From the graph, we see that X >100 whenever 0.93< x< 1.07 . So since

X +1) (x-1)
|1-0.93| =0.07 and |1-1.07| =0.07 , we can take 6 =0.07 (or any smaller positive number).

7 1)

y =100

0.8 - 1.2
0

12. For M=100 , we need -0.0997<x<0 or 0<x<0.0997 . Thus, we choose 6 =0.0997 (or any smaller

. : 2
positive number) so that if 0<|x| <4 , then cot x>100 .
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200 y=-cot’x

\_|

: H 02
~—0.0997 0 =0.0997

For M=1000 , we need —0.0316<x<0 or 0<x<0.0316 . Thus, we choose 4 =0.0316 (or any smaller

positive number) so that if 0<|x| <5 , then cot 2x>1000 :
2000

y = cot’x
y=1000
u \J .

~-0.0316 0 =~0.0316

1000

13.(8) A=ar” and A=1000 cm = 7T =100 = — =
1000

=1 = [r>0] ~17.8412 cm.

(b) | A-1000|< 5= ~5< 7r°~1000< 5= 1000-5< 7t °< 1000+5—

-\’ 995 -\’ 1005 = 17.7966<r<17.8858 . \/ 1000 \/ 9% ~0.04466 and

\/ 1005 \/ 1000 ~0.04455 . So if the machinist gets the radius within 0.0445 cm of 17.8412 ,

the areawill be within 5 cm of 1000 .
(c) xistheradius, f(x)isthe area, a isthetarget radius given in part (a), L isthe target area (1000) ,
¢ isthetoleranceinthearea(5), and ¢ isthetolerancein the radius given in part (b).

14. (a) T=0.1w +2.155w+20 and T =200 0.1 +2.155w+20=200= [ by the quadratic formula or
from the graph] w=33.0 watts (w>0 )

202 (°C)

s N
T =201 /

325\ / . ~ 335

(watts)
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(b) From the graph, 199< T < 201= 32.89<w<33.11 .

(c) xistheinput power, f(X) isthe temperature, a isthe target input power givenin part (a), L isthe
target temperature ( 200 ), ¢ isthetolerancein the temperature (1), and o isthetolerancein the
power input in watts indicated in part (b) ( 0.11 watts).

15. Given ¢ >0, we need 5 >0 such that if 0<|x-1| < , then | (2x+3)-5| <¢ . But |(2x+3)-5| <¢ &
| 2%-2| <c & 2|x-1| <¢ & | x-1| <¢ /2 . So if we choose s =¢ /2 , then 0<|x-1| <6 = | (2x+3)-5|<¢ . Thus,
lim (2x+3)=5 by the definition of alimit.

X—1
5+::) y=2x+3
5<,7
5—¢
2+
/ 0/1\\ X
1-6 1+6

: ] : ) 1
16. Given ¢ >0, we need 5 >0 such that if 0<|x-(-2)| <o , then ‘ ( > x+3)-2| <¢ . But

1
( 5 x+3)-2

1
0<|x-(-2)| <6 = ‘ ( 5 x+3)-2

1 1 . )
<¢ & ‘ §x+1 <t & > | x+2| <c & | x—(-2)| <2 . Soif we choose §=2¢ , then

1
<¢ . Thus, lim (é x+3)=2 by the definition of alimit.

X— -2

y:%x+3 \2

47'2»\\ 0 X
-8 —2+56

17. Given ¢ >0, we need 5 >0 such that if 0<|x-(-3)| <0 , then [(1-4x)-13|<¢ . But |(1-4x)-13| <¢ &
|-4x-12| <¢ < |4 | x+3| <c & | x—(-3)|<c /4 . Soif we choose s =¢ /4 , then 0<|x-(-3)| <6 =
| (1-4x)-13| <¢ . Thus, lim (1-4x)=13 by the definition of alimit.

X—-3
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y=1—4x 13+¢

13—¢

0 X

e
3-8 —-3+90
18. Given ¢ >0, we need 5 >0 such that if 0<|x-4|<é , then |(7-3X)-(-5)| <¢ . But |(7-3X)-(-5)| <¢ &
| -3x+12|<c & |-3| | x4 <c & |x-4|<c/3. Soif wechoosed=¢/3, then 0<| x-4| <5 =
| (7-3X)—(-5)| <¢ . Thus, lim (7-3x)=-5 by the definition of alimit.

X—4

1
<¢ & c | x-3| <¢ < | x-3] <5¢ .

. ) ) ) X 3
19. Given ¢ >0, we need 6 >0 such that if 0<|x-3|<é , then ‘ c %

| x-3|

So choose §=5¢ . Then 0<|x-3| <6 = | x-3| <5 = 5 <= ‘ % <¢ . By the definition of a

limit, lim X =3
’X—>35 5 .
. i . i X X 3
20. Given ¢ >0, we need 6 >0 such that if 0<|x-6| <5 , then ‘ <Z+3>_§ <& ‘ 2 2 <t &
| -6

1
2 | X-6| <¢ < | x-6| <4¢ . So choose s =4¢ . Then 0<|x-6| <5 = | x-6| <4c = 2 <=
X 9
<= ‘ <4+3>‘2

: : 3
21. Given ¢ >0, we need 6 >0 such that if 0<|x-(-5)| <o , then ‘ <4—5x>7

< . By the definition of alimit, lim <ﬁ+3>:§ .

X— 6

x_8
4”4

<&
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3 3 5 5
‘—5x3 <z |x+5|<5<:>|x—(—5)|<é ) .Sochooseo':és . Then |x-(-5)| < =
‘ (4——2x>—7 <¢ . Thus, lim <4——2x>:7 by the definition of alimit.
X—-5
2
. ) . ] X +x-12 . .
22. Given ¢ >0, we need 5 >0 such that if 0<|x-3| < , then 3 ~7| <e¢ . Noticethat if

x2+x—12 _ (x+4)(x-3)

0<|x-3| , then x£3, so =x+4 . Thus, when 0<|x-3| , we have

X-3 X-3
2
X +x-12 ! ]
3 <¢ & |(x+4)-7|<¢ & |x-3|<c . Wetakes=¢ and seethat 0<|x-3| <5 =
x2+x—12 x2+x—12
—7| <¢ . By thedéefinition of alimit, lim =
X-3 w.3 X3

23. Given ¢ >0, we need 4 >0 such that if 0<|x-a| <o , then |x-a|<¢ . Sod=¢ will work.

24. Given ¢ >0, we need 5 >0 such that if 0<|x-a| <o , then |c—c|<¢ . But |c-c|=0, so thiswill be
true no matter what 6 we pick.

25. Given £ >0, we need 5 >0 such that if 0<|x-0| <o , then |x2—0| <¢ <:>X2<5 & x| <\I? .Takeéz\l?

Then 0<|x-0]<5 = | x%-0| <¢ . Thus, lim x°=0 by the definition of alimit.
X—0

26. Given ¢ >0, we need 5 >0 such that if 0<|x-0| <5 , then |x3—0| <¢ <X 3<£<:>|X| <§\[? . Take
5=37 . Then0<|x 0| <= |x* 0| <= . Thus, lim x’=0 by the definition of a limit

Xx—0

27. Given ¢ >0, we need 5 >0 such that if 0<|x-0| <5 , then | |[x] -0|<e . But | |x||=]|x| . Sothisis

true if we pick 0=¢ . Thus, lim |x| =0 by the definition of alimit.
X—0

28. Given : >0 , we need 5 >0 such that if 9-5 <x<9, then | 4[0-x-0| <c 4T x<s ©9-x<e
9 4<x<9 . Sotake o =¢ ‘ . Then 9-0 <x<9= | —\4f &xfol <¢ .Thus, lim —\4f 9-x=0 by the definition of a

X—9

limit.

: : 2 2
29. Given ¢ >0, we need 6 >0 such that if 0<|x-2| <o , then | (x —4x+5) —1| <& | X —4x+4| <&
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|(x—2)2| <¢ . Sotakeo’:\[? . Then 0<| x-2| < & | x-2| <\[¢_~ & | (x—2)2| <¢ . Thus, lim (x2—4x+5) =1
X—2

by the definition of alimit.

30. Given e >0, we need §>0 such that if 0<|x-3[ <o , then | (x2+x-4) 8] <¢ & | xP+x 12| <c &

| (x-3)(x+4)| <¢ . Noticethat if [x-3|<1, then -1<x-3<1= 6<x+4<8= |x+4| <8 . So take

o=min{1,c/8} . Then 0<|x-3| <5 < |(x-3)(x+4)| < |8(x-3)| =8: |x-3| <83 < ¢ . Thus, lim (x2+x—4) =8
X—3

by the definition of alimit.

31. Given ¢ >0, we need 6 >0 such that i 0<|x-(-2)| <s , then | (x2-1)-3

need |x2—4| <¢ whenever 0<|x+2| <5 . Notice that if |x+2| <1, then -1<x+2<1= -5<x-2<-3=
|x-2| <5 . So take s =min{¢/5,1} . Then 0<|x+2|<¢ = [x-2|<5 and |x+2|<c /5, so

| (x2-1) 3] =1 0c+2) (x-2) =1 x+2] [x-2] <(c /5)(5)=¢ . Thus, by the definition of alimit, lim (x*-1)=3

X— -2

<¢ or upon simplifying we

32. Given e >0 , we need 5 >0 such that if 0<|x-2| < , then |x°-8| < . Now
x3—8 :| (x-2) (x2+2x+4) | f [ x-2|<1, that is, 1<x<3, then x2+2x+4<32+2(3)+4:19 and so

x3—8 =|x-2| (x2+2x+4)<19|x—2| .Soifwetakeb’:min{ 1%} , then 0<|x-2| <5 =
3

-8l =1x-2| (xPr2xra) < 75 19=¢ . Thus, by the definition of alimit, lim x=8
X— 2

33, Given5>0,welet5:min{ 2,58

e 2
%3 <8 . Also [x 3<% , 0 | 20| =|x+3| [x-3/ <8

} A 0<|x-3| <0 , then | x-3| <2= —2<x-3<2= 4<x+3<8=
&

5 =¢ . Thus, lim x2:9.

X— 3

34. From the figure, our choicesfor 6 ared 1:}\[ 9-¢ ando 2:\[ 9+¢ -3 . Thelargest possible choice

for o istheminimumvalueof{(51,(52}; thatis,ézmin{él,éz}:ézz O+e 3.
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NN

V- O+e

35. (a) The points of intersection in the graph are (x1,2.6) and (x2,3.4) with X ~ 0.891 and X 1.093.
Thus, we can take s to be the smaller of l—x1 and x2—1 . S0 :x2—1z 0.093.

( / N\
3 /
—l/ 4 J2
-1
(b) Solving x3+x+1:3+5 gives us two nonreal complex roots and one real root, whichis
2/3
( )
+ -+ + +81¢ -
X )= 216+108¢ 12\/ 336+324¢ +81¢ 1;2 Thus, 5 =x(c)-1.

6{ 216+108 +12\ 336+324 +61:2
(c) If ¢=0.4 , then X(¢c )~ 1.093272342 and 6 =x(c )-1~0.093 , which agrees with our answer in part

.

36. 1. Guessing a value for o Let ¢ >0 be given. We have to find a number 6 >0 such that

1 i 1 1] | 2x|_Ix2 : "
‘ -5 <¢ whenever 0<|x-2| <5 . But -5 ‘ | X | T <¢ . Wefind a positive
1 X-2
constant C such that 2 <C= ||2 Il <C|x-2| and we can make C|x-2|<¢ by taking |x—2|<— =5
1 1 1 1 1 1 1
.Werestrict x to lieintheinterval |[x-2|<1=1<x<3s01>->= = = <— <= = — <= . S0
X 376 2x 2 |2 2

1. .
=5 issuitable. Thus, we should chooses=min{1,2:} .

2. Showing that 5 works Given e >0 welet 5=min{1,2:} . If 0<|x- 2| <S5 , then |x-2|<1= 1<x<3=

1 11 —2 .
— (asm part 1). Also | x-2| <2 , s0 ‘ ‘ ||X2 || - 2:=¢ . This shows that
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lim (1/x):—; :

X— 2

37. 1. Guessing a value for & Givene >0, we must find 6 >0 such that |{x—a|<c whenever

} | x-al
O<|x-al<s . But —~al|=

x-al<s . But [{x~al= ==

| x-al | x-a|

\F‘"‘\la C

. . . 1 1 1 1 3
restricting x to liein some interval centered at a . If Ixfa|<§ a,thenfé a<xfa<§ a= 3 a<x<§ a

, 1 , 1 : . .
:>\/?<+\[E> > aﬂ/?a ,and soC= > aﬂ[?a is asuitable choice for the constant. So

1 . . 1 1
|xa|<<-\/ §a+\[§>g .Thlswggeststhatweleto:mln{ éa,<-\/ §a+\la>g} :

1 1
2. Showing that 6 WorksGiven5>O,weIet(>:min{ éa, -\/ §a+\la 5} f O<|x-a|<s

1 1 1
thenlx—a|<§a:>\[§+\[5>-\/ §a+\[§ (asinpartl).AIson—a|<<-\/ §a+\[5>5 , SO

|xal=-24 WaZHfa)e - g eove tim Vx={a by the definition of alimit.

Vxrfa - (Yaz+a)

<¢ (from the hint). Now if we can find a positive constant C

such that yx+{a>C then <c , and wetake | x-a| <Ce . We can find this number by

: . 1 L } 1
38. Suppose that lim H(t)=L . Givenc = > there exists >0 such that 0<|t| <6 = |H(t)-L| < 5
t—-0
1 1 ! 1 1 ! 1
L- > <H(t)<L+ > For O<t<s , H(t)=1, so 1<L+ 5= L> > - For -o<t<0, H(t)=0, so L- > <0=
1 . : 1 . :
L< - .ThiscontradictsL> 7 . Therefore, lim H(t) does not exist.

2 2 t—-0

: . 1 L ) 1
39. Suppose that lim f(x)=L . Given¢ = > there exists >0 such that 0<| x| <6 = | f(X)-L| < 5
X—0

. . ) 1 1
Take any rational number r with 0<|r|<5 . Then f(r)=0, so I(}L|<§ , SO L§|L|<§ . Now take

1 1 1
any irrational number s with 0<|s|<5 . Then f()=1,s0 [1-L|<3 . Hence, 1-L<3 ,s0L>7 . This

: 1 : :
contradicts L< > 10 lim f(x) does not exist.
X—0

40. First suppose that lim f(x)=L . Then, given ¢ >0 there exists § >0 so that 0<|x-a| <5 =

X—a
| f(X)-L|<¢ . Then a0 <x<a= 0<|x-a| < so | f(X)-L|<c . Thus,
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lim f(X)=L . Also a<x<a+s = 0<|x-a| <6 so | f(x)-L|<e¢ . Hence, lim f(x)=L .

X—>a X—a

Now suppose lim f(x)=L=lim f(X).Letc>0begiven. Sincelim f(x)=L , there existso'1>0 so that
X— 3_7 X— a+ X— aﬁ
a0 <x<a= | f(X)-L|<c . Sincelim f(x)=L , there exists >0 so that a<x<a+s = | f(x)-L|<c . Let
X—a

o bethe smaller of & L and 6 5 Then 0<|x-a| <b = a-o ,SX<a or a<x<atd,, so | f(X)-L|<e¢ . Hence,
lim f(x)=L . Sowe have proved that lim f(x)=L<lim f(x)=L=lim f(X) .

X—a X—a

X—a X—a
1 4 1 1 1
41. >10 , 000 (x+3) < & |x+3l<———— & |x(3)|<=
(x+3) 10,000 4f710,000 10
. 1
42. Given M>0 , we need 6 >0 such that 0<|x+3| <5 = 1/(x+3)4>M . Now >M @(x+3)4< IV
(x+3)
1 1 1
|x+3|<4— . Sotakeo=,— .Then0<|x+3|<5:4 = ! >M , so lim L =00 .
4 4
M —\f M -\/ M (x+3) X=>-3 (x+3)

. ) i ) | M i
43. Given M<0 we need 6 >0 so that In x<M whenever 0<x<) : that is, x=e " X<e whenever 0<x<) .

This suggests that wetakeo‘:e'vI f 0<x<eNI , then In x<In eM:M . By the definition of alimit,
lim In x=—c0 .

+
Xx—0

44. (a) Let M be given. Sincelim f(x)=oo , there existss >0 such that 0<|x-al <o = f¥>M+l—c.
Sincelim g(x)=c, there eXiStSX(S_;O such that 0<|x-a| <& .= lg(X)—c|<1=g(x)>c-1. Lets bethe
smalle)r(zsél ando,, . Then 0<|x-a| <6 = f(X)+g(X)>(M+1-c)+(c-1)=M . Thus, I)Lma[ f(X)+g(X)]=c0 .
(b) Let M>0 be given. Sincelim g(X)=c>0, there exists s >0 such that 0<|x-al <o = | g(x)—c| <c/2
= g(x)>c/2 . Since I)ima f (x):Z:?there exists o 2>O such that 0<|x-a| <& = f(X)>2M/c . Let

5:min{ 51,62} . Then 0<| x-a| <6 = f(x) g(x)> % g =

(c) Let N<O be given. Sincelim g(x)=c<0, there exists s >0 such that 0<|x-a| < = | g(x)—c|<—c/2
X—a
= g(x)<c/2. Sincelim f(x)=oo , there existss >0 such that 0<|x-a| < ,=~ f(x)>2N/c . (Note that
X—a

M, solim f(x)g(X)=co .

X—a
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c<0 and N<O=> 2N/c>0 .) Let (S:min{ 5 0 2} . Then 0<|x-a| <5 = f(x)>2N/c=

f(x)g(x)<%l SN, solim () g()=—o0 .

2 X—a




