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1. From Definition 1, lim f(x)=f(4) .

X—4
2. Thegraph of f hasno hole, jump, or vertical asymptote.

3. (&) Thefollowing are the numbers at which f is discontinuous and the type of discontinuity at that
number: -4 (removable), -2 (jump), 2 (jump), 4 (infinite).
(b) f iscontinuousfrom theleft at -2 since lim f(x)=f(-2) . f iscontinuous from the right at 2 and

X— —2
4sincelim f(X)=f(2) and lim f(x)=f(4) . It iscontinuous from neither side at -4 since f(-4) is
X— 2+ X—>4+
undefined.

4. giscontinuouson [-4,-2) , (-2,2) ,[2,4) , (4,6) ,and (6,8) .

5. The graph of y=f(x) must have adiscontinuity at x=3 and must show that lim f(x)=1(3) .

X—3
y

—
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7_ (a) (in hours)

(b) There are discontinuities at timest=1, 2, 3, and 4 . A person parking in the lot would want to
keep in mind that the charge will jump at the beginning of each hour.

8. (a) Continuous; at the location in question, the temperature changes smoothly as time passes,
without any instantaneous jumps from one temperature to another.
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(b) Continuous, the temperature at a specific time changes smoothly as the distance due west from
New Y ork City increases, without any instantaneous jumps.

(c) Discontinuous; as the distance due west from New Y ork City increases, the altitude above sea
level may jump from one height to another without going through al of the intermediate values —— at
acliff, for example.

(d) Discontinuous; as the distance traveled increases, the cost of the ride jumpsin small increments.
(e) Discontinuous; when the lights are switched on (or off ), the current suddenly changes between O
and some nonzero value, without passing through all of the intermediate values. Thisis debatable,
though, depending on your definition of current.

9. Since f and g are continuous functions,
lim [2f(X)-g(X)] _ 2lim f(x)—lim3g(x) [by Limit Laws 2 and 3]
X—

X— 3 X—3
= 21(3)-9g(3) [by continuity of f and g at x=3]
= 2:5-9(3)=10-9(3)
Sinceitisgiventhat lim [2f(x)-g(x)]=4, we have 10-¢g(3)=4 , s0 g(3)=6 .

X—3

10.1im f(9=lim (x3H7x )=lim X% _[Tim 70im x=4"+{7 4=16+{3=f(4)
X— X— X—4 X—4 X—4
By the definition of continuity, f iscontinuous at a=4 .

X—-1 X—-1 X—-1 X—-1
By the definition of continuity, f iscontinuousat a=-1 .

11. lim f(x)=lim (x+2x3)4:<lim x+2lim x3> 1e200)] (9 =1 1)

lim x+lim 1
: . x+1 >4  x>4 4+1 5 . ,
12. lim g(x)=lim e X 2X = > :3—1:g(4).Soglscontlnuousat4.
x—4 =>4 2x -1 2lim x-lim1 2(4) -1
X— 4 X—4
lim (2x+3) 2lim x+lim 3
_ . 2X+3 x> . - -
13. For a>2 , we havelim f(x)=lim =222 [ Limit Law 5] = =2 8
> woa X2 lim(x-2) lim x-lim 2
X—a X—a X—a

2
[1,2,and 3] = :—23 [ 7and 8] =f(a) . Thus, f iscontinuous at x=a for every ain(2,0) ; thatis, f is

continuous on (2,00) .

14. For a<3, we have lim g(X)=lim Z\I&x:2lim \I&x [ Limit Law 3] =2 ’Iim (3x) [ 11]
X—a

X—a X—a X—a
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=2 [lim 3-lim x [ 2] :wa&a [ 7and 8] =g(a) , so g iscontinuous at x=a for every ain (-o0,3) .

X—a X—a
Also, lim g(x)=0=g(3) , so g is continuous from the left at 3. Thus, g is continuous on (oo ,3].

X—3

15. f(X)=In | x-2| isdiscontinuous at 2 since f(2)=In 0 is not defined.
y ix=2

T~

0 : X

V(x-1) if x#1
2

16. f(x):{ it el

"
. \k
0

isdiscontinuous at 1 because lim f(x) does not exist.
Xx—1

—2 -
e ifx<0
171029 2 ifx>0
X p—

Theleft-hand limit of f at a=0islim f(x)=lim e=1. Theright-hand limit of f at a=0is

X—0 X—0

lim f(x)=lim x =0. Since these limits are not equal, lim f(x) does not exist and f is discontinuous
+ X—0

+
X—0 X—0

a 0.
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2
X-X .
_ — if x#1
F(x)= o1 if x=1
1
lim f(x) x2 X X(x-1)
im f(X) _; X . -
=lim —— =lim ————
x—1 ol 21 xol (x+1)(x-1)
1

oim — =
X—1 X+1 2

but f(1)=1, so f isdiscontinousat 1.

vy
Ji y=1

0 X
x=—“
x2 x-12
- A if x£-3 _ x4 if x£-3
19-100= 8 if 3 ‘{ 5 if x=3
So lim f(x)=lim (x-4)=-7 and f(-3)=-5.
X—-3 X—-3
Since lim f(x)# f(-3), f isdiscontinuous at -3 .
X— -3

y

0 / X
(=3,-5) 4
j}p///

2 .
20.f(x):{ Lx” 1T X<l

(

4-X if x>1

lim f()=lim (1+x)=1+1=2 and

X—1 X—1
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lim f(x)=lim (4-x)=4-1=3.
X— 1+ X— l+
Thus, f isdiscontinuous at 1 because lim f(x) does not exist.

X—1
y
1.3)
a2

1

0 i 4'1\x
X . . . : :
21. F(x)= > isarational function. So by Theorem 5 (or Theorem 7), F is continuous at every
X +5x+6

number in its domain, { x|x2+5x+6;é O} ={ x| (x+3)(x+2)~ 0} ={ x|x~£-3,-2} or
(-00,-3)U(-3,-2)U(-2,00) .

. : . 3 :
22. By Theorem 7, the root function §\F< and the polynomial function 1+x are continuouson R . By

part 4 of Theorem 4, the product G(x):g’\[T( (1+x3) is continuous on itsdomain, R .

. 2 :
23. By Theorem 5, the polynomials X and 2x-1 are continuous on (oo ,00 ) . By Theorem 7, the root
function ﬁ( Is continuous on [0,00)] . By Theorem 9, the composite function \[ 2x-1 iscontinuous on

: 1 : . 1
itsdomain, [ 5100 )] . By part 1 of Theorem 4, the sum R(x):x2+\’ 2x-1 iscontinuous on | 5100 )] -

24. By Theorem 7, the trigonometric function sin x and the polynomial function x+1 are continuous

snx . : : :
on R. By part 5 of Theorem 4, h(x)= 1 'scontinuous onits domain, {x|x£-1} .

25. By Theorem 5, the polynomial 5x is continuous on (-oo,00) . By Theorems 9 and 7, sin 5x is
continuous on (-0 ,00) . By Theorem 7, €' is continuous on (~co 00 ) . By part 4 of Theorem 4, the

product of e and sin 5x is continuous at &l numbers which are in both of their domai ns, that is, on
(~00,00) .

2 : N
26. By Theorem 5, the polynomia x -1 is continuous on (-co,00) . By Theorem 7, sin " is

: . . .1 2 ). . : . .
continuous on itsdomain, [-1,1] . By Theorem 9, sin (x —1) is continuous on its domain, which is

{xr1=1<a} ={ xo< <2} {xiix=y2} 2421 .
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27. By Theorem 5, the polynomial t4—1 is continuous on (—co0,00) . By Theorem 7, In x is continuous
onitsdomain, (0,00) . By Theorem 9, In (t4—1) is continuous on its domain, which is

{t|t4—1>0} :{ t|t4>1} ={t][t|>1} =(-00,~1)U(L,00) .

VX

28. By Theorem 7, y/x is continuous on [0,00) . By Theorems 7 and 9, €'~ is continuous on [0,c0) .

Also by Theorems 7 and 9, cos (e\F() IS continuous on [0,oo) )

29. The function y= L - is discontinuous at x=0 because the left- and right-hand limits at x=0 are

1+e
different.
3
e N\
———-/
—4 4
. v

30. The function y=tan X is discontinuous at x= % +7k , where k is any integer. The function

2\ . : : 2 . . 2\ .
y=In (tan x) is also discontinuous wheretan X isO , that is, at x=7k . So y=In (tan x) is
discontinuous at x= % n, nany integer.

6

AAAAA,
Al

31. Because we are dealing with root functions, 5+\[7< IS continuous on [O,oo) , \ X+5 is continuous

—6

Sty X
on [-5,00) , so the quotient f(x)= \IJS_E is continuous on [0,00) . Since f is continuous at x=4 ,
X

lim f(x):f(4):—; .

X—4

32. Because x is continuous on R, sin X iscontinuouson R , and x+sin x is continuous on R , the
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composite function f(x)=sin (x+sin x) iscontinuouson R, so lim f(x)=f(x)=sin (7+sinz)=sin7=0.

X—7T

2
2 . ) ) ) X . )
33. Because x —x is continuous on R, the composite function f (x):ex X iscontinuouson R, so

lim f()=f(1)=e =e=1.
X—1

34. Because arctan is a continuous function, we can apply Theorem 8.

2
) X -4 ) X+2)(x-2 ) X+2 2
[im arctan< > >:arctan<llm w >:arctan<llm -— >:arctan—z0.588

2 22 6x ey (D) ", 3

\/7( if x>1

By Theorem 5, since f(x) equals the polynomial x2 on (- ,1), f iscontinuouson (- ,1) . By
Theorem 7, since f(x) equals the root function \[; on (1,00),f iscontinuouson (1,00) . At x=1,
l[im f(xX)=lim x2:1 and lim f(x)=lim \[7(:1.Thus, lim f(x) existsand equals 1. Also, f(l):ﬁzl

X—1

2 .
35.f(x):{ x If x<1

X— 17 X—1 X—1 X—1
. Thus, f iscontinuous at x=1 . We conclude that f is continuous on (-co0 ,00) .

snx if x<n/4
36. 1(x)= cosx if x>nl4
By Theorem 7, the trigonometric functions are continuous. Since f(x)=sin x on (-oo ,7/4) and
f(X)=cosx on (r/4,00) , f iscontinuous on (—oco ,7/4)JU (7/4,00).
: . . T
lim f(X)= lim sinx=sin 1-
X— (71/4)7 X— (7T/4)7
[im f(X)= lim cos le/ﬁ by continuity of the cosine function at z/4 . Thus, lim f(x)
xos (218) " xos (nid)” x> (w/4)
exists and equals 1/+/ 2 , which agrees with the value f(z/4) . Therefore, f iscontinuousat /4 , so f
is continuous on (oo ,00) .

1/4/2 since the sine function is continuous at /4. Similarly,

14X if x<0
37. f(xX)= 2-X if O<x<2
(x—2)2 if x>2

f iscontinuous on (-0 ,0) , (0,2) , and (2,00 ) sinceit isapolynomial on each of these intervals. Now
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lim f()=lim (1+x)=1 and

Xx—0 X—0

of 20 =

lim f(x)=lim (2-x)=2, so f isdiscontinuousat O . Since f(0)=1, f iscontinuous from the left at 0.

+
X—0 X—0

Also, lim f(X)=lim (2-x)=0,lim f(x)=lim (x—2)2:0 ,and f(2)=0, so f iscontinuous at 2. The only

X— 27 X— 2 X— 2+ X— 2
number at which f isdiscontinuousisO .

x+1  if x<1
38. f(X)= Ux  if 1<x<3
\I x-3 if x>3
f iscontinuous on (-,1) , (1,3) , and (3,00) , whereit isapolynomial, arational function, and a
composite of aroot function with a polynomial, respectively. Now lim f(x)=lim (x+1)=2 and
X— 17 X— 17
lim f(x)=lim (1/x)=1, so f isdiscontinuousat 1 .

+ +
X—1 X—1

y

Since f(1)=2, f iscontinuousfromtheleftat 1 . Also, lim f(x)=lim (1/x)=1/3, and

X—>3 X—3
lim f(x)=lim w’ x-3=0=f(3), so f isdiscontinuous at 3, but it is continuous from the right at 3.
X—>3+ X—>3+

X+2 jf x<0
39. f(X)= e if 0<x<1
2-X if x>1

f iscontinuous on (—00,0) and (1,00) since on each of these intervalsit is a polynomial; it is
continuous on (0,1) sinceit isan exponential. Now
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lim f(X)=lim (x+2)=2 and lim f(X)=lim eX:1,sof iIsdiscontinuousat 0 . Since f(0)=1, f is
X0 X—0 X—> 0+ X—> 0+
continuous from theright at 0 . Also lim f(x)=lim e=eand lim f(x)=lim (2-x)=1,s0 f is

X1 x— 1 x—1 x> 1
discontinuous at 1 . Since f(1)=e, f iscontinuousfromtheleftat 1.

40. By Theorem 5, each piece of F is continuous on its domain. We need to check for continuity at
r=R.

lim F(r)=lim G—Nslr:% and lim F(r)=lim %z% , S0 lim F(r):% .SinceF(R):%
I'—>R7 I’—>R7 R R r—>R+ I’—>R+ r R r-R R R

F iscontinuous at R . Therefore, F is acontinuous functionof r .

41. f iscontinuous on (-o0,3) and (3,00) . Now lim f(x)=lim (cx+1)=3c+1 and

X—3 X—3
: . 2 . : 1
lim f(x)=lim (cx —1) =9c-1. So f iscontinuous « 3c+1=9¢c-1< 6¢c=2<C= 3 . Thus, for f to be
X—>3+ X—>3+
: 1
continuous on (-co ,00) , C= 3

42. Thefunctions X' ¢ and cx+20 , considered on the intervals (~00,4) and [4,00) respectively, are
continuous for any value of ¢ . So the only possible discontinuity is at x=4 . For the function to be
continuous at x=4 , the left-hand and right-hand limits must be the same. Now

l[im g(x)=lim (xz—cz) :1&02 and lim g(X)=lim (cx+20)=4c+20=g(4) . Thus, 1&02:4c+20<:>

x> 4 X 4 x> 4 x> 4

02+4c+4:0<:> c=2.

2
43.(3) ()= X Xi);S _ (Xz)l()£>2<+2)

continuous on R and f(X)=g(x) for x+-2 . [The discontinuity is removed by defining f(-2)=-6 .]
(b)

has a removabl e discontinuity at -2 because g(X)=x-4 is
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X=7
|x-7]
X—7 X—7
not removable. (It isajump discontinuity.)

3 2
_ X +64  (x+4)(X -4x+16)
© 10="57 = X+4

continuous on R and f(X)=g(x) for x—4 .[ The discontinuity is removed by defining f(-4)=48 .]
3x 3-x 1.
— IS
3+(x

d) f(x)= = has a removabl e discontinuity at 9 because g(x)=
(d) f(x) 9 x (3_\5()(3_'_\/;) y a(x)
continuous on R and f (x)=g(x) for x+£9 . [The discontinuity is removed by defining f(9)= % ]

f(X)= =lim f(X)=—1andlim f(x)=1.Thus, lim f(x) does not exist, so the discontinuity is

X—7

: o 2 .
has a removabl e discontinuity at —4 because g(X)=x —4x+16 is

of o 1 x
f does not satisfy the conclusion of the Intermediate Value Theorem.

/
7

=
I
S}

of o | 1%
f does satisfy the conclusion of the Intermediate Value Theorem.

45. £(X)=x"—x +X is continuous on the interval [2,3] , £(2)=6 , and f(3)=21 . Since 6<10<21 , there is
anumber cin (2,3) such that f(c)=10 by the Intermediate Value Theorem.

46. f(x):x2 iscontinuous on theinterval [1,2] , f(1)=1, and f(2)=4 . Since 1<2<4 , thereisa
number cin (1,2) such that f(c)202:2 by the Intermediate V alue Theorem.

47. f (x):x4+x—3 iscontinuous on theinterval [1,2],f(1)=-1, and f(2)=15. Since-1<0<15, thereisa
number c in (1,2) such that f(c)=0 by the Intermediate Vaue Theorem. Thus, there isaroot of the

equation x4+x—3:O in the interval (1,2).

48. f (x):§\[7< +x-1 is continuous on theinterval [0,1],f(0)=-1, and f(1)=1 . Since-1<0<1 , thereisa
number c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus, thereisaroot of the
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equation §\/?<+x—1:0 , or §\[?<:1—x , intheinterval (0,1).

49. f(X)=cos x-x is continuous on theinterva [0,1] , f(0)=1, and f(1)=cos 1-1~-0.46 . Since
-0.46<0<1 , thereisanumber c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus,
thereis aroot of the equation cos x-x=0 , or cos x=x , in theinterval (0,1) .

50. f(x)=In x-€ * is continuous on the interval [1,2] , f(1)=—e ~-0.37 , and f(2)=In2-e ~0.56 .

Since-0.37<0<0.56 , thereisanumber cin (1,2) such that f(c)=0 by the Intermediate VValue
Theorem. Thus, thereisaroot of the equation In x-e =0, orInx=e ", intheinterval (1,2) .

51.(a) f(x)=e+x-2 iscontinuous on theinterval [0,1] , f(0)=-1<0 , and f(1)=e-1~1.72>0 . Since
~1<0<1.72 , thereisanumber c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus,

thereis aroot of the equation e +x-2=0 L or e=2-x ,intheinterval (0,1) .
(b) f(0.44)~-0.007<0 and f(0.45)~0.018>0 , so there is aroot between 0.44 and 0.45 .

52. (a) f(X)=sinx-2+xiscontinuouson [0,2] , f(0)=-2, and f(2)=sin 2~0.91 . Since -2<0<0.91 ,
thereisanumber cin (0,2) such that f(c)=0 by the Intermediate Value Theorem. Thus, thereis aroot
of the equation sin x-2+x=0, or sin x=2-x , in theinterval (0,2) .

(b) f(1.10)~-0.009<0 and f(1.11)~0.006>0 , so thereisaroot between 1.10 and 1.11 .

53. (a) Let f(X)=x X4 . Then f(1)=1-1-4=-4<0 and f(2)=2"-2"-4=24>0 . So by the Intermediate

Value Theorem, thereisanumber c in (1,2) such that f (c)=c5—cz—4=0 :

(b) We can see from the graphs that, correct to three decimal places, theroot is x~1.434 .
25

—10

1‘4‘ JI‘S

—0.5

1 1 8 : :
54. (a) Let f(x)=\[ X-5- 23 . Then f(5)= 3 <0 and f(6)= 9 >0, and f iscontinuouson [5,00) . SO
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by the Intermediate Value Theorem, thereisanumber ¢ in (5,6) such that f(c)=0 . Thisimplies that

1

(b) Using the intersect feature of the graphing device, we find that the root of the equation is x=5.016
, correct to three decimal places.

0.2

_ 1
V Y= x+3
5 . . . . 5.1

55. (=) If f iscontinuousat a , then by Theorem 8 with g(h)=a+h , we have
lim f(at+h)=f (Iim (a+h)):f(a).
h—0

—

(< ) Lete>0.Sincelim f(a+h)=f(a) , there exists 5 >0 such that 0<|h| <6 = | f (a+h)-f(a)| <c . So
h—0

if O<|x-a|<s , then | f(x)-f(a)|=| f (a+(x-a))-f(a)| <¢ . Thus, lim f(x)=f(a) and so f is continuous

X—a
aa.
56.
lim sin (a+h) =lim (sin acos h+cosasin h)=lim (sinacosh)+lim (cosasin h)
h-0 h—0 h—0 h—0

=(lim sina) (lim cosh\+{lim cosa\ [{lim sinh
h—0 h—0 h—0 h—0

=(sina)(1)+(cosa)(0)=sina

57. Asinthe previous exercise, we must show that lim cos (a+h)=cos a to prove that the cosine
h—0
function is continuous.

lim cos(a+h) =lim (cosacosh-sinasinh)

h—0 h—-0
=lim (cosacosh)-lim (sinasinh)
h—-0 h—-0

=({lim cosa) {lim cosh-{lim sina) {lim sinh
h—0 h—0 h—0 h—0

=(cosa)(1)-(sina)(0)=cosa

58. (a) Since f iscontinuous at a, lim f(x)=f(a) .Thus, using the Constant Multiple Law of Limits,
X—a
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we have lim (cf )(xX)=lim cf (x)=clim f(x)=cf(a)=(cf )(a) . Therefore, cf iscontinuousat a .
(b) Si ncexr gnd gare )égr?ti nuous ;tﬁ; lim f(X)=f(a) and lim g(X)=g(a) . Since g(a)+0 , we can use
X—a X—a
f(x) Iiin a HX f(a) f f .
= = _<§>(a)'ThUS’EJ is

f
the Quotient Law of Limits; lim (—) X)=lim == = =
Q Im 3/ ®7IM 50 = iim g ~ 9@

X—a
continuous at a .

_ 0 if x is rationa
59 T00=1 1 if x is irrational
theinterval (a-5,a+5) contains both infinitely many rational and infinitely many irrational numbers.
Since f(a)=0 or 1, there are infinitely many numbers x with 0<|x-a| <5 and | f(x)-f(a)|=1 . Thus,

lim f(x)#f(a) . [Infact [im f(x) does not even exist.]
X—a X—a

is continuous nowhere. For, given any number a and any >0,

_ 0 if x is rationa
60. g(x)= X if x is irrational
the Squeeze Theorem lim g(x)=0=g(0) . But g is continuous nowhere else. For if a0 and >0, the

X—0

iscontinuous at 0 . To see why, note that —| x| < g(xX)< |x| , so by

interval (a-o,a+0) contains both infinitely many rational and infinitely many irrational numbers.
Since g(a)=0 or a , there are infinitely many numbers x with O<|x-a| <5 and |g(x)-g(a)| >|al /2 .
Thus, Iim g(X)~9(a) .

X—a

61. If there is such anumber, it satisfies the equation x3+1:x<:> x3—x+1:O . Let the left-hand side of
this equation be called f(x) . Now f(-2)=-5<0, and f(-1)=1>0 . Note also that f(x) isapolynomial,
and thus continuous. So by the Intermediate Value Theorem, there is a number ¢ between -2 and -1

such that f(c)=0 , so that c=c +1 .

62. (@) lim F(X)=0 and lim F(x)=0, solim F(X)=0, whichisF(0) , and hence F is continuous at

%> 0 %> 0 x>0

x=aif a=0 . For >0, lim F(x)=lim x=a=F(a) . For a<0, lim F(X)=lim (-x)=—a=F(a) . Thus, F is
X—a X—a X—a X—a
continuous at x=a ; that is, continuous everywhere.

(b) Assumethat f iscontinuousontheinterval | . Thenforacl ,lim |[f(X)|=|lim f(x)| =|f(a)| by

X—a X—a
Theorem 8. (If aisan endpoint of | , use the appropriate one-sided limit.) So | f| iscontinuouson | .
1 if x>0

(c) No, the converseis false. For example, the function f(x)= IS not continuous at

-1 if x<0
x=0, but | f(X)|=1 iscontinuouson R .
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63. Define u(t) to be the monk’ s distance from the monastery, as a function of time, on thefirst day,
and define d(t) to be his distance from the monastery, as a function of time, on the second day. Let D
be the distance from the monastery to the top of the mountain. From the given information we know
that u(0)=0, u(12)=D , d(0)=D and d(12)=0 . Now consider the function u-d , which isclearly
continuous. We calculate that (u-d)(0)=—-D and (u-d)(12)=D . So by the Intermediate Vaue Theorem,
there must be sometimet 0 between 0 and 12 such that (u-d)(t 0):O<:> u(t O):d(t 0) . So at timet 0 after

7:00 A.M., the monk will be at the same place on both days.




