Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.11 Linear Approximations and Differentials

1. Asin Example 1, T(0)=185, T(10)=172 , T(20)=160 , and

T(10)-T(20) 172-160 .
T /20y~ L1 T(20) = 1.2° F/ min. T(30)~T(20)+T (20)(30-20)~ 160-1.2(10)=148
10-20 10
F.

We would expect the temperature of the turkey to get closer to 75 F

astime increases. Since the temperature decreased 13’ Finthefirst 10 minutesand 12° Finthe
second 10 minutes, we can assume that the slopes of the tangent line are increasing through negative

values. -1.3,-1.2,... . Hence, the tangent lines are under the curve and 148" F
T
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is an underestimate. From the figure, we estimate the slope of the tangent line at t=20 to be
184-147 _ 37

0-30 = 30°
Then the linear approximation becomesT (30)~T (20)+T /(20)- 10~ 160- g—g (10)=147 % ~147.7 .
2.p()n PO PR 871749 _ 1) 5 \iiopascals/ km.
1-2 -1
P(3)~P(2)+P (2)(3-2)~ 74.9-12.2(1)=62.7 kPa
From the figure, we estimate the slope of the tangent line at h=2 to be %’) = 3—; . Then the linear
approximation becomes P(3)~ P(2)+P /(2)- 1~74.9- 3—; ~ 63.23 kPa.
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3. Extend the tangent line at the point (2030,21) to thet —axis. Answers will vary based on this
approximation—we' Il uset=1900 as our t —intercept. The linearization is then

Pt)  ~P(2030)+P ' (2030)(t-2030)
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21
~ 21+ 130 (t-2030)

P(2040)=21+ 1230 (2040-2030)~- 22.6%

P(2050)=21+ =

0,
T30 (2050-2030)~24.2%

P
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20+ ul

Percent
aged 65 21
andover 10T
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These predictions are probably too high since the tangent line lies above the graph at t=2030.

N(1980) N(1985) 15.0 17.0 _ N(1990) N(1985) 19.3 17.0 _
4, Let Am =t = 0 204 and B= — = oo = === =046 . Then
N(t)-N(1985) A+B
N (1085)= 1im NONABS) ATB_ ) 3 million/ year. So
t-1085 1985 2

N(1984)~ N(1985)+N '(1985)(1984-1985)~ 17.0+0.43(~1)=16.57 million.
/ N(1995)-N(2000) _ 22.0-24.9
N (2000~ —g05 5000 -~ 5

N(2006)~ N(2000)+N ' (2000)(20062000)= 24.9+0.58(6)=28.38 million.

=0.58 million / year.

5. f(0=x = f (0=3x", %0 f(1)=1and f '(1)=3. With a=1 , L()=f(a)+f (a)(x-a) becomes
LO)=F(1)+F /(1) (x-1)=1+3(x-1)=3%-2 .

6. f(X)=Inx= f ()=1x, 0 f(1)=0and f (1)=1 . Thus, LO)=f(L)+f '(1)(x-1)=0+1(x-1)=x-1.

7. f(x)=cosx= f '()=-sinx, o f 2 )anndf / (% >:—1.Thus,

=t (3)+17(3) (x5 )01(x 5 )=n3

8. f()=3x=x"= (=3 1 x’z’3 0 f(-8)=2and f '(-8)= 1—12 Thus,

LO)=f(8)+f '(8)(x+8)= 2+ (x+8)— L 5 % g .

9. f(X)=y1 x=
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21 x
VIX=f ()= £(0)+f '(0)(x0)
=1+ <—% ) (x-0)=1- :—ZL X

1 1
S00.9={1-0.1~1- 5 (0.2)=0.95 and 10.99=y1-0.01~ 1~ 5(0.01)=0.995.

1
‘50 f(0)=Land f '(0)=—= . Therefore,

t /(0= -

10. g(¥)=3 1+x:(1+x)1/3:> g /(x): % (1+x)72/3 ,

0 g0)=1andg (0 % Therefore, [Trx=g(9~ g(0)+g'(O)(x 0)=1+ % X. So

3 3 1 PR 3 3 a1 -
~/0.95=1+(-0.08) ~ 1+ 5 (-0.05)=0.983 , and y1.1=1+0.1~1+ 3 (0.1)=1.03.

]

9

-15

11, F()=Tx=(1%) = f (= ?13 1% 2%, 50 f(0)=Land f '(0)= 31% Thus,

/ 1 3 1 3 .
f(X)~ f(0)+f (0)(x-0)=1- 3% We need —\[ 1-x-0.1<1- 3 x<—\[ 1-x+0.1, which istrue when
-1.204<x<0.706 .

2

12. f(x)=tan x= f '(x)=sec °x , so f(0)=0 and f '(0)=1 . Thus, f(x)~ F(0)+f '(0)(x-0)=0+1(x-0)=x .
We need tan x-0.1<x<tan x+0.1 , which is true when -0.63<x<0.63 .
1

L

f+0.1
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13. f(x)=

! - =(1429) = £ (=412 (2= 8
(1+2%) (1+2x)

F()~ F(0)+f ' (0)(x-0)=1+(-8)(x-0)=1-8x .
We need 1/(1+2x)-0.1<1-8x<1/(1+2x) +0.1 , which is true when —0.045<x<0.055 .
1.5

\ f+0.1

F-0.1

- 50 f(0)=Land f '(0)=8. Thus,

—0.08 0.08
0.5 L

14. f()=e'= f '(0)=e", 50 f(0)=Land f '(0)=1 . Thus, F(X)~ f(O)+f '(0)(x-0)=1+1(x-0)=1+x .
We need ex—0.1<1+x<ex+0.1 , Which is true when -0.483<x<0.416.
2

//

/ o
,1/ J,

15. If y=F (x) , then the differential dy isequal to f '(x)dx . y=x +5x= dy=(4x +5)dx .

16. y=costX= dy=—sin X 77 dx=—rsin 77 xdx
1
17. y=xIn x= dy= <x- X +In x- l) dx=(1+In x)dx

LS

1 .
18, y=\ 14" = dy=> @+ 2ty dt=
1+t

19. y= E = dy= (uy) (1)(u2+ DA) = 2 - du
(u-1) (u-1)

20. y=(1+2r) "= dy=4(1+2r) > 2dr=8(1+2r) dr

21. (a) y:x2+2x:> dy=(2x+2) dx
(b) When x=3 and
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dx— dy—[2(3)+2]< 1) =4

1
22. (a) y:eX/4:> dy= 2 eX/4dx

(b) When x=0 and dx=0.1 , dy= ( 211 e0> (0.1)=0.025 .

23. (8) y={4+5x = dy= % (4+5x)’” 2 Bax=

\l_

1 5 dx
(x+1)
1

_ _ 1 _1 11
(b) When x=1 and dx=-0.01 , dy=— . (-:0.01)=7 - 755 = 755 =0.0025.

2\[ 4+5x

5 1 1
(0.04)==. = == =0.05.

(b) When x=0 and dx=0.04 , dy=——= 2 %220

24. (a) y=U(x+1) = dy=-

25. (a) y=tan x= dy=sec 2xdx
(b) When x=/4 and dx=-0.1 , dy=[sec (/4)] (-0.1)=({/2)"(-0.1)=-0.2 .

26. (a) y=cos x = dy=—sin xdx
(b) When x=/3 and dx=0.05 , dy=-sin (7r/3)(0.05):—0.5\[§ (0.05):—0.025\/?%@—0.043 :

27.y=x , x=1 , Ax=0.5= Ay=(15)'-1=1.25 . dy=2xdx=2(1)(0.5)=1
Yy

dy

!
[

28. y—ﬁ x—1 Ax=1= Ay=y2-{1=2-1~0.414
dy=—"7= \I_ dx—— (1)=0.5
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14

dx = Ax
T

0 1 x

20.y=6 X, =2 , Ax=0.4= Ay=(6-(-1.6))(6-(-2))=144
dy=-2xdx=-2(-2)(0.4)=1.6

0
31 y=f(x)=x "= dy=5x dx . When x=2 and dx=0.001 , dy=5(2) (0.001)=0.08 , 50
(2.001) = (2.001)~ f(2)+dy=32+0.08=32.08 .

1 1
32. y=f (X)=yx = dy= o dx . When x=100 and dx=-0.2 , dy= (-0.2)=-0.01 , s0
X

IE 2100

99.8=f(99.8)~ f (100)+dy=10-0.01=9.99 .

2 2
33. y:f(x):XZ/3 = dy= 3—_\1_ dx . When x=8 and dx=0.06 , dy= A (0.06)=0.02 , so
34X 8

(8.06) =1 (8.06)~ f(8)+dy=4+0.02=4.02 .

34, y=f (x)=Ux= dy=(-1/x)dx . When x=1000 and dx=2,dy=[1/(1000)] (2)=-0.000002 , s0
1/1002=f (1002)~ f (1000)+dy=1/1000-0.000002=0.000998
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35. y=f(X)=tan x=-dy=sec 2xdx . When x=45 and dx=-1" :
dy=sec “45'(-7/180)=({2) (-r/180)=/90 , s0 tan 44°=f (44"}~ f (45 )+dly=1-7/90~ 0.965 .

1 1
36. y=f(X)=In x=dy= M dx . When x=1 and dx=0.07, dy= 1 (0.07)=0.07, so
In 1.07=f(1.07)~ f(1)+dy=0+0.07=0.07.

37. y=f(X)=sec x=f /(x):sec xtan x , so f(0)=1 and f /(O):l- 0=0 . Thelinear approximation of f at

Ois f(0)+f /(O)(x—O):1+O(x):1 . Since 0.08 iscloseto O, approximating sec 0.08 with 1 is
reasonable.

38. If y:x6 Y /:6x5 and the tangent line approximation at (1,1) hasslope 6 . If the changein x is
0.01, the change in y on the tangent lineis 0.06 , and approximating (1.01)6 with 1.06 is reasonable.

30, y=f(x)=Inx= f '(\)=1/x , 0 f(1)=0 and  '(1)=1 . The linear approximation of f at 1 is
f(1)+f /(1)(x—l):O+1(x—1):xfl . Now f(1.05)=In 1.05~1.05-1=0.05, so the approximation is
reasonable.

40. (8) fO)=(x-1)°= f '(=2(x-1) , so f(0)=1 and  '(0)=-2 .

Thus, f()~L (9=F(O)+F '(O)(x 0)=1 2x .

g(x):e72X:> g /(x):—2e72X ,0g(0)=1andg /(0):—2 .

Thus, g9~ L (9=0(0)+0 | 0)(x-0)=1-2x .

h(X)=1+n (1-2)= h ' (x)= 1:—3)( ,soh(0)=1andh'(0)=—2 .

Thus, h(~ L, ()=h(0)+h ' (0)(x 0)=1-2x.

Notice that L f:Lg:Lh . This happens because f , g, and h have the same function values and the
same derivative values at a=0 .

(b) =
The linear approximation appears to be the best for the function f sinceitiscloser to f for alarger
domain thanitisto g and h . The approximation looks worst for h since h moves away from L faster
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than f and g do.

41. (a) If x is the edge length, then V=x— dV =3xdx . When x=30 and dx=0.1 , dV'=3(30) (0.1)=270

, SO the maximum possible error in computing the volume of the cube is about 270 cm 3 . Therelative
error is calculated by dividing the changeinV , AV , by V . We approximate AV withdV .

_AV d_V_3xdx ax 0.1
Relative error = v 2V X3 3X 3<30>001

Percentage error = relative errorx 100%=0.01x 100%=1% .

(b) S:6x2:> dS=12xdx . When x=30 and dx=0.1 , dS=12(30)(0.1)=36 , so the maximum possible
. . : 2

error in computing the surface area of the cube is about 36 cm

Relative error __S% d—S— 12 2dX =2 ( 0.1 ) 0006
6x 30

s™Ts 2 X
Percentage error = relative errorx 100%=0.006x 100%=0.6% .

42. (a) A:7rr2:> dA=2rrr dr . Whenr=24 and dr=0.2 , dA=27(24)(0.2)=9.67 , so the maximum

possible error in the calculated area of thediskisabout967r 30 cm2.
AA  dA _ 2xrdr 2dr 2(02) 1 -

AT A I 24 ‘12‘60"
Percentage error = relative errorx 100%=0.016x 100%=1.6% .

43. (a) For asphere of radiusr , the circumference isC=2xrr and the surface area is S=4nr ? , SO

84
r=Cl(27)= S—47T(C/27r) =C /7r:> dS=(2/7)CdC . WhenC=84 and dC=0.5, dS=— (84)(0 5)—
so the maximum error is about a ~27 cm . Relative error ~ d—S: alis = 1 ~0.012
T S 2 84
841/
4 4 C \?3
by V=z =2 = _c —dv=- c?dC . WhenC=84 and dC=05,
3 3 2 2
6 271
dv=— (84) (O 5)=——— 1764 , SO the maximum error is abou iﬁziél ~179 cm 3 . Therelative error is
27r 7r T
2
. dv 1764/ 1
approximately Vi = _-—= ~0.018 .

(84)°1(67) O

44. For a hemispherical dome,
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2 1
=3 7rr3:> dV:27rr2dr .Whenr= > (50)=25m and

5t 5t
dr=0.05 cm =0.0005 m, dV :271(25)2(0.0005): 5 ' the amount of paint needed is about 5 ~

2

3
m .

45, () V=rr*h= AV~dV=2rrhdr=21rhAr
(b) Theerror is

AV-AV =[7(r+Ar) horr “hl-2trh Ar=rr “h+27rh Ar+7 (Ar) horr “h-27rhAr
=7(Ar)’h

dF _ 4RdR _ 4< dR

46. F:kR‘g dF:4kR3dR:> 3 2 — ) . Thus, the relative change in F is about 4
kR

R
times the relative change in R . So a 5% increase in the radius corresponds to a 20% increase in blood
flow.

dc
47. (a) dc= ax dx=0dx=0

du

d
(b) d(cu)= X (cu)dx=c ix dx=cdu
d du adv du dv
(c) d(u+v)= o (u+v) dx—< I + o )dx— I dx+ ax dx=du+dv
d dv  du dv du
(d) d(uv)= X (uv)dx= (u ax +v O )dx—u X dx+v I dx=udv+vdu
du v du o dv
© d < u )_Q < u )dx—v dx - dx dx—v ax Y ax ¥ vdu-udv
v,/ dx \v - 2 - 2 - 2
Y Y Y

() d(x)= d—‘i oV dx=nx" " dx

48.(3) f()=sinx= f '(x)=cosx o f(0)=0 and f '(0)=1 . Thus,

F(X)~ F(0)+F (0)(x-0)=0+1(x-0)=xX .
(b)
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1 y=1.02sinx

Ty =0.98sinx

-1 1

s Y

/ y=1.02sinx

/ y=10.98sinx
J

0.33 0.36

p
/ y=1.02sinx
=0.98si
y sinx} )

—~0.36 7 —0.33
We want to know the values of x for which y=x approximates y=sin x with less than a 2% difference;

that is, the values of x for which

XSNX1 0,02 -0.02< 22X 002 =
SN X SN X

-0.02sin x<x-sin x<0.02sinx if sinx>0 0.98sin x<x<1.02sinx if sinx>0
-0.02sin x>x-sin x>0.02sinx  if sinx<0 1.02sin x<x<0.98sinx if sinx<0
In the first figure, we see that the graphs are very close to each other near x=0 . Changing the viewing
rectangle and using an intersect feature (see the second figure) we find that y=x intersects y=1.02sin x
at x~0.344 . By symmetry, they also intersect at x~-0.344 (see the third figure.). Converting 0.344

O

180

radians to degrees, we get 0.344 ( > ~19.7 220 , which verifies the statement.

49. (3) The graph showstthat f '(1)=2 , 50 L()=f(1)+f | (1)(x-1)=5+2(x-1)=2x+3 .
£(0.9)~L(0.9)=4.8 and f(1.1)~L(1.1)=5.2.
(b) From the graph, we see that f /(x) Is positive and decreasing. This means that the slopes of the

tangent lines are positive, but the tangents are becoming less steep. So the tangent lines lie above the
curve. Thus, the estimatesin part (a) aretoo large.
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50. (a) g’ 9=\ X*5= g'(2={9=3. g(LIB)~g2)+g ' (2)(L95 2)= 4+3( 0.05)= 4.15 .
9(2.05)~ g(2)+g (2)(2.05-2)=—4+3(0.05)=—3.85 .
(b) Theformulag /(x): x2+5 showsthat g /(x) Is positive and increasing. This means that the slopes

of the tangent lines are positive and the tangents are getting steeper. So the tangent lines lie below the
graph of g . Hence, the estimates in part (a) are too small.




