Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.2 The Product and Quotient Rules

1. Product Rule:
y:(x2+ 1) (x3+ D=

y /:(x2+1) (3x2)+(x3+1) (2x):3x4+3x2+2x4+2x:5x4+3x2+2x .
Multiplying first: y:(x2+1) (x3+1):x5+x3+x2+1:> y /:5x4+3x2+2x (equivalent).
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Simplifying first: F(x)= xBxyx =[X-3x=x -3x= F ()= o X Y2 3 (equivalent).
X
For this problem, simplifying first seems to be the better method.

3. By the Product Rule, f(x):xzeX:> f /(x):xz d_dx (e>3+ex d_dx (xz):xzex+ex(2x):xex(x+2) :

1 - 1
4. By the Product Rule, g(x):\ﬁ( eX:x]JZeX:> g /(x):xyz(ey)+ex ( 5 X 1/2) =5X me (2x+1) .

X X2 d (ey)—ex d (XZ) 2 X X X
5. By the Quotient Rule, y= £ =Y = dx dx _X (eﬁ—e (29 _xe(x2) _e(x2)
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6. By the Quotient Rule, y=7— =y = = =
L+x (1+%)° o))’ rl)’
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8. f(t)=—=—
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9.V ()=(2x +3)(X —2X) i

\% /(x):(2x3+3)(4x372)+(x4—2x)(6x2):(8x6+8x376)+(6x6—12x3):14x6—4x3—6

P PR
10. Y (u)=(u 2+u 3)(u5—2u2):>
/ 2 _ _ .
Y (u) =(u 2+u 3)(5u4—4u)+(u5—2u2)(—2u 3—3u 4)
:(5u2—4u71+5u—4u72)+(—2u2—3u+4u71+6u72):3u2+2u+2u72

11. F(y):<%§> y+5y3) (y -3y )(y+5y)PR
y vy

F ) =(y 23y ) (1easy?)+(ysy”) (-2y 12y °)
—(y%15-3y “ a5y %) +(2y 2412y “10+60y )
:5+14y72+9y74 or 5+14/y2+9/y4
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15. y=(r 2—2r ) e= y /:(r 2—2r) (er)+er(2r —2):er (r 2—2r +2r —2):er (r 2—2)

1 _ I (stke)(Q) (D) (1+ke) _  1+ke
stke’ (s+ke3 (st kes)2

16. y=

3
vV -2vyVv 1\ - -
17. y= Qv[ :vzfzwfv:v2—2vﬂ2:> y /:2v72 < 5 ) \Y; 1/2:2v—v vz .

ZV\IT/ 1 2v 1
We can change the form of the answer asfollows: 2v-v —2v— =
T R

32 5/2 32 /5 3P 32 3 12 5 32 1 w2
18. z=w (w+ceW):w oW e = z =5W +C <w e +e - S W )zéw 5w e(2w+3)

4 2 3 2
1 X +X +1) (0)-1(4x +2X 2X(2x +1
O B )(0)-1(4x +2X) _ 2x(2X+1)
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_ X / _(x+c/x)(1)—x(1—c/x2) _Xte/xx+c/x _ 2c/x X 2cX
2L 1= Sagx = T 0= c\2 /2 27 2 2 27 2 2
<X+- ) Fre )oKt X ()
X X ?
X
22, (%)= +g L ( X)= (cx+d)(a)- (ax+b)(c) acx+ad-acx- bc ad-bc
(cx+d) (cx+d) (cx+d)
23.y:XZTX1 :>y/: (X+1)(2)_(2X)(1): 2 5 At (1,1) ,y/:—; , and an equation of the tangent line

(x+1)” (x+1)
oy 1= 1.1
isy-1= > (x-1),ory= > X+

>
I

24. y= x+1
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(x+1>( ) ~x()
y'= ) (29 IX 5 - AL(404), y'= —2 - 003, andan

(x+1)° 2[x (x+1)" 2y (x+1) 100~
equation of the tangent line is y-0.4=-0.03(x-4) , or y=-0.03x+0.52 .

/
25. y=2xeX:> y =2(x e+e- 1):2ex(x+1) .At(0,0),y /:2e0(0+1):2- 1. 1=2, and an equation of the
tangent lineis y-0=2(x-0) , or y=2x .

X X X X

e / .e-e. — / . .

26.y:; =Yy -X€ 2e 1:e(x21) .At(1,e),y =0, and an equation of the tangent lineis
X X

y-e=0(x-1) , or y=e.

=t (1) (0)-1(2%) _ _-2x
1+x (1+x2) (1+x2)

. 1. 1 1
point <1,§ ) is f /(1):3225 and its equation |sy -=z (x+l) ory=5 x+1
2

27.(a) y=f(x)=—— 5 - So the slope of the tangent line at the

1.5

(-1,05)

i )’

(b) Y

28.(0) yei(9= X - 1 (= LRI 1

. S0 the slope of the tangent line at the

1+x (1+x2) (1+x2)
. : -8 .
point (3,0.3) is f /(3): 100 and its equation is y-0.3=-0.08(x-3) or y=-0.08x+0.54 .
0.75
F (3,0.3)
-2 J 5

(b) =3

29. (a) f(x)— :>f ( X)= X (eﬁ 92(3X2) X e(:—B) e(x;3)
X’ (X3) X X
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)
i

/ . . /. : . . /. .
f =0 when f hasahorizontal tangent line, f ~ isnegative when f isdecreasing, and f  is positive
when f isincreasing.

/ 1)1 N
30. f(X)ZZL:>f (=& 1)21 X9 _ X1 _ x2+1

-1 o1’ oDt o
f are negative and f /(x)<0 aways.

Notice that the slopes of all tangents to

5

AN
RYa
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31. We aregiven that f(5)=1, f '(5)=6, g(5)=—3,and g '(5)=2 .

(@ (fg) (5)=f(5) ’(5)+/g(5)f ’(5)=/<1)(2)+<—3>(6):2—18:—16

) (i) 5= 901 (6 16)9'6)_ (3(6) 1@) _ 20
g

/[9(5)]2 | (3 9
/ B o

© (?) (5= 10909516 _ W (IO _y,
[1(5)] 0

32. We are given that £(3)=4, g(3)=2, f '(3)=-6,and g (3)=5.
(@ (f+g) '(39=f '(3)+g (9=6+5=1
(b) () '(3=f(3)g ’(3)/+g(3)f ’(3)/:<4)(5)+<2><6>:2cr12:8
/ _ A\ _
© (é) -0 O 109'Q)_ @6 @) jz s
[9(3)] @

(d)
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( it ) _113) 9@ @) [CN (OR-KE)
— ) @
[1(3)- o)

_(4-2)(-6)4(-65) _-12+44

4-2)° 4

=8

> f(x):engx)j  '00=¢' 9rae=e g '00+a00] .
t 0= g (0)+9(0)]=1(5+2)=7

d [ h(x) ] _xh'00-h-1 d [ h(x) ] _2h'@-h@ _2(-3-(4) 10
34, — = = — | = = = = =25
dx X 2 dx X |x=2 2 4 4
X 2

35. (a) From the graphs of f and g, we obtain the following values: f (1)=2 since the point (1,2) ison
the graph of f ; g(1)=1 since the point (1,1) isonthegraphof g; f /(1):2 since the slope of theline

4-0
segment between (0,0) and (2,4) is 2—0 =29 /(1):—1 since the slope of the line segment between

= 1. Now u()=f()g(x) , sou (1)=F(1)g ' (D)+g(D)f (1)=2- (-1)+1. 2=0.

(-2,4) and (2,0) is ;_42)

(b) V(X)=F(X)/g() , S0V (5)= 95! '(5)- f(5)g (5) 3 3_.3_2
(9B 2 4 3

36. (a) P(X)=F(X)G(X) , 0P (2) F(2)G (2)+G(2)F (2) 3 221+2 0=

3
2°
1 2
/ / 1. = -5. =
(b) Q(X)=F(x)/G(x) ,s0Q /(7): G(F [(7)(";](27)(3 ()__ 4 2< 3 ) i+ 1—3? = ‘11—2’
G(7 1

37. (@ y=xg() = y '=xg ’(x>+/g<x>- 1=xg ’(x),+g(x>
(b) y= —— X y/: g(xX)- 1-xg (X) _ 9(X)-xg (X)

90 /[g(x)]z [/g(x)]2
(© y= ¥ g( X) =9 (x)—g(x)-lz Xg (x)z—g(X)
() X

38. (a)
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y=XF )=y = 0+ F()(2%)
X1 00-1002x) _ X '(9-27(%

() y="2 —y

X (xz)2 x3
x2 / f(x)(2x)—x2f /(x)
© Y=g =Y = >
o [F(X)]
+
@ =25
ot (091601 (e ) 5
(W)’
32,/ 12 1 12 1 12
) X (X)+x f(x)—éx —éx f(X) ZXJJZ_ xf(x)+2x2f /(x)—l
- X ' L - 0,32

39. If P(t) denotes the population at timet and A(t) the average annual income, then T (t)=P(t) A(t) is
the total personal income. Therate at whichT(t) isrisingisgivenby T /(t):P(t)A /(t)+A(t)P /(t):>

T '(1999) =P(1999) A '(1999)+ A(1999)P '(1999)=( 961,400 )( $1400 / yr )+( $30,593 )( 9200/ yr)
=$ 1,345,960,000 / yr +$ 281,455,600 / yr =$ 1,627,415,600 / yr

So the total personal income was rising by about $ 1.627 billion per year in 1999.
/ - . .
Theterm P(t) A (t)~$ 1.346 billion represents the portion of the rate of change of total income due to

the existing population’s increasing income. Theterm A(t)P (t)~$ 281 million represents the portion
of the rate of change of total income due to increasing population.

40. (a) f(20)=10, 000 means that when the price of the fabric is $20/ yard, 10, 000 yards will be
sold.

f /(20):—350 means that as the price of the fabric increases past $20/ yard, the amount of fabric
which will be sold is decreasing at arate of 350 yards per (dollar per yard).

(b) R(p)=pf(p) = R (p)=pf (D)+f(p)- 1= R (20)=20f ' (20)+(20)- 1=20(-350)+10,000=3000.
This means that as the price of the fabric increases past $20/ yard, the total revenue isincreasing at
$3000/ ($/yard). Note that the Product Rule indicates that we will lose $7000/ ($/yard) due to selling
less fabric, but that that loss is more than made up for by the additional revenue due to the increase in
price.
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then f (%)= (X+1)(1)2X(1): L
(x+1) (x+1)

|ineisy—a%l: 1 2(x—a).Thiinnepamsthrough(l,Z)when2—a%11: -

(atl) (atl)
2 2 2 2
2(atl) —-a(atl)=1l-a < 2a +4at2-a -a-1+a=0<a +4a+1=0.

2
A\ 44 _ 4i2\/E =243,

2(1)

41. If y=f(x)= X_‘):l . When x=a , the equation of the tangent

1<

The quadratic formula gives the roots of this equation as a=
so there are two such tangent lines. Since

2443 243 1743
f2:y3) = 2443+1 1443 1743

_ 2£23%3-3_-1+£y3 _1+y3
13 - 2 - 2

1-+3
the lines touch the curve at A<2+\/§, 42[ )%(0.27,0.37) and

1+][3

B (—2—\/5,, > >~(—3.73,1.37) .

I_ )(D)-(x (@) _ 2
(x+1)2 (x+1)

thenitsslopeis 2/(a+1)2 . But if the tangent is parallel to x-2y=2 , that is, y= > x-1, thenitsslopeis

x-1 :
42. y= 1Y . If the tangent intersects the curve when x=a,

1 1 2 :
= . Thus, % =< = (atl) =4=at+l=1+2=a=1 or -3. When a=1, y=0 and the equation of the

2 (a+1) 2
ool 11
tangent is y-0= > (x-1) or y= 5% 5 -

1 1 7
When a=-3, y=2 and the equation of the tangent is y-2= > (x+3) or y= > X+ >

N\

=,

A\

x—2y=2

-6

43. (a) (fgh) '=[(fg)h] '=(fg) 'h+(fg)h '=(t 'g+1g )h+(fg)h '=f 'gh+ig 'hefgh’
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(b) Putting f=g=h in part (a) , we have

d—i[f(x)]gz(fff) "=t Teeatr ptie =36 =301 F ().

d_ 3x_ d x3 2 X__ 22X X__ 3Xx
(c) X (e 3— ix (ey) —3(e>3 e=3e e=3e

44. (a)

d d
d 1 9(x)- = (11 = [9(¥)]
dx < 9(x) > = & dx [Quotient Rul€]

dX 2
[9(%)]
_90-019'0_0g'_ g'm

(9] [0° [T

3 2

1 / 4x +2X —2X(2x +1
(b)y:42 =Y =T L O 4(2 2)
X +X +1 (X +x +1) (X +x +1)

T2
(X X

/ n-1
d . n d/1\_ ) : _nx _ _nlo2n
(© Ix (x n)— Ix ( - > — [by the Reciprocal Rule] = — =X =

-n-1

—NX




