Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.3 Rates of Change in the Natural and Social Sciences

1. (a) s=f(t)=t—10t+12= v(t)=f (t)=2t-10
(b) v(3)=2(3)-10=-41ft/s
(c) The particleis at rest when v(t)=0< 2t-10=0<t=5s.
(d) The particle is moving in the positive direction when v(t)>0< 2t-10>0< 2t>10<t>5 .
(e) Since the particle is moving in the positive direction and in the negative direction, we need to
calculate the distance traveled in the intervals[0,5] and [5,8] separately. |f(5)-f(0)|=|-13-12]=25 ft
and [f(8)-f(5)|={-4-(-13)|=9 ft. The total distance traveled during thefirst 8 sis 25+9=34 ft.
t=38

s=—4
t=S5,
s=-—13

(f) 0 S

[l
=
R

2. () s=F)=t-9t +15t+10= v(t)=F ' (t)=3t"-18t+15=3(t-1)(t-5)

(b) v(3)=3(2)(-2)=12ft/s

(c) v(t)=0<t=1sor5s

(d) v(t)>0<0<t<lort>5

(e) |f(1)-f(0)|=17-10|=7 , |f(5)-f(1)|=}-15-17]=32 , and | f(8)-f (5)|=|66-(-15)|=81 . Tota distance
=7+32+81=120 ft.

t=8,
s =66

t:5, 7F
s=-—15

(f) 0

3.(a) ssf(t)=t-12t°+36t= v(t)=f '(t)=3t"-24t+36
(b) V(3)=27-72+36=-9ft/s

(c) The particleis at rest when v(t)=0 . 3t2724t+3620:> 3(t-2)(t-6)=0=t=2sor6s.

(d) The particle is moving in the positive direction when v(t)>0 . 3(t-2)(t-6)>0<0<t<2 ort>6 .
(e) Since the particle is moving in the positive direction and in the negative direction, we need to
calculate the distance traveled in the intervals (0,2) , (2,6) , and [6,8] separately.
|f(2)-f(0)|=[32-0]=32 .

|f(6)-f(2)|=|0-32]=32..

|f(8)-f(6)|=[32-0]=32 .

The total distance is 32+32+32=96 ft.

()
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t=28,

s =32
t=6,
s =0
_ t=2,
1=0, s =32
s=0£ ;

0 s

4. () ssHN)=t —d+1= v(t)=F '(t)=4t"-4
(b) V(3)=4(3)> 4=104ft / s
(©) It isat rest when v(t)=4(t"-1)=4(t-1) (t ++1)=0=t=1 s

(d) It movesin the positive direction when 4(t3—1)>0@t>1 :

(e) Distance in positive direction =|f (8)-f (1)|=]4065-(-2)|=4067 ft
Distance in negative direction =|f (1)-f (0)|=|-2-1]=3 ft

Total distance traveled =4067+3=4070 ft

t=28,
t=1,
s= -2 £=10,
s=1

s = 4065
(f) b i (—

5.(8) === —w()=s ()= +1>2<1) (@) _
t +1 (t +1) (t +1)
_ 1—(3) 19 8
(b) v(3)= ==—=—=— ft/s
( 32+ 1)2 1 02 100 25

(o) Itisat rest when v=0< 1—t2:0<:>t:1 s[t#-1sincet>0].

: e 2 2
(d) It movesin the positive direction when v>0< 1t >0t <1< 0<t<1.

1 1
(e) Distance in positive direction =|s(1)-s(0)|= ‘ --0| = > ft
8 1 49
Distance in negative direction =|5(8)-s(1)|= & 2 ‘ 130 ft
1 49 57
Total distance traveled = > 1—30 o ft
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/ / 1
6. (a) ;{ T(3t°-35t+90)=3t " 35t +90t *=
15 3/2 105 1/2 “12 15 12,2

v(t)=s ' )= +45¢ (" 7t+6)= —=

\I'

(b) v(3)= $ (2(-3)=-15{3 ft/s

(c) Itisat rest when v=0<t=1sor6s.
(d) It movesin the positive direction when v>0< (t-1)(t-6)>0< 0< t<1 or t>6.

(€)
Distance in positive direction :|s(1)—s(0)|+|5(8)—s(6)|:|58_0|+|4\l§_(_12\l_6)

=58+4[2+126~93.05 ft

Distance in negative direction :|s(6)—s(1)|:|—12\[€758|:58+12 \I?Sz 87.39 ft
Total distance traveled =58+41[2+126+58+126=116+42+246~180.44 ft
t=38

s=4J2=5.6

~-294 =1,
s =58

(f) 0 '

7. ()= -A5Tt = V(t)=s ' (1)=3"-9t-7=5 & 3*-9t-12=0 < 3(t-4)(t+1)=0< t=4 or -1 . Sincet> 0
, the particle reachesavelocity of 5m/satt=4s.

ds
8.(a) $5t+3t :>v(t)— —5+6t S0 V(2)=5+6(2)=17m/s.
(b) v(t)=35= 5+6t= 35:> 6t=30=1t=5s.

h
9. (a) h=10t-0.83t°= v(t)= % =10-1.66t , s0 V(3)=10-1.66(3)=5.02 m/ s.

10417
(b) h=25— 10t-0.83t°=25- 0.83t—10t+25=0= t= ﬁsaE ~3.54 or 8.51 .

Thevaluet 1:(1(}\[1_7 )/1.66 corresponds to the time it takes for the stone to rise 25 m and
t 2:(10+\I1_7 )/1.66 corresponds to the time when the stone is 25 m high on the way down. Thus,
v(t,)=10-1.66[(10-17)/1.66]={17~4.12 m/s.

. . . . /
10. (a) At maximum height the velocity of the ball isO ft / s. v(t)=s (t)=80-32t=0< 32(=80<t= >
So the maximum height is
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S ) 5?2
S( 5 )—80( 5 )—16( 5 ) =200-100=100 ft.

(b) S(t)=80t 16t°=96 < 16t° 80t+96=0 < 16(t°-5t+6)=0 < 16(t-3)(t-2)=0.
So the ball has a height of 96 ft on the way up at t=2 and on the way down at t=3 . At these timesthe
velocities are v(2)=80-32(2)=16 ft / s and v(3)=80-32(3)=-16 ft / s, respectively.

11. (8) AX)=X= A’ (=2x . A’(15)=30 mm % mmiis the rate at which the areais increasing with
respect to the side length as x reaches 15 mm.

1 1
(b) The perimeter is P(X)=4x , so A /(x):2x: > (4x)= > P(x) . Thefigure suggeststhat if Axissmall,
then the change in the area of the square is approximately half of its perimeter ( 2 of the 4 sides)
times Ax . From the figure, A A=2x(A x)+(A x)2 Af Axissmall, then A A~ 2x(AX) and so

ANAX~=2X ..
/X(AX) (Ax)?
Ax ’ 4
X <+ x(Ax)
x Ax
3 dv 2 av 2 3 . : ,
12. (a) V(X)=x = o X X_3:3(3) =27 mm / mmistherate at which the volumeis

increasing as X increases past 3 mm.

(b) The surface areais S(X)=6x", OV ' (X)=3x'= —; (6x)= % S(X) . Thefigure suggeststhat if Ax is
small, then the change in the volume of the cube is approximately half of its surface area (the area of
3 of the 6 faces) times A x . From the figure, AV:3x2(A X)+3x(A x)2+(A x)3 If Axissmall, then
AV~ 3x2(A X) and so AV/A X~ 3x2 .
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13. (a)
(i) A(sg@):gﬂl“” =5
A

(b) A(r)=rr’= A'(n)=2rr 50 A'(2)=4r .

(c) The circumferenceisC(r)=27r=A /(r) . The figure suggests that if Ar issmall, then the change in
the area of the circle (aring around the outside) is approximately equal to its circumference times Ar
. Straightening out this ring gives us a shape that is approximately rectangular with length 27r and

width Ar , 50 A Axe 271 (Ar) . Algebraically, A A=A +Ar)-Ar )= (r +ArY —r =27t (Ar )+ (Ar). .
Sowe seethat if Ar issmall, then A Ax2xr(Ar) and therefore, A AIAr~2xr .

14. (a) A’'(1)=72007 cm %/ s
(b) A'(3)=21, 6007 cm /s
(© A'(5)=36,0007 cm /s

15. () S (1)=8r ft ¥ ft
(b) s'(2)=167 ft % ft
© S'(3)=247 ft 7 ft
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16. (a)
@ VEVE) -g 7(512)- g 7(125) ,
85 3 =172z m /u m
b
(b) VEVE -g 7(512)- g 7(125) ,
55 - 3 =172 m /i m
(©) V6V ) f31 7(216)- g 7(125) _ ,
65 1 =121.37u m /um
(d) 4 4
K = 771(216)- - 7(125) _
V(%\é(S) = T 3 =121.37u m Ju m
(e) 4 3 4 3
- 7(5.1) - = 7(5)
V(1D)VE) 3 3 ) _ ;
515 0.1 =102.0137u m /u m
(f) 4 34 3
vy 370N 370

= 3
515 - 01 =102.0137u m /u m

/ 2 / 3
(b) V (r)=4xr ,s0V (5=100ru m /u m.

4 / . . .

(©) V(r)= 3 7rr3:>V (r):47rr2:S(r) . By analogy with Exercise 13(c) , we can say that the changein
the volume of the spherical shell, AV , isapproximately equal to itsthickness, Ar , timesthe surface
area of the inner sphere. Thus, AV%47rr2(Ar) and so AV/Arm47rr2 :
17.(a) p(1)=6 kg/ m

(b) p(2)=12 kg/ m
(c) p(3)=18 kg/ m

18.(a) V '(5)=-250 (1 4—% ) = 218.75 gal / min
(b) V '(10)=250 (1 411—8 ) - 187.5 gal / min

© V '(20)=-250 (1— % ) = 125 gal / min
(d)
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v’(40):25o< 0) =0 gal / min

40

19. (a) Q '(0.5)=3(0.5)°-4(0.5)+6=4.75 A
(b) Q '(1)=3(1)*4(1)+6=5 A

dF -
GmM =(GmM)r :> ar =2(GmM)r 3. ZmM
r r
force with respect to the distance between the bodies. The minus sign indicates that as the distancer
between the bodies increases, the magnitude of the force F exerted by the body of mass m on the

body of mass M is decreasing.
(b) Given F (20, 000)=-2 , find F /(10 , 000) . -2=—

3
F '(10,000)=- 2129090 ) _ 5 5% 16N /km

10,000

20. (@) F=

, Which is the rate of change of the

ZGmM3 . GMM=20, 000" .

20,000

21. (a) Tofind the rate of change of volume with respect to pressure, we first solve for V in terms of
P.
PV=C=V= 9 = v -t

dP PZ

(b) From the formulafor dV/dP in part (), we see that as P increases, the absolute value of dV/dP
decreases. Thus, the volume is decreasing more rapidly at the beginning.

_lav_1/7Cc\__C _C_1
©B=§ P~V T2 )T(PVPTCPTR
22. (a)

C(6)-C(2) _ 0.0295-0.0570

62 4
=-0.006875| (moles/L) [ min
C(4)-C(2) _ 0.0408-0.0570
42 2
=-0.008] (moles/L) | min

(i)
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C(2)-C(0) _ 0.0570-0.0800
(iii) 20 2
=-0.0115| (moles/L) [ min

AC 0.077
7.8

(b) Slope = i ~-0.01(moles/L)/ min

Cc@)
0.08

0.06 1
0.04 1

0.02 1

of 1 2 3 4 5 6 71 8 ¢

_1860-1750 110 _ _2070-1860 210 .

23.(a) 1920: M=7970"1910~ 10 1+ ™7 1930 1920 - 10

(m1+m2)2:(11+21)/2:16 million / year

1080: m = 4450-3710 740 _ 4 = 5280-4450 830 _
"1 1980-1970 10 ' 2 1990-1980 10
(m1+m2)2:(74+83)/2:78.5 million / year

83,

(b) P(t)=at +bt +ct+d (in millions of people), where a~0.0012937063 , b~—7.061421911 ,
c~12,822.97902 , and d~-7,743,770.396 .

(© P(t):at3+bt2+ct+d:> P /(t):3at2+2bt+c (in millions of people per year)

(d)
P /(1920) :3(0.0012937063)(1920)2+2(—7.061421911)(1920)+12 ,822.97902
~ 14.48 million / year

p/(1980) ~75.29 million/ year (smaller, but close)

(e P /(1985)% 81.62 million / year, so the rate of growth in 1985 was about 81.62 million / year.

24.(a) Alt)=at +bt +ct+dt+e , where a=—5.8275058275396x 10 ° , b=0.0460458430461 ,
c=-136.43277039706 , d=179 , 661.02676871 , and e=-88 , 717, 597.060767 .

(b) At)=at +bt +ct +dt+e= A’ (t)=dat +3bt +2ct+d
(©)
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A /(1990)z 0.0833 years of age per year

261

251

24t

23

0.3 ~ N

0.2F
A’

0.1
0 : —

--------

A 5
2
25. (a) [C]— Kl rate of reaction
_d[C] _ (akt+1)(@K)(a'k)(ak) _ ak(aki+1-akt) _ &k
at (akt+1)° (1)’ (akt+1)’

akt 3 akt+a akt . a
akt+1  akt+1 = akt+1 °
a )2_ ak _dC] _dx
akt+1 (akt+ 1)2 dt dt

(b) If x=[C] , then a-x=a-

So k(a-x) =k (

26. (a) After an hour the population is n(1)=3- 500 ; after two hoursit is n(2)=3(3- 500):32' 500 ; after
three hours, n(3)=3(32- 500)=33- 500 ; after four hours, n(4)=34- 500 . From this pattern, we see that the
population after t hoursis n(t):3t- 500=500- 3t :

(b) From (5) in Section 3.1, we have d—‘i 3)~(1.10)3° . Thus, for n(t)=500.3 ,

dn dn
p 500 o (3)~500(1 10)3: a

e 500(1.10)3% 400 , 950 bacteria/ hour.

27. (a) Usmgv— (R - W|th R=0.01,1=3, P=3000 , and n=0.027 , we have v asafunction of r :

3000
v(r)= 2(0. 027)3 (0.01 —rz) : v(O)—0.925 cm/s, v(0.005)—0.694 cm/ s, v(0.01)=0 .
Pr

(b) v(r)—4 I (R r2):>v (r)—4 I( 2 )— — . When|=3, P=3000 , and =0.027 , we have
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3000r — —
v' ()= 00273 " '0)=0, v '(0.005)=-92.592(cm/s)/ cm, and v '(0.01)=185.185(cm/s)/ cm.

(c) The velocity is greatest wherer=0 (at the center) and the velocity is changing most where
r=R=0.01 cm (at the edge).

28. (a)
(@ 1 [T 1 |T \, 1 d 1 |T \, 2 1 |T
f=— - =\ = - L = — = - — L = — —
2L 0 2 Joj L 2 Joj 2L2 0
O r [T (1 [T\ (1 [T 21 [T
“ot\ » T\ 2\ » “a-\ 2\ 7 R
(©) .
P S I AN S W 1\ _ 1
2L o 2L+p di 2 \ 2L4p 4LTp
(d) (e X [T L N\gre, &1 1 \pvz_1
2L\ p 2L+p dr 2 \ 2Lyp 4ATp
(e) 1 [T T\ - df 1/ 4T \ -
w2 To( L) a2 (), T
2L o 2L d 2 2L 4Lp3/2
(f) 1T _( T ) a2 df _1( T ) a2 AT
“20\» "\ 2. /)’ T2\ )’ T ez
(b)
(i) df . . . . :
L <0 and L isdecreasing = f isincreasing = higher note
(i) df . . . . .
ar >0and T isincreasing = f isincreasing = higher note
(iii) df

@ <0 andp isincreasing = f isdecreasing = lower note

29. (a) C(x)=2000+3x+0.01x+0.0002X = C ' (x)=3+0.02x+0.0006x"

(b) C '(100)=3+0.02(100)+0.0006(10 , 000)=3+2+6=$11/ pair. C ' (100) is the rate at which the cost
isincreasing as the 100 th pair of jeansis produced. It predicts the cost of the 101 st pair.
(c) The cost of manufacturing the 101 st pair of jeansis
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C(101)-C(100) = (2000+303+102.01+206.0602)-(2000+300+100+200)
= 11.0702~$11.07

30. (a) C(x):84+0.16x—0.0006x2+0.000003x3:> C /(x):O.1&0.0012x+0.000009x2: C /(100)20.13 :
Thisistherate at which the cost isincreasing as the 100 th item is produced.
(b) C(101)-C(100)=97.13030299-97~ $0.13 .

/ /
31 (a) A= %X) A =22 (X)ZP(X)- 1_xp (><)2 p()

X X
the average productivity increases as the size of the workforce increases.

A /(x)>0:> A(X) isincreasing; that is,

(b) p (x) Is greater than the average productivity = p (x)>A(x):s p (x)> p( )

Xp /(x)> p(X)= xp /(x)— p(xX)>0= M)Z—IO(X) >0= A /(x)>0 .

X
32. (a)
R - (1+4x0'4) (9.6X70'6)—(40+24x0'4) (1.6x’°'6)
dx (l+4XO'4) 2
_ 9.6x70'6+38.4x70'2764x’0'6,38_ 4x70'2 _ 54 4X70.6
( l+4x0'4) ? ( 1+ 4)(0.4) 2
40 \
—
0 1
£ |
(b) -« /

At low levels of brightness, R is quite large and is quickly decreasing, that is, Sis negative with large
absolute value. Thisisto be expected: at low levels of brightness, the eye is more sensitive to slight
changesthanitis at higher levels of brightness.

PV PV 1 .
33. PV=nRT=T= R (10)(0 0821) 0.821 (PV) . Using the Product Rule, we have
ar _ 1

ot~ 0821 [PV 'O+ (P (0)]= == [(8)(-0.15)+(10)(0.10)]~~0.2436 K / min.

0. 821
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34. (a) If dP/dt=0 , the population is stable (it is constant).

ap_ _ P By P_ P B pp /18
b) & -O;sﬁp_ro<1p >P;» =1 — = —=1 :>P—PC<1 > .
C

rO I:)c I:)c rO rO

5
5
(c) If 5=0.05, then P=10, 000 (1 < ) =0 . Thereis no stable population.

4
If PC:1O ,000,r 0=5%=O.05 , and 3 =4%=0.04 , then P=10, 000 (1 - )22000 .

35. (a) If the populations are stable, then the growth rates are neither positive nor negative; that is,
dC dw

E:Oand E:O'

(b) ** The caribou go extinct’’ means that the population is zero, or mathematically, C=0 .

W
(c) We have the equations cll_ct: =aC-bCW and dd_t =-cW+dCW . Let dC/dt=dW/dt=0, a=0.05,

b=0.001 , c=0.05, and d=0.0001 to obtain 0.05C-0.001CW=0 (1) and - 0 .05W+0.0001CW=0 (2) .
Adding 10 times (2) to (1) eliminates the CW —-terms and gives us 0.05C-0.5W=0=-C=10W .
Substituting C=10W into (1) resultsin

0.05(10W)-0.001(10W)W=0 < O.5\N—0.01W2=0 & 50\N—W2=0 < W(50-W)=0< W=0or 50 . Since
C=10W , C=0 or 500 . Thus, the population pairs (C,W) that lead to stable populations are (0,0) and
(500,50) . So it is possible for the two species to live in harmony.




