Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.4 Derivatives of Trigonometric Functions

. /
1. f(X)=x-3sinx= f (X)=1-3cos x
2. f(X)=xsin x= f /(x):x- COS X+(sin X)- 1=xcos x+sin X
. /
3. y=sin x+10tan Xx= y =cos x+10sec 2x
/ .
4. y=2 X+5C0SX=- y =-2 Xcot Xx-5Sin X
3 /.. .3 . 2 .2 3. 2 .

5.9(t)=t cost=g (t)=t (-sint)+(cost)- 3t =3t cost-t sint ort (3cost-tsint)

/ 2
6. g(t)=4sect+tant= g (t)=4secttant+sec t

0
7.h(0)=cscO+e cot 0 =

/ 0 2 0 0 2
h (0)=-cscOcotd+e (—csc 0)+(cotd)e =—csclcotd+e (cotd—csc 6)

u /I u, . u u .
8. y=e (cosu+cu)= y =e (-sinu+c)+(cosu+cu)e =e (Cosu-Sin u+cu+c)

X / X)(D)-(X)(-sin X) COS X+XSN X
. _ (cos )()()2(s ) _ :
(cosx) CoS X
1+sin x
1O'y:x+cosx:>

. : 2 .2
; _ (x+cos x)(cos X)-(1+sin X)(1-sin X) _ xcos x+cos Xx—(1-sin X)

y
(x+cos x)2 (x+cos x)2
2 2
_ XCOS X+C0S X—(COS X) _ XCOS X
a 2 a 2
(x+cos X) (x+cos X)
11. f(0)= Trsecd
P (1+secO)(secOtan 6 )—(secO)(secHtan o) _ (secOtan0)[(1+secH)-secd] _secdtand
Fe) (1+sec0)’ (1+sec0)’ (1+sec0)’
12, y= tan x-1

SEC X
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2 2 2
dy _secxsec Xx-(tan x-1)sec xtan X _ sec x(sec X-tan x+tan x) _ 1+tanx

2 2
dx Sec X Sec X X

Another method: Simplify y first: y=sin x-cos x=-y /:cos X+sin x.

: 2 : : .
/ — — =
13, y:smzx Ly'= X €0S X—(Sin X)(2x) _ X(XCos x-2sin Xx) _ XCOS X-2sin X

2\ 2 4 3
X X X X

14. y=6 (6 +cot 0 )=

/ 2 2 2
y =0 (1-csc0)+(@+cotd)(- 6cotd)=0 (1-csc 00 cot—cot 0)

2 2 2 2

=6 (-cot -0 cotd—cot 0) {1+cot 0=csc O}
2

=6 (-0 cot 9 -2cot 6)=-6coto (6 +2cot o)

/ 2 2 2
15. y=secOtand =y =secd(sec 0)+tano (secOtand)=seco (sec 0+tan 0)

. N 2 2 : :
Using the identity 1+tan 0 =sec 0 , we can write aternative forms of the answer as

secd (1+2tan 29 ) or sec 9 (2sec 26) -1)

16. Recall that if y=fgh , theny '=f 'gh+fg 'h+fgh | . y=xsin xcos x=

d ) ) ) ) 2 .2
d—z(/ =SiN XCOS X+XCOS XCOS X+XSiN X(—SiN X)=SiN XCOS X+XCOS X-XSin X

1 | -1 -
17. d—dx(csc(x))=d—c1( (m )z(smx)(O)z (cosX) = cozx:_ .1 . CQSX:— Xcot X
s sn>x gn’x Snx snx
1 1l . .
18 d_o!( (secx):d—ci( ( COS’X>:(cosx)(0) 2( sinx) _ sm;( __1 sinx <ot xtan x
cos 2x cos’y COSX COSX
d d / cosx (sin X)(-sin X)—(cos x)(cos X) sin2x+coszx 1
19. — (cotx)==— | = = = =
dx dx \ sinx 2 .2

sin x sn X

20. f(x)=cos x=

f(x+h)-f(x) . cos(xth)-cosx . cosxcosh-sinxsin h-cosx
——— =lim =lim

oy =i
Y r!Lng h hl—>0 h h—0 h
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) cosh-1 . snh . cosh-1 . sSinh
=lim{ cosx n —smxT =cos xlim h —smxllmT
h—0 h—0 h—0

=(cos xX)(0)-(sin X)(1)=-sin x

21. y=tan x=y /:sec 2x:> the slope of the tangent line at ( ,1) iss;ec:2 % :(\[E)Zzz and an

NG

7T

equation of the tangent lineis y-1=2 (x— Z ) or y=2x+1- 5

4

22. y:excos X=Yy /:ex(fsi n X)+(cos x)eX:eX(cos x-sin X) = the slope of thetangent lineat (0, 1) is
eo(cos 0-sin 0)=1(1-0)=1 and an equation is y-1=1(x-0) or y=x+1 .

/ : / . .
23. y=x+cosx=Yy =1-sinx.At (0,1) ,y =1, and an equation of the tangent lineis y-1=1(x-0) , or
y=x+1.

1 s _
24, y= ———— jy/:w [ Reciprocal Rul€]. At (0,1) ,y/:f 10

Sin x+cos X .
(sin x+cos x) (0+1)
equation of thetangent lineis y-1=-1(x-0) , or y=—x+1 .

=-1,andan

/ . . :
25. (a) y=xcosx=y =X(-sin x)+cos x(1)=cos x-xsin X . So the slope of the tangent at the point
(7,) iscosm-msint=-1-7(0)=-1 , and an equation is y+7=—(X-7) Or y=X.
1

. ]

(77" _77)

-

(b)

/ :
26. (a) y=seC x-2c0S X=Yy =Sec xtan x+2sin Xx=-

. 7T . 7T 7T . 7T E
the slope of the tangent line at (3 ,1) IS sec étan 3 +2sin 3 :2-\/§+2- > :3\[?3 and an

. . 7T
equation Is y—1:3\/§ (x 3 ) or y:3\/§x+1—7r\/§ :
(b)
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27.(a) f(x)=2x+cot x= f /(x):2—csczx

f

7 NT

(b)

. / .
Noticethat f (xX)=0 when f has a horizontal tangent.

f / ispositive when f isincreasing and f / Is negative when f isdecreasing. Also, f /(x) islarge
negative when the graph of f is steep.

28. (a) f(x):\ﬁ(sin s f ! (x):\[;cos X+(sin X) ( % xm) :\I}cos X+ 2—3;((

3

!

N

(b) -
Notice that f /(x):O when f has a horizontal tangent.
/. . _ . /. : . .
f ispositivewhen f isincreasingand f  is negative when f is decreasing.
. : 1
29. f(X)=x+2sin x has a horizonta tangent when f /(x):0<:> 1+2c0s x=0<> Cc0oS X=— >

2 4 . . 4 2 .
XZE +27rn or % +27n , where n isan integer. Note that —;T and 3 arei% units from .

. : . . 7
This allows us to write the solutions in the more compact equivalent form (2n+1)7r+ —

,nan
3

integer.

: : . .2 2 :
COS X I_ (2+sin X)(-Sin X)-COSXCOS X _ —2SiN X-SiN X—C0S X _ —2sin x-1
2+sin x - - -

=0 when

30. y= > >
(2+sin x) (2+sin x) (2+sin x)
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1 117 7 1 1
-25in x-1=0<sin x=— > EX="g" +27rnor x= % +27n, naninteger. So y= —3 or y=— —3 and

. . . 117 1 7 1
the points on the curve with horizontal tangents are: ( — +27n, = ) , ( Xz +27n,- —= ) ,

6 '3 6 3

n an integer.
31. (a) x(t)=8sint= v(t)=x ' (t)=8cost

3 2

3
27T 27 1
v( 3 )—8005 3—8(5 )—4. Smcev(

32. (a) s(t)=2cost+3sint=-v(t)=-2sint+3cost
N
N\

(b) -4

(c) s=0=t i 2.55 . So the mass passes through the equilibrium position for the first time when

t~255s.
(d) v=0=t ~ 0.98, st 1)z 3.61 cm. So the mass travels a maximum of about 3.6 cm (upward and

s 21 27T 3 .
(b) The mass at timet=— has position x( = ) —8( B >:4\[§ and velocity
2
3

) <0, the particle is moving to the | eft.

downward) from its equilibrium position.
(e) The speed |v| is greatest when s=0 ; that is, when t=t+n7 . n apositive integer.

10

JAR———

33.
From the diagram we can see that sin 9 =x/10<x=10sin 6 . We want to find the rate of change of x
with respect to0 ;thatis, dx/do . Taking the derivative of the above expression, dx/d6 =10(coso) .

dx T 1
Sowhen 6 = 3 90 10cos< 3 )-10- ( 5 >—5ft/rad.
W F .
34, (a) F= — dF _ (usind+cos6)(0) uW(ucose ~sing) _ W (sing-ucoso)

o : 2
using-+cosd ~ do - (usin@+cos0)’ (using +coso)

(b)
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dF

-1
FE) =0=uW (sind-ucosf)=0=sind=ucosf =tanfd=u=0=tan u

30

(©) s 1

: F
From the graph of F= 0-6(50) for 0<6 <1, weseethat dr =0=6~0.54 . Checking this

0.6sn 0 +coso do

with part (b) and 11=0.6 , we calculate 0 =tan O.Gz 0.54 . So the value from the graph is consistent
with the valuein part (b).

35.
. sSn3x ..  3sn3x _ _
lim =lim [ multiply numerator and denominator by 3 ]
X—0 X—0 3X
sin 3x
=3 lim 3 [asx—=0,3x—0]
3xX—0
sing
—3I|m7 [leto=3x]
0-0
=3(1) [ Equation 2]
=3
36.
sindx . sndx X . 4sin4dx . 6X
lim = =lim - = =lim lim —
w0 SINGX o X 8§néx / ..o 4x o 63n6X
. sn4x 1 . X
—4)I(Lng) x -6I|rT(1) B =4(1)- (1)
37.
Iimtan_ﬁt_l. <sin6t 1 t )_Iim65in6t| 1 im 2t
oSN o\ t cosbt sn2 /), , 6t ', ,COS6t , o2sin2t
. snét . 1 1 2t B 1 1 ~
=olim M oset” 2, M Gnz ~ob- 7732 (M=3

38.




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.4 Derivatives of Trigonometric Functions

cosf-1 i, CoS0-1
. cosf-1 0 o0 Y 0
lim =] - = =-=0
oo SN0 4., snd _sng 1
- —_— [im —
0 -0 0
sin (Iim(cos@))
. sin(cos@ 00 sinl .
39. lim ( ): . = =sinl
0o Seco lim(sec?d) 1
0-0
40.

lim >
t—-0 t t—0

/. §n3t\% /. sn3A\%2 2
(i ) =(am S ) e
lim[(sin X)/X]

. Cot2X  cos2x-sinx . sin x)/ . -0
lim " :Im#:hm(cost[M]):hm COS2X a

.2 . . : .
sn 3t :Iim< sn:3t. sr:Bt >:Iim sm3t.“m sin 3t

41.

x—0 w0 SIN2X %50 (sin 2x)/x %50 2Iirr(1)[(sin 2X)12X]
X—
1
=1. — =-
221 2
42.
. SINX-COSX _ . Sin X-CoS X . Sin X-CoS X
lim —————— = lim ﬁ:hm . .
wsmja COS2X x> 714 oS 2x_sin ox X 7il4 (cos x+sin x)(cos x-sin X)
. -1 -1 -1
= lim cosx+sinx T s :E
X—>ml4 cos 5 +sin 7

43. Divide numerator and denominator by 6 . (sin(¢) also works.)

sing lim 309
) sind . 0 00 Y 1 1
lim =lim - = - = ==
oof+tand , o . sind 1 . Sno . 1 1+1.1 2
+— —  1+lim — |lim ——
0 cos 6 0.0 0 g_ocosO
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. osn(x1) . s§n(x1) .1 . sin(x1)
lim —— =lim ——=—7 =lim lim
Xx—1 X +X72 X—1 (X+2)(X_1) X—1 X+2

X—1

. . . 2 .2
d d sinx 2 COSXCOSX-SINX(-SiNX) €OS X+sin X 2
45. (a) —Xtanx:— —— = SEC X= = > .S0sec x=

> .
COoSs X Cos X CoS X

d _ d 1 a _ (cosx)(0)-1(-sin x) S0 sec xtan x= sin X

2
COoS X CoS X

9 cnve _d 1+cotx
(© ix (sin x+cos X)= ix ™

2 2
) X(—csc X)—(1+cot X)(— xcot X X[-csc x+(1+cot X) cot X
cosx i = XEOSEX)-(1+cot X)( ) _ x[-escxH(I+cot ) cot ]

2 2
CSC X CSC X
2 2
_ —CsC x+cot x+cot x _ —1+cot X
X X

cot x-1

S0 CcOoS X-Sin X=

, : .0

46. Let | PR|=x . Then we get the following formulasfor r and hintermsof 0 and x : sin >5%~

.0 6 h 9 1 2 1
r=xsin 7 andcos 7 =7 = h=xcos 7 . Now A(@)—znr and B(Q)—Z(Zr)h—rh.So

Al0) > ar?

lim 2™ 1 v 1 xsin (612

+B(@) =lim == lim - =% lim
00 + rh 2 +h 2 . Xcos (0/2)

-0 6—-0 -0

1
=5 lim tan (0/2)=0.

-0
,,Q

R

47. By the definition of radian measure, s=r@ , wherer isthe radius of the circle.




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.4 Derivatives of Trigonometric Functions

. : .0 di2 .0
By drawing the bisector of the angled , we can seethat sin 5= = d=2rsin 5

So Iim —S:Iim ro ) 2-!6)/2} ) 012

.d™ "™, 2rsin (072) © "”(} 2s5in (012) 53 Sin (0/2)

0-0 0-0 60—




