Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.5 The Chain Rule

1. Let u=g(X)=4x and y=f(u)=sinu . Then - du ——(cosu)(4) 4cos 4x .

o . w2 _ dy dydu_ 1 3 3
2. Letu—g(x)—4+3xandy=f(u)—\lﬁ—u . Then dx " du dx 2U ()= 2\1— ofa+3x

3. Let u=g(x)=1-x" and y=f(U)=u'_. Then gz gy 3?( =(10u°) (-2X)=—20x(1-X)
dy dy du

4. Let u=g(x)=sin x and y=f(u)=tanu . Then o~ du &—(sec u)(cosx) (sec u)(smx) Cos X , or
equivalently, [sec (sin x)] COSX .

N _ dy _dy d_u__l 2 COSX_ _COSX
5. Let u=g(x)=sin x and y=" (u)=yu . Then o oY Z\I_ —

— o= g dy _dy du_
6. Let u=g(x)=e and y=f(u)=sinu . Then Ix - du ox (cosu)(eﬁ ecose. .

7. F00=0C+a0) = F 00=70C+40° (3C+4)  [or 1 (C+4)° (3 +4) |

8. F()=(X—x+1)’= F ' (0=30¢-x+1)7(2x-1)

4
9. F(x)—'\/ 142x+X —(1+2x+x3)1/ -

(1+2 iy 34 4 o (1+2x)= L

L (2+3%)
a(12x0 )

F o0~

243" _ 243%

- 34 4
a2 4 (w2’

10. F()=(1+x) "= £ (%)= % (1+x) )=

3

8x
3
3'\/ 1%
12t

1 3: (t4+ 1)73,:> g / ()=-3 (t4+ 1)74 ( 4t3):— 12t3 (t4+ 1)74: 12
(t+1) (1)

11. g(t)=

12.
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2
sec t
3 2
3‘\/ (1+tant)

I . . .
13. y=cos (a3+x3):>y =-sin (a3+x3)-3x2[ a3 isjust a constant] :—3x25|n (a3+x3)

1 _
fO)=YTrtant=(1+tant) "= f (=3 (+tant) “sec t=

/ : _ :

14. y:a3+cos 3x:s y =3(cos x)2(—SI nx) [ a3 Isjust a constant] =-3sin xcos 2x
-mx /I -mx d -mx -mx

15.y=e =y =e ax (-mx)=e (-m)=me

/
16. y=4sec 5x= y =4sec 5xtan 5x(5)=20sec 5xtan 5x

17. g(x):(1+4x)5(3+x—x%8:>

9”0 =(1+4%)> 83 +x) (1-2X)+(3+x-x) 5(1+4x) - 4
=4(1+4%) (B+xx) [2(1+4%) (1-2X)+5(3+%-x)]
=4(1+4%) (B+xx) [(2+4x-16x) +(15+5%-5X)]
=4(1+4%) (@+x-x) (17+9%x-21x)

18 h)=(t* 1)t +1) =

h' () =" 1)° 4¢+0° @)+ 0 3¢t 7@
=127t 0 ) T )+ =12 ) ) 2t 1)

19. y=(2x-5) (8x°-5) *=

vy =4(2x-5)°(2) (8x°-5) *+(2x-5) (-3)(8X'-5) "(16%)

=8(2x 5)(8X°-5) - 48x(2x 5) (8xX"-5) "

2
20, y= (x2+ 1) (x2+2)1/3:> y oy (x2+2)1/3 +(x2 +1) < % ) (X2+2)72/3(2x):2x(x2+2)1/3 |: 14 X ;rl :|
3(x +2)

2 2 2 2

2
21. y=xe =y '=xe ¥ (-2x)+e - 1=e (—2x2+1):efx (1—2x2)
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= I - : ~ - :
22. y=e 5Xcos X=y =e 5)((7351 n 3x)+(cos 3x) (-5e Sﬁzfe 5X(3SI n 3x+5c0s 3x)

/ d . :
23. y:eXCOS g, y =g ix (xcos x):eXCOS X[ X(-sin X)+(cos x)- 1] =e X(cos X-Xsin X)

2 2 2
: : - - d ~
24. Using Formula 5 and the Chain Rule, y=101 o y /:101 § (In 10)- X (1—x2):—2x(ln 10)10l .

25, F(2)=-| 22 :( z1 )1/2:

z+1 z+1
;.1 ( z1 )“2, d ( z1 )z 1 ( z+l )”2, (z+1)(1)-(z ) ()
F @ 2\ z1 dz \ z+1 2\ z1 (z+ 1)2
1@ w1 @y 2 1

2 2 1)1/2 2+ 1)2 2 (z— 1)112 2+ 1)2_ (zf 1)112 (2+1) 3/2

4
26.G(y)= (Zy_—l)s =
(y +2y)

_(+2y) Ay 1 1 (v 1) 5(y+2y) (2y+2)
[y +2) T
2 4 2
_ 2y +2y) (y-D 12y +2y)-5(y-1)(y+1)]
2 10
(y +2y)
_ 2y D2y +ay)+( 5y +5)] _ 2(y-1)(-3y +4y+5)
(y+2y)° (y+2y)°

G

=

27. y= r2
\}r +1

! Vr1()r- 1_21 r*+1) () ]

ro4l- - \/E\/E_rz
R
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2 2
_(r+yr 1 or (r2+ 1)—3/2

(\/E) 3 (r 2+1)3/2

: : =,
Another solution: Write y as a product and make use of the Product Rule. y=r (r 2+1) 2:»

y! =5 65y ey
=(r 2+ 1)73/ 2 [r 2+ r 2+ 1)]] =(r 2+ 1)73/2 (0)=(r 2+ 1)73/ 2

The step that students usually have trouble with is factoring out (r +1) -~ . But thisis no different

. 2 2 5 _ : : :
than factoring out X from x +x ; that is, we are just factoring out a factor with the smallest exponent

1
that appearsonit. In this case, - & issmaller than -

2 2
eZU

28. y= =

e +e

I_ (e+e ) (e2u~ 2)—e2u e-e) _ e (2e+2¢ —e+e ) _ e (e+3e )
(eu+efu)2 (eu+efu)2 (eu+efu)2
Another solution: Eliminate negative exponents by first changing the form of y .
eZU eu e3u

y= — = =

u -u u 2u
e+e e e +1

y I_ (e2u+1) (’3>e3u)—e3u (2e2u) _ e3u (3e2u+&2e2u) _ e3u (e2u+3)
(e2u+ 1)2 (e2u+ 1)2 (e2u+ 1)2

29. y=tan (cosX)=y /:sec 2(cos X)- (-Sin X)=-sin x- sec 2(cos X)

. 2
30.y—sm X

= =
COS X

. L2 . 2 .2 . 2
; _ cosx(2sinx-cosX)-Sin X(-SinX) _sin x(2cos x+sin X) _ sin X(1+cos X)

y 2 2 2
CoS X Cos X CoS X

=sin x(1+sec X)

Another method: y=tan x- sin x=
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/ 2 . 2 . .
y =Sec X- 9N X+tan X- CoS X=SeC X- SN X+sin x

31. Using Formula 5 and the Chain Rule, y=2$.n SN

/ in T d . in T in T
y =" X(In 2) &(snnx):Zsm X(In2)~c057rx~7r:25m X(nInZ)c037rx

d
32. y=tan (30)=(tan 30 )= y '=2(tan 30)- < (tn30)=2ten 3 - sec %30 . 3=6tan 30 sec 30

/ . .
33. y=(1+cos 2x)6:> y =6(1+cos 2x)5- 2cos x(-sin x)=-12cos xsin x(1+cos 2x)5

34 xsin—1 /—sin—1+xcos—1 1 —sin} —1cos—1
Y= x ¥ TSNS X X2 X X X

35. y=sec 2x+tan 2x:(sec x)2+(tan x)2:>

y /:2(sec X)- (sec xtan x)+2(tan x)(sec 2x):29e(: 2x- tan x+2sec 2x- tan x=4sec 2x- tan x

2[
36, y=e =y = (an f)=e™ (ksecx/_ ; Uz) Sezcﬁxektanﬁ

37. y=cot (sin6)=[cot (sin )=
y'=2[cot (sino)]. d% [cot (sin6)]=2cot (sin@): [-csc (sin6)- cos8]=—2c0s0 - cot (Sin6)- csc (sin )
38. y=sin(sin(sinx))=vy /:cos (sin(sin x)) d_dx (sin (sin x))=cos (sin (sin x))- cos (sin X)- cos x

/11 -1/2 1 a2 1 1
39. y=q/ X+ X == (X+ X 1+ - X = 1+ —=
Y= \I_:»y 2( \l_) ( 5 ) ( 2\/;)

2yx+{x
20.y= el = y'=3 (el ) [1+-<x+\1? ( ;”2)]

41. y=sin (tanysin x )=

. d . .
y/:cos(tan smx)-&(tan sin x )=cos (tan smx)-sec sin x- —(smx)

. 2
=Cos (tanysin x)sec 4sin x- —(smx) cosx




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.5 The Chain Rule

=cos (tan sinx)(sec2 sinx)( 1 )(cosx)
2ysin X

2 2 2

X X 2 X 2
42.y=2" = y'=0* (in2) d—‘i (3X)=23 (In2)3" (In3)(2%)

43, y=(1+2%) = y '=10(1+2x) 2=20(1+2%)° . At (0,1) , y '=20(1+0) =20 , and an equation of the
tangent lineis y-1=20(x-0) , or y=20x+1 .

. . / . / . .
44, y=sin x+sin 2x:> y =cos x+2sin xcos x . At (0,0) , y =1, and an equation of the tangent lineis
y-0=1(x-0) , or y=x .

45. y=sin (SinX)=y /:cos (sinx)-cosx .At(7,0),y /:cos (sinm)-cost=cos (0)- (-1)=1(-1)=-1,
and an equation of the tangent lineis y-0=1(x-) , or y=—X+r .

2 - /2, x - X 2 - 1 I 1 11 :
46. y=xexéy =X (fe>3+ex(2x):2xex—xex.At (1,—e> Y :2e1e1::e . S0 an equation of

. 1 1 1
the tangent lineis y- —e:—e(x—l) ory=2X.

A7) o2y = W)@ 2D 2e

1+e (1+e7y)2 (1+e7y)2
0
/I 2e 2(1 2 1
At0,1),y'= === (1) =5=3.

(1+e)° (1+1)° 2
. o 1 1
S0 an equation of the tangent lineis y-1= > (x-0) or y= > x+1.

1

(b) :

48. (a) For x>0, |xj=x, and y="f(x)=




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.5 The Chain Rule

\/g (1)—x< % > 29 Y2x 2RV
o en

_ (2—x2)+x2 __ 2
/
(2-x 32 ( 2_)(2)3/2

il =

Soat (1,1) , the slope of thetangent lineis f /(1):2 and its equation is y-1=2(x-1) or y=2x-1 .

{ @

][ 1—x2
49. (a) f(x)= S

X % @ x Y2914 2
: |

X \/ 1x

_ fxzf(lfxz) __ "1

B 2 , 2 2 / 2
X\ 1-x X\ 1-X
8

t'(x) =

—1( 1
aura

(b) -t

Notice that all tangents to the graph of f have negative slopes and f /(x)<0 always.

50. (a)
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From the graph of f , we see that there are 5 horizontal tangents, so there must be 5 zeros on the
/ / .
graph of f . From the symmetry of the graph of f , we must havethe graph of f ashigh at x=0 as

itislow at x=r . Theintervals of increase and decrease as well asthe signs of f / areindicated in the
figure.

(b)

f(x) =sin(x+sin 2x)=
d
f / (X) =COS (X+sin 2x)- X (x+sin 2x)

=C0s (x+sin 2x)(1+2cos 2x)

NS
BN

-3

51. For the tangent line to be horizontal, f /(x):O . f(X)=2sin x+sin 2x:> f /(x):Zcos X+2sin xcos x=0

T +2rvr or z
2 2

3
Now f ( % ) =3and f ( EN ) =-1, so the points on the curve with a horizontal tangent are

& 2c0s X (1+sin Xx)=0<>cos x=0 or Sin x=-1 , S0 X= +2n7 , where nis any integer.

( % +2n7r,3> and ( 3—; +2n7r,—1> , Where n is any integer.

52. f(X)=sin 2x-2sin x=
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f /(X):ZCOS 2X-2C0Ss x=4c0s 2foCos x-2 , and 4cos 2foCos x-2=0«(cos x-1)(4cos x+2)=0<
1
cos x=1 or cos x=— > So x=2nr or (2n+1)7+ % , N any integer.
/ / /
53. F(x)=f(9(x))=F (¥)=f (9(x))-9 (¥,
soF '3)=f '(93)- 9 (3=F '(6)- g (3)=7- 4=28 . Notice that we did not use f '(3)=2 .

54. w=Uo V= W(X)=u(v(X)) = W /(x) =u /(v(x))' v /(x) , SO
w'(0)=u’w©0))-v'(0)=u (2 v '(0)=4 5220 . The other pieces of information, u(0)=1, u ' (0)=3,
andv /(2):6 , were not needed.

55. (a) h(x)=f(g(¥)=h'(¥=Ff '(g()- g'(x) . soh'@=t "(a(1))- 9" (1)=f () 6=5-6=30.
(b) H)=g(f ()= H '(9=g " (f()- f ‘9, soH 'W)=g'(F(@)) f '(1)=g(3) 4=9. 4=36 .

56. (3) F(X)=F(f0Q)=F (0= '(fx)- f (%), s0F '@=f "(f@)- f '2=f '(1)- 5245220
(b) G(=g(g0))=G ‘(=g ()9’ (%) , 06 '(3=g (93 g 3)=g ') 9=7- 9=63.

57. (a) U= (90)=u (=F "(g0Ng ') . Sou ' W=f "(gw)g ‘W= ‘@9’ . Tofind '3,
note that f islinear from (2,4) to (6,3) , soitsslopeis g:—zll .Tofindg /(1) , hote that g islinear
from (0,6) to (2,0) , soits lopeis ;LS = 3. Thus, f '(3)g’(1)= ( %1 ) (3):2 |

(b) vOO=g(FO)=v (=g (F00) f ') . Sov ' (D)=g ' (F)f 'W)=g '@ '(1) , which does not
exist since g /(2) does not exist.

(© W=g(g0)=w (=g '(g)g () . Sow '(1)=g '(a)g (V=g By (1) . Tofind g '(3) ,
note that g islinear from (2,0) to (5,2) , so itsslopeis 20_2 . Thus, g /(3)- g /(1)=< 32% ) (-3)=2

523
58. (3) h(X)=F(f())=h'()=F (Fp0)f (%) .
soh’@=t 1@t '@=1t ' '@~ C1)1=1.

) g=F =g =f 6. d—‘i 0D)=f 6D @0.S0g @=f ' ()@ 2=4t ' @~415)=6.
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/ / / / / / / /
59. h(X)=f(g(X))=h (X)=f (9(X))g (X).Soh (0.5)=f (g(0.5))g (0.5)=f (0.1)g (0.5) . Wecan
estimate the derivatives by taking the average of two secant slopes.
m_+m

/ 14.8-12.6 18.4-14.8 / 1 2 22+36
For f (0.1) : m= 010 ~2 M7 0501 =36.S0 f (0.1)~ > =5 =29,
m_+m
/ 0.10-0.17 0.05-0.10 / 12
Forg (0.5): m = 0504 —70.7,m2— 0605 =0.5.S0g (0.5~ > =0.6.

Hence, h '(0.5)=f '(0.1)g ' (0.5)~ (29)(-0.6)=-17.4 .

60. g)=F(F())=g ' (=F (T ') . Sog )=t '(rant '@=f ‘@1 ().
m +m

3.1-24 4.4-3.1 / 12
For f (2) m=>01s =14, mz= 5520 =26.S f (2~ > =2.
m_+m
2.0-1.8 2.4-2.0 /
For f (1) m = 1.&0.5 =04, m= 1510 =08.S0f ()~ > =0.6 .

Hence, g '(1)=f '@ ()~ (2)(0.6)=1.2 .

61. (a) F(x):f = F =t (eﬁdE @)=t ' (&)e"

0 60=e' =6 '(9=e" 3 109=¢' 1 9

62.(a) F()=f (x)=F (0=t ' (x“)dE o=f ' (oax T
(b) GX=[f(¥] =G (X)—O([f(X)](X ° /
63.(3) F()=L(x )= f (=L (<) =X 4x°=4/x for x>0 .

(b) g(¥)=L(4)= g (=L (4x)- 4=(1/(4x))- 4=1/x for x>0

(©) FOO=ILOOT'= F ' (0=4[LOT > L' (09=4[L (T > (UX=4[LO)T I

(d) GO)=L(1X)=G (=L (/%) (C1D=(1(U/x))- (-1x)=x: (-1/x)=—1/x for x>0 .

641 (9=1(eh()= 1 (= ’/(g(h(x)g)- g ’(h(xg)- h'() o
r (= (gh@)) o' (h()-h ‘W)=t "(02) 9'@-2=1 '(3)- 5 4=6. 5. 4=120

1. : :
65. s(t)=10+ 28N (107t)= thevelocity after t secondsis
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v(t)=s /(t): %r cos (107t)(107)= % cos (10rt) cm/ s.

. / . )
66. (a) s=Acos(wt+d)= velocity =s =—w Asin (wt+)) .

nr
(b) If A0 andw 0 , then s ' =0 8in (wt+5)=0e w t+5 =nr <t= == naninteger

27t dB 2mt 2 0.7 2t _In 2t
67. (a) B(t)-4.0+0.35$|n 547 d <O 35co 54 ) < 54 >_H cos T4~ cos T4
B _7x 27T

(b) Att=1, | qt 5400 5—4~016

68. L (t)=12+2.8sin ( ;7;5 (t- 80)) L '(t)=2.8cos ( §g5 t- 80)) ( %5 ) |
On March 21, t=80 , and L ' (80)~ 0.0482 hours per day. On May 21, t=141, and L ' (141)~0.02398 ,
which is approximately one-half of L /(80) :

69. s(t)=2¢ sin 21t=

v(t)=s' (=2 [ & (cos 2t)(2r)+(sin 27t)e “*(-1.5) | =26 *¥ (2 cos 211 5sin 2:t)

Graph of
position 0 { \/ N J )

-1

Graph of
velocity /\

70.(a) lim p(t)=lim L 1 —1,sincek>0:>—kt—>—oo:>e7kt—>0.
t— o0 t— o0 1+ae Tkt 1+a 0
k-1 d kae
(b) pt)=(1+ae ) = € = (1+ae ) (kae )—
k.2
(1tae )

(©)
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0 . 10

From the graph of p(t):(1+10e70'5t)71 , it seems that p(t)=0.8 (indicating that 80% of the population
has heard the rumor) when t~ 7.4 hours.

71. (a) Using acalculator or CAS, we obtain the model Q:abt with a=100.0124369 and

b=0.000045145933 . We can change this model to one with base e and exponent Inb | b=e inb from

. : Inb -10.
precal culus mathematics or from Section 7.3]: Q:aet "°-100.012437¢ 10 005531t.

(b) UseQ /(t):abtln b or the calculator command nDeriv(Y 7 X, .04) withY 1:abx to get

Q /(0.04)z—670.63yA The result of Example 2 in Section 2.1 was -670uA.

72.(a) P=ab with a=4.502714 10 ° and b=1.029953851 ,

where P is measured in thousands of people. The fit appears to be very good.

32,000 (P in thousands)

-/ 1865

1785 >

5308-3929 7240-5308
(b) For 1800: m = Ton-—-05 =137.9 , M= 707 57a00

SoP /(1800)m (m1+m2)/2:165.55 thousand people/ year.

23,192-17,063 _ ~ 31,443-23,192
For 1850: ml— 1850-1840 =612.9, m2— 1860-1850

So P /(1850)z (m1+m2)/2=719 thousand people/ year.

=193.2.

=825.1.

(c) Use the calculator command nDeriv(Y v X, .04) withY lzabx to get

P /(1800)% 156.85 and P /(1850)z 686.07. These estimates are somewhat |ess than the onesin part
(b).

(d) P(1870)~41,946.56. The difference of 3.4 million peopleis most likely due to the Civil War
(1861—1865).
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8
73. (a) Derivegives g /(t): &230 without simplifying. With either Maple or Mathematica, we first
(2+1)
L2 . 2]
getg (t)=9 -18 o and the simplification command results in the above expression.

(2t+1) (2t+1)
(b) Derivegivesy /:2(x3—x+1)3(2x+1)4(17x3+6x2—9x+3) without simplifying.
With either Maple or Mathematica, we first get y '=10(2x+1) 03+ 1) +402x+ 1) 0+ 1)° (3¢-1) .
If we use Mathematica's Factor or Simplify , or Maple’ sfactor , we get the above expression, but

Maple' s simplify gives the polynomial expansion instead. For locating horizontal tangents, the
factored form is the most helpful.

4
X —X+1

3| 5
X +x+1

whereas either Maple or

A 12
74. (a) f(x):< X4_X+1 > . Derivegives /(%)=

X +x+1 (x4+x+1) (x4—x+1)

3x4—1

Mathematica give f /(x): after simplification.

x4—x+1 4 2
(X +x+1)

X +x+1
/ 1
(b) f (x):0<:)3x4—1:0<:>x:i—\4/ 3 ~+075%.

(c) f /(x):O where f has horizontal tangents. f / has two maxima and one minimum where f has
inflection points.
3

f

|

75. (a) If f iseven, then f(X)=f(-x) . Using the Chain Rule to differentiate this equation, we get
/0=t (%) d—‘i ()=—F (%) . Thus, f "=t '), 50 f " isodd.
(b) If f isodd, then f(x)=f(-x) . Differentiating this equation, we get f '()=f '(-)(-1)=f '(-x) ,

/.
o f iseven.
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76.

feo 7/ . ) i
[ 9(x) ] :{ fOQl9(x)] 1} - '00[900] D[] g (0 F(0)

10 109’09 _ f 90019 ')
99 g1 [g]?

77.(a)

dx \3N XCOSNX] =nsin "~ "Xcos xcos Nx+sin x(-Nsin nx) [Product Rule]

. n-1 . . . n-1
=nsin  X(COS NXCOS X-SiN NXSin X) [factor out nsin® x|
—nsin " xcos (NX+X) [Addition Formulafor cosine]
. nl
=nsin " xcos [(N+1)x] [factor out x ]
(b)
d (cos "xcos nx) “L(s N (-nsi [Product Rule€]
dx =ncos  X(-Sin X)cos nx+cos X(—nsin nx)
n-1 : . n-1
=-Nncos  X(COS Nxsin x+sin NXcos X) [factor out ncos X ]
= ncos" xsin (nx+X) [Addition Formulafor sine]
1.
= ncos' xsn [(n+1)X] [factor out x ]

78. "' Therate of change of y5 with respect to x is eighty timesthe rate of change of y with respect to

X" (;j y =80 gy 5y4 gy =80 Sy 5y4:80 (Note that dy +# 0 since the curve never hasa

ax
horizontal tangent) <y :16@ y=2 (since y>0for all x)

79. Since9°:< Z )9 rad, we have

180

d ( 9 )_g 7, 7 TP o°
go \3n a0 \5" 180¢ )= 180 ©°S 180 Y~ 180 ¢S

80. (a) f(x):|x|:\/?:(x V2 ¢ /(x):% ) V2= -2 =2 forx=0.

\/; "X |

f isnot differentiable at x=0 .
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(b) f()=lsinxj=\ sin x =

[ 1 2 12 . _sinx _ cosx if sinx>0
f (x)—z(sm X) 23N X-CoSX= |sinx|COSX_{ “cosx if sinx<0

XX @L\“\ >
SN N

f isnot differentiable when x=nr , n an mteger

(© g(x)= sm|x| sm\/_:>g (X)=cos |X|- l—l—l—lcosx—

cosx if x>0
—cosx If x<0

gisnot dlfferentlable ao.

81. First note that products and differences of polynomials are polynomials and that the derivative of
apolynomial isaso apolynomial. When n=1,

/ / A (X)
(e ( P(X) ) '_ QWP (x)—P(ZX)Q ¥)__"1 — . where Al(x):Q(x)P/(x)fP(x)Q ).
QK [QM)] [QM)]

Suppose the result istrue for n=k, wherek>1. Then f(k)(x):

A
(ol
(1 - < A >’_ QRO A (0-A K- (DRI Q %)
Qe {Qul Y
QWA 09 (D AMIQIQ '

2k+2

QM)
IQUITA ) R+ DAXQ (¥} QXA (- (+DAXR ()

QM1 TR N
=A  OVMQMI ™, where A ()=Q()A () (+1)A(XQ (%) .

We have shown that the formula holds for n=1, and that when it holds for n=k it also holds for
n=k+1. Thus, by mathematical induction, the formula holds for all positive integers n.




