












5.1 • Solutions   263 

 25. If λ  is an eigenvalue of A, then there is a nonzero vector x  such that λ .=x xA  Since A is invertible, 
1 1(λ ),− −=x xA A A  and so 1λ( ).−=x xA  Since ≠x 0  (and since A is invertible), λ  cannot be zero. Then 
1 1λ ,A− −=x x  which shows that 1λ−  is an eigenvalue of 1.−A  

Note: The Study Guide points out here that the relation between the eigenvalues of A and 1A−  is important in 
the so-called inverse power method for estimating an eigenvalue of a matrix. See Section 5.8. 

 26. Suppose that 2A  is the zero matrix. If λA =x x  for some ,≠x 0  then 2 2( ) (λ ) λ λ .A A A A A= = = =x x x x x  
Since x is nonzero, λ  must be nonzero. Thus each eigenvalue of A is zero. 

 27. Use the Hint in the text to write, for any λ ( λ ) (λ ) λ .T T T TA I A I A I, − = − = −  Since ( λ )TA I−  is invertible 
if and only if λA I−  is invertible (by Theorem 6(c) in Section 2.2), it follows that λTA I−  is not 
invertible if and only if λA I−  is not invertible. That is, λ  is an eigenvalue of TA  if and only if λ  is an 
eigenvalue of A. 

Note: If you discuss Exercise 27, you might ask students on a test to show that A and TA  have the same 
characteristic polynomial (discussed in Section 5.2). Since det det ,= TA A  for any square matrix A, 

  det( λ ) det( λ ) det( (λ ) ) det( λ )T T TA I A I A I A I− = − = − = − .  

 28. If A is lower triangular, then TA  is upper triangular and has the same diagonal entries as A. Hence, by the 
part of Theorem 1 already proved in the text, these diagonal entries are eigenvalues of .TA  By Exercise 
27, they are also eigenvalues of A. 

 29. Let v be the vector in nR  whose entries are all ones. Then .A s=v v  

 30. Suppose the column sums of an n n×  matrix A all equal the same number s. By Exercise 29 applied to 
TA  in place of A, the number s is an eigenvalue of .TA  By Exercise 27, s is an eigenvalue of A. 

 31. Suppose T reflects points across (or through) a line that passes through the origin. That line consists of all 
multiples of some nonzero vector v. The points on this line do not move under the action of A. So 

( ) .=v vT  If A is the standard matrix of T, then .=v vA  Thus v is an eigenvector of A corresponding to 
the eigenvalue 1. The eigenspace is Span { }.v  Another eigenspace is generated by any nonzero vector u 
that is perpendicular to the given line. (Perpendicularity in 2R  should be a familiar concept even though 
orthogonality in nR  has not been discussed yet.) Each vector x on the line through u is transformed into 
the vector .−x  The eigenvalue is 1.−  

 33. (The solution is given in the text.) 

a. Replace k by 1k +  in the definition of ,xk  and obtain 1 1
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5.2 • Solutions   271 

 28. [M] 
  Answers will vary, but should show that the eigenvectors of A are not the same as the eigenvectors  

of ,TA  unless, of course, .=TA A  

 29. [M] Answers will vary. The product of the eigenvalues of A should equal det A. 

 30. [M] The characteristic polynomials and the eigenvalues for the various values of a are given in the 
following table: 

a Characteristic Polynomial Eigenvalues 
31.8 2 34 2 6 4t t t−. − . + −  3 1279 1 1279. , , − .  

31.9 2 38 3 8 4t t t. − . + −  2.7042, 1, .2958 

32.0 2 32 5 4t t t− + −  2, 1, 1 

32.1 2 33 2 6 2 4t t t. − . + −  1 5 9747 1i. ± . ,  

32.2 2 34 4 7 4 4t t t. − . + −  1 5 1 4663 1i. ± . ,  

   The graphs of the characteristic polynomials are: 

 

Notes: An appendix in Section 5.3 of the Study Guide gives an example of factoring a cubic polynomial with 
integer coefficients, in case you want your students to find integer eigenvalues of simple 3 3×  or perhaps 
4 4×  matrices. 

The MATLAB box for Section 5.3 introduces the command poly (A), which lists the coefficients of 
the characteristic polynomial of the matrix A, and it gives MATLAB code that will produce a graph of the 
characteristic polynomial. (This is needed for Exercise 30.) The Maple and Mathematica appendices have 
corresponding information. The appendices for the TI and HP calculators contain only the commands that list 
the coefficients of the characteristic polynomial. 





















































































































Chapter  5 • Supplementary  Exercises   329 

 q. False. If A is a diagonal matrix with 0 on the diagonal, then the columns of A are not linearly 
independent. 

 r. True. If 1A λ=x x  and 2 ,=x xA λ  then 1 2λ λ=x x  and 1 2( ) .− =x 0λ λ  If ,≠x 0  then 1λ  must equal 2.λ  

 s. False. Let A be a singular matrix that is diagonalizable. (For instance, let A be a diagonal matrix with 
0 on the diagonal.) Then, by Theorem 8 in Section 5.4, the transformation Ax x6  is represented by 
a diagonal matrix relative to a coordinate system determined by eigenvectors of A. 

 t. True. By definition of matrix multiplication, 
  1 12 2[ ] [ ]n nA AI A A A A= = =e e e e e e" "  

  If =e ej j jA d  for 1 ,= , ,j … n  then A is a diagonal matrix with diagonal entries 1 ., , nd … d  

 u. True. If 1,−=B PDP  where D is a diagonal matrix, and if 1,−=A QBQ  then 
1 1 1( ) ( ) ( ) ,− − −= =A Q PDP Q QP D PQ  which shows that A is diagonalizable. 

 v. True. Since B is invertible, AB is similar to 1( ) ,−B AB B  which equals BA. 

 w. False. Having n linearly independent eigenvectors makes an n n×  matrix diagonalizable (by the 
Diagonalization Theorem 5 in Section 5.3), but not necessarily invertible. One of the eigenvalues  
of the matrix could be zero. 

 x. True. If A is diagonalizable, then by the Diagonalization Theorem, A has n linearly independent 
eigenvectors 1, ,v vn…  in .Rn  By the Basis Theorem, 1{ }, ,v vn…  spans .Rn  This means that each 
vector in nR  can be written as a linear combination of 1 ., ,v vn…  

 2. Suppose B ≠x 0  and = λx xAB  for some λ . Then ( ) .= λx xA B  Left-multiply each side by B and obtain 
( ) ( ) ( ).= λ = λx x xBA B B B  This equation says that Bx is an eigenvector of BA, because .≠x 0B  

 3. a. Suppose ,= λx xA  with .≠x 0  Then (5 ) 5 5 (5 ) .− = − = − λ = − λx x x x x xI A A  The eigenvalue  
is 5 .− λ  

b. 2 2 2(5 3 ) 5 3 ( ) 5 3( ) (5 3 ) .− + = − + = − λ + λ = − λ + λx x x x x x x xI A A A A A  The eigenvalue is 
25 3 .− λ + λ  

 4. Assume that A λ=x x  for some nonzero vector x. The desired statement is true for 1,=m  by the 
assumption about λ . Suppose that for some 1,≥k  the statement holds when .=m k  That is, suppose  
that .=x xk kA λ  Then 1 ( ) ( )k k kA A A A λ+ = =x x x  by the induction hypothesis. Continuing, 

1 1 ,+ += =x x xk k kA Aλ λ  because x is an eigenvector of A corresponding to A. Since x is nonzero, this 
equation shows that 1kλ +  is an eigenvalue of 1,+kA  with corresponding eigenvector x. Thus the desired 
statement is true when 1.= +m k  By the principle of induction, the statement is true for each positive 
integer m. 

 5. Suppose ,= λx xA  with .≠x 0  Then 
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  So ( )λp  is an eigenvalue of ( ).p A  










