Orthogonality and
Least Squares

6.1 SOLUTIONS

Notes: The first half of this section is computational and is easily learned. The second half concerns the
concepts of orthogonality and orthogonal complements, which are essential for later work. Theorem 3 is an
important general fact, but is needed only for Supplementary Exercise 13 at the end of the chapter and in
Section 7.4. The optional material on angles is not used later. Exercises 27-31 concern facts used later.

i -1 4 s 2 v-u 8
1. Since u= and v = ,uu=C-D)"+2"=5,v-u=4(-1)+6(2)=8,and — =—.
2 6 u-u 5
3 6
2. Since w=| —1|and x=| 2|, w-w=3"+(=1)*+(=5)* =35, x- w=6(3) + (-=2)(=1) + 3(-5) = 5, and
-5 3
xw_5_1
w-w 35 7
3 3/35
3. Since w=| -1, w-w=3%+(=1)*+(-5)* =35, and w=|-1/35]|.
-5 wow ~1/7
. [-1] s 1 ~1/5
4. Since u= ,wru=(-1)"+2"=5and —u= .
| 2] u-u 2/5
: __1_ 4 2 2
5. Since u= 5 and v = 6l u-v=>-1)4)+26)=8, v.-v=4"+6" =52, and
u-v 214 8/13
— V== = .
V'V 13| 6 12/13
6] 3
6. Since x=| 2| and w=| —-1|, x- w=6(3) + (-2)(=1) + 3(-5) =3, x-x =6 +(=2)* +3* =49, and
3] -5
S 6 30/49
(ﬂsz_ 2 0=|-10/49|.
X-X 49
3 15/49
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3
7. Since w=| 1|, [wll=v/Ww-w =32 + (-1) + (=5)* =35,
-5

6
8. Since x=| -2 |, || x|=vVx-x =62+ (-2)2 +3% =49 =7.
3
9. A unit vector in the direction of the given vector is
1 =30 1{-30| |-3/5
[(230)2 1407 | 40] 50| 40] | 4/5

10. A unit vector in the direction of the given vector is

-6 -6 —6/~/61

: 12 —| 4 :% 41=| 4/61

Jeor a2+ (37| 5| VoU 5| | L =

11. A unit vector in the direction of the given vector is
1 7/4 o[ 71369
1/2|= 1/2|=|2//69
H% +(1/2)% +12 69/16

Ja14y? +ar2)° + Y 1 | aves

12. A unit vector in the direction of the given vector is

1 {8/3}_ 1 {8/3}_{4/5}
Jorr 22| 2] oo 2] [3/5

13. Since x = 3 and y = it | x—y|P=[10-(=D]* +[-3—(=5)> =125 and dist (x,y) =~/125 =5/5.
. L
14. Since u=|-5| and z=| -1 |, |lu—-z|*=[0—(-4)]* +[-5—(=1)]* +[2—8]* =68 and
2 8

dist (u,z) = J?s =2/17.
15. Since a - b = 8(-2) + (-5)(-3) = -1 %0, a and b are not orthogonal.
16. Since u - v=12(2) + (3)(-3) + (-5)(3) = 0, u and v are orthogonal.
17. Since u - v=3(—4) + 2(1) + (-5)(-2) + 0(6) = 0, u and v are orthogonal.
18. Sincey - z=(-3)(1) + 7(-8) + 4(15) + O(-7) = 1 # 0, y and z are not orthogonal.

19. a. True. See the definition of || v ||.
b. True. See Theorem 1(c).
c. True. See the discussion of Figure 5.
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1 1
d. False. Counterexample: {O O}'

o

. True. See the box following Example 6.

. True. See Example 1 and Theorem 1(a).

. False. The absolute value sign is missing. See the box before Example 2.
. True. See the defintion of orthogonal complement.

. True. See the Pythagorean Theorem.

o & 6 T O

. True. See Theorem 3.

Theorem 1(b):
(u+v)-w:(u+v)TW:(uT +VT)W=llTW+VTW=ll-W+V-W
The second and third equalities used Theorems 3(b) and 2(c), respectively, from Section 2.1.
Theorem 1(c):
(cu)-v=(cu) v=c@'v)=c(u-v)
The second and third equalities used Theorems 3(c) and 2(d), respectively, from Section 2.1.

Since u - u is the sum of the squares of the entries in u, u - u > 0. The sum of squares of numbers is zero
if and only if all the numbers are themselves zero.

One computes that u - v = 2(=7) + (<5)(—4) + (=1)6 = 0, ||u|f=u-u=2% +(-5)* + (-1)* =30,

IVvIF=v-v=(-7)*+(-4)*+6> =101, and |Ju+v|’=u+v)-(u+v)=

2+ (=7)% + (=5 + (—4)* + (-1 +6)> =131.

One computes that
lu+v|P=@+v)-+v)=u-u+2u-v+v-v=|u| +2u-v+| v|}
and
Jlu-v|f=@-v)-u-v)=u-u-2u-v+v-vul’ 2u-v+| v|’
SO

v [P+ lu=viP=lulP 2w vl vIF +lalP 2w v+ | vIP=2]lu | «2[ v

When v = {Z}, the set H of all vectors B} that are orthogonal to v is the subspace of vectors whose
entries satisfy ax + by = 0. If a # 0, then x = — (b/a)y with y a free variable, and H is a line through the
origin. A natural choice for a basis for H in this case is { {_ﬂ } If a=0and b # 0, then by = 0. Since
b#0,y=0and x is a free variable. The subspace H is again a line through the origin. A natural choice
for a basis for H in this case is { EJ }, but { {_ﬂ } is still a basis for Hsincea=0and b #0.Ifa=0

and b = 0, then H = R since the equation Ox + Oy = 0 places no restrictions on x or y.

Theorem 2 in Chapter 4 may be used to show that W is a subspace of R’, because W is the null space of
the 1 x 3 matrix u’. Geometrically, W is a plane through the origin.
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If y is orthogonal tou and v, then y - u =y - v =0, and hence by a property of the inner product,
y-u+v)=y-u+y:-v=0+0=0.Thusy is orthogonal to u + v.

An arbitrary w in Span{u, v} has the form w=cu+c¢,v.If y is orthogonal to u and v, then
u-y=v-y=0.By Theorem 1(b) and 1(c),
w-y=(cu+cv) y=c-y)+c(vy)=0+0=0

A typical vector in W has the form w=¢;v, +...+¢,v . If xis orthogonal to each v;, then by Theorems
1(b) and 1(c),
W-X=(qV;+...+¢,V,)y=¢ (V- X)+...4+¢,(v,-X)=0

So x is orthogonal to each w in W.

a. Ifzisin W+, uisin W, and ¢ is any scalar, then (cz) - u=c(z - u) — c0 = 0. Since u is any element of
W, czisin Wt.

b. Let z, and z, be in W*. Then for any uin W, (z, +z,)-u=z,-u+z, -u=0+0=0. Thus z, +z, is
in W,

c. Since 0 is orthogonal to every vector, 0is in W*. Thus W is a subspace.

Suppose that x is in Wand W*. Since x is in W*, x is orthogonal to every vector in W, including x
itself. So x - x = 0, which happens only when x = 0.

M]
a. One computes that ||a, ||=||a, ||=[|a; [|=||a, |=1 and that a,-a; =0 fori=#}.
b. Answers will vary, but it should be that || Au || =||u || and || Av || = ]| v ||.
c. Answers will again vary, but the cosines should be equal.
d. A conjecture is that multiplying by A does not change the lengths of vectors or the angles between
vectors.
[M] Answers to the calculations will vary, but will demonstrate that the mapping x > 7'(x) = (ﬂj v
V-V

(for v # 0) is a linear transformation. To confirm this, let x and y be in R”, and let ¢ be any scalar. Then

T(X+y):((x+y)-vjv:((x.v)+(y-v)jv :(ﬂjv{ujvzr(xﬂny)
V-V v )

vV-v 'V \ AR

T(cx):((CX)'V)V:(C(X'V)jV:c(ﬂjv:cT(x)
V-V V-V V-V

[M] One finds that

and

-5 1]

-1 4 1 0 5 0 -1/3
N=l1 O|,R=|0 1 1 0 -4/3

0 -1 0 00 1 1/3

_O 3_
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The row-column rule for computing RN produces the 3 x 2 zero matrix, which shows that the rows of R
are orthogonal to the columns of N. This is expected by Theorem 3 since each row of R is in Row A and
each column of N is in Nul A.

6.2

SOLUTIONS

Notes: The nonsquare matrices in Theorems 6 and 7 are needed for the QR factorizarion in Section 6.4. It is
important to emphasize that the term orthogonal matrix applies only to certain square matrices. The
subsection on orthogonal projections not only sets the stage for the general case in Section 6.3, it also
provides what is needed for the orthogonal diagonalization exercises in Section 7.1, because none of the
eigenspaces there have dimension greater than 2. For this reason, the Gram-Schmidt process (Section 6.4) is
not really needed in Chapter 7. Exercises 13 and 14 prepare for Section 6.3.

1. Since

2. Since

3. Since

4. Since

5. Since

6. Since

-1]1] 3
41| -4 |=2=#0, the set is not orthogonal.
=3 -7
1] [o 1 [-5] [o]]-5
2|/ 1|=|-21||-2]|=| 1||-2|=0, the set is orthogonal.
1] {2 1 1 2 1
6] 3
-3 1|=-30=0, the set is not orthogonal.
9] [-1
2] [0 21 4] [ 4|
=51-10|=[-5|-|-2|=|0]|:| -2 |=0, the set is orthogonal.
-3110 -3 6] | 6|
31[=1] [ 3][3] [-1][3]
-2 3 2118 3118 .
= = . =0, the set is orthogonal.
-3 7 =317
3] 4] 3110/ | 4][0]
_4_ B b
1 .
1 . =-32 =0, the set is not orthogonal.
8] [—1]

7. Since u,-u, =12-12=0, {u,,u,} is an orthogonal set. Since the vectors are non-zero, u, and u, are

linearly independent by Theorem 4. Two such vectors in R> automatically form a basis for R*. So
{u,,u,} is an orthogonal basis for R2. By Theorem 5,

X-u, X-u,

1
X= u, + =3u, +Eu2

u - u,-u,
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Since u, -u, =-6+6=0, {u,,u,} is an orthogonal set. Since the vectors are non-zero, u, and u, are

linearly independent by Theorem 4. Two such vectors in R automatically form a basis for R*. So
{u,,u,} is an orthogonal basis for R>. By Theorem 5,
X-u X-u,

3
X = u, + =——u +—u,
u;-u; u,-u, 2 4

Since u, -u, =u, -u; =u, -u; =0, {u,u,.u,} is an orthogonal set. Since the vectors are non-zero, u,,
u,, and u, are linearly independent by Theorem 4. Three such vectors in R* automatically form a basis
for R’. So {u,,u,,u,} is an orthogonal basis for R*. By Theorem 5,

X-u X-u, X-u 5

3
X= u, + + u; =—u, ——u, +2u,
u -u u,-u, u;-u, 2

Since u, -u, =u,-u; =u,-u; =0, {u,u,.u,} is an orthogonal set. Since the vectors are non-zero, u,,
u,, and u, are linearly independent by Theorem 4. Three such vectors in R* automatically form a basis
for R°. So {u,,u,,u,} is an orthogonal basis for R*. By Theorem 5,

X-u X-u, X-U 4
X= u, + + Uy =—u, +-u, +—U,
u - u,-u, u;-u, 3 3 3

1 —4
Let y= {7} and u= { 2}. The orthogonal projection of y onto the line through u and the origin is the

orthogonal projection of y onto u, and this vector is

. Yyu 1 2
y:—u:—u:
u-u 2 -1

1 -1
Lety= { J and u= { 3}. The orthogonal projection of y onto the line through u and the origin is the

orthogonal projection of y onto u, and this vector is

. y-u 2 2/5
y:—u:——u:
u-u 5 -6/5

The orthogonal projection of y onto u is

. y-u 13 —4/5
y:—u:——u:
u-u 65 7/5

The component of y orthogonal to u is

1455
Y=Y=l g5

o SN IR
us y = —-¥y)= )
Y=YrW=Y= s 1t sss

The orthogonal projection of y onto u is

. yu 2 14/5
y:—u:—u:
u-u 5 2/5
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The component of y orthogonal to u is

. [-4s5
Y=Y=1o8ss

o SORNE LI
us = — = .
Y=YrW=Y= 55T 2sss

15. The distance from y to the line through u and the origin is |[y — ¥ ||. One computes that

A y-u 31 318 3/5
— = ——u= _— =
Yoy Y T 10l | ass
so ||y =¥ 1=+9/25+16/25 =1 is the desired distance.

16. The distance from y to the line through u and the origin is |[y — ¥ ||. One computes that

s

so |y =9 ||=~/36+9 =35 is the desired distance.

1/3 -1/2
17. Letu=|1/3|, v= 0|. Since u- v =0, {u, v} is an orthogonal set. However, ||u|*=u-u=1/3 and
1/3 1/2

| vIP=v-v=1/2, so {u, v} is not an orthonormal set. The vectors u and v may be normalized to form

the orthonormal set

373 272

il
u A\

V33| 212

0 0
18. Letu=| 1|, v=|—1|. Sinceu: v=-1#0, {u, v} is not an orthogonal set.
0 0
—6 8] . . ,
19. Let u= sl Y=l el Since u- v =0, {u, v} is an orthogonal set. Also, ||u|*=u-u=1 and

|vIF=v-v=1, so {u, v} is an orthonormal set.

-2/3 1/3
20. Let u=| 1/3|, v=|2/3/|. Sinceu-v=0, {u, v} is an orthogonal set. However, ||u|*=u-u=1 and
2/3 0

| vI?=v-v=5/9, so {u, v} is not an orthonormal set. The vectors u and v may be normalized to form

the orthonormal set

/3] | 1145

{“ V}: 1731, 2/45

TINEZI AR
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1/:/10 3/4/10 0
Let u=|3/~20 , V= -1/~/20 ,and w= ~1/:2 .Sinceu-v=u-w=v-w=0, {u,v,w}isan

3/420 ~1/+20 1/42

orthogonal set. Also, ||u|f=u-u=1, ||v|’=v-v=1, and ||w|*=w-w=1, so {u, v, w} is an
orthonormal set.

1//18 12 -2/3
Let u= 4/@ , V= 0|, and w=| 1/3|. Sinceu-v=u-w=v-w=0, {u,v,w}isan

/18 ~1/2 -2/3

orthogonal set. Also, ||u|’=u-u=1, ||v|’=v-v=1, and ||w|*=w-w=1, so {u, v, w} is an
orthonormal set.

True. For example, the vectors u and y in Example 3 are linearly independent but not orthogonal.
True. The formulas for the weights are given in Theorem 5.

a.

b.

c. False. See the paragraph following Example 5.

d. False. The matrix must also be square. See the paragraph before Example 7.
e.

False. See Example 4. The distance is |ly — § ||.

a. True. But every orthogonal set of nonzero vectors is linearly independent. See Theorem 4.

. False. To be orthonormal, the vectors is S must be unit vectors as well as being orthogonal to each
other.

c. True. See Theorem 7(a).
d. True. See the paragraph before Example 3.
e. True. See the paragraph before Example 7.

To prove part (b), note that
Ux)-(Uy)=Ux)' Uy)=x"U"Uy =x"y =x-y
because U'U =1.If y = x in part (b), (Ux) - (Ux) =X - X, which implies part (a). Part (c) of the Theorem

follows immediately fom part (b).

A set of n nonzero orthogonal vectors must be linearly independent by Theorem 4, so if such a set spans
W it is a basis for W. Thus W is an n-dimensional subspace of R", and W =R".

If U has orthonormal columns, then U U =1 by Theorem 6. If U is also a square matrix, then the
equation U'U =1 implies that U is invertible by the Invertible Matrix Theorem.

If U is an n x n orthogonal matrix, then I =UU ™' =UU" . Since U is the transpose of U, Theorem 6

applied to U” says that U has orthogonal columns. In particular, the columns of U” are linearly
independent and hence form a basis for R" by the Invertible Matrix Theorem. That is, the rows of U form
a basis (an orthonormal basis) for R”".

Since U and V are orthogonal, each is invertible. By Theorem 6 in Section 2.2, UV is invertible and
wv)'=vluTt =v'u" = (V)" where the final equality holds by Theorem 3 in Section 2.1. Thus UV
is an orthogonal matrix.
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If U is an orthogonal matrix, its columns are orthonormal. Interchanging the columns does not change
their orthonormality, so the new matrix — say, V — still has orthonormal columns. By Theorem 6,

VTV =1. Since Vis square, V' =V~ by the Invertible Matrix Theorem.

Suppose that § = RALIY Replacing u by cu with ¢ # 0 gives
u-u
2
y-(cu) cu)= cz(y w (©u = cz(y W, _yuw o
(cu)-(cu) c (u-u) c (u-u) u-u

So § does not depend on the choice of a nonzero u in the line L used in the formula.

If v,-v, =0, then by Theorem 1(c) in Section 6.1,

(c,v))(c,v,) = [V, (V)] =, (V- V,) =¢,c,0=0

Let L = Span{u}, where u is nonzero, and let 7(x) = XUy For any vectors X and y in R" and any
u-u

scalars ¢ and d, the properties of the inner product (Theorem 1) show that
T(CX + dy) — wu

_xu+t dy-u u
u-u

=cT(x)+dT(y)
Thus 7 is a linear transformation. Another approach is to view 7 as the composition of the following
three linear mappings: x> a=X-v,at> b=a/v-v,and b > bv.
Let L = Span{u}, where u is nonzero, and let T'(x) =refl,y = 2proj,y —y . By Exercise 33, the mapping
y > proj,y is linear. Thus for any vectors y and z in R" and any scalars ¢ and d,
T(cy+dz)=2proj, (cy+dz)—(cy+dz)
=2(c proj,y +d proj,z) —cy —dz
=2c proj,y —cy +2d proj,z—dz
=c(2 proj,y —y)+d(2 proj,z — z)
=cT(y)+dT(z)

Thus 7 is a linear transformation.

[M] One can compute that A” A =1001,. Since the off-diagonal entries in A" A are zero, the columns of
A are orthogonal.
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36. [M]
a. One computes that U'U =1I,, while

82 0 -20 8 6 20 24 0
0 42 24 0 -20 6 20 -32
20 24 58 20 0 32 0 6
ULﬂ":[—l—J 8 0 20 8 24 -20 6 0
100 6 -20 0 24 18 0 -8 20

20 6 32 20 0 58 0 24
24 20 0 6 -8 0 18 =20
0 -32 6 0 20 24 -20 42

The matrices U'U and UU” are of different sizes and look nothing like each other.

b. Answers will vary. The vector p=UU"y is in ColU because p=U(U"y) . Since the columns of U
are simply scaled versions of the columns of A, ColU = ColA. Thus each p is in Col A.

¢. One computes that U’z =0.

d. From (c), z is orthogonal to each column of A. By Exercise 29 in Section 6.1, z must be orthogonal to
every vector in Col A; that is, z is in (Col A)i.

6.3 SOLUTIONS

Notes: Example 1 seems to help students understand Theorem 8. Theorem 8 is needed for the Gram-Schmidt
process (but only for a subspace that itself has an orthogonal basis). Theorems 8 and 9 are needed for the
discussions of least squares in Sections 6.5 and 6.6. Theorem 10 is used with the QR factorization to provide a
good numerical method for solving least squares problems, in Section 6.5. Exercises 19 and 20 lead naturally
into consideration of the Gram-Schmidt process.

1. The vector in Span{u,} is

10
-6
XU4 4—2“4:2]_14:
u,-u, 36 -2
2
, X U,
Since x = cju, +c,u, +c;u; + ————u,, the vector
4 Uy
10 10 0
X Uy, 3 -8 -6 3 -2
uw,ou, | 2] (2] | 4
0 2] |2

isin Span{u,,u,,u,}.
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. The vector in Span{u,} is

2
v-u 14 4
Ly, =—u, =2u, =
u, -u, 2
2
. vy
Since x = u, +c,u, +cu;y +c,u,, the vector
u, -u
2 2
Vo, 5 4 1
V- u, = - |=
u, - =31 (2 -5
3] |2 1

isin Span{u,,u;,u,}.

. Since u, -u, =-1+1+0=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto

Span{u,,u,} is

1 -1 -1

y: y-ul u1+ Y‘uz u2:§u1+§u2:§ 1 +§ 1 = 4
u,-u, u,-u, 2 2 2 2

0 0 0

. Since u, -u, =-12+12+0=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto
Span{u,,u,} is
—4

y.u1u+y~u2u_£ 15 64_% 3=

=—u -——u, =—
uou o ouw,euw, 025 25 ° 5

y=

S W AN

. Since u, -u, =3+1-4=0, {u;,u,} is an orthogonal set. The orthogonal projection of y onto

Span{u,,u,} is

T I e

y: y-u u, + yu W, =—u, ——u, =— —1|-=/-1|=| 2
wou | wew, D 14 6 2 2

2 20 | 6

. Since u, -u, =0-1+1=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto

Span{u,,u,} is

27 5 374 50|
y: y-ul u1+ Y‘uz u2:__u1+_u2:__ _1 + — 1 = 4
u, -u, u,-u, 18 2 2 | 1 1

. Since u, -u, =5+3-8=0, {u,,u,} is an orthogonal set. By the Orthogonal Decomposition Theorem,

, [l 713

=Y My + YNy —ou 2w, =| 2/3|z=y-§=| 7/3
u, -u, u,-u, 3

8/3 7/3

andy = § + z, where § isin Wand zisin W+,
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8. Since u,-u, =-1+3-2=0, {u,,u,} is an orthogonal set. By the Orthogonal Decomposition Theorem,

. 3/2 -5/2
y:y~u1 ul+)"u2 u2=2u1+—u2: 7/2 ,Z:y—y: 1/2
u, -y u, -u, 2 1 2

andy = § + z, where § isin Wand z isin W,

9. Since u,-u, =u, -u; =u, -u; =0, {u;,u,,u,} is an orthogonal set. By the Orthogonal Decomposition

Theorem,
2 2
. . * 4 _1
5’:yu1u1+yu2 u2+yu3 “3:2“1"'2“2_2“3: Z=y-§=
u, -uy u,-u, Uz -uy 3 3 0 3
0 -1

andy = § + z, where § isin Wand z isin W™,

10. Since u,-u, =u,-u; =u, -u; =0, {u,,u,,u,} is an orthogonal set. By the Orthogonal Decomposition

Theorem,
5 -2
. . * 2 2
5\,:yllllll_f_yllz u2+yu3 u3:lul+ﬁu2_§u3: ’Z:y—y:
u, -y u,-u, u; -u, 3 3 3 3 2
6 0

andy = § + z, where § isin Wand zisin W+,

11. Note that v, and v, are orthogonal. The Best Approximation Theorem says that § , which is the
orthogonal projection of y onto W =Span{v,,v,}, is the closest point to y in W. This vector is

3
. . -1
y= Y Vi v, + y Vs v2:1v1+§v2—
v, -V, vV, V, 2 2 1
-1

12. Note that v, and v, are orthogonal. The Best Approximation Theorem says that § , which is the
orthogonal projection of y onto W =Span{v,,v,}, is the closest point to y in W. This vector is

-1

. . -5
=V v, + Yy Vs v, =3v, +1v, =

ViV Vo'V, -

9

13. Note that v, and v, are orthogonal. By the Best Approximation Theorem, the closest point in
Span{v,,v,} tozis

-1

. Z-V Z-V, 2 7 -3
= v, + V,=—V, ==V, =

vV, 'V, vV, V, 3 3 -2
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14. Note that v, and v, are orthogonal. By the Best Approximation Theorem, the closest point in

15.

16.

17.

18.

19.

Span{v,,v,} tozis

1

A L'V, Z-v, 1 0

7= v, + v, ==V, +0v, =
AR vV, V, 2 -1/2
-3/2

The distance from the point y in R® to a subspace W is defined as the distance from y to the closest point
in W. Since the closest point in Wto y is § = proj,y, the desired distance is || y — ¥ ||. One computes that

3 2
§=/-9|,y-9=]0/, and ||y —§ II=/40 = 24/10.
-1 6

The distance from the point y in R* to a subspace W is defined as the distance from y to the closest point
in W. Since the closest point in W to y is § = proj,y, the desired distance is || y = ¥ ||. One computes that

-1 4
I .
y=| ;| ¥-¥=|, | and]ly-¥]=8.

9 4

8/9 -2/9 2/9

T 1 0 T
a. UTU=| o LUUT=|=2/9 519 4/9
2/9  4/9 5/9

b. Since U'U =1,, the columns of U form an orthonormal basis for W, and by Theorem 10
8/9 =2/9 2/9|4] |2
proj,y =UU"y=|-2/9  5/9 4/9|/8|=4]|
2/9  4/9 5/9|1 5

1/10  -3/10]

a. U'U =[1]=1,0U0" :{
-3/10  9/10

b. Since U'U =1, {u,} forms an orthonormal basis for W, and by Theorem 10

A 1710 -3/10][7] [-2
rO = = = .
Prowy Y= 3710 9n10]/9]7| 6

By the Orthogonal Decomposition Theorem, u, is the sum of a vector in W =Span{u,,u,} and a vector
v orthogonal to W. This exercise asks for the vector v:
0 0 0
V =U; — Proj,u; = U, —(—%ul +%u2j =10|-|-2/5|=|2/5
1 4/5 1/5

Any multiple of the vector v will also be in W*.
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By the Orthogonal Decomposition Theorem, u, is the sum of a vector in W =Span{u,,u,} and a vector
v orthogonal to W. This exercise asks for the vector v:
. . 0 0 0
v=u, —proj,u, =u, —| —u, ——u, |=|1 |- 1/5|=|4/5
4 ~ Projyuy 4(61302j
0| |-2/5 2/5

Any multiple of the vector v will also be in W*.

a. True. See the calculations for z, in Example 1 or the box after Example 6 in Section 6.1.

b. True. See the Orthogonal Decomposition Theorem.

c. False. See the last paragraph in the proof of Theorem 8, or see the second paragraph after the
statement of Theorem 9.

d. True. See the box before the Best Approximation Theorem.

e. True. Theorem 10 applies to the column space W of U because the columns of U are linearly
independent and hence form a basis for W.

. True. See the proof of the Orthogonal Decomposition Theorem.
. True. See the subsection “A Geometric Interpretation of the Orthogonal Projection.”
. True. The orthgonal decomposition in Theorem 8 is unique.

e T O

. False. The Best Approximation Theorem says that the best approximation to y is projy, y.
e. False. This statement is only true if X is in the column space of U. If n > p, then the column space of
U will not be all of R”, so the statement cannot be true for all x in R".

By the Orthogonal Decomposition Theorem, each x in R” can be written uniquely as X = p + u, with p in
Row A and u in (Row A)i. By Theorem 3 in Section 6.1, (Row A)l =Nul A, souisin NulA.

Next, suppose Ax = b is consistent. Let X be a solution and write X = p + u as above. Then
Ap=A(x—u)=Ax—-Au=Db -0 =Db, so the equation Ax = b has at least one solution p in Row A.

Finally, suppose that p and p, are both in RowA and both satisfy Ax =b. Then p—p, isin

Nul A = (Row A)*, since A(p -p,)=Ap—-Ap,=b-b=0. The equations p=p, +(p—p,) and

p = p + 0 both then decompose p as the sum of a vector in RowA and a vector in (Row A)" . By the
uniqueness of the orthogonal decomposition (Theorem 8), p =p,, and p is unique.

a. By hypothesis, the vectors w,, ..., w , are pairwise orthogonal, and the vectors v,, ..., v , are
pairwise orthogonal. Since w; isin Wfor any i and v; isin W+ for any j, w,-v,; =0 forany i/ and j.
Thus {wl,...,wp,vl,...,vq} forms an orthogonal set.

b. For any y in R”, write y = ¥ + z as in the Orthogonal Decomposition Theorem, with § in
W and z in W . Then there exist scalars CpyeensC) and dl,...,dq suchthat y=y+z=
aw, +...+c,W,+d, v, +...+d,v,. Thus the set {w,,...,w ,v,...,v_} spans R".
c. The set {w,,.. W Vi Vq} is linearly independent by (a) and spans R" by (b), and is thus a basis

for R”. Hence dimW +dimW* = p + ¢ =dim R".
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25. [M] Since U"U =1,, U has orthonormal columns by Theorem 6 in Section 6.2. The closest point to y in
Col U is the orthogonal projection y of y onto Col U. From Theorem 10,

[1.2]
4
1.2
1.2
4
1.2
4
4

>
Il
g
d
—
<«
Il

26. [M] The distance from b to ColU is || b — b ||, where b =UU "b. One computes that

2 8
92 .08
44 56
7 S ,b—b= 0 ,||b—f)||:@
-2 -8 5
—.44 -.56
6 -1.6
92| | -.08 ]

which is 2.1166 to four decimal places.

6.4 SOLUTIONS

Notes: The QR factorization encapsulates the essential outcome of the Gram-Schmidt process, just as the LU
factorization describes the result of a row reduction process. For practical use of linear algebra, the
factorizations are more important than the algorithms that produce them. In fact, the Gram-Schmidt process is
not the appropriate way to compute the QR factorization. For that reason, one should consider deemphasizing
the hand calculation of the Gram-Schmidt process, even though it provides easy exam questions.

The Gram-Schmidt process is used in Sections 6.7 and 6.8, in connection with various sets of orthogonal
polynomials. The process is mentioned in Sections 7.1 and 7.4, but the one-dimensional projection
constructed in Section 6.2 will suffice. The QR factorization is used in an optional subsection of Section 6.5,
and it is needed in Supplementary Exercise 7 of Chapter 7 to produce the Cholesky factorization of a positive
definite matrix.

-1
1. Set v, =x, and compute that v, =x, — X% v, =X, —3v, =| 5. Thus an orthogonal basis for W is
V-V, 3
311
0[,| 5
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X
2. Set v, =x, and compute that v, =x, —

0][ 5
41, 4
2] [-8

3. Set v, =x, and compute that v, =x, —

2 3
-51,13/2
1]1]3/2

4. Set v, =x,; and compute that v, =x, —

3113
41,
5013

S. Set v, =x, and compute that v, =x, —

1[5
411
0|4
1| -1

6. Set v, =x, and compute that v, =x, —

3 [ 4
1| 6
201 -3

5
. 1 . .
2 Vi Vv, =X, ——V, =| 4 |. Thus an orthogonal basis for W is
v, -V, 2 g
3
X, 'V, 1 . .
Vv, =X, ——V, =| 3/2|. Thus an orthogonal basis for W is
h 3/2
3
XN v, =X, —(-2)v, =| 6 |. Thus an orthogonal basis for W is
V'V, 3
5
X, 'V, 1 . .
vV, =X, -2V, = . Thus an orthogonal basis for W is
v, -V, —4
-1
4
X, V, 6 . .
v, =X, —(3)v, = . Thus an orthogonal basis for W is
v, -V, -3
0
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7. Since || v, |[=+/30 and || v, |=v/27/2 =36/2, an orthonormal basis for W is
2/:/30 | [ 2/4/6

{ A }: ~5//30 |,| 1/4/6

vl vy I ol e

8. Since || v, |=+/50 and || v, [|=~/54 =3/6, an orthonormal basis for W is
3/350 | | 176

{ Y Y o0 4/350 |,| 2/4/6

vl lva I sid50 | | 1v6

9. Call the columns of the matrix X,, X,, and X, and perform the Gram-Schmidt process on these vectors:

vV, =X,
1
X,V 3
V) =X, — 21 1 =X, —(2)v, =
v, -V, 3
-1
-3
1
"3:"3_)(3 M 5% 2 =X;3 Evl (_lj 2=
Vi'vy V'V, 2 2 1
3
3 1| |-3
_ . 3 1
Thus an orthogonal basis for W is | sl
3111 3

10. Call the columns of the matrix X, X,, and X; and perform the Gram-Schmidt process on these vectors:

vV, =X,
3
X,V 1
V, =X, ——>—Lv =x, —(-3)v, =
V-V, 1
-1
-1
. -1
"3—"3_)(3 Ty, =272 2 = X3 =7V 5"2—
VitV V'V, 2 3
-1
-1 31 (-1
_ . |-
Thus an orthogonal basis for W is 11kl s
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11. Call the columns of the matrix X,, X,, and x; and perform the Gram-Schmidt process on these vectors:

Vi=X
s
0
v, =X, —le =X, —(-Dv,=| 3
V-V, 3
L 3_
a0y
0
v, =X, By X% v, =X; —4v, —( l}vz = 2
Vi'vy vy ¥, 2
__2_
C1] [ 3] 2]
-1 0 0
Thus an orthogonal basis for W is =11, 3| 2
1]]-3 2
L1 3] -2

12. Call the columns of the matrix X,, X,, and X; and perform the Gram-Schmidt process on these vectors:

iTx
Sy
1
VQ:XQ—XZ'V‘ [ =X, —4v, =| 2
V-V, |
L 1_
"3
3
V%:X3_X3 Yy B0 2—X3_ZV1_3V2— 0
vV, vV, V, 2 2
-3
__3_
[ [-1] [ 3]
-1 1 3
Thus an orthogonal basis for W is of,| 21,1 O
1 1]]-3
L1 1) [-3]




13. Since A and Q are given,

R=0"A

{

14. Since A and Q are given,

R=0"A

{
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5 9
5/6 1/6 -3/6 1/6] 1 7| [6 12
_1/6 5/6 1/6 3/6} 3 -5 {o 6}
15
2 3
217 517 27 47] s 1| [1 7
517 217 417 2/7} 2 2 {o 7}
4 6

15. The columns of Q will be normalized versions of the vectors v,, v,, and v, found in Exercise 11. Thus

VNS
~1/4/5
~1//5

1/:/5
RIA

1/2
0
1/2
-1/2
1/2

1/2
0
1/2
1/2
-1/2]

NERENE
0 6
0 0

45
=)
4

16. The columns of Q will be normalized versions of the vectors v,, v,, and v, found in Exercise 12. Thus

1/2

-1/2

Q= 0

1/2

| 1/2
17. a
b

122
1/242
1/\2
1/242
/242

1/2]
1/2
0
172

1/2 |

2 8 7
,R=0"TA=|0 22 32
0 0 6

. False. Scaling was used in Example 2, but the scale factor was nonzero.
. True. See (1) in the statement of Theorem 11.

c. True. See the solution of Example 4.

18.

. False. The three orthogonal vectors must be nonzero to be a basis for a three-dimensional subspace.

(This was the case in Step 3 of the solution of Example 2.)

. True. If x is not in a subspace w, then x cannot equal proj, x, because proj,, x is in W. This idea was

used for v, ., in the proof of Theorem 11.

c. True. See Theorem 12.

19.

Suppose that x satisfies Rx = 0; then QO Rx = Q0 = 0, and Ax = 0. Since the columns of A are linearly

independent, x must be 0. This fact, in turn, shows that the columns of R are linearly indepedent. Since R
is square, it is invertible by the Invertible Matrix Theorem.
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If y is in ColA, then y = Ax for some x. Then y = QRx = Q(Rx), which shows that y is a linear
combination of the columns of Q using the entries in Rx as weights. Conversly, suppose that y = Ox for

some X. Since R is invertible, the equation A = QR implies that Q = AR™'.So y=AR'x = A(R'x),
which shows that y is in Col A.

Denote the columns of Q by {q;,....q, }. Note that n < m, because A is m x n and has linearly

independent columns. The columns of Q can be extended to an orthonormal basis for R™ as follows.
Let f, be the first vector in the standard basis for R™ that is not in W, =Span{q,,...,q,}, let

u, =f, —projy, f,, and let q,,,, =u,/||u, [|. Then {q;,...,q,.q,,,} is an orthonormal basis for
W,

n

.1 =Span{q,,...,q,,q,. }- Nextlet f, be the first vector in the standard basis for R™ that is

notin W,,,, let u, =f, —proj,, f,, andlet q,,, =u,/||u, [|. Then {q,,...,q,.q,,,,9,.,} is an
orthogonal basis for W, ,, =Span{q;,...,q,,.9,,,-9,., - This process will continue until m — n vectors
have been added to the original n vectors, and {q;,...,q,.q,.;,----4,,} is an orthonormal basis for R".

Let Oy=[q,,; .- 4,]and O =[Q Q)] Then, using partitioned matrix multiplication,

R
Q{O}:QR:A-

We may assume that {u,,...,u,} is an orthonormal basis for W, by normalizing the vectors in the

original basis given for W, if necessary. Let U be the matrix whose columns are u,,...,u - Then, by

Theorem 10 in Section 6.3, 7'(x) = proj, x =(UU ")x for x in R”. Thus T is a matrix transformation and
hence is a linear transformation, as was shown in Section 1.8.

Given A = QR, partition A=[A, A, |, where A has p columns. Partition Q as Q=[Q, 0Q,]| where O,

Rll R12

has p columns, and partition R as R :{ }, where R, is a p x p matrix. Then

22
Rl 1 Rl 2

A:[Al Az]:QR:[Ql QZ]{O R
22

} = [Q1R11 OR, + Qszz]

Thus A, = O,R,,. The matrix Q, has orthonormal columns because its columns come from Q. The matrix
R,, is square and upper triangular due to its position within the upper triangular matrix R. The diagonal
entries of R, are positive because they are diagonal entries of R. Thus Q,R,, is a QR factorization of 4, .

[M] Call the columns of the matrix X,, X,, X;, and X, and perform the Gram-Schmidt process on these

vectors:
vV, =X,
X,V
_ 2 1 _ _
V, =X, ————V, =X, —(=)v, =| 3
V-V, 0
_ 3_
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6 0
0 5

Thus an orthogonal basis for W is —-61(,|-31],61,] O
6 0
0

25. [M] The columns of Q will be normalized versions of the vectors v,, v,, and v; found in Exercise 24.
Thus

[ 172 12 143 0
1710 1/2 0 142 200 =20 =010
5 ” 0 6 -8 -6
=| — — ,R: =
0 3/10 -1/2 1/+/3 0 o 0 0 653 33
4/5 0 1/3 0 o o 0 53
| 1710 1/2 0 -1/4/2]

26. [M] In MATLAB, when A has n columns, suitable commands are
QO = A(:,1)/norm(A(:,1))
% The first column of Q
for j=2: n
v=A(:,3) -Q*(Q"*A(:,3))
QO(:,3J)=v/norm(v)
% Add a new column to Q

end

6.5 SOLUTIONS

Notes: This is a core section — the basic geometric principles in this section provide the foundation for all the
applications in Sections 6.6—6.8. Yet this section need not take a full day. Each example provides a stopping
place. Theorem 13 and Example 1 are all that is needed for Section 6.6. Theorem 15, however, gives an
illustration of why the QR factorization is important. Example 4 is related to Exercise 17 in Section 6.6.
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1. To find the normal equations and to find X, compute
-1

2
Lo[-1 2 4 6 -11
2 -3 3 |3 -11 22

AT — 1 2 -1 4
12 3 3 11

) - - 6 —11] x -4
a. The normal equations are (A" A)x=A"b: . = ul

NS
|

-11 X,

b. Compute
6 —117'[-4 2 11[-4
x=(ATA)'ATb = _ L
—11 22| [11] 11]11 6] 11
1 [33] [3
11 22| |2

2. To find the normal equations and to find X, compute

2 1
Lo [2 2 2 12 8
ATA= 2 0=
1 0 3 8 10
2 3
-5
~ [2 2 2 24
ATb = 8 |=
oo osf L2

. T - 12 8| x 24
a. The normal equations are (A" A)x=A"b: = .
8 10| x, -2

b. Compute

e 12 8] [247 1[10 -8[-24
R=(ATA)'ATH = -
8 10| | —2| 56|-8 12 -2
C1[224] [4
S 56[168 | | 3

3. To find the normal equations and to find X, compute

1 -2
; 1 -1 0 2]-1 2| [6 6
ATA = S
2 2 3 5/l0 3| |6 4
2 5
3

ATb_1—102 1 [6
|2 2 3 54| |-6
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. T T 6 6] x 6
a. The normal equations are (A" A)x=A"b: 6 4 =

b. Compute

6 6|'[6 2 -6 6
x=(ATA)'ATb= - L
6 42| |-6| 216|-6 6| —6
1 [288] [ 4/3
S 216)-72] | -1/3
4. To find the normal equations and to find X, compute
1 3

ATA_I 111 1_33
_3—111 1_311

5
~ 1 11 6
ATb = 1|=
3 -1 1 14
0

, T T 3 3| x 6
a. The normal equations are (A" A)x=A"b: 3 11 =14

b. Compute

-1
3 3 6 11 -3 6
X=(A"A)"'ATb = - L
3 11 |14] 24|-3 3|14
1 24 1
T 24|24 1
5. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A" Ax=A"b:

4 2 2 14 1 0 1 5
[ATA Ab|=[2 2 0 4|~j0 1 -1 -3
2 0 2 10| [0 O
so all vectors of the form X =| -3 |+ x; ] are the least-squares solutions of Ax = b.

6. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A" Ax=A"b:

6 3 3 2711 0 1 5
[ATA ATb]=3 30 12|~/0 1 -1 -1
30 3 15/ [0 0O
5 -

so all vectors of the form X =| —1 |+ x; ] are the least-squares solutions of Ax =b.
1
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-2 3

7. From Exercise 3, A=

4/3 1 -2 1 -3
1/3 -

1

-1

0

2
3 2 3 -1
4 -1 —4 3

1
-1
0
2

the least squares error is || AR —b ||=~/20 =24/5.

1 3 5
1
8. From Exercise 4, A=|1 -1|, b=|1], and )A(:L}. Since
1 1 0
1 3 ! 5 4 5 -1
AX-b=|1 -1 L}— 11=|10|—-|1]|=|-1
1 1 0 2 0 2

the least squares error is || AX —b ||=/6.

9. (a) Because the columns a, and a, of A are orthogonal, the method of Example 4 may be used to find

b, the orthogonal projection of b onto Col A:

b b 2 1 2 : 15 1
h=—"% M a,=Za,+—a,=2| 3|+=|1|=|1

a -a, a,-a, 7
-2 4 0

(b) The vector X contains the weights which must be placed on a, and a, to produce b . These weights

2/7
are easily read from the above equation, so X = L/J.

10. (a) Because the columns a, and a, of A are orthogonal, the method of Example 4 may be used to find

b, the orthogonal projection of b onto Col A:

b b 1 ! 1 2 !

h=—"a +2% 3 —3a +-a,=3[-1|+-|4|=|-1
a, - a,-a, 2 2

1 2 4

(b) The vector X contains the weights which must be placed on a, and a, to produce b . These weights

3
are easily read from the above equation, so X = L/z}.
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11. (a) Because the columns a,, a, and a,; of A are orthogonal, the method of Example 4 may be used to

find b, the orthogonal projection of b onto Col A:

-~ b- b- b- 2 1
b=— a, + 2 a, + 23 a,=—a, +0a, +—a,
a,-a a,-a, a;-a, 3°
4 0 1 3
2|1 =S50 1] 1 1
=—| |+0 +— =
316 1| 31 0 4
1 -1 -5 -1

(b) The vector X contains the weights which must be placed on a,, a,, and a, to produce b . These
2/3
weights are easily read from the above equation, so X=| 0 |.
1/3

12. (a) Because the columns a,, a, and a, of A are orthogonal, the method of Example 4 may be used to

find b, the orthogonal projection of b onto Col A:

f): b-31 a + b-az a. + b-aS 332131+E32+(_§ja3

a -a, : a,-a, g a;-a, 3 3
1 1 0 5
1) 1| 14{0] 5/-1| |2
30 31| 3] 1] |3
-1 1 -1 6
(b) The vector X contains the weights which must be placed on a,, a,, and a, to produce b . These
173
weights are easily read from the above equation, so X =| 14/3|.
—=5/3

13. One computes that

[ 11] 0
Au=|-11[,b—Au=| 2|,||b-Au|=+40
| 11] | 6]
- -
Av=|-12|,b—Av=| 3| |b-Av|=+29
7 -2

Since Av is closer to b than Au is, Au is not the closest point in Col A to b. Thus u cannot be a least-
squares solution of Ax = b.
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14. One computes that

3] 2
Au=|8|,b—Au=|-4|[b-Au|=+24

2] 2

(7] -2
Av=|2|b-Av=| 2|,||b-Av|=24

8 —4

Since Au and Au are equally close to b, and the orthogonal projection is the unique closest point in Col A
to b, neither Au nor Av can be the closest point in Col A to b. Thus neither u nor v can be a least-squares
solution of Ax = b.

35 7
15. The least squares solution satisfies Rk =Q"b. Since R = {0 J and Q'b = { J, the augmented matrix

for the system may be row reduced to find

koov]-s 3 e T

and so ﬁ:{

4
} is the least squares solution of Ax = b.

2 3 17/2
16. The least squares solution satisfies Rk =Q"b. Since R = L) 5} and Q"b :{ 9/2}, the augmented
matrix for the system may be row reduced to find
r 2 3 17/2 1 0 29
(& o™]- -
0 5 9/2y |0 1 9
. 129]. .
and so X = 9 is the least squares solution of Ax = b.

. True. See the beginning of the section. The distance from Ax to b is || Ax — b ||.
. True. See the comments about equation (1).

a
b
c. False. The inequality points in the wrong direction. See the definition of a least-squares solution.
d. True. See Theorem 13.

e

. True. See Theorem 14.

18. a. True. See the paragraph following the definition of a least-squares solution.

b. False. If X is the least-squares solution, then A X is the point in the column space of A closest to b.
See Figure 1 and the paragraph preceding it.

. True. See the discussion following equation (1).

c
d. False. The formula applies only when the columns of A are linearly independent. See Theorem 14.
e. False. See the comments after Example 4.

f

. False. See the Numerical Note.
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a. f Ax =0, then AT Ax = AT0=0. This shows that Nul A is contained in Nul A” A.

b. If A"Ax=0, then x’ A" Ax=x"0=0. So (Ax)” (Ax) =0, which means that || Ax ||*=0, and hence
AX = 0. This shows that Nul A" A is contained in Nul A.

Suppose that Ax = 0. Then A” Ax=A"0=0. Since A" A is invertible, x must be 0. Hence the columns of
A are linearly independent.

a. If A has linearly independent columns, then the equation Ax = 0 has only the trivial solution. By

Exercise 17, the equation A" Ax =0 also has only the trivial solution. Since A” A is a square matrix,
it must be invertible by the Invertible Matrix Theorem.

b. Since the n linearly independent columns of A belong to R, m could not be less than .
c¢. The n linearly independent columns of A form a basis for Col A, so the rank of A is n.

Note that A” A has n columns because A does. Then by the Rank Theorem and Exercise 19,
rank A" A =n—dimNul A" A = n —dim Nul A = rank A

By Theorem 14, b=A%= A(ATA)'A™b. The matrix A(A”A)™' AT is sometimes called the hat-matrix in
statistics.

Since in this case A" A=1, the normal equations give X = A"b.

2 2| x 6

The normal equations are {2 2}{ } = L}, whose solution is the set of all (x, y) such that x + y = 3.
y

The solutions correspond to the points on the line midway between the lines x + y=2 and x + y = 4.

[M] Using .7 as an approximation for V212, a, =a, ~.353535 and q, =.5. Using .707 as an
approximation for ~/2/2, a, = a, ~.35355339, g, = .5.

SOLUTIONS

Notes: This section is a valuable reference for any person who works with data that requires statistical
analysis. Many graduate fields require such work. Science students in particular will benefit from Example 1.
The general linear model and the subsequent examples are aimed at students who may take a multivariate
statistics course. That may include more students than one might expect.

1.

The design matrix X and the observation vector y are
1 0 1
1 1 1
XY
1 3 2

and one can compute

vy 4 6 o, (6]~ oo . ]9
X X‘L 14}’}( y_{ll}ﬁ_(x XX y{.J

The least-squares line y = 5, + §,x is thus y =.9 + .4x.
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2. The design matrix X and the observation vector y are
1 1 0

X_12 |1
TloalY T 2l
15 3

and one can compute

4 12 6] » —6
xTx = ’XT _ B= xTx) ' xTy =
Lz 46} Y {25} P=0X) Xy=l 4

The least-squares line y = 8, + ,x is thus y=—6+ .7x.

3. The design matrix X and the observation vector y are

1 -1 0
10 |
i PR A DY
12 4

and one can compute
4 2 71 4 1.1
xTx = XTy=| L, B=x"x)"x"y=
{2 6} Y Lo}ﬂ XXX = 5
The least-squares line y = 3, + 6,x isthus y=1.1 + 1.3x.

4. The design matrix X and the observation vector y are

1 2 3
X:13,y:2,

1 5 1

1 6 0

and one can compute

4 16 6] 43
xTx = ,XT _ B = xTx)y'xTy =
{16 74} Y {17} F=XX) Xy=_,

The least-squares line y = 8, + 5,x is thus y=4.3 - 7x.

5. If two data points have different x-coordinates, then the two columns of the design matrix X cannot be
multiples of each other and hence are linearly independent. By Theorem 14 in Section 6.5, the normal
equations have a unique solution.

6. If the columns of X were linearly dependent, then the same dependence relation would hold for the
vectors in R® formed from the top three entries in each column. That is, the columns of the matrix
1 x5 x
1 x, x| would also be linearly dependent, and so this matrix (called a Vandermonde matrix)
1 x x32
would be noninvertible. Note that the determinant of this matrix is (x, —x,)(x; — x;)(x; — x,) # 0 since

X, X,,and x; are distinct. Thus this matrix is invertible, which means that the columns of X are in fact
linearly independent. By Theorem 14 in Section 6.5, the normal equations have a unique solution.
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7. a. The model that produces the correct least-squares fitis y = X3 + €, where

1 1] [1.8] €
2 4 2.7 ; €,
X=[3 9|y= 3.4,ﬂ:{1},and6: €
4 16 3.8 & €,
15 25] |39] | & |

~ | 1.76
b. [M] One computes that (to two decimal places) 8 = { 20}, so the desired least-squares equation is
y=1.76x—.20x".

8. a. The model that produces the correct least-squares fit is y = X8 + €, where

X oxox Y B €
X=|: : S Ly=|: |,8=|5,|,ande=
ES X x Yn B3 €
b. [M] For the given data,
4 16 64 | [1.58]
6 36 216 2.08
8 64 512 25
10 100 1000 2.8
X = andy =
12 144 1728 3.1
14 196 2744 3.4
16 256 4096 3.8
|18 324 5832 | 4.32 |
5132
so B=(X"X)"X"y=|-.03348 |, and the least-squares curve is y =.5132x—.03348x> +.001016x".
001016

9. The model that produces the correct least-squares fitis y = X3 + €, where

[ cos1 sinl 7.9 A €
X=|cos2 sin2|y= 5.4,ﬂ:{8},ande: €,
|cos3 sin3 -9 €

10. a. The model that produces the correct least-squares fit is y = X8 + €, where

_e—.02(10) o~ 07010 7 1347 _61 _
o 02 070D 2068 ,
X =P 7021 y=120.05,8= m/‘} ande=| ¢ |,
o024 ,m0704) 18.87 B €,
o~ 0205)  ,=0705) | 18.30 | | € |




364 CHAPTER 6 < Orthogonality and Least Squares

~ |19.94
b. [M] One computes that (to two decimal places) 8 = LO 10}, so the desired least-squares equation is
y=19.94¢™% +10.10e™"".

11. [M] The model that produces the correct least-squares fit is y = X3 + €, where

3¢cos .88 ]

3

1 €
1 2.3cos1.1 2.3 €
X=|1 1.65cos142|,y=|1.65 ,ﬂz{ﬁ},ande: €
1 1.25c0s1.77 1.25 ¢ ,
|1 1.01cos2.14 | | 1.01] | €

~ | 1.45
One computes that (to two decimal places) 8 = { 81 J . Since e = .811 < 1 the orbit is an ellipse. The
equation r = 3/ (1 — e cos ) produces r = 1.33 when ¢ = 4.6.

12. [M] The model that produces the correct least-squares fit is y = X3 + €, where

(1 3.78] [ 91] €
1 4.11 98 €,
X=|1 441|,y= 103,ﬂ={g0},ande: €,
1 473 110 . €,
|1 4.88] 1112 ] | € |
One computes that (to two decimal places) B = Bijﬁ , so the desired least-squares equation is

p =18.56 + 19.24 In w. When w = 100, p = 107 millimeters of mercury.

13. [M]
a. The model that produces the correct least-squares fitis y = X3+ €, where
1 o o o] _
0 _
1 1 1 1 .5 €
1 2 2> 2 ‘ €
13 3 3 >
€
L, 62.0 }
1 4 4 4 104.7 “
s 55 159.1 g 0 ©
/ €
X=[1 6 6 6 |y=220[8=|""|ade=| °
2 3 B €
1 7 7* 7 294.5 5
€
1 8 g2 83 380.4 3 68
9
I 9 9 o 471.1 ‘.
1 10 10* 10° 717 €,
111 112 1P 0868
€
809.2 ke
o2 o122 12




6.6 + Solutions 365

—.8558

~ | 4.7025
One computes that (to four decimal places) 3 = 55554 | so the desired least-squares polynomial is

—-.0274
y(t) = —.8558 +4.7025¢ + 5.55541* —.0274¢°.
b. The velocity v(¢) is the derivative of the position function y(#), so v(t) =4.7025+11.1108¢ — .0822¢°,
and v(4.5) = 53.0 ft/sec.

14. Write the design matrix as [1 x]. Since the residual vector e=y — X B is orthogonal to Col X,
0=1-e=1-(y-XB)=1"y-1" X)8
By e
=+t —[n Yx ] ; = y—nBy =By, x=ny —npy —npx
1

This equation may be solved for y to find y = /éo + ,élf.

15. From equation (1) on page 420,

a7 } e &

X

el ) HE

The equations (7) in the text follow immediately from the normal equations X” X 8 = Xy.

16. The determinant of the coefficient matrix of the equations in (7) is ”Z x* - (Z x)%. Using the 2 x 2

formula for the inverse of the coefficient matrix,

e b

Hence

5 QN -0 xy) P EOREIOIEIOIND

0" ny x* = x)?° T ny x* = x)?°

Note: A simple algebraic calculation shows that Z y-— (Z X) ﬁAl = nﬁAo, which provides a simple formula

for 3, once §3, is known.

17. a. The mean of the data in Example 1 is X =5.5, so the data in mean-deviation form are (-3.5, 1),
1 =35

1 .
(-.5,2), (1.5, 3), (2.5, 3), and the associated design matrix is X = | L5l The columns of X are

I 25

orthogonal because the entries in the second column sum to 0.
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4 0 9 ~ | 9/4
b. The normal equations are X T'x =X Ty, or bo = . One computes that 8 = ,
0 21| 3 7.5 5/14

so the desired least-squares line is y =(9/4) +(5/ 14)x" =(9/4) +(5/14)(x —5.5).

18. Since

1
, R | B, no Yx
X X: M : = )
X ... X, 1 Zx (Zx)
xn
X"X is adiagonal matrix when Zx =0.

19. The residual vector € =y — X B is orthogonal to Col X, while § =X B is in Col X. Since € and y are
thus orthogonal, apply the Pythagorean Theorem to these vectors to obtain

SS( =y =5 +elP=NFIF +llelP=I1 X3P +]ly— X 3|=SSR)+SS(E)
20. Since ﬁA satisfies the normal equations, X Tx B =X Ty, and
IXBIP=XB) (XB)=B"X"X3=p"X"y
Since || X 8|P=SS(R) and y"y =||y|* =SS(T) , Exercise 19 shows that
SS(E)=SS(T)-SS(R)=y"y- 4" X"y

6.7 SOLUTIONS

Notes: The three types of inner products described here (in Examples 1, 2, and 7) are matched by examples in
Section 6.8. It is possible to spend just one day on selected portions of both sections. Example 1 matches the
weighted least squares in Section 6.8. Examples 2—6 are applied to trend analysis in Seciton 6.8. This material
is aimed at students who have not had much calculus or who intend to take more than one course in statistics.
For students who have seen some calculus, Example 7 is needed to develop the Fourier series in
Section 6.8. Example 8 is used to motivate the inner product on C[a, b]. The Cauchy-Schwarz and triangle
inequalities are not used here, but they should be part of the training of every mathematics student.

1. The inner product is (x, y) =4x,y, +5x,y,. Letx=(1, 1), y = (5, -1).
a. Since | x|*=(x, x)=9, || x||=3. Since ||y |P={(y, y) =105, || x||=+/105. Finally,
| (x,y) P=15% =225.
b. A vector z is orthogonal to y if and only if (x, y) = 0, that is, 20z, =5z, =0, or 4z, = z,. Thus all

1
multiples of LJ are orthogonal to y.

2. The inner product is (x,y)=4x,y, +5x,y,. Letx = (3, -2), y = (-2, 1). Compute that || x||*=(x, x) = 56,
Iy IP=(y, y)y=21 [Ix|Flly[F=56-21=1176, (x,y) =34, and |(x, y)|’=1156. Thus
[, vy P <IIx|Plly I, as the Cauchy-Schwarz inequality predicts.

3. The inner product is { p, ¢) = p(~1)g(=1) + p(0)q(0) + p(1)g(1), s0 (4 +1,5—4t>) =3(1) + 4(5) + 5(1) = 28..
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4. The inner product is { p, ) = p(=1)g(=1) + p(0)g(0) + p(1)g(1), so (3t —1*,3+21*) =
(—4)(5) +0(3) +2(5) = —10.

5. The inner product is { p, g) = p(—=1)g(=1) + p(0)g(0) + p(1)g(1), so
(pqy=(4+1,4+1)=3"+4*+5" =50 and || p||=/(p, p) =+/50 =52 . Likewise
(g.qy=(5—425- 4y =12+ 5" +1> =27 and | q|I=Kg.q) =27 =33

6. The inner product is ( p, ¢) = p(~1)g(=1) + p(0)g(0) + p(1)g(1), so {p, p) =Bt —1>,3t —1*) =
(—4)> + 0> +22 =20 and || p|l= K p, p) =~/20 = 24/5. Likewise {q,q) = (3+2¢>,3+2t*) =

52 +3%2+52 =59 and || q||=/q.q) =~/59.

7. The orthogonal projection ¢ of g onto the subspace spanned by p is

M :§(4+l):§+ﬂt

=’ 750 25 25

8. The orthogonal projection ¢ of g onto the subspace spanned by p is

Q:Mp :—£(3t—t2) _ 31
(p.p) 20 2
9. The inner product is (p, g) = p(-3)q(-3) + p(-1)g(-1) + p(1)g(1) + p(3)g(3).
a. The orthogonal projection p, of p, onto the subspace spanned by p, and p, is

/\2_<p2’p()> +<p2’p1> 1:§(1)+£t:5

- 14
(Pospo) " Apip) 4720

b. The vector g = p; — p, = t* —5 will be orthogonal to both po and p, and {p,, p;,q} will be an
orthogonal basis for Span{p,, p,, p,}. The vector of values for g at (-3, -1, 1, 3) is (4, -4, -4, 4), so

scaling by 1/4 yields the new vector g = (1/4)(t> -5).

10. The best approximation to p =1> by vectors in W = Span{ Do»P1-q} will be

(PP pop)  (pq) 0.0 164 o 0[r7-5) 41
op ey T 9750 (Z)+4[ 4 j

p = Pprojy p = —
P =projy p ) 1 20

11. The orthogonal projection of p =¢> onto W = Span{ Do» Py» P} will be
17

0 34 0 ,
=—D+—=0)+—(*-2)=—t
P> 5() 10() 14( ) 5

<p’p0> + <p’p1> + <p’p2>
(P> Po? 0 (p1sP1) : (P2>P2)

P =projy p =

12. Let W =Span{p,, p,, p,}. The vector p, = p—proj, p= > —(17/5)t will make {DPo>P1> P2 D3}
an orthogonal basis for the subspace P5 of P,. The vector of values for p; at(-2,-1,0, 1, 2) is
(-6/5, 12/5, 0, -12/5, 6/5), so scaling by 5/6 yields the new vector p, = (5/6)(t3 —(17/51) =
(5/6)t° —(17/6)t.
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13.

14.

15.
16.

17.

18.

19.
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Suppose that A is invertible and that (u, v) = (Au) - (Av) for u and v in R". Check each axiom in the
definition on page 428, using the properties of the dot product.

i. (u,v)y=(Au) - (Av) =(Av) - (Au) =({v, u)

. (a+v,wy=AW+vVv)): (AwW)=(Au+ Av) - (Aw) = (Au) - (AwW) + (AV) - (Aw) =u, w) + (V, W)
iii. {cu, v) = (A(cw)) - (Av) = (c(Au)) - (AV) = c((Au) - (AV)) = {u, V)

iv. (cu,u) =(Au)-(Au) =|| Au|]*>0, and this quantity is zero if and only if the vector Au is 0. But

Au = 0 if and only u = 0 because A is invertible.

Suppose that T is a one-to-one linear transformation from a vector space V into R" and that (u, v) =
T(u) - T(v) for u and v in R". Check each axiom in the definition on page 428, using the properties of the
dot product and 7. The linearity of 7T is used often in the following.

i. u,vy=TW) - T(v)=T(v) - T(u) ={v, u)

. a+v,wy=Tu+v) -T(w)=(T() + T(v)) - T(w) =T() - T(w) + T(v) - T(w) ={u, w) +{v, W)

iii. {cu, v)=T(cu) - T(v) = (cT(w)) - T(v) = c(T(u) - T(V)) = {u, v)

iv. (wu)=T(u)-T(u)=||T(w)|[*>0, and this quantity is zero if and only if u = 0 since T'is a one-to-
one transformation.

Using Axioms 1 and 3, (u, cv) ={cv, u) = (v, u) = c(u, v).

Using Axioms 1, 2 and 3,
Jlu-v|f=(u-v,u-—v)=(mu—-v)—(v,u—v)
=u,u) -, v)—{(v,u) +{v,v)={u,u) —2{u,v) +{v,v)

=[lu|* —2¢u,v) +[| v

Since {u, v} is orthonormal, |[u|*=||v|*=1 and (u, v)=0. So |Ju—-v|*=2.

Following the method in Exercise 16,
lu+v|f=@+v,u+v)=@u+v)+{(v,u+v)
={u,u) +<{u, v)y+{v,u) +{v,v)y ={u,u) + 2{u, v) +(v,v)
=[[ulP +2¢u,v) +[ v|P

Subtracting these results, one finds that ||u+ v|* —||u—v|*=4(u, v), and dividing by 4 gives the
desired identity.

In Exercises 16 and 17, it has been shown that ||[u—v|[*=|[u|]* =2(w,v) +||v|]* and |ju+v]|*=

lu|f + 2(u, vy +|| v|]* . Adding these two results gives|[u+v|* +|[u—-v|*=2|[u| + 2| v|].

b
let u:{\/g} and v:{f_}. Then ||u|f=a+b, |v|F=a+b, and (u,v)=2+ab. Since a and b are
b a

nonnegative, ||ul|l=+va+b, || v||=+va+b. Plugging these values into the Cauchy-Schwarz inequality
gives

2ab =, V)| < ||ull|v]=vVa+bJa+b=a+b

Dividing both sides of this equation by 2 gives the desired inequality.
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21.

22.

23.

24.

25.

26.
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The Cauchy-Schwarz inequality may be altered by dividing both sides of the inequality by 2 and then
squaring both sides of the inequality. The result is

(“”V)Jz _ Pl
2 4

a 1
Now let u= L}} and v = L} .Then ||u|* =a* +b*, || v|} =2, and (u, v) = a + b. Plugging these values

into the inequality above yields the desired inequality.
The inner product is (f,g) = Ll f(Hg®)dr. Let f(1)=1-3t*, g(t)=t—1t. Then

(f.g)=[a=3)1~r)ydi= [3° ~ar +1dr=0

The inner product is (f,g) = Ll f(gt)dr. Letf()=5t-3, g(t)=1"—t*. Then

(fog)=[ G1-3) ~di= [ 5* 8 +3rdr=0

. . 1 1 2.2 4 2
The inner product is (f,g) = Lf(t)g(t) dt, so (f,f)= L(l—3t ) dt = £9t —6t> +1dt =4/5, and

£ U= £y =245,

The inner product is (f,g) = ﬁf(t)g(t) dt, 50 (g,g) = ﬁ(ﬁ—tz)zdt: Et6—2t5+t4dt:1/105, and

I gll=/g, ) =1/~/105.

The inner productis (f,g) = flf(t)g(t)dt. Then 1 and ¢ are orthogonal because (1, ¢) = flt dt=0. So 1

and 7 can be in an orthogonal basis for Span{l, z,7*}. By the Gram-Schmidt process, the third basis
element in the orthogonal basis can be

2 2
2_<t ’1>1_<t ’t>t

(L1) (t,1)
Since (1,1) = Ltzdt =2/3, (L1)= fll di =2, and (1) = flﬁdt — 0, the third basis element can be

written as #> — (1/3). This element can be scaled by 3, which gives the orthogonal basis as {1, 7, 3t —1}.

The inner product is {(f,g) = fzf(t)g(t)dt. Then 1 and ¢ are orthogonal because (1, ¢) = fzt dt=0. So 1

and 7 can be in an orthogonal basis for Span{l, z,7*}. By the Gram-Schmidt process, the third basis
element in the orthogonal basis can be

2 D, )
{1,1) (t,t)

. 2n_ 2.2, 2 _ AN . .
Since {(t°,1) = Lt dr=16/3, {1,1)= Lzldt =4, and {t°,t)= th dt =0, the third basis element can be

t

written as t* —(4/3). This element can be scaled by 3, which gives the orthogonal basis as {1, 7, 3r* —4}.



