Backstepping

In complicated systems, like aircraft, there are often parameters which are not fully known, or which might
even occasionally change. To cope with this, you need a controller that adapts to these parameters: an
adaptive controller. In this summary we’ll be investigating how such controllers work. In particular, we’ll
be investigating the backstepping controller.

1 Basic definitions and theories

1.1 Function definitions

Before we’re discussing systems, we start with some formal function definitions. Let’s examine a function
V(x). We say that V(x) is...

positive definite if V(0) = 0 and V(x) > 0 with x # 0.

positive semidefinite if V(0) = 0 and V(x) > 0 with x # 0.

negative (semi)definite if —V'(x) is positive (semi)definite.

radially unbounded if V(z) — oo as |x| — oo.

1.2 System definitions

Let’s examine a system with state x and dynamics x = f(x). A function x(¢) with initial state x(0) = x¢
that satisfies the system dynamics is called a solution of the system. A system is called. ..

e stable if, for given € > 0, there exists a d(e) > 0 such that all solutions with initial conditions
|x(0)| < § satisfy |x(t)] < e for all ¢ > 0. More intuitively speaking, all solutions starting near
x = 0 remain bounded.

e asymptotically stable (AS) if it is stable and a § can be found such that all solutions with
|x(0)| < d satisfy |x(t)] — 0 as t — oco. More intuitively speaking, all solutions starting near x = 0
are bounded and converge to zero.

e globally asymptotically stable (GAS) if it is asymptotically stable for any initial state x(0).

1.3 The Lyapunov theory

Let’s say we have a time-invariant system with state x and dynamics x = f(x). How do we prove that
the system is stable? For that, we can use the Lyapunov theory. The first thing which we need is a
Lyapunov function V(x). This function has to be positive definite in a region I' near x = 0. (It often
helps to think of V' as some kind of energy. It is never negative, and can only be zero in the zero state.)

Second, we will examine V. We can rewrite this as

. _IV(x) oV(x)ox  IV(x)
VOO="57 = "ox ot ox

) (L1)
The Lyapunov theory now states that. ..

e if V(x) is negative semidefinite in the region T', then the solution is stable.



e if V(x) is negative definite in the region I, then the solution is asymptotically stable.

e if V(x) positive definite and radially unbounded for all x, and if V(x) is negative definite for all x,
then the solution is globally asymptotically stable.

The Lyapunov theory is actually quite logical. If you have some function that is always decreasing, then
it must reach zero eventually. So there is no way that the system diverges: it has to be stable.

2 Applying adaptive control

2.1 The problem statement
Let’s examine a time-invariant system with an unknown parameter. For example, consider
T =0x +u, (2.1)

where 6 is unknown. We could use as a controller u = —kx. If § < k, this will ensure stability. However,
if @ > k, we have an instable system. A possible solution would be to use a nonlinear controller, like
u = —kix — kox®. Although this ensures that the system state is bounded, it does not ensure an
asymptotically stable system. Instead, it will be better to make our system adapt to 6.

2.2 Estimation-based adaptive control

Let’s suppose that we can measure the state x of the system, but not the state derivative . Just deriving
& from zx is in practice unwise, due to measurement noise. Instead, we filter the state = and the input u
first. The filtered signals are denoted as

xT u

= d = . 2.2
Tp= 1 an up = 1 (2.2)

Using & = sz, we can now rewrite the system to
x=(0+1)xs+uy. (2.3)

We will also have an estimated value of 8, denoted as 0. (Initially, we can assume that 6= 0.) We can
use 6 to predict the state x of the system. We will find

&= (0+Vay+uy. (2.4)
If our estimate 6 is inaccurate, we will of course get an error in our prediction Z. This error is
e=x—%=(0—0)xy. (2.5)
To reduce this prediction error e, we should adjust our estimate 6. One way to do this is by using

17718(62)7 de
0= > o0 —veaé— vexy. (2.6)

By doing this, the prediction error e will decrease. If we then also use the controller u = —(k + 9):5, then
our problem is solved. The error will decrease.



2.3 Lyapunov-based adaptive control

Another way in which to stabilize the system is by using the Lyapunov theory. To do this, we first need
a Lyapunov function. We could try the function

N 1, 1 ~\ 2
V(w,0) = 2% + 5 (9 - 0) . (2.7)
V can be found according to

V:mx'—(H—é)ézx(u—l—ﬁx)—(9—é>§:xu+éé+9(x2—é>. (2.8)

We want to choose our input u and our update law 0 such that V is negative definite. However, neither

w nor § can depend on the unknown 6. To solve this problem, we can first set 6 = 22. This eliminates
the term on the right. For the input, we then set u = —(k + 6)z. This results in V = —kz?. If k > 0,
this is evidently negative definite. The system has thus been stabilized.

2.4 A more complicated problem

We have seen two techniques now: estimation-based and Lyapunov-based adaptive control. But do these
techniques always work? We could consider the nonlinear system

&= 0z% +u. (2.9)
Both techniques will use the control law
uw=—kx — 2. (2.10)

But what about the parameter update law? For estimation-based adaptive control it is hard to choose
a good parameter update law. If we choose the same law as before, we will get an unstable system.
Lyapunov-based adaptive control works better here. Using the same Lyapunov function as before, we
find the update law )

0=a° (2.11)
which results in a stable system. This shows the advantage of Lyapunov-based adaptive control. So from
now on, we will not consider estimation-based adaptive control anymore. Instead, we focus on Lyapunov-
based adaptive control. But plenty of challenges await us still. How do we find a Lyapunov function from
which we can derive a control law? (Such a function is called a control Laypunov function (CLF).)
And how do we choose the best control law u = a(z)?

2.5 Sontag’s formula

Let’s suppose that we have a control problem of the form
&= f(z) + g(x)u, (2.12)

where f(0) = 0. Also, we've already found a suitable CLF. One way to choose a good control law is by
using Sontag’s formula

/(55 1) +(5%)" ov
w— o) =4~ (2%4) for 579 7 0, (2.13)
0 for %—‘;g = 0.

The resulting control law often uses parts of the system to help stabilize it. This reduces the magnitude
of the control input u. So, the control law is relatively efficient.



3 The backstepping algorithm

3.1 A backstepping example

The control problem becomes more complicated if the input u doesn’t directly influence . As an example,
we can consider a system with an integrator, like
& = x—234¢, (3.1)
§ = u (3.2)
Let’s only examine the first equation, and act as if £ was our control input. A CLF would be V = %xQ.
It follows that £ = —(k + 1)x. This would stabilize the system. However, we can’t control £ directly.
Instead, we specify the desired value

éa=a(z)=—(k+1)x. (3.3)

In this case, we call £ the virtual control. The function «(x) which it should follow is the stabilizing
function. The deviation of ¢ from «a(z) is called the error state z. It is defined as

z=8—¢=¢—a(z) =&+ (k+ D). (3.4)

We can use the error state to rewrite our system to

i = z—2>+z+a(r)=—kr—a23+2, (3.5)
o= f—da=u+t(k+D)i=u+(k+1)(—ke—2°+2). (3.6)
We now also need to incorporate z in our Lyapunov function. A possible function is
1 1 1 1
Viz,z)==2?+ =22 = 22 + = (€ + (k+ )z)°. (3.7)
2 2 2 2
Taking the derivative gives
V(z,2) = wi+zi=a(-kr—23+2)+2 (u+ (k+1)(—kz — 2° + 2)) (3.8)

= —k® -z +z(z+u+ (k+1)(—kz—2°+2)).
As a control law, we can now use
u=—cz—x— (k+1)(—kax — 2+ 2), (3.10)
which turns the Lyapunov derivative into
V(z,2) = —ka? — z* — 22 (3.11)
This is evidently negative definite, so the system has been stabilized.

Now what have we done? We wanted to stabilize x. To do this, we provided a desired value for & which
would accomplish this. We continued by defining an error signal z, which required to be stabilized as
well. To do this, we set the value for u. If the system would have more equations, we could continue
stepping back through equations like this. This procedure is thus called backstepping.

3.2 The backstepping algorithm

The procedure from the previous paragraph can be generalized. Consider a system of the form

i1 = fi(z1) + g1(x1)72, (3.12)
iy = fa(z1,22) + g1 (21, 22)23, (3.13)

(3.14)
Tn = folx1,29,...,20) + gn(z1, 22, ..., 2p)u. (3.15)



We want the output y = z1 to follow a certain reference signal y,.(¢t). When applying backstepping, we
continuously need to perform the following steps, starting at ¢ = 1 and continuing until ¢ = n.

1. At equation ¢, define the error signal z; = x; — ; 4. (Note that z1 4 = y,.)
2. Rewrite the equation using the error signal z;. (So use Z; = &; — &; 4 and substitute z; by z; +z; 4.)

3. Treat x;41 as if it’s the control input. (It is in fact the virtual control.)

4. Find a CLF for the system so far. (That is, for equations 1 to i.) A suggestion would be
1 1

5. Use the CLF to derive an expression x;41 4 (the stabilizing function) for the virtual control z;4.
(Note that, at equation n, you use the input u instead of x,,41.)

Applying the above steps for i = 1 to i = n will stabilize the system.

3.3 The idea of adaptive backstepping — step 1

In the problem of the previous paragraph, we assumed that the model was completely known. This is of
course not always the case. This time, we will examine a model of the form

i’l = anl(ZL'l) + gl(xl)x% (317)
i’g = 0Tf2(l'1,£172) +g1($1,f£2)$3, (318)

(3.19)
En = O0Tfu(x1,20,. .., 20) + gnl(@1, 20, . .., Ty ). (3.20)

Note that this time the known functions f; return vectors. Also, the unknown parameter vector 6 is a
vector. The output y = x; of this system should follow some reference output y,. To accomplish this,
we will need adaptive backstepping.

Before we are going to set up an algorithm for adaptive backstepping, we’ll first try to apply the normal
backstepping algorithm. So we define the error signal z;

Z21 =T1 — Yp. (3.21)

We then rewrite the first of the system equations to

fo=d1— g = 0Tf1 (21 + yr) + g1(21 + yr) T2 — e (3.22)
But this is where we expand the backstepping algorithm, by introducing an estimate 6 of . We also
denote the estimate error as = 6§ — . (So we have § = —.) We now use, as Lyapunov function for
the first equation,
- 1 1~ -
Vi(z1,0) = 5:/:% + 5eTr—le. (3.23)

Here, I' = I'" > 0 is the adaptation gain matrix. It determines how fast we adapt the various
parameters of . The Lyapunov derivative then equals

Vi = a4 +0TT 9 (3.24)
N\ T 2

= 2 (TR +y) + 911y )ee — ) — (0-0) T7U9 (3.25)

= 21 +y)re = ) + 67 (aafa(z +9) ~T718) + 670, (3.26)



(Note that 21 is a scalar, so we can move it around in the order of multiplication.) We don’t know 6. So
a nice update law for our prediction 6 will be

é =z I'fy (21 + yr)~ (327)
This turns the expression for Vi into
Vi=z (éTfl(zl +yr) + g1(21 +yr )22 — ?Jr) : (3.28)

An evident choice for the desired value of x5, denoted as 2 4, now is

U —c121 — 07 F1 (21 + yr)
gl(zl + yr)

Tod = (3.29)

3.4 The idea of adaptive backstepping — step 2

Using z2,4, we can step back to the second equation of the system. We can then rewrite it using
29 = Ty — T2 4. The Lyapunov function is

1 1
Vo == 2+

5 5 25 + HTF 14, (3.30)

The Lyapunov derivative V3 is a bit harder to work out. (For brevity, we will write fy(z; + y,-) simply as
f1, and similarly for g;, f2 and g5.) We get
Vo = zm# +25 +67T710 (3.31)
N\ T 2
= 2y (07F1 + (22 + 22.0)g1 — Ur) + 22 (07F2 + gows — G0.4) — (0 - 9) r19.  (3.32)
Now we run into a few problems. The first problem comes with the term &5 4. To find it, we have to use
partial derivatives, like

. Oxaq Oxo4. Oraq. Oxoq.  OTag4;
T2d = —5 = Twlxl + oy, Yr + 93, Yr + PY: 0, (3.33)

where we can substitute &; by (9Tf1 + gleg). Using the relations for x5 4 and @3 4, we can further work
out the expression for Va. Doing this, and reordering terms, gives

‘./2 = —clz% + g1z122 — ZléTfl + 9T <Zlf1 + 2o (fz — 6;2’df1) — P_1é>
z1
0x2 4 Oxza .  Oxpa. 0o T
- — - Yy — e 2 0T )0. .34
+22 <g2$3 Ry 912 o Y 0 Y Y, ) ( ) (3.34)

Yes, that’s one big equation. Now we have to get rid of the term with 6. To do this, we should define 6.
But this is again a problem. We have already defined it. As a solution, we just redefine it to be

é =T (Zlfl + z9 <f2 — a;j;d f1>> . (335)

By now you’re probably wondering, ‘Okay, by redefining it, you know that V, is negative definite. But
you aren’t sure anymore that Vi is negative definite!” To see whether that’s true, we examine Vi. If we

insert our new value for @ and the value for X924 into equation (3.26), we wind up with

. 0
‘/i = —012’% — 229T (f2 — ;;;df;l) . (336)



Normally, this is not necessarily a negative definite function. However, the whole system with 2 is
asymptotically stable. (Or it will be once we define the z34.) So zo — 0. In other words, in time, the
rightmost term vanishes, which in turn implies that the function will become negative definite. So this
part of the system will be stable as well.

Now that we have a new update law, we can also define the desired value for 3. We will use

1 02 4 Oraq.  Oxoq.  O0Tagi ap 03,4
_ (e, , dp y OF2d, o— 07 (£, — Z240 )}, (337
T3a= < Coz2 oz, 1 + oy " + 95, ¥ + pY; 2" gy 1 (3.37)
This turns the Lyapunov derivative into Va = —¢122 — 322, which is evidently negative definite.

3.5 The adaptive backstepping algorithm

By now we see how adaptive backstepping works. In this paragraph we’ll present the general algorithm.
To solve the general adaptive backstepping problem, we should follow the following steps.

e At equation i, define the error signal z; = z; — x; 4. (Note that x1 4 = y,.)
e Rewrite the equation using the error signal z;. (So use Z; = @; — 4, 4 and substitute x; by z; +x; 4.)
e Treat z;41 as if it’s the control input. (It is in fact the virtual control.)

e Define the CLF

1 1
V; = 522 +ot5a 24 oTF 19. (3.38)
e Define the parameter w; as
i—1
Ti,d
i =1 — 1. 3.39
w kZ:l oy i (3.39)

e Define the tuning function 7 recursively as
Ti = Tic1 + Ziwi, (3.40)
where 79 = 0 and thus 71 = z3w1 = 21f1.
e Define the preliminary parameter update law
b = T'r. (3.41)
(By the way, the final parameter update law for the system will be 9 = én =Tm.)

e Define the desired value x;41,4 (or, when ¢ = n, define the input ) according to

1 ox; ox;,
Tigrd = — (—clzZ Gio1zio1 — 0 wﬁ-Z ( . gkka) +Z (3 (J;dl k)) (3.42)

K3

0Tids ( Oty q )
+—20+ z —Tw; . 3.43
00 kzzz Y ) (3.43)

The last term (with z;) might surprise you, as it hasn’t appeared in all our equations so far. That
is because it first appears in the relation for 4 4. (That is, when ¢ = 3.) However, we won’t derive
this relation, so as to still somewhat limit the number of oversized equations in this summary.

In the end, as was already mentioned, the parameter update law will be 6 = I'r,. The input to the
system will be given by the relation v = 1 4. And, if these are the only two relations you would want,
then you don’t even have to go through the entire algorithm above. Just find w; and 7 for all ¢ from 1

to n. When you have done that, it is easy to find 6 and u.



4 Robust backstepping

The backstepping algorithm that was just discussed only works for systems with constant coefficients.
But what do we do if there are time-varying parameters?

If these parameters vary slowly, then we can still use adaptive backstepping. The algorithm will adapt
in time. However, if the parameters vary too fast, achieving asymptotic stability can be very hard, if not
impossible. The best we may do in this case is make sure that the parameters are bounded. This makes
the controller robust.

To illustrate how this can be done, we examine a simple system, like
T = k(t)p(z) + u. (4.1)

Here, k(t) is an unknown time-varying constant and ¢(x) is a known nonlinear function. To stabilize the
system, we will try using the Lyapunov function V = %xQ. This gives the derivative

V =2t = k(t)ze(z) + zu. (4.2)

We want this to become negative definite. But if k(¢) becomes big enough, then V will be positive.
This is impossible to prevent. So ensuring asymptotic stability will not be possible. As some sort of
intermediate solution, we can set

u = —cx — krp(r)? (4.3)

This turns the Lyapunov derivative into

V = —cx? — kr?p(x)? + k(t)zp(z) = —cx? — (xgp(x) - l;(?) + % (4.4)

Now examine the three terms in the right-hand part of the above relation. The two left terms are negative
2 .

definite. However, the term % is not. But (when ignoring the middle term) we do know that V' can
only be positive if

k(t)? 2 k()]

—— > cx”, or | < —=. 4.5
4K ol < 2\/kc (45)
In any other case, V is negative. So the above relation effectively is the bound on z imposed by our
control law. In other words, although the system isn’t asymptotically stable, at least the state is bounded.



