Calculus - Period 3

Functions of Multiple Variables

Definitions:

The domain D is the set (z,y) for which f(x,y)
exists. The range is the set of values z for which
there are x,y such that z = f(x,y). The level
curves are the curves with equations f(z,y) = k
where k is a constant.

Checking for Limits:

If f(z,y) — L1 as (z,y) — (a,b) along a path
Cy and f(z,y) — L2 as (z,y) — (a,b) along a
path Cy, where Ly # Lo then lim, ) (a) f(2, )
does not exist. Also f is continuous at (a,b) if
hm(w,y)—»(a,b) f(x7 y) = f(CL, b)

Partial Derivatives:
The partial derivative of f with respect to = at

(a,b) is:
fz(a7 b) = g/(a) = f(wv b) (1)

In words, to find f,, regard y as constant and dif-
ferentiate f(x,y) with respect to x. f is defined
similarly. If f,, and fy. are both continuous on D,

then fry = fya-

where g(z)

Tangent Planes:
For points close to zg = f(xo,y0) the curve of
f(z,y) can be approximated by:

z—20 = fo(20,y0) (€ —20) + fy (20, Y0) (¥ —y0) (2)
The plane described by this equation is the plane
tangent to the curve of f(z,y) at (xo,yo)-

Differentials:
0z 0z
dz = fu(z,y)dz + fy(z,y)dy = a—dm—i— a—dy (3)
If z= f(x,y), x = g(s,t) and y = h(s,t) then:
d:_0:do 0:dy "
ds Oxds Oyds

Directional Derivatives:

The directional derivative of f at (xg,y0) in the
direction of a unit vector (meaning, ju| =1) u =
(a,b) is

Duf('r07y0) = fx(l',y)a‘i‘ fy($,y)b = Vf -u (5)

The maximum value of D,, f(z,y) is |V f(x,y)| and
occurs when the vector u = (a,b) has the same
direction as V f(z,y).

Local Maxima and Minima:

If f has a local maximum or minimum at (a,b),
then fy(a,b) = 0 and fy(a,b) = 0. If fy(a,b) =0
and fy(a,b) = 0 then (a,b) is a critical point. If
(a,b) is a critical point, then let D be defined as:

faa(a,b) fyy(a,0) = (fuy(a, b))2 (7)

e If D > 0 then:

— If fzz(a,b) > 0, then f(a,b) is a minimum.
— If fyz(a,b) <0, then f(a,b) is a maximum.
e If D <0, then f(a,b) is a saddle point.

D =D(a,b) =

Absolute Maxima and Minima:

To find the absolute maximum and minimum val-
ues of a continuous function f on a closed bounded
set D, first find the values of f at the critical points
of fin D. Then find the extreme values of f on the
boundary of D. The largest of these values is the
absolute maximum. The lowest is the minimum.

Multiple Integrals
Integrals over Rectangles:

If R is the rectangle such that R = {(z,y)]a < <
b,c¢ <y < d}, then:

/Rf(%y)dA:/ab/cdf(x,y)dydw (8)
/Rf(:ay)dA:/cd/:f(x,y)dwdy (9)

Integrals over Regions:
If D, is the region such that Dy = {(z,y)]a <z <
b,g1(z) <y < ga(x)}, then:

/mfxydA //%@ Fe,y) dydz (10)

If D, is the region such that Dy = {(z,y)|a <y <
b,h1(y) <z < ha(y)}, then:

h2(y)
/ flz,y) dA = // flz,y) de dy (11)
Da h

Integrating over Polar Coordinates

r? = 2%+ y? tang = 2 (12)
x



x =rcosb y=rsinf (13)

If R is the polar rectangle such that R = {(r,0)|0 <
a<r<ba<f<f}where0 < f—a<2m, then:

B b
// flz,y) dA = / / f(rcosf,rsinf) r dr df
R a Ja
(14)
If D is the polar rectangle such that D = {(r,0)|0 <
hi(0) <r < hg(0),a <0 < B} where 0 < f—a <
27, then:

B rh2(0)
// flz,y) dA:// f(rcosf,rsing) r dr df
R a Jhi(0)
(15)

Applications:
If m is the mass, and p(x,y) the density, then:

m= //D ple,y) dA (16)

The z-coordinate of the center of mass is:

Iz p(z,y) dA
I r(z,y) dA

The moment of inertia about the z-axis is:

I - //D y2p(e,y) dA (18)

The moment of inertia about the origin is:

T =

Iy = //D(x2 +yH)p(z,y) dA=1,+1, (19)

Triple Integrals

If E is the volume such that £ = {(z,y,2)|la <
x < bvgl(‘r) <y< 92(‘r)7h1($7y) <z< hz(xvy)}ﬂ
then:

b rg2(z) pha(z,y)
E aJ gi(z) Jhi(z,y)

(20)



