
Problem 13.1 In Example 13.2, suppose that the vehi-
cle is dropped from a height h = 6m. (a) What is the
downward velocity 1 s after it is released? (b) What is
its downward velocity just before it reaches the ground?

h

Solution: The equations that govern the motion are:

a = −g = −9.81 m/s2

v = −gt

s = − 1
2 gt2 + h

(a) v = −gt = −(9.81 m/s2)(1 s) = −9.81 m/s.

The downward velocity is 9.81 m/s.
(b) We need to first determine the time at which the vehicle hits the

ground

s = 0 = − 1
2 gt2 + h ⇒ t =

√
2h

g
=

√
2(6 m)

9.81 m/s2
= 1.106 s

Now we can solve for the velocity

v = −gt = −(9.81 m/s2)(1.106 s) = −10.8 m/s.

The downward velocity is 10.8 m/s.

Problem 13.2 The milling machine is programmed so
that during the interval of time from t = 0 to t = 2 s,
the position of its head (in inches) is given as a function
of time by s = 4t − 2t3. What are the velocity (in in/s)
and acceleration (in in/s2) of the head at t = 1 s?

s

Solution: The motion is governed by the equations

s = (4 in/s)t − (2 in/s2)t2,

v = (4 in/s) − 2(2 in/s2)t,

a = −2(2 in/s2).

At t = 1 s, we have v = 0, a = −4 in/s2.
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Problem 13.3 In an experiment to estimate the accel-
eration due to gravity, a student drops a ball at a distance
of 1 m above the floor. His lab partner measures the time
it takes to fall and obtains an estimate of 0.46 s.

(a) What do they estimate the acceleration due to grav-
ity to be?

(b) Let s be the ball’s position relative to the floor.
Using the value of the acceleration due to gravity
that they obtained, and assuming that the ball is
released at t = 0, determine s (in m) as a function
of time.

s

s � 0

Solution: The governing equations are

a = −g

v = −gt

s = − 1
2 gt2 + h

(a) When the ball hits the floor we have

0 = − 1
2 gt2 + h ⇒ g = 2h

t2
= 2(1 m)

(0.46 s)2
= 9.45 m/s2

g = 9.45 m/s2

(b) The distance s is then given by

s = − 1
2 (9.45 m/s2) + 1 m. s = −(4.73 m/s2)t2 + 1.0 m.

Problem 13.4 The boat’s position during the interval
of time from t = 2 s to t = 10 s is given by s = 4t +
1.6t2 − 0.08t3 m.

(a) Determine the boat’s velocity and acceleration at
t = 4 s.

(b) What is the boat’s maximum velocity during this
interval of time, and when does it occur?

Solution:

s = 4t + 1.6t2 − 0.08t3

v = ds

dt
= 4 + 3.2t − 0.24t2 ⇒

a) v(4s) = 12.96 m/s2

a(4s) = 1.28 m/s2

b) a = 3.2 − 0.48t = 0 ⇒ t = 6.67s

v(6.67s) = 14.67 m/s
a = dv

dt
= 3.2 − 0.48t

10
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Problem 13.5 The rocket starts from rest at t = 0 and
travels straight up. Its height above the ground as a
function of time can be approximated by s = bt2 + ct3,
where b and c are constants. At t = 10 s, the rocket’s
velocity and acceleration are v = 229 m/s and a = 28.2
m/s2. Determine the time at which the rocket reaches
supersonic speed (325 m/s). What is its altitude when
that occurs?

s

Solution: The governing equations are

s = bt2 + ct3,

v = 2bt + 3ct2,

a = 2b + 6ct.

Using the information that we have allows us to solve for the constants
b and c.

(229 m/s) = 2b(10 s) + 3c(10 s)2,

(28.2 m/s2) = 2b + 6c(10 s).

Solving these two equations, we find b = 8.80 m/s2, c = 0.177 m/s3.

When the rocket hits supersonic speed we have

(325 m/s) = 2(8.80 m/s2)t + 3(0.177 m/s3)t2 ⇒ t = 13.2 s.

The altitude at this time is

s = (8.80 m/s2)(13.2 s)2 + (0.177 m/s3)(13.2 s)3
s = 1940 m.

Problem 13.6 The position of a point during the inter-
val of time from t = 0 to t = 6 s is given by s = − 1

2 t3 +
6t2 + 4t m.

(a) What is the maximum velocity during this interval
of time, and at what time does it occur?

(b) What is the acceleration when the velocity is a
maximum?

Solution:

s = − 1
2 t3 + 6t2 + 4t m

v = − 3
2 t2 + 12t + 4 m/s

a = −3t + 12 m/s2

Maximum velocity occurs where a = dv

dt
= 0 (it could be a minimum)

This occurs at t = 4 s. At this point
da

dt
= −3 so we have a maximum.

(a) Max velocity is at t = 4 s. where v = 28 m/s and
(b) a = 0 m/s2

11
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Problem 13.7 The position of a point during the inter-
val of time from t = 0 to t = 3 seconds is s = 12 +
5t2 − t3

(a) What is the maximum velocity during this interval
of time, and at what time does it occur?

(b) What is the acceleration when the velocity is a
maximum?

Solution:

(a) The velocity is
ds

dt
= 10t − 3t2. The maximum occurs when

dv

dt
= 10 − 6t = 0, from which

t = 10

6
= 1.667 seconds.

This is indeed a maximum, since
d2v

dt2
= −6 < 0. The maximum

velocity is

v = [
10t − 3t2

]
t=1.667 = 8.33 /s

(b) The acceleration is
dv

dt
= 0 when the velocity is a maximum.

Problem 13.8 The rotating crank causes the position
of point P as a function of time to be s = 0.4 sin
(2πt) m.

(a) Determine the velocity and acceleration of P at
t = 0.375 s.

(b) What is the maximum magnitude of the velocity
of P ?

(c) When the magnitude of the velocity of P is a
maximum, what is the acceleration of P ?

P

s

Solution:

s = 0.4 sin(2πt)

v = ds

dt
= 0.8π cos(2πt) ⇒

a) v(0.375s) = −1.777 m/s

a(0.375) = −11.2 m/s2

b) vmax = 0.8π = 2.513 m/s2

c) vmax ⇒ t = 0, nπ ⇒ a = 0

a = dv

dt
= −1.6π2 sin(2πt)

Problem 13.9 For the mechanism in Problem 13.8,
draw graphs of the position s, velocity v, and acce-
leration a of point P as functions of time for 0 ≤ t ≤ 2 s.
Using your graphs, confirm that the slope of the graph
of s is zero at times for which v is zero, and the slope
of the graph of v is zero at times for which a is zero.

Solution:

12
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Problem 13.10 A seismograph measures the horizon-
tal motion of the ground during an earthquake. An engi-
neer analyzing the data determines that for a 10-s interval
of time beginning at t = 0, the position is approximated
by s = 100 cos(2πt) mm. What are (a) the maximum
velocity and (b) maximum acceleration of the ground
during the 10-s interval?

Solution:

(a) The velocity is

ds

dt
= −(2π)100 sin(2πt) mm/s = −0.2π sin(2πt) m/s.

The velocity maxima occur at

dv

dt
= −0.4π2 cos(2πt) = 0,

from which

2πt = (2n − 1)π

2
, or t = (2n − 1)

4
,

n = 1, 2, 3, . . . M, where
(2M − 1)

4
≤ 10 seconds.

These velocity maxima have the absolute value

∣∣∣∣ds

dt

∣∣∣∣
t= (2n−1)

4

= [0.2π ] = 0.628 m/s.

(b) The acceleration is

d2s

dt2 = −0.4π2 cos(2πt).

The acceleration maxima occur at

d3s

dt3
= d2v

dt2
= 0.8π3 sin(2πt) = 0,

from which 2πt = nπ , or t = n

2
, n = 0, 1, 2, . . . K , where

K

2
≤ 10 seconds.

These acceleration maxima have the absolute value

∣∣∣∣dv

dt

∣∣∣∣
t=

nπ

2

= 0.4π2 = 3.95 m/s2.

Problem 13.11 In an assembly operation, the robot’s
arm moves along a straight horizontal line. During an
interval of time from t = 0 to t = 1 s, the position of the
arm is given by s = 30t2 − 20t3 mm. (a) Determine the
maximum velocity during this interval of time. (b) What
are the position and acceleration when the velocity is a
maximum?

s

Solution:

s = 30t2 − 20t3 mm

v = 60t − 60t2 mm/s

a = 60 − 120t mm/s2

da

dt
= −120 mm/s3

(a) Maximum velocity occurs when
dv

dt
= a = 0. This occurs at

0 = 60 − 120t or t = 1/2 second. (since da/dt < 0, we have
a maximum). The velocity at this time is

v = (60)

(
1

2

)
− 60

(
1

4

)
mm/s

v = 15 mm/s

(b) The position and acceleration at this time are

s = 7.5 − 2.5 mm

s = 5 mm

a = 0 mm/s2

13
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Problem 13.12 In Active Example 13.1, the accelera-
tion (in m/s2) of point P relative to point O is given as
a function of time by a = 3t2. Suppose that at t = 0 the
position and velocity of P are s = 5 m and v = 2 m/s.
Determine the position and velocity of P at t = 4 s.

O P

s
s 

Solution: The governing equations are

a = (3 m/s4)t2

v = 1

3
(3 m/s4)t3 + (2 m/s)

s = 1

12
(3 m/s4)t4 + (2 m/s)t + (5 m)

At t = 4 s, we have s = 77 m, v = 66 m/s.

Problem 13.13 The Porsche starts from rest at time
t = 0. During the first 10 seconds of its motion, its
velocity in km/h is given as a function of time by v =
22.8t − 0.88t2, where t is in seconds. (a) What is the
car’s maximum acceleration in m/s2, and when does it
occur? (b) What distance in km does the car travel dur-
ing the 10 seconds?

Solution: First convert the numbers into meters and seconds

22.8
km

hr

(
1000 m

1 km

) (
1hr

3600 s

)
= 6.33 m/s

0.88
km

hr

(
1000 m

1 km

) (
1 hr

3600 s

)
= 0.244 m/s

The governing equations are then

s = 1

2
(6.33 m/s)(t2/s) − 1

3
(0.88 m/s)(t3/s2),

v = (6.33 m/s)(t/s) − (0.88 m/s)(t2/s2),

a = (6.33 m/s2) − 2(0.88 m/s)(t/s2),

d

dt
a = −2(0.88 m/s)(1/s2) = −1.76 m/s3.

The maximum acceleration occurs at t = 0 (and decreases linearly
from its initial value).

amax = 6.33 m/s2 @ t = 0

In the first 10 seconds the car travels a distance

s =
[

1

2

(
22.8

km

hr

)
(10 s)2

s
− 1

3

(
0.88

km

hr

)
(10 s)3

s2

] (
1 hr

3600 s

)

s = 0.235 km.
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Problem 13.14 The acceleration of a point is a =
20t m/s2. When t = 0, s = 40 m and v = −10 m/s.
What are the position and velocity at t = 3 s?

Solution: The velocity is

v =
∫

a dt + C1,

where C1 is the constant of integration. Thus

v =
∫

20t dt + C1 = 10t2 + C1.

At t = 0, v = −10 m/s, hence C1 = −10 and the velocity is v =
10t2 − 10 m/s. The position is

s =
∫

v dt + C2,

where C2 is the constant of integration.

s =
∫

(10t2 − 10) dt + C2 =
(

10

3

)
t3 − 10t + C2.

At t = 0, s = 40 m, thus C2 = 40. The position is

s =
(

10

3

)
t3 − 10t + 40 m.

At t = 3 seconds,

s =
[

10

3
t3 − 10t + 40

]
t=3

= 100 m.

The velocity at t = 3 seconds is

v = [
10t2 − 10

]
t=3 = 80 m/s .

Problem 13.15 The acceleration of a point is a =
60t − 36t2 2 t = 0, s = 0 and v = 20 m/s.
What are position and velocity as a function of time?

Solution: The velocity is

v =
∫

a dt + C1 =
∫

(60t − 36t2) + C1 = 30t2 − 12t3 + C1.

At t = 0, v = 20 m/s, hence C1 = 20, and the velocity as a function
of time is

v = 30t2 − 12t3 + 20 m/s .

The position is

s =
∫

v dt + C2 =
∫

(30t2 − 12t3 + 20) + C2

= 10t3 − 3t4 + 20t + C2.

At t = 0, s = 0, hence C2 = 0, and the position is

s = 10t3 − 3t4 + 20t

15
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Problem 13.16 As a first approximation, a bioengineer
studying the mechanics of bird flight assumes that the
snow petrel takes off with constant acceleration. Video
measurements indicate that a bird requires a distance of
4.3 m to take off and is moving at 6.1 m/s when it does.
What is its acceleration?

Solution: The governing equations are

a = constant, v = at, s = 1

2
at2.

Using the information given, we have

6.1 m/s = at, 4.3 m = 1

2
at2.

Solving these two equations, we find t = 1.41 s and a = 4.33 m/s2.

Problem 13.17 Progressively developing a more real-
istic model, the bioengineer next models the acceleration
of the snow petrel by an equation of the form a =
C(1 + sin ωt), where C and ω are constants. From video
measurements of a bird taking off, he estimates that
ω = 18/s and determines that the bird requires 1.42 s
to take off and is moving at 6.1 m/s when it does. What
is the constant C?

Solution: We find an expression for the velocity by integrating the
acceleration

a = C(1 + sin ωt),

v = Ct + C

ω
(1 − cos ωt) = C

(
t + 1

ω
− 1

ω
cos ωt

)
.

Using the information given, we have

6.1 m/s = C
(
1.42 s + s

18
− s

18
cos[18(1.42)]

)

Solving this equation, we find C = 4.28 m/s2.

16
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Problem 13.18 Missiles designed for defense against
ballistic missiles have attained accelerations in excess
of 100 g’s, or 100 times the acceleration due to gravity.
Suppose that the missile shown lifts off from the ground
and has a constant acceleration of 100 g’s. How long
does it take to reach an altitude of 3000 m? How fast is
it going when it ranches that altitude?

Solution: The governing equations are

a = constant, v = at, s = 1

2
at2

Using the given information we have

3000 m = 1

2
100(9.81 m/s2)t2 ⇒ t = 2.47 s

The velocity at that time is

v = 100(9.81 m/s2)(2.47 s) = 243 m/s. v = 2430 m/s.

Problem 13.19 Suppose that the missile shown lifts
off from the ground and, because it becomes lighter as
its fuel is expended, its acceleration (in g’s) is given as
a function of time in seconds by

a = 100

1 − 0.2t
.

What is the missile’s velocity in kilometres per hour 1s
after liftoff?

Solution: We find an expression for the velocity by integrating the
acceleration (valid only for 0 < t < 5s).

v =
∫ t

0
adt =

∫ t

0

100g

1 − 0.2(t/s)
dt = 100gs

0.2
ln

(
1

1 − 0.2[t/s]

)

At time t = 1 s, we have

v = 100( . 2 )(1 s)

0.2
ln

(
1

1 − 0.2

)
= .

v = 0 m h.

17
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Problem 13.20 The airplane releases its drag para-
chute at time t = 0. Its velocity is given as a function
of time by

v = 80

1 + 0.32t
m/s.

What is the airplane’s acceleration at t = 3 s?

Solution:

v = 80

1 + 0.32t
; a = dv

dt
= −25.6

(1 + 0.32t)2
⇒ a(3 s) = −6.66 m/s2

Problem 13.21 How far does the airplane in Problem
13.20 travel during the interval of time from t = 0 to
t = 10 s?

Solution:

v = 80

1 + 0.32t
; s =

∫ 10 s

0

80

1 + 0.32t
dt = 250 ln

(
1 + 3.2

1

)
= 359 m

Problem 13.22 The velocity of a bobsled is v =
10t t = 2 s, the position is s = 25 m. What
is its position at t = 10 s?

Solution: The equation for straight line displacement under con-
stant acceleration is

s = a(t − t0)
2

2
+ v(t0)(t − t0) + s(t0).

Choose t0 = 0. At t = 2, the acceleration is

a =
[

dv(t)

dt

]
t=2

= 10 m/s2,

the velocity is v(t0) = 10(2) = 20 m/s, and the initial displacement is
s(t0) = 25 m. At t = 10 seconds, the displacement is

s = 10

2
(10 − 2)2 + 20(10 − 2) + 25 = 505 m

18
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Problem 13.23 In September, 2003, Tony Schumacher
started from rest and drove 402 km in 4.498 seconds in
a National Hot Rod Association race. His speed as he
crossed the finish line wa 5 8 /h. Assume that the
car’s acceleration can be expressed by a linear function
of time a = b + ct .

(a) Determine the constants b and c.
(b) What was the car’s speed 2 s after the start of

the race?

Solution:

a = b + ct, v = bt + ct2

2
, s = bt2

2
+ ct3

6

Both constants of integration are zero.

(a) 528 km/h = b(4.498 s) + c

2
(4.498 s)2

= b

2
(4.498 s)2 + c

6
(4.498 s)3

⇒ b = 2

c = − 3

(b) v = b(2 s) + c

2
(2 s)2 = 9 /s

Problem 13.24 The velocity of an object is v = 200 −
2t2 m/s. When t = 3 seconds, its position is s = 600 m.
What are the position and acceleration of the object at
t = 6 s?

Solution: The acceleration is

dv(t)

dt
= −4t m/s2.

At t = 6 seconds, the acceleration is a = −24 m/s2. Choose the ini-
tial conditions at t0 = 3 seconds. The position is obtained from the
velocity:

s(t − t0) =
∫ 6

3
v(t) dt + s(t0) =

[
200t − 2

3
t3

]6

3
+ 600 = 1070 m .

Problem 13.25 An inertial navigation system mea-
sures the acceleration of a vehicle from t = 0 to t = 6 s
and determines it to be a = 2 + 0.1t m/s2. At t = 0,
the vehicle’s position and velocity are s = 240 m, v =
42 m/s, respectively. What are the vehicle’s position and
velocity at t = 6 s?

Solution:

a = 2 + 0.1t m/s2

v0 = 42 m/s s0 = 240 m

Integrating

v = v0 + 2t + 0.1t2/2

s = v0t + t2 + 0.1t3/6 + s0

Substituting the known values at t = 6 s, we get

v = 55.8 m/s

s = 531.6 m

19
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Problem 13.26 In Example 13.3, suppose that the chee-
tah’s acceleration is constant and it reaches its top speed
of 120 km/h in 5 s. What distance can it cover in 10 s?

Solution: The governing equations while accelerating are

a = constant, v = at, s = 1

2
at2.

Using the information supplied, we have( )
= a(5 s) ⇒ a = 2

The distance that he travels in the first 10 s (5 seconds accelerating
and then the last 5 seconds traveling at top speed) is

s = 1

2
( 2 ) (5 s)2+

( )
(10 s − 5 s) = .

s = .

Problem 13.27 The graph shows the airplane’s accel-
eration during its takeoff. What is the airplane’s velocity
when it rotates (lifts off) at t = 30 s?

a

t

9 m/ s2

3 m/s2

5 s0
0

30 s

Solution: Velocity = Area under the curve

v = 1

2
(3 m/s2+ 9 m/s2 )(5 s) + (9 m/s2 )(25 s) =255 m/s

Problem 13.28 Determine the distance traveled during
its takeoff by the airplane in Problem 13.27.

Solution: for 0 ≤ t ≤ 5 s

a =
(

6 m/s2

5 s

)
t + (3 m/s2), v =

(
6 m/s2

5 s

)
t2

2
+ (3 m/s2)t

s =
(

6 m/s2

5 s

)
t3

6
+ (3 m/s2)

t2

2

v(5 s) = 30 m/s, s(5 s) = 62.5 m

for 5 s ≤ t ≤ 30 s

a = 9 m/s2, v = (9 m/s2)(t − 5 s) + 30 m/s,

s = (9 m/s2)
(t − 5 s)2

2
+ (30 m/s)(t − 5 s) + 62.5 m

⇒ s(30 s) = 3625

20
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Problem 13.29 The car is traveling at 48 km/h when
the traffic light 90 m ahead turns yellow. The driver
takes one second to react before he applies the brakes.

(a) After he applies the brakes, what constant rate of
deceleration will cause the car to come to a stop
just as it reaches the light?

(b) How long does it take the car to travel the 90 m?
90 m 

/h48 km

Solution: for 0 ≤ t ≤ 1 s

a = 0, v = = , s = ( )t

s(1 s) =
for t > 1 s

a = −c (constant), v = −ct + , s = −c
t2

2
+ ( )t +

At the stop we have

90 m = −c
t2

2
+ ( )t +

⇒ a) c = . 7 /s 2

b) t = 11.41 s0 = −ct +

Problem 13.30 The car is traveling at 48 km/h when
the traffic light 90 m ahead turns yellow. The driver
takes 1 s to react before he applies the accelerator. If
the car has a constant acceleration of 2 m/s2 and the
light remains yellow for 5 s, will the car reach the light
before it turns red? How fast is the car moving when it
reaches the light?

Solution: First, convert the initial speed into m/s.

= .

At the end of the 5 s, the car will have traveled a distance

d = ( )(1 s) +
[

1

2
( 2)(5 s − 1 s)2 + ( )(5 s − 1 s)

]
= .

When the light turns red, the driver will still be 7.35 m from the light.
No.

To find the time at which the car does reach the light, we solve

90 m= ( )(1 s) +
[

1

2
( 2)(t − 1 s)2+ ( )(t − 1 s)

]

⇒ t = 5. .

The speed at this time is

v = + ( 2 ) (5. − 1 s) =

v = . m h.
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48 km/h 13.33 m/s 13.33 m/s

13.33 m

13.33 m/s 13.33 m

13.33 m/s

1 1 m

48 km/h 13.33 m/s

13.33 m/s 2 m/s 13.33 m/s m82.65

13.33 m/s 2 m/s 13.33 m/s

34 s

13.33 m/s 2 m/s 34 s 22.01 m/s.

79 2 k /

13.33 m/s13.33 m/s

13.33 m
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Problem 13.31 A high-speed rail transportation sys-
tem has a top speed of 100 m/s. For the comfort of the
passengers, the magnitude of the acceleration and decel-
eration is limited to 2 m/s2. Determine the time required
for a trip of 100 km.

Strategy: A graphical approach can help you solve this
problem. Recall that the change in the position from an
initial time t0 to a time t is equal to the area defined
by the graph of the velocity as a function of time from
t0 to t .

Solution: Divide the time of travel into three intervals: The time
required to reach a top speed of 100 m/s, the time traveling at top
speed, and the time required to decelerate from top speed to zero. From
symmetry, the first and last time intervals are equal, and the distances
traveled during these intervals are equal. The initial time is obtained
from v(t1) = at1, from which t1 = 100/2 = 50 s. The distance trav-
eled during this time is s(t1) = at2

1 /2 from which s(t1) = 2(50)2/2 =
2500 m. The third time interval is given by v(t3) = −at3 + 100 = 0,
from which t3 = 100/2 = 50 s. Check. The distance traveled is s(t3) =
− a

2
t2
3 + 100t3, from which s(t3) = 2500 m. Check. The distance trav-

eled at top speed is s(t2) = 100000 − 2500 − 2500 = 95000 m
= 95 km. The time of travel is obtained from the distance traveled at
zero acceleration: s(t2) = 95000 = 100t2, from which t2 = 950. The
total time of travel is ttotal = t1 + t2 + t3 = 50 + 950 + 50 = 1050 s

= 17.5 minutes .

A plot of velocity versus time can be made and the area under the
curve will be the distance traveled. The length of the constant speed
section of the trip can be adjusted to force the length of the trip to be
the required 100 km.

Problem 13.32 The nearest star, Proxima Centauri, is
4.22 light years from the Earth. Ignoring relative motion
between the solar system and Proxima Centauri, sup-
pose that a spacecraft accelerates from the vicinity of
the Earth at 0.01 g (0.01 times the acceleration due to
gravity at sea level) until it reaches one-tenth the speed
of light, coasts until it is time to decelerate, then decel-
erates at 0.01 g until it comes to rest in the vicinity of
Proxima Centauri. How long does the trip take? (Light
travels at 3 × 108 m/s.)

Solution: The distance to Proxima Centauri is

d = (4.22 light - year)(3 × 108 m/s)(365.2422 day)

(
86400 s

1 day

)

= 3.995 × 1016 m.

Divide the time of flight into the three intervals. The time required to
reach 0.1 times the speed of light is

t1 = v

a
= 3 × 107 m/s

0.0981 m/s2
= 3.0581 × 108 seconds.

The distance traveled is

s(t1) = a

2
t2
1 + v(0)t + s(0),

where v(0) = 0 and s(0) = 0 (from the conditions in the problem),
from which s(t1) = 4.587 × 1015 m. From symmetry, t3 = t1, and
s(t1) = s(t3). The length of the middle interval is s(t2) = d − s(t1) −
s(t3) = 3.0777 × 1016 m. The time of flight at constant velocity is

t2 = 3.0777 × 1016 m

3 × 107 = 1.026 × 109 seconds.

The total time of flight is ttotal = t1 + t2 + t3 = 1.63751 × 109 sec-
onds. In solar years:

ttotal = (
1.63751 × 109 sec

) (
1 solar years

365.2422 days

) (
1 days

86400 sec

)

= 51.9 solar years
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Problem 13.33 A race car starts from rest and accel-
erates at a = 5 + 2t 2 for 10 seconds. The brakes
are then applied, and the car has a constant acceler-
ation a = −30 m/s2 until it comes to rest. Determine
(a) the maximum velocity, (b) the total distance trav-
eled; (c) the total time of travel.

Solution:

(a) For the first interval, the velocity is

v(t) =
∫

(5 + 2t) dt + v(0) = 5t + t2

since v(0) = 0. The velocity is an increasing monotone function;
hence the maximum occurs at the end of the interval, t = 10 s,
from which

vmax = 150 m/s .

(b) The distance traveled in the first interval is

s(10) = ∫ 10
0 (5t + t2) dt =

[
5

2
t2 + 1

3
t3

]10

0
= 583.33 .

The time of travel in the second interval is

v(t2 − 10) = 0 = a(t2 − 10) + v(10), t2 ≥ 10 s,

from which

(t2 − 10) = − 150

−30
= 5, and

(c) the total time of travel is t2 = 15. The total distance traveled is

s(t2 − 10) = a

2
(t2 − 10)2 + v(10)(t2 − 10) + s(10),

from which (b)

s(5) = −30

2
52 + 150(5) + 583.33 = 958.33 m

Problem 13.34 When t = 0, the position of a point is
s = 6 m and its velocity is v = 2 m/s. From t = 0 to t =
6 s, the acceleration of the point is a = 2 + 2t2 m/s2.
From t = 6 s until it comes to rest, its acceleration is
a = −4 m/s2.

(a) What is the total time of travel?
(b) What total distance does the point move?

Solution: For the first interval the velocity is

v(t) =
∫

(2 + 2t2) dt + v(0) =
[
2t + 2

3
t3

]
+ 2 m/s.

The velocity at the end of the interval is v(6) = 158 m/s. The dis-
placement in the first interval is

s(t) =
∫ (

2t + 2

3
t3 + 2

)
dt + 6 =

[
t2 + 1

6
t4 + 2t

]
+ 6.

The displacement at the end of the interval is s(6) = 270 m. For the
second interval, the velocity is v(t − 6) = a(t − 6) + v(6) = 0, t ≥ 6,
from which

(t − 6) = − v(6)

a
= − 158

−4
= 39.5.

The total time of travel is

(a) ttotal = 39.5 + 6 = 45.5 seconds.

(b) The distance traveled is

s(t − 6) = −4

2
(t − 6)2 + v(6)(t − 6) + s(6)

= −2(39.5)2 + 158(39.5) + 270,

from which the total distance is stotal = 3390 m
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Problem 13.35 Zoologists studying the ecology of the
Serengeti Plain estimate that the average adult cheetah
can run 100 km/h and that the average springbuck can
run 65 km/h. If the animals run along the same straight
line, start at the same time, and are each assumed to
have constant acceleration and reach top speed in 4 s,
how close must the a cheetah be when the chase begins
to catch a springbuck in 15 s?

Solution: The top speeds are Vc = 100 km/h = 27.78 m/s for the
cheetah, and Vs = 65 km/h = 18.06 m/s. The acceleration is ac =
Vc

4
= 6.94 m/s2 for the cheetah, and as = Vs

4
= 4.513 m/s2 for the

springbuck. Divide the intervals into the acceleration phase and the
chase phase. For the cheetah, the distance traveled in the first is

sc(t) = 6.94

2
(4)2 = 55.56 m. The total distance traveled at the end

of the second phase is stotal = Vc(11) + 55.56 = 361.1 m. For the
springbuck, the distance traveled during the acceleration phase is

ss (t) = 4.513

2
(4)2 = 36.11 m. The distance traveled at the end of the

second phase is ss(t) = 18.06(11) + 36.1 = 234.7 m. The permissible
separation between the two at the beginning for a successful chase is

d = sc(15) − ss (15) = 361.1 − 234.7 = 126.4 m

Problem 13.36 Suppose that a person unwisely drives

ficers begin
constant acceleration at the instant they are passed and
increase their speed to 129 km/h in 4 s , how long does it
take them to be even with the pursued car?

Solution: The conversion from mi/h to m/s is

The acceleration of the police car is

a = ( − )( . )

4 s
= 2.

The distance traveled during acceleration is

s(t1) = .

2
(4)2 + ( . )(4) = .

The distance traveled by the pursued car during this acceleration is

sc(t1) = ( . ) t1= (4) =

The separation between the two cars at 4 seconds is

d = − = .

This distance is traversed in the time

t2 =
( − )( . )

= .

The total time is ttotal = + 4 = seconds.

Problem 13.37 If θ = 1 rad and
dθ

dt
= 1 rad/s, what

is the velocity of P relative to O?

Strategy: You can write the position of P relative to
O as s = (2 m) cos θ + (2 m) cos θ and then take the
derivative of this expression with respect to time to
determine the velocity.

s

2 m

O
P

2 

�

m

Solution: The distance s from point O is

s = (2 m) cos θ + (2 m) cos θ.

The derivative is

ds

dt
= −4 sin θ

dθ

dt
.

For θ = 1 radian and
dθ

dt
= 1 radian/second,

ds

dt
= v(t) = −4(sin(1 rad)) = −4(0.841) = −3.37 m/s
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120 km/h in a 88 km/h zone and passes a police car going
88 km/h in the same direction. If the police of

km

h
= 1000 m

3600 s
= 0.278 m/s

129 88 0 278 m/s
2.85 m/s
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88 0 278 m121
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Problem 13.38 In Problem 13.37, if θ = 1 rad, dθ/dt
= −2 rad/s and d2θ/dt2 = 0, what are the velocity and
acceleration of P relative to O?

Solution: The velocity is

ds

dt
= −4 sin θ

dθ

dt
= −4(sin(1 rad))(−2) = 6.73 m/s .

The acceleration is

d2s

dt2
= −4 cos θ

(
dθ

dt

)2

− 4 sin θ

(
d2θ

dt2

)
,

from which

d2s

dt2
= a = −4 cos(1 rad)(4) = −8.64 m/s2

Problem 13.39 If θ = 1 rad and
dθ

dt
= 1 rad/s, what

is the velocity of P relative to O?

s

O
P

200 mm 400 mm

�

Solution: The acute angle formed by the 400 mm arm with the
horizontal is given by the sine law:

200

sin α
= 400

sin θ
,

from which

sin α =
(

200

400

)
sin θ.

For θ = 1 radian, α = 0.4343 radians. The position relative to O is.

s = 200 cos θ + 400 cos α.

The velocity is

ds

dt
= v(t) = −200 sin θ

(
dθ

dt

)
− 400 sin α

(
dα

dt

)
.

From the expression for the angle

α, cos α

(
dα

dt

)
= 0.5 cos θ

(
dθ

dt

)
,

from which the velocity is

v(t) = (−200 sin θ − 200 tan α cos θ)

(
dθ

dt

)
.

Substitute: v(t) = −218.4 mm/s .
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Problem 13.40 In Active Example 13.4, determine the
time required for the plane’s velocity to decrease from
50 m/s to 10 m/s.

Solution: From Active Example 13.4 we know that the accelera-
tion is given by

a = −(0.004/m)v2.

We can find an expression for the velocity as a function of time by
integrating

a = dv

dt
= −(0.004/m)v2 ⇒ dv

v2
= −(0.004/m)t

∫ 10 m/s

50 m/s

dv

v2
=

(
− 1

v

)10 m/s

50 m/s
=

(
− 1 s

10 m
+ 1 s

50 m

)
=

(
− 4 s

50 m

)
= −(0.004/m)t

t =
(

− 4 s

50 m

)(−1 m

0.004

)
= 20 s.

t = 20 s.

Problem 13.41 An engineer designing a system to con-
trol a router for a machining process models the sys-
tem so that the router’s acceleration (in cm/s ) during an2

interval of time is given by a = −0.4v, where v is the
velocity of the router in cm/s. When t = 0, the position is
s = 0 and the velocity is v = 2 cm/s.What is the position
at t = 3 s?

s
Solution: We will first find the velocity at t = 3.

a = dv

dt
= −

(
0.4

s

)
v,

∫ v2

2 cm/s

dv

v
=

∫ 3 s

0

(−0.4

s

)
dt,

ln

(
v2

2 cm/s

)
=

(−0.4

s

)
(3 s) = −1.2

v2 = (2 cm/s)e−1. 2 = 0.602 cm/s.

Now we can find the position

a = vdv

ds
=

(−0.4

s

)
v,

∫ 0.602 cm/s

2 cm/s

vdv

v
=

(−0.4

s

) ∫ s2

0
ds

(0.602 cm/s) − (2 cm/s)=
(−0.4

s

)
s2

s2 = −1.398 cm/s

−0.4/ s
= 3.49 cm

s2 = 3.49 cm
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Problem 13.42 The boat is moving at 10 m/s when
its engine is shut down. Due to hydrodynamic drag, its
subsequent acceleration is a = −0.05v2 m/s2, where v
is the velocity of the boat in m/s. What is the boat’s
velocity 4 s after the engine is shut down?

Solution:

a = dv

dt
= −(0.05 m−1)v2

∫ v

10 m/s

dv

v2
= −(0.05 m−1)

∫ t

0
dt ⇒ − 1

v

∣∣∣∣
v

10 m/s
= −(0.05 m−1)t

v = 10 m/s

1 + (0.5 s−1)t

v(4 s) = 3.33 m/s

Problem 13.43 In Problem 13.42, what distance does
the boat move in the 4 s following the shutdown of
its engine?

Solution: From Problem 13.42 we know

v = ds

dt
= 10 m/s

1 + (0.5 s−1)t
⇒ s(4 s) =

∫ 4 s

0

10 m/s

1 + (0.5 s−1)t
dt

s(4 s) = (20 m) ln

[
2 + (1 s−1)(4 s)

2

]
= 21.97 m

Problem 13.44 A steel ball is released from rest in a
container of oil. Its downward acceleration is a = 2.4 −
0.6v 2 v is the ball’s velocity in cm/s.What is
the ball’s downward velocity 2 s after it is released?

Solution:

a = dv

dt
= (2.4 cm/s) − (0.6 s−1 )v

∫ v

0

dv

(2.4 cm /s) − (0.6 s−1 )v
=

∫ t

0
dt

− 5

3
ln

(
v + 4 cm/s

4 cm/s

)
= t ⇒ v = (4 cm/s)

(
1 − e−(0.6 s−1)t

)

v(2 s) = 2.795 cm/s

Problem 13.45 In Problem 13.44, what distance does
the ball fall in the first 2 s after its release?

Solution: From 13.44 we know

v = ds

dt
= (4 cm/s)

(
1 − e−(0.6 s−1)t

)

s(2 s) =
∫ t

0
(4 cm/s)

(
1 − e−(0.6 s−1)t

)
dt

= 20 cm

3

(
e(−0.6 s−1)t − 1

)
+ (4 cm/s )t

s(2 s) = 3.34 cm.
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Problem 13.46 The greatest ocean depth yet discov-
ered is the Marianas Trench in the western Pacific Ocean.
A steel ball released at the surface requires 64 minutes
to reach the bottom. The ball’s downward acceleration
is a = 0.9g − cv, where g = 9.81 m/s2 and the constant
c = 3.02 s−1. What is the depth of the Marianas Trench
in kilometers?

Solution:

a = dv

dt
= 0.9g − cv.

Separating variables and integrating,

∫ v

0

dv

0.9g − cv
=

∫ t

0
dt = t .

Integrating and solving for v,

v = ds

dt
= 0.9g

c
(1 − e−ct ).

Integrating,

∫ s

0
ds =

∫ t

0

0.9g

c
(1 − e−ct ) dt.

We obtain

s = 0.9g

c

(
t + e−ct

c
− 1

c

)
.

At t = (64)(60) = 3840 s, we obtain

s = 11,225 m.

Problem 13.47 The acceleration of a regional airliner
during its takeoff run is a = 14 − 0.0003v2 2

v is its velocity in /s. How long does it take the airliner
to reach its takeoff speed of 200 m/s?

Solution:

a = dv

dt
= (14 /s2) − (0.0003 m−1)v2

∫ 200 m/s

0

dv

(14 m/s2) − (0.0003 m−1)v2
=

∫ t

0
dt

t = 25.1 s

Problem 13.48 In Problem 13.47, what distance does
the airliner require to take off?

Solution:

a = v
dv

ds
= (14 m/s2) − (0.0003 m−1 )v2

∫ 200 m/s

0

vdv

(14 m/s 2 ) − (0.0003 m−1)v2
=

∫ s

0
ds

s = 3243
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Problem 13.49 A sky diver jumps from a helicopter
and is falling straight down at 30 m/s when her parachute
opens. From then on, her downward acceleration is
approximately a = g − cv2, where g = 9.81 m/s2 and
c is a constant. After an initial “transient” period she
descends at a nearly constant velocity of 5 m/s.

(a) What is the value of c, and what are its SI units?
(b) What maximum deceleration is the sky diver

subjected to?
(c) What is her downward velocity when she has fallen

2 meters from the point at which her parachute
opens?

Solution: Assume c > 0.

(a) After the initial transient, she falls at a constant velocity, so that
the acceleration is zero and cv2 = g, from which

c = g

v2
= 9.81 m/s2

(5)2 m2/s2
= 0.3924 m−1

(b) The maximum acceleration (in absolute value) occurs when the
parachute first opens, when the velocity is highest:

amax = |g − cv2| = |g − c(30)2| = 343.4 m/s2

(c) Choose coordinates such that distance is measured positive down-
ward. The velocity is related to position by the chain rule:

dv

dt
= dv

ds

ds

dt
= v

dv

ds
= a,

from which

v dv

g − cv2
= ds.

Integrate:

(
− 1

2c

)
ln |g − cv2| = s + C.

When the parachute opens s = 0 and v = 30 m/s, from which

C = −
(

1

2c

)
ln |g − 900c| = −7.4398.

The velocity as a function of distance is ln |g − cv2| =
−2c(s + C). For s = 2 m,

v = 14.4 m/s

Problem 13.50 The rocket sled starts from rest and
accelerates at a = 30 + 2t m/s2 until its velocity is
400 m/s. It then hits a water brake and its acceleration
is a = −0.003v2 m/s2 until its velocity decreases to
100 m/s. What total distance does the sled travel?

Solution: Acceleration Phase

a = 30 + 2t m/s2

v = 30t + t2 m/s

s = 15t2 + t3/3 m

When v = 400 m/s, acceleration ends. At this point, t = 10 s and s =
1833 m. Deceleration Phase starts at s1 = 1833 m, v1 = 400 m/s. Let
us start a new clock for the deceleration phase. vf = 100 m/s

a = v
dv

ds
= −0.003v2

∫ sf

s1

ds = − 1

(0.003)

∫ vf

v1

v dv

v2

sf − 1833 m = − 1

(0.003)
[ln(100) − ln(400)]

sf = 2300 m
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Problem 13.51 In Problem 13.50, what is the sled’s
total time of travel?

Solution: From the solution to Problem 13.50, the acceleration
takes 10 s. At t = 10 s, the velocity is 400 m/s. We need to find out
how long it takes to decelerate from 400 m/s to 100 m/s and add this
to the 10 s required for acceleration. The deceleration is given as

a = dv

dt
= −0.003v2 m/s2

−0.003
∫ td

0
dt =

∫ 100

400

dv

v2

−0.003td = − 1

v

∣∣∣∣
100

400
= −

(
1

100
− 1

400

)

0.003td = 3

400

td = 2.5 s

t = 10 + td = 12.5 s

Problem 13.52 A car’s acceleration is related to its
position by a = 0.01s m/s2. When s = 100 m, the car
is moving at 12 m/s. How fast is the car moving when
s = 420 m?

Solution:

a = v
dv

ds
= 0.01s m/s2

∫ vf

12
v dv = 0.01

∫ 420

100
s ds

[
v2

2

]vf

12 m/s
= 0.01

[
s2

2

]420 m

100 m

v2
f

2
= 122

2
+ 0.01

(4202 − 1002)

2

vf = 42.5 m/s

Problem 13.53 Engineers analyzing the motion of a
linkage determine that the velocity of an attachment
point is given by v = A + 4s2 A is a con-
stant. When s = 2 m, its acceleration is measured and
determined to be a = 320 m/s . What is its velocity of2

the point when s = 2 m?

Solution: The velocity as a function of the distance is

v
dv

ds
= a.

Solve for a and carry out the differentiation.

a = v
dv

ds
= (A + 4s2)(8s).

When s = 2 m, a = 320 m/s , from which2 A = 4.

The velocity at s = 2 m is

v = 4 + 4(22) = 20 /s

30
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Problem 13.54 The acceleration of an object is given
as a function of its position in feet by a = 2 s2( 2).
When s = 0, its velocity is v = 1 m/s. What is the veloc-
ity of the object when s = 2 m?

Solution: We are given

a = vdv

ds
=

(
2

2

)
s2,

∫ v

1 m/s
vdv =

(
2

2

) ∫ 2m

0
s2ds

v2

2
− (1 m/s)2

2
=

(
2

2

)
(2 m)3

3

v = 3.42 /s.

Problem 13.55 Gas guns are used to investigate
the properties of materials subjected to high-velocity
impacts. A projectile is accelerated through the barrel
of the gun by gas at high pressure. Assume that the
acceleration of the projectile is given by a = c/s, where
s is the position of the projectile in the barrel in meters
and c is a constant that depends on the initial gas pressure
behind the projectile. The projectile starts from rest at
s = 1.5 m and accelerates until it reaches the end of the
barrel at s = 3 m. Determine the value of the constant
c necessary for the projectile to leave the barrel with a
velocity of 200 m/s.

s

Solution:

a = v
dv

ds
= c

s
,⇒

∫ 200 m/s

0
vdv =

∫ 3 m

1.5 m

c

s
ds

⇒ (200 m/s)2

2
= c ln

(
3 m

1.5 m

)

c = 28.85 × 103 m2/s2

Problem 13.56 If the propelling gas in the gas gun
described in Problem 13.55 is air, a more accurate
modeling of the acceleration of the projectile is obtained
by assuming that the acceleration of the projectile is
given by a = c/sγ, where γ = 1.4 is the ratio of specific
heats for air. (This means that an isentropic expansion
process is assumed instead of the isothermal process
assumed in Problem 13.55.) Determine the value of the
constant c necessary for the projectile to leave the barrel
with a velocity of 200 m/s.

Solution:

a = v
dv

ds
= c

s1.4
, ⇒

∫ 200 m/s

0
vdv =

∫ 3 m

1.5 m

c

s1.4
ds

(200 m/s)2

2
= −2.5c

(
(3m)−0.4 − (1.5m)−0.4

)

c = 38.86 × 103 m2.4/s2
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Problem 13.57 A spring-mass oscillator consists of a
mass and a spring connected as shown. The coordinate
s measures the displacement of the mass relative to its
position when the spring is unstretched. If the spring
is linear, the mass is subjected to a deceleration pro-
portional to s. Suppose that a = −4s m/s2, and that you
give the mass a velocity v = 1 m/s in the position s = 0.

(a) How far will the mass move to the right before the
spring brings it to a stop?

(b) What will be the velocity of the mass when it has
returned to the position s = 0?

s

Solution: The velocity of the mass as a function of its posi-
tion is given by v dv/ds = a. Substitute the given acceleration, sepa-
rate variables, and integrate: v dv = −4s ds, from which v2/2 =
−2s2 + C. The initial velocity v(0) = 1 m/s at s = 0, from which
C = 1/2. The velocity is v2/2 = −2s2 + 1/2.

(a) The velocity is zero at the position given by

0 = −2(s1)
2 + 1

2
,

from which s1 = ±
√

1

4
= ± 1

2
m.

Since the displacement has the same sign as the velocity,

s1 = +1/2 m

is the distance traveled before the spring brings it to a stop.

(b) At the return to s = 0, the velocity is v = ±
√

2

2
= ±1 m/s. From

the physical situation, the velocity on the first return is negative
(opposite the sign of the initial displacement),

v = −1 m/s .

Problem 13.58 In Problem 13.57, suppose that at
t = 0 you release the mass from rest in the position
s = 1 m. Determine the velocity of the mass as a func-
tion of s as it moves from the initial position to s = 0.

Solution: From the solution to Problem 13.57, the velocity as a
function of position is given by

v2

2
= −2s2 + C.

At t = 0, v = 0 and s = 1 m, from which C = 2(1)2 = 2. The velocity
is given by

v(s) = ±(−4s2 + 4)
1
2 = ±2

√
1 − s2 m/s.

From the physical situation, the velocity is negative (opposite the sign
of the initial displacement):

v = −2
√

1 − s2 m/s .

[Note: From the initial conditions, s2 ≤ 1 always.]
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Problem 13.59 A spring-mass oscillator consists of a
mass and a spring connected as shown. The coordinate
s measures the displacement of the mass relative to its
position when the spring is unstretched. Suppose that
the nonlinear spring subjects the mass to an acceleration
a = −4s−2s3 m/s2 and that you give the mass a velocity
v = 1 m/s in the position s = 0.

(a) How far will the mass move to the right before the
springs brings it to a stop?

(b) What will be the velocity of the mass when it has
returned to the position s = 0?

s

Solution:

(a) Find the distance when the velocity is zero.

a = vdv

ds
=

(−4

s2

)
s +

( −2

m2s2

)
s3

∫ 0

1 m/s
vdv =

∫ d

0

[(−4

s2

)
s +

( −2

m2s2

)
s3

]
ds

− (1 m/s)2

2
= −

(
4

s2

)
d2

2
−

(
2

m2s2

)
d4

4

Solving for d we find d = 0.486 m.

(b) When the cart returns to the position s = 0, we have

a = vdv

ds
=

(−4

s2

)
s +

( −2

m2s2

)
s3

∫ v

1 m/s
vdv =

∫ 0

0

[(−4

s2

)
s +

( −2

m2s2

)
s3

]
ds = 0

v2

2
− (1 m/s)2

2
= 0, ⇒ v = ±1 m/s.

The cart will be moving to the left, so we choose v = −1 m/s.

Problem 13.60 The mass is released from rest with
the springs unstretched. Its downward acceleration is
a = 32.2 − 50s 2 s is the position of the mass
measured from the position in which it is released.
(a) How far does the mass fall? (b) What is the
maximum velocity of the mass as it falls?

s
Solution: The acceleration is given by

a = dv

dt
= dv

ds

ds

dt
= v

dv

ds
= 32.2 − 50s 2.

Integrating, we get

∫ v

0
v dv =

∫ s

0
(32.2 − 50s) ds or

v2

2
= 32.2s − 25s2.

(a) The mass falls until v = 0. Setting v = 0, we get 0 = (32.2 −
25s)s. We find v = 0 at s = 0 and at s = 1.288 m. Thus, the
mass falls 1.288 m before coming to rest.

(b) From the integration of the equation of motion, we have v2 =
2(32.2s − 25s2). The maximum velocity occurs where

dv

ds
= 0.

From the original equation for acceleration, we have a = v
dv

ds
=

(32.2 − 50s) 2

assume that v �= 0 at this point. Thus, 0 = (32.2 − 50s), or s =
(32.2/50) v = vMAX. Substituting this value for s into
the equation for v, we get

v2
MAX = 2

(
(32.2)2

50
− (25)(32.2)2

502

)
,

or vMAX = 4.55 /s

33
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Problem 13.61 Suppose that the mass in Problem
13.60 is in the position s = 0 and is given a downward
velocity of 10 m/s.

(a) How far does the mass fall?
(b) What is the maximum velocity of the mass as

it falls?

Solution:

a = v
dv

ds
= (32.2 m/s2) − (50 s−2)s

∫ v

10 m/s
vdv =

∫ s

0
[(32.2 m/s2) − (50 s−2)s]ds

v2

2
− (10 m/s)2

2
= (32.2 m/s2 ) s − (50 s− 2)

s2

2

v2 = (10 m/s)2+ (64.4 m/s 2)s− (50 s−2 )s2

(a) The mass falls until v = 0

0 = (10 m/s)2+ (64.4 m/s2)s − (50 s−2)s2 ⇒ s = 2.20 m

(b) The maximum velocity occurs when a = 0

0 = (32.2 m/s2) − (50 s−2)s ⇒ s = 0.644 m

v2 = (10 m/s)2 + (64.4 m/s2)(0.644 m) − (50 s−2)(0.644 m)2

v = 10.99 /s

Problem 13.62 If a spacecraft is 161 km above the sur-
face of the earth, what initial velocity v0 straight away
from the earth would be required for the vehicle to
reach the moon’s orbit , m from the center of
the earth? The radius of the earth is 6372 km. Neglect
the effect of the moon’s gravity. (See Example 13.5.)

0

161 km

382,942 km

Solution: For computational convenience, convert the acceleration
due to Earth’s gravity into the units given in the problem, namely miles
and hours:

g =
(

.

1 s2

)(
1 km

) (
36002 s2

1 h2

)
= . 2.

The velocity as a function of position is given by

v
dv

ds
= a = −gR2

E

s2
.

Separate variables,

v dv = −gR2
E

ds

s2
.

Integrate:

v2 = −2gR2
E

(
− 1

2

)
+ C.

Suppose that the velocity at the distance of the Moon’s orbit is zero.
Then

0 = 2( . )

( 2 )
+ C,

from which C = − 2/h . At the 161 km altitude, the2

equation for the velocity is

v2
0 = 2 g

(
R2

E

RE + 161

)
+ C.

From which

v0 = √ =

Converting:

v0 =
(

1 h

) (
1 km

)(
1 h

3600 s

)
= ,

Check: Use the result of Example 13.5

v0 =
√

2gR2
E

(
1

s0
− 1

H

)
,

(where H > s0 always), and H = , ,

from which v0 = ,4 m/h. check.
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m

382 942 k

9 81 m

1000 m
127137 6 km/h

127137 6
6372

382942

26960164 km

1553351991 39,413 km/h

39413 km 1000 m
10 948 m/s .

382 942

39 13 k
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Problem 13.63 The moon’s radius is 1738 km. The
magnitude of the acceleration due to gravity of the moon
at a distance s from the center of the moon is

4.89 × 1012

s2
m/s2.

Suppose that a spacecraft is launched straight up from
the moon’s surface with a velocity of 2000 m/s.

(a) What will the magnitude of its velocity be when it
is 1000 km above the surface of the moon?

(b) What maximum height above the moon’s surface
will it reach?

Solution: Set G = 4.89 × 1012 m3/s2, r0 = 1.738 × 106 m,

v0 = 2000 m/s

a = v
dv

ds
= − G

s2
⇒

∫ v

v0

vdv = −
∫ r

r0

G

s2
ds ⇒ v2

2
− v0

2

2
= G

(
1

r
− 1

r0

)

v2 = v0
2 + 2G

(
r0 − r

rr0

)

(a) v(r0 + 1.0 × 106 m) = 1395 m/s

(b) The maximum velocity occurs when v = 0

r = 2G

2G − r0v0
2

= 6010 km ⇒ h = r − r0 = 4272 km

Problem 13.64* The velocity of an object subjected
only to the earth’s gravitational field is

v =
[
v2

0 + 2gR2
E

(
1

s
− 1

s0

)]1/2

,

where s is the object’s position relative to the center of
the earth, v0 is the velocity at position s0, and RE is the
earth’s radius. Using this equation, show that the object’s
acceleration is given as a function of s by a = −gR2

E/s2.

Solution:

v = v2
0 + 2gR2

E

(
1

s
− 1

s0

)1/2

a = dv

dt
= v

dv

ds

Rewrite the equation given as v2 = v2
0 + 2gR2

E

s
− 2gR2

E

s0

Take the derivative with respect to s.

2v
dv

ds
= − 2gR2

E

s2

Thus

a = v
dv

ds
− gR2

E

s2

Problem 13.65 Suppose that a tunnel could be drilled
straight through the earth from the North Pole to the
South Pole and the air was evacuated. An object dropped
from the surface would fall with the acceleration a =
−gs/RE, where g is the acceleration of gravity at sea
level, RE is radius of the earth, and s is the distance of the
object from the center of the earth. (The acceleration due
to gravitation is equal to zero at the center of the earth
and increases linearly with the distance from the center.)
What is the magnitude of the velocity of the dropped
object when it reaches the center of the earth?

S

N

Tunnel

RE

s

Solution: The velocity as a function of position is given by

v
dv

ds
= − gs

RE
.

Separate variables and integrate:

v2 = −
(

g

RE

)
s2 + C.

At s = RE, v = 0, from which C = gRE. Combine and reduce:

v2 = gRE

(
1 − s2

R2
E

)

At the center of the earth s = 0, and the velocity is v = √
gRE

35
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Problem 13.66 Determine the time in seconds required
for the object in Problem 13.65 to fall from the surface
of the earth to the center. The earth’s radius is 6370 km.

Solution: From Problem 13.65, the acceleration is

a = v
dv

ds
= − g

RE
s

∫ v

0
v du = −

∫ s

RE

(
g

RE

)
s ds

v2 =
(

g

RE

)
(R2

E − s2)

Recall that v = ds/dt

v = ds

dt
= ±

√
g

RE

√
R2

E − s2

∫ 0

RE

ds√
R2

E − s2
= ±

√
g

RE

∫ tf

0
dt

√
g

RE
tf = ± sin−1

(
s

RE

)∣∣∣∣
0

RE

= ± sin−1(1)

tf = ±
√

RE

g

π

2
= ±1266 s = ±21.1 min

Problem 13.67 In a second test, the coordinates of the
position (in m) of the helicopter in Active Example 13.6
are given as functions of time by

x = 4 + 2t,

y = 4 + 4t + t2.

(a) What is the magnitude of the helicopter’s velocity
at t = 3 s?

(b) What is the magnitude of the helicopter’s acceler-
ation at t = 3 s?

y

x

Solution: We have

x = (4 m) + (2 m/s)t, y = (4 m) + (4 m/s)t + (1 m/s2)t2,

vx = (2 m/s), vy = (4 m/s) + 2(1 m/s2)t,

ax = 0, ay = 2(1 m/s2).

At t = 3 s, we have

x = 10 m, vx = 2 m/s, ax = 0,

y = 25 m, vy = 10 m/s, ay = 2 m/s2.

Thus

v =
√

v2
x + v2

y = 10.2 m/s v = 10.2 m/s.

a =
√

02 + (2 m/s2)2 = 2 m/s2
a = 2 m/s2.
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Problem 13.68 In terms of a particular reference
frame, the position of the center of mass of the F-14
at the time shown (t = 0) is r = 10i + 6j + 22k (m).
The velocity from t = 0 to t = 4 s is v = (52 + 6t)i +
(12 + t2)j − (4 + 2t2)k (m/s). What is the position of
the center of mass of the plane at t = 4 s?

Solution:

r0 = 10i + 6j + 22k m

v = (52 + 6t)i + (12 + t2)j − (4 + 2t2)k m/s

x4 =
∫ 4

0
vx dt = 52t + 3t2 + x0

x4 = (52)(4) + 3(4)2 + 10 m = 266.0 m

y4 =
∫ 4

0
vy dt = 12t + t3/3 + y0

y4 = 12(4) + (4)3/3 + 6 m = 75.3 m

z4 =
∫ 4

0
vz dt = −(4t + 2t3/3) + z0

z4 = −4(4) − 2(4)3/3 + 22 = −36.7 m

r|t=4s = 266i + 75.3j − 36.7k (m)

Problem 13.69 In Example 13.7, suppose that the angle
between the horizontal and the slope on which the skier
lands is 30◦ instead of 45◦. Determine the distance d to
the point where he lands.

45�

3 m

d

20�

Solution: The skier leaves the 20◦ surface at 10 m/s.

The equations are

ax = 0, ay = −9.81 m/s2,

vx = (10 m/s) cos 20◦
, vy = −(9.81 m/s2)t − (10 m/s) sin 20◦

sx = (10 m/s) cos 20◦
t, sy = − 1

2
(9.81 m/s2)t2 − (10 m/s) sin 20◦

t

When he hits the slope, we have

sx = d cos 30◦ = (10 m/s) cos 20◦
t,

sy = (−3 m) − d sin 30◦ = − 1

2
(9.81 m/s2)t2 − (10 m/s) sin 20◦

t

Solving these two equations together, we find t = 1.01 s, d = 11.0 m.
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Problem 13.70 A projectile is launched from ground
level with initial velocity v0 = 20 m/s. Determine its
range R if (a) θ0 = 30◦; (b) θ0 = 45◦ (c) θ0 = 60◦.

R

0

u0

y

x

Solution: Set g = 9.81 m/s2, v0 = 20 m/s

ay = −g, vy = −gt + v0 sin θ0, sy = − 1

2
gt2 + v0 sin θ0t

ax = 0, vx = v0 cos θ0, sx = v0 cos θ0t

When it hits the ground, we have

0 = − 1

2
gt2 + v0 sin θ0t ⇒ t = 2v0 sin θ0

g

R = v0 cos θ0t ⇒ R = v0
2 sin 2θ0

g

⇒
a) θ0 = 30◦ ⇒ R = 35.3 m

b) θ0 = 45◦ ⇒ R = 40.8 m

c) θ0 = 60◦ ⇒ R = 35.3 m

Problem 13.71 Immediately after the bouncing golf
ball leaves the floor, its components of velocity are vx =
0.662 m/s and vy = 3.66 m/s.

(a) Determine the horizontal distance from the point
where the ball left the floor to the point where it
hits the floor again.

(b) The ball leaves the floor at x = 0, y = 0. Deter-
mine the ball’s y coordinate as a function of x.
(The parabolic function you obtain is shown super-
imposed on the photograph of the ball.)

x

y

Solution: The governing equations are

ax = 0, ay = −g,

vx = vx0, vy = −gt + vy0,

x = vx0t, y = − 1

2
gt2 + vy0t

(a) When it hits the ground again

0 = − 1

2
gt2 + vy0t ⇒ t = 2vy0

g
⇒ x = vx0t = vx0

(
2y0

g

)
= 2vx0vy0

g

x = 2(0.662 m/s)(3.66 m/s)

9.81 m/s2 x = 0.494 m.

(b) At any point of the flight we have

t = x

vx0
, y = − 1

2
g

(
x

vx0

)2

+ vy0

(
x

vx0

)

y = − 1

2

(
9.81 m/s2

[0.662 m/s]2

)
x2 + 3.66 m/s

0.662 m/s
x

y = −
(

11.2

m

)
x2 + 5.53x.
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Problem 13.72 Suppose that you are designing a
mortar to launch a rescue line from coast guard vessel
to ships in distress. The light line is attached to a weight
fired by the mortar. Neglect aerodynamic drag and the
weight of the line for your preliminary analysis. If you
want the line to be able to reach a ship 91 m away
when the mortar is fired at 45◦ above the horizontal,
what muzzle velocity is required?

y

45�
x

Solution: From 13.70 we know that

R = v0
2 sin 2θ0

g
⇒ v0 =

√
Rg

sin 2θ0

v0 =
√

( )( 2)

sin(90◦)
=

Problem 13.73 In Problem 13.72, what maximum
height above the point where it was fired is reached by
the weight?

Solution: From Problem 13.70 we have

vy = −gt + v0 sin θ0, sy = − 1

2
gt2 + v0 sin θ0t

When we reach the maximum height,

0 = −gt + v0 sin θ0 ⇒ t = v0 sin θ0

g

h = − 1

2
gt2 + v0 sin θ0t ⇒ h = − 1

2
g

(
v0 sin θ0

g

)2

+ v0 sin θ0

(
v0 sin θ0

g

)

h = v0
2 sin2 θ0

2g

Putting in the numbers we have

h = ( )2 sin2(45◦
)

2( 2)
=

39
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29.9 m/s

29.9 m/s

9.81 m/s
22.78 m
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Problem 13.74 When the athlete releases the shot, it
is 1.82 m above the ground and its initial velocity is v0 =
13.6 m/s. Determine the horizontal distance the shot trav-
els from the point of release to the point where it hits
the ground. 30�

v0

Solution: The governing equations are

ax = 0,

vx = v0 cos 30◦
,

sx = v0 cos 30◦
t,

ay = −g

vy = −gt + v0 sin 30◦

sy = − 1

2
gt2 + v0 sin 30◦

t + h

When it hits the ground, we have

sx = (13.6 m/s) cos 30◦
t,

sy = 0 = − 1

2
(9.81 m/s2)t2 + (13.6 m/s) sin 30◦

t + 1.82 m.

Solving these two equations, we find t = 1.62 s, sx = 19.0 m.

Problem 13.75 A pilot wants to drop survey markers
at remote locations in the Australian outback. If he flies
at a constant velocity v0 = 40 m/s at altitude h = 30 m
and the marker is released with zero velocity relative to
the plane, at what horizontal d from the desired impact
point should the marker be released?

d

h

0

Solution: We want to find the horizontal distance traveled by the
marker before it strikes the ground (y goes to zero for t > 0.)

ax = 0 ay = −g

vx = vx0 vy = vy0 − gt

x = x0 + vx0 t y = y0 + vy0 t − gt2/2

From the problem statement, x0 = 0, vy0 = 0, vx0 = 40 m/s, and y0 =
30 m The equation for y becomes

y = 30 − (9.81)t2/2

Solving with y = 0, we get tf = 2.47 s.
Substituting this into the equation for x, we get

xf = 40tf = 98.9 m
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Problem 13.76 If the pitching wedge the golfer is
using gives the ball an initial angle θ0 = 50◦, what range
of velocities v0 will cause the ball to land within 3 m of
the hole? (Assume the hole lies in the plane of the ball’s
trajectory).

30 m

3 mv0θ

0

Solution: Set the coordinate origin at the point where the golfer
strikes the ball. The motion in the horizontal (x) direction is given by
ax = 0, Vx = V0 cos θ0, x = (V0 cos θ0)t . The motion in the vertical
(y) direction is given by

ay = −g, Vy = V0 sin θ0 − gt, y = (V0 sin θ0)t − gt2

2
.

From the x equation, we can find the time at which the ball reaches
the required value of x (27 or 33 metres). This time is

tf = xf /(V0 cos θ0).

We can substitute this information the equation for Y with Yf = 3 m
and solve for V0. The results are: For hitting (27,3) , V 0 = 31.2 m/s.
For hitting (33,3) metre, V0 = 34.2 /s.

Problem 13.77 A batter strikes a baseball 0.9 m above
home plate and pops it up. The second baseman catches
it 1.8 m above second base 3.68 s after it was hit.
What was the ball’s initial velocity, and what was
the angle between the ball’s initial velocity vector and
the horizontal?

 

Second
base

Home plate

27 m

27
m

Solution: The equations of motion g = 2

ax = 0 ay = −g

vx = v0 cos θ0 vy = −gt + v0 sin θ0

sx = v0 cos θ0t sy = − 1

2
gt2 + v0 sin θ0t +

When the second baseman catches the ball we have

= v0 cos θ0(3.68 s)

= −1

2
( 2) (3.68 s)2 + v0 sin θ0(3.68 s)

Solving simultaneously we find

v0 = , θ 0 = 60.4◦
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Problem 13.78 A baseball pitcher releases a fastball with
an initial velocity v0 = θ be the initial
angle of the ball’s velocity vector above the horizontal.
When it is released, the ball is 1.83 m above the ground
and 17.7 m from the batter’s plate . The batter’s strike
zone extends from 0.56 m above the ground to 1.37 m
above the ground. Neglecting aerodynamic effects,
determine whether the ball will hit the strike zone (a) if
θ = 1◦; (b) if θ = 2◦.    

Solution: The initial velocity is v0 = =
velocity equations are

(1)
dvx

dt
= 0, from which vx = v0 cos θ .

(2)
dvy

dt
= −g, from which vy = −gt + v0 sin θ .

(3)
dx

dt
= v0 cos θ , from which x(t) = v0 cos θt , since the initial

position is zero.

(4)
dy

dt
= −gt + v0 sin θ , from which

y(t) = −g

2
t2 + v0 sin θt + ,

since the initial position is y(0) = d =
the height is h. The time of passage across the home plate is
x(tp) = d = v0 cos θtp , from which

tp = d

v0 cos θ
.

Substitute:

y(tp) = h = −g

2

(
d

v0 cos θ

)2

+ d tan θ + .

For θ = 1◦, h = . , Yes, the pitcher hits the strike zone.

For θ = 2◦, h = . No, the pitcher misses the strike zone.

Problem 13.79 In Problem 13.78, assume that the
pitcher releases the ball at an angle θ = 1◦ above the
horizontal, and determine the range of velocities v0 (in

strike zone.

Solution: From the solution to Problem 13.78,

h = −g

2

(
d

v0 cos θ

)2

+ d tan θ + ,

where d = ≥ h ≥ Solve for the initial velocity:

v0 =
√

gd2

2 cos2 θ(d tan θ + − h)
.

For h = . v0 = h = . v0 =
pitcher will hit the strike zone for velocities of release of

. ≤ v0 ≤ . ,

and a release angle of θ = 1◦. Check: The range of velocities in miles
per hour is 112 . ≤ v0 ≤ 161.1 km/h, which is within the range of
major league pitchers, although the 160.9 km upper value is achievable
only by a talented few (Nolan Ryan, while with the Houston Astros,
would occasionally in a game throw a 168.9 km fast ball, as measured
by hand held radar from behind the plate).

42

144.8 km/h. Let

144.8 km/h 40.3 m/s.
The

1.83

1.83 m. At a distance 17.7 m,

1.83

1 2 m

1 5 m

m/s) within which he must release the ball to hit the

1.83

17.7 m, and 1.37 0.56 m.

1.83

1 37, 44.74 m/s. For 0 56 m, 31.15 m/s. The

31 15 44 74 m/s

1km/h

1.37 m

0.56
17.7m

m
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Problem 13.80 A zoology student is provided with a
bow and an arrow tipped with a syringe of sedative
and is assigned to measure the temperature of a black
rhinoceros (Diceros bicornis). The range of his bow
when it is fully drawn and aimed 45◦ above the horizon-
tal is 100 m. A truculent rhino charges straight toward
him at 30 km/h. If he fully draws his bow and aims 20◦
above the horizontal, how far away should the rhino be
when the student releases the arrow?

20�

Solution: The strategy is (a) to determine the range and flight time
of the arrow when aimed 20◦ above the horizontal, (b) to determine the
distance traveled by the rhino during this flight time, and then (c) to
add this distance to the range of the arrow. Neglect aerodynamic drag
on the arrow. The equations for the trajectory are: Denote the constants
of integration by Vx, Vy, Cx, Cy , and the velocity of the arrow by VA.

(1)
dvx

dt
= 0, from which vx = Vx . At t = 0, Vx = VA cos θ .

(2)
dvy

dt
= −g, from which vy = −gt + Vy . At t = 0, Vy =

VA sin θ .

(3)
dx

dt
= vx = VA cos θ , from which x(t) = VA cos θt + Cx . At

t = 0, x(0) = 0, from which Cx = 0.

(4)
dy

dt
= vy = −gt + VA sin θ , from which

y = −g

2
t2 + VA sin θt + Cy.

At t = 0, y = 0, from which Cy = 0. The time of flight is
given by

y(tflight) = 0 =
(
−g

2
tflight + VA sin θ

)
tflight,

from which

tflight = 2VA sin θ

g
.

The range is given by

x(tflight) = R = VA cos θtflight = 2V 2
A cos θ sin θ

g
.

The maximum range (100 meters) occurs when the arrow is
aimed 45◦ above the horizon. Solve for the arrow velocity: VA =√

gRmax = 31.3 m/s. The time of flight when the angle is 20◦ is

tflight = 2VA sin θ

g
= 2.18 s,

and the range is R = VA cos θtflight = 64.3 m. The speed of
the rhino is 30 km/h = 8.33 m/s. The rhino travels a distance
d = 8.33(2.18) = 18.2 m. The required range when the arrow is
released is

d + R = 82.5 m .
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Problem 13.81 The crossbar of the goalposts in
American football is yc =
kick a field goal, the ball must make the ball go between
the two uprights supporting the crossbar and be above
the crossbar when it does so. Suppose that the kicker
attempts a 36.58 m field goal, and kicks the ball with
an initial velocity v0 = θ0 = 40◦. By what
vertical distance does the ball clear the crossbar?

yc

xc

0

v0θ

Solution: Set the coordinate origin at the point where the ball
is kicked. The x (horizontal) motion of the ball is given by ax = 0,
Vx = V0 cos θ0, x = (V0 cos θ0)t . The y motion is given by ay = −g,

Vy = V0 sin θ0 −gt , y = (V0 sin θ0)t − gt 2

2
. Set x = xc =

find the time tc at which the ball crossed the plane of the goal posts.
Substitute this time into the y equation to find the y coordinate YB

of the ball as it passes over the crossbar. Substituting in the numbers
(g = 2) , we get tc = 2.24 s and yB = .

clears the crossbar by .0 .

Problem 13.82 An American football quarterback
stands at A. At the instant the quarterback throws the
football, the receiver is at B running at 6.1m/s toward
C, where he catches the ball. The ball is thrown at an
angle of 45◦ above the horizontal, and it is thrown and
caught at the same height above the ground. Determine
the magnitude of the ball’s initial velocity and the length
of time it is in the air.

90�

C

B

Receiver’s
path

Path of the ball

A

Solution: Set x as the horizontal motion of the football, y as the
vertical motion of the football and z as the horizontal motion of the
receiver. Set g = 2, θ 0 = 45◦. We have

az = 0, vz = , sz = ( )t

ay = −g, vy = −gt + v0 sin θ0, sy = − 1

2
gt2 + v0 sin θ0t

ax = 0, vx = v0 cos θ0, sx = v0 cos θ0t

When the ball is caught we have

sz = ( )t

0 = − 1

2
gt2 + v0 sin θ0t

sx = v0 cos θ0t

sx
2 = sz

2 + ( )2

We can solve these four equations for the four unknowns sx, sz, v0, t

We find t = 1.67 s, v0 =

44

3.05 m above the ground. To

21.3 m/s and

36.58 m and

9.81 m/s 6 11 m. Thus, the ball
3 7 m

9.81 m/s

6.1 m/s 6.1 m/s

6.1 m/s

9.1 m

11.6 m/s

9.1 m
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Problem 13.83 The cliff divers of Acapulco, Mexico
must time their dives that they enter the water at the
crest (high point) of a wave. The crests of the waves
are 1 m above the mean water depth h = 4 m. The
horizontal velocity of the waves is equal to

√
gh. The

diver’s aiming point is 2 m out from the base of the cliff.
Assume that his velocity is horizontal when he begins
the dive.

(a) What is the magnitude of the driver’s velocity when
he enters the water?

(b) How far from his aiming point must a wave crest
be when he dives in order for him to enter the water
at the crest?

2 m6.4 m

1 m

26 m

h

Solution:

t = 0, vy� = 0, y = 27 m, x0 = 0

ay = −g = −9.81 m/s

Vy = V 0
y0

− gt

y = y0 − gt2/2

y = 1 m at tIMPACT

for an ideal dive to hit the crest of the wave

t1 = tIMPACT = 2.30 s

Vy(t1) = 22.59 m/s

ax = 0

Vx = Vx0

XI = Vx0 t1 + X0

At impact XI = 8.4 m.

For impact to occur as planned, then

Vx = 8.4/t1 = 3.65 m/s = constant

The velocity at impact is

(a) |V | =
√

(Vx)2 + [Vy(t1)]2 = 22.9 m/s

The wave moves at
√

gh = 6.26 m/s.

The wave crest travels 2.30 seconds while the diver is in their s =√
ght1 = 14.4 m.

27 m

8.4 m
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Problem 13.84 A projectile is launched at 10 m/s from
a sloping surface. The angle α = 80◦. Determine the
range R.

a

10 m/s

R

30�

Solution: Set g = 9.81 m/s2, v0 = 10 m/s.

The equations of motion are

ax = 0, vx = v0 cos(80◦ − 30◦
), sx = v0 cos 50◦

t

ay = −g, vy = −gt + v0 sin(80◦ − 30◦
)t, sy = − 1

2
gt2 + v0 sin 50◦

t

When the projectile hits we have

R cos 30◦ = v0 cos 50◦
t

⇒ t = 2.32 s, R = 17.21 m

− R sin 30◦ = − 1

2
gt2 + v0 sin 50◦

t

Problem 13.85 A projectile is launched at 100 m/s at
60◦ above the horizontal. The surface on which it lands
is described by the equation shown. Determine the point
of impact.

y

y = –0.001x2

60°

100 m/s

x

Solution: The motion in the x direction is ax = 0, vx = V0 cos θ0,
x = (V0 cos θ0)t , and the motion in the y direction is given by
ay = −g, vy = (V0 sin θ0) − gt , y = (V0 sin θ0)t − gt2/2. We know
that V0 = 100 m/s and θ0 = 60◦. The equation of the surface upon
which the projectile impacts is y = −0.001x2. Thus, the time of
impact, tI , can be determined by substituting the values of x and
y from the motion equations into the equation for the surface.

Hence, we get (V0 sin θ0)tI − g
t2
I

2
= −0.001(V0 cos θ0)

2t2
I . Evaluating

with the known values, we get tI = 6.37 s Substituting this value
into the motion equations reveals that impact occurs at (x, y) =
(318.4, −101.4) .
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Problem 13.86 At t = 0, a steel ball in a tank of oil
is given a horizontal velocity v = 2i (m/s). The compo-
nents of the ball’s acceleration in m/s2 are ax = −1.2vx ,
ay = −8 − 1.2vy , az = −1.2vz. What is the velocity of
the ball at t = 1 s?

x

y

Solution: Assume that the effect of gravity is included in the given
accelerations. The equations for the path are obtained from:

(1)
dvx

dt
= ax = −1.2vx . Separate variables and integrate:

dvx

vx

= −1.2 dt,

from which ln(vx) = −1.2t + Vx . At t = 0, vx(0) = 2, from
which

ln
( vx

2

)
= −1.2t .

Inverting: vx(t) = 2e−1.2t .

(2)
dvy

dt
= ay = −8 − 1.2vy . Separate variables and integrate:

dvy

8

1.2
+ vy

= −1.2 dt,

from which

ln

(
8

1.2
+ vy

)
= −1.2t + Vy.

At t = 0, vy(0) = 0, from

ln

(
1 + 1.2

8
vy

)
= −1.2t .

Inverting: vy(t) = 8

1.2
(e−1.2t − 1).

(3)
dvz

dt
= az = −1.2vz, from which ln(vz) = −1.2t + Vz. Invert to

obtain vz(t) = Vze
−1.2t . At t = 0, vz(0) = 0, hence Vz = 0 and

vz(t) = 0. At t = 1 second,

vx(1) = 2e−1.2 = 0.6024 m/s , and

vy(1) = −
(

8

12

)
(1 − e−1.2) = −4.66 m/s , or

v = 0.602i − 4.66j (m/s) .
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Problem 13.87 In Problem 13.86, what is the position
of the ball at t = 1 s relative to its position at t = 0?

Solution: Use the solution for the velocity components from Prob-
lem 13.86. The equations for the coordinates:

(1)
dx

dt
= vx = 2e−1.2t , from which

x(t) = −
(

2

1.2

)
e−1.2t + Cx.

At t = 0, x(0) = 0, from which

x(t) =
(

2

1.2

)
(1 − e−1.2t ).

(2)
dy

dt
=

(
8

1.2

)
(e−1.2t − 1), from which

y(t) = −
(

8

1.2

) (
e−1.2t

1.2
+ t

)
+ Cy.

At t = 0, y(0) = 0, from which

y(t) = −
(

8

1.2

) (
e−1.2t

1.2
+ t − 1

1.2

)
.

(3) Since vz(0) = 0 and z(0) = 0, then z(t) = 0. At t = 1,

x(1) =
(

2

1.2

)
(1 − e−1.2) = 1.165 m .

y(1) = −
(

8

1.2

) (
e−1.2

1.2
+ 1 − 1

1.2

)
= −2.784 m , or

r = 1.165i − 2.784j (m) .

Problem 13.88 The point P moves along a circular
path with radius R. Show that the magnitude of its veloc-
ity is |v| = R|dθ/dt |.
Strategy: Use Eqs. (13.23).

θ

P

y

x

Solution:

x = R cos θ

y = R sin θ

vx = −R sin θ

(
dθ

dt

)

vy = R cos θ

(
dθ

dt

)

|V| =
√

V 2
x + V 2

y

|V| =
√

R2 sin2 θ

(
dθ

dt

)2

+ R2 cos2 θ

(
dθ

dt

)2

|V| =
√

R2

(
dθ

dt

)2

(sin2 θ + cos2 θ)

|V| = R

∣∣∣∣dθ

dt

∣∣∣∣
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Problem 13.89 If y = 150 mm,
dy

dt
= 300 mm/s, and

d2y

dt2
= 0, what are the magnitudes of the velocity and

acceleration of point P ?

300 mm

P

y

Solution: The equation for the location of the point P is R2 =
x2 + y2, from which x = (R2 − y2)

1
2 = 0.2598 m, and

dx

dt
= −

(y

x

) (
dy

dt

)
= −0.1732 m/s,

d2x

dt2
= − 1

x

(
dy

dt

)2

+ y

x2

(
dx

dt

) (
dy

dt

)
−

( y

x

)(
d2y

dt2

)

= −0.4619 m/s2.

The magnitudes are:

|vP | =
√(

dx

dt

)2

+
(

dy

dt

)2

= 0.3464 m/s

|ap | =
√(

d2x

dt2

)2

+
(

d2y

dt2

)2

= 0.4619 m/s2

Problem 13.90 A car travels at a constant speed of
100 km/h on a straight road of increasing grade whose
vertical profile can be approximated by the equation
shown. When the car’s horizontal coordinate is x =
400 m, what is the car’s acceleration? y = 0.0003x2

y

x

Solution: Denote C = 0.0003 and V = 100 km/h = 27.78 m/s. The
magnitude of the constant velocity is

V =
√(

dy

dt

)2

+
(

dx

dt

)2

The equation for the road is y = Cx2 from which

dy

dt
= 2Cx

(
dx

dt

)
.

Substitute and solve:

∣∣∣∣dx

dt

∣∣∣∣ = V√
(2Cx)2 + 1

= 27.01 m/s.

dx

dt
is positive (car is moving to right in sketch). The acceleration is

d2x

dt2 = d

dt

(
V√

(2Cx)2 + 1

)
= −4C2V x

((2Cx)2 + 1)
3
2

(
dx

dt

)

= −0.0993 m/s2

.

d2y

dt2
= 2C

(
dx

dt

)2

+ 2Cx

(
d2x

dt2

)
= 0.4139 m/s2 , or

a = −0.099i + 0.414j(m/s2)
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Problem 13.91 Suppose that a projectile has the initial
conditions shown in Fig. 13.12. Show that in terms of
the x ′y ′ coordinate system with its origin at the high-
est point of the trajectory, the equation describing the
trajectory is

y ′ = − g

2v2
0 cos2 θ0

(x ′)2.

x

y
y ′

x ′

Solution: The initial conditions are t = 0, x(0) = 0, y(0) = 0,
vx(0) = v0 cos θ0, and vy(0) = v0 sin θ0. The accelerations are ax(t)

= 0, ay(t) = −g. The path of the projectile in the x, y system is
obtained by solving the differential equations subject to the initial
conditions:

x(t) = (v0 cos θ0)t, y(t) = −g

2
t2 + (v0 sin θ0)t

Eliminate t from the equations by substituting

t = x

v0 cos θ0

to obtain

y(x) = − gx2

2v2
0 cos2 θ0

+ x tan θ0.

At the peak,

∣∣∣∣ dy

dx

∣∣∣∣
peak

= 0,

from which

xp = v2
0 cos θ0 sin θ0

g
,

and yp = v2
0 sin2 θ0

2g
.

The primed coordinates: y′ = y − yp x′ = x − xp . Substitute and
reduce:

y′ = −g(x′ + xp)2

2v2
0 cos2 θ0

+ (x′ + xp) tan θ0 − yp.

y′ = − g

2v2
0 cos2 θ0

((x′)2 + x2
p + 2x′xp) + (x′ + xp) tan θ0

− v2
0 sin2 θ0

2g
.

Substitute xp = v2
0 cos θ0 sin θ0

g
,

y′ = −g(x′)2

2v2
0 cos2 θ0

− v2
0 sin2 θ0

2g
− x′ tan θ0 + x′ tan θ0 + v2

0 sin2 θ0

g

− v2
0 sin2 θ0

2g
.

y′ = − g

2v2
0 cos2 θ0

(x′)2
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Problem 13.92 The acceleration components of a
point are ax = −4 cos 2t , ay = −4 sin 2t , az = 0. At
t = 0, its position and velocity are r = i, v = 2j. Show
that (a) the magnitude of the velocity is constant; (b) the
velocity and acceleration vectors are perpendicular; (c)
the magnitude of the acceleration is constant and points
toward the origin; (d) the trajectory of a point is a circle
with its center at the origin.

Solution: The equations for the path are

(1)
dvx

dt
= ax = −4 cos(2t), from which vx(t) = −2 sin(2t) + Vx .

At t = 0, vx(0) = 0, from which Vx = 0.
dx

dt
= vx = −2 sin(2t),

from which x(t) = cos(2t) + Cx . At t = 0, x(0) = 1, from which
Cx = 0.

(2)
dvy

dt
= ay = −4 sin(2t), from which vy(t) = 2 cos(2t) + Vy . At

t = 0, vy(0) = 2, from which Vy = 0.
dy

dt
= vy = 2 cos(2t),

from which y(t) = sin(2t) + Cy . At t = 0, y(0) = 0, from which
Cy = 0.

(3) For az = 0 and zero initial conditions, it follows that vz(t) = 0
and z(t) = 0.
(a) The magnitude of the velocity is

|v| = √
(−2 sin(2t))2 + (2 cos(2t))2 = 2 = const.

(b) The velocity is v(t) = −i2 sin(2t) + j2 cos(2t). The accel-
eration is a(t) = −i4 cos(2t) − j4 sin(2t). If the two are
perpendicular, the dot product should vanish: a(t) · v(t) =
(−2 sin(2t))(−4 cos(2t)) + (2 cos(2t))(−4 sin(2t)) = 0,
and it does

(c) The magnitude of the acceleration:

|a| = √
(−4 cos(2t))2 + (−4 sin(2t))2 = 4 = const .

The unit vector parallel to the acceleration is

e = a
|a| = −i cos(2t) − j sin(2t),

which always points to the origin.

(d) The trajectory path is x(t) = cos(2t) and y(t) = sin(2t).
These satisfy the condition for a circle of radius 1:

1 = x2 + y2

Problem 13.93 When an airplane touches down at
t = 0, a stationary wheel is subjected to a constant angu-
lar acceleration α = 110 rad/s2 until t = 1 s.

(a) What is the wheel’s angular velocity at t = 1 s?

(b) At t = 0, the angle θ = 0. Determine θ in radians
and in revolutions at t = 1 s. θ

Solution:

α = 110 rad/s2

ω = αt + ω0

θ = ( 1
2 αt2) + ω0t + θ0

From the problem statement, ω0 = θ0 = 0

(a) At t = 1 s,

ω = (110)(1) + 0 = 110 rad/s

(b) At t = 1 s,

θ = 110(1)2/2 = 55 radians (8.75 revolutions)
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Problem 13.94 Let L be a line from the center of the
earth to a fixed point on the equator, and let L0 be a
fixed reference direction. The figure views the earth from
above the north pole.

(a) Is dθ/dt positive or negative? (Remember that the
sun rises in the east.)

(b) Determine the approximate value of dθ/dt in rad/s
and use it to calculate the angle through which the
earth rotates in one hour.

L

L0

u

Solution:

(a)
dθ

dt
> 0.

(b)
dθ

dt
≈ 2π rad

24(3600) s
= 7.27 × 10−5 rad/s.

In one hour �θ ≈ (7.27 × 10−5 rad/s)(1 hr)

(
3600 s

1 hr

)
= 0.262 rad = 15◦

dθ

dt
≈ 7.27 × 10−5 rad/s, �θ ≈ 15◦

.

Problem 13.95 The angular acceleration of the line L
relative to the line L0 is given as a function of time by
α = 2.5 − 1.2t rad/s2. At t = 0, θ = 0 and the angular
velocity of L relative to L0 is ω = 5 rad/s. Determine θ
and ω at t = 3 s.

L

L0

u

Solution:

α = 2.5 − 1.2t

ω = 2.5t − 0.6t2 + 5

θ = 1.25t2 − 0.2t3 + 5t

⇒
θ(3) = 1.25(3)2 − 0.2(3)3 + 5(3) = 20.85 rad

ω(3) = 2.5(3) − 0.6(3)2 + 5 = 7.1 rad/s
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Problem 13.96 In Active Example 13.8, suppose that
the angular acceleration of the rotor is α = −0.00002ω2,
where ω is the angular velocity of the rotor in rad/s. How
long does it take the rotor to slow from 10,000 rpm to
1000 rpm?

L

L0

u

Solution: Let α = kω2, where k = −0.0002.
Then

a = dω

dt
= kω2,

∫ ω2

ω1

dω

ω2
=

∫ t

0
kdt,

− 1

ω2
+ 1

ω1
= kt ⇒ t = 1

k

(
1

ω1
− 1

ω2

)

Convert the numbers to rad/s

ω1 = 10000 rpm

(
2π rad

rev

) (
1 min

60 sec

)
= 1047 rad/s

ω2 = 1000 rpm

(
2π rad

rev

) (
1 min

60 sec

)
= 104.7 rad/s

Using the numbers in the problem

t = 1

−0.0002

(
1

1047 rad/s
− 1

104.7 rad/s

)

t = 430 s.

Problem 13.97 The astronaut is not rotating. He has
an orientation control system that can subject him to
a constant angular acceleration of 0.1 rad/s2 about the
vertical axis is either direction. If he wants to rotate
180◦ about the vertical axis (that is, rotate so that he
is facing toward the left) and not be rotating in his new
orientation, what is the minimum time in which he could
achieve the new orientation?

Solution: He could achieve the rotation in minimum time by accel-
erating until he has turned 90◦ and then decelerating for the same time
while he rotates the final 90◦.

Thus the time needed to turn 90◦ (π /2 rad) is

α = 0.1 rad/s2,

ω = αt

θ = 1

2
αt2 ⇒ t =

√
2θ

α
=

√
2(π/2)

0.1 rad/s2
= 5.605 s.

The total maneuver time is 2t . 2t = 11.2 s.
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Problem 13.98 The astronaut is not rotating. He has
an orientation control system that can subject him to
a constant angular acceleration of 0.1 rad/s2 about the
vertical axis in either direction. Refer to problem 13.97.
For safety, the control system will not allow his angular
velocity to exceed 15◦ per second. If he wants to rotate
180◦ about the vertical axis (that is, rotate so that he
is facing toward the left) and not be rotating in his new
orientation, what is the minimum time in which he could
achieve the new orientation?

Solution: He could achieve the rotation in minimum time by accel-
erating until he has reached the angular velocity limit, then coasting
until he has turned 90◦. He would then continue to coast until he
needed to decelerate to a stop at the 180◦ position. The maneuver is
symmetric in the spin up and the spin down phases.

We will first find the time needed to reach the angular velocity limit
and also find the angle through which he has rotated in this time.

α = 0.1 rad/s2

ω = αt1 ⇒ t1 = ω

α
= (15/180)π rad/s

0.1 rad/s2
= 2.62 s.

θ1 = 1

2
αt2 = 1

2
(0.1 rad/s2)(2.62 s)2 = 0.343 rad.

Now we need to find the coast time (constant angular velocity)

π

2
rad − 0.343 rad =

(
15◦

180◦
)

π rad/s t2 ⇒ t2 = 4.69 s

Thus the total time to complete a 90◦ turn is t = t1 + t2 = 2.62 s +
4.69 s = 7.31 s.

The time for the full 180◦ turn is 2t 2t = 14.6 s.

Problem 13.99 The rotor of an electric generator is
rotating at 200 rpm when the motor is turned off. Due
to frictional effects, the angular acceleration of the rotor
after the motor is turned off is α = −0.01ω rad/s2, where
ω is the angular velocity in rad/s.

(a) What is the rotor’s angular velocity one minute
after the motor is turned off?

(b) After the motor is turned off, how many revolutions
does the rotor turn before it comes to rest?

Strategy: To do part (b), use the chain rule to write
the angular acceleration as

α = dω

dt
= dω

dθ

dθ

dt
= dω

dθ
ω.

Solution: Let α = kω, where k = −0.01 s−1. Note that 200 rpm =
20.9 rad/s.

(a) One minute after the motor is turned off

α = dω

dt
= kω ⇒

∫ ω

ω0

dω

ω
=

∫ t

0
kdt ⇒ ln

(
ω

ω0

)
= kt

ω = ω0e
kt = (20.9 rad/s)e(−0.01/s)(60 s) = 11.5 rad/s.

ω = 11.5 rad/s (110 rpm).

(b) When the rotor comes to rest

α = ω
dω

dθ
= kω ⇒

∫ 0

ω0

dω =
∫ θ

0
kdθ ⇒ −ω0 = kθ

θ = 1

k
(−ω0) = 1

−0.01 s−1
(−20.9 rad/s)

θ = 2094 rad

(
1 rev

2π rad

)
= 333 rev.

θ = 333 rev.
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Problem 13.100 The needle of a measuring instrument
is connected to a torsional spring that gives it an angu-
lar acceleration α = −4θ rad/s2, where θ is the needle’s
angular position in radians relative to a reference direc-
tion. The needle is given an angular velocity ω = 2 rad/s
in the position θ = 0.

(a) What is the magnitude of the needle’s angular
velocity when θ = 30◦?

(b) What maximum angle θ does the needle reach
before it rebounds?

θ

Solution:

α = ω
dω

dθ
= −4θ ⇒

∫ ω

2
ωdω = −4

∫ θ

0
θdθ ⇒ ω2

2
− 22

2
= −2θ2

ω = 2
√

1 − θ2

(a) ω = 2
√

1 − (π/6)2 = 1.704 rad/s

(b) Maximum angle means ω = 0. θ = 1 rad = 57.3◦

Problem 13.101 The angle θ measures the direction of
the unit vector e relative to the x axis. The angular veloc-
ity of e is ω = dθ/dt = 2 rad/s, constant. Determine the
derivative de/dt when θ = 90◦ in two ways:

(a) Use Eq. (13.33).
(b) Express the vector e in terms of its x and y com-

ponents and take the time derivative of e.

x

y

e

θ

Solution:

(a)
de
dt

= dθ

dt
n = ωn

when θ = 90◦
, n = −i

de
dt

= −2i rad/s when θ = 90◦

(b) e = (1) cos θ i + (1) sin θj

de
dt

= − sin θ

(
dθ

dt

)
i + cos θ

(
dθ

dt

)
j

Evaluating at θ = 90◦

de
dt

= − dθ

dt
i = −2i rad/s

== θd
dt

ω 2 rad/s

n
y

x

θ θ

y

x

 = 90° 
e

n

e
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Problem 13.102 The angle θ measures the direction
of the unit vector e relative to the x axis. The angle θ is
given as a function of time by θ = 2t2 rad. What is the
vector de/dt at t = 4 s?

Solution: By definition:

de
dt

=
(

dθ

dt

)
n,

where

n = i cos
(
θ + π

2

)
+ j sin

(
θ + π

2

)

is a unit vector in the direction of positive θ . The angular rate of
change is

[
dθ

dt

]
t=4

= [4t]t=4 = 16 rad/s.

The angle is θ = [mod(2t2, 2π)]t=4 = mod(32, 2π) = 0.5841 rad,
where mod(x, y) (“modulus”) is a standard function that returns the
remainder of division of the first argument by the second. From which,

[
de
dt

]
t=4

= 16
(

i cos
(
0.5841 + π

2

)
+ j sin

(
0.5841 + π

2

))
= −8.823i + 13.35j

Problem 13.103 The line OP is of constant length R.
The angle θ = ω0t , where ω0 is a constant.

(a) Use the relations vx = dx

dt
and vy = dy

dt
to deter-

mine the velocity of P relative to O.
(b) Use Eq. (13.33) to determine the velocity of P rel-

ative to O, and confirm that your result agrees with
the result of (a).

Strategy: In part (b), write the position vector of P
relative to O as r = Re where e is a unit vector that
points from O toward P .

x

y

O

P
R

θ

Solution:

(a) The point P is described by P = ix + jy. Take the derivative:

dP
dt

= i
(

dx

dt

)
+ j

(
dy

dt

)
.

The coordinates are related to the angle θ by x = R cos θ , y =
R sin θ . Take the derivative and note that R is a constant and
θ = ω0t , so that

dθ

dt
= ω0 :

dx

dt
= −R sin θ

(
dθ

dt

)
,

dy

dt
= R cos θ

(
dθ

dt

)
.

Substitute into the derivative of the vector P,

dP
dt

= R

(
dθ

dt

)
(−i sin θ + j cos θ)

= Rω0(−i sin(ω0t) + j cos(ω0t))

which is the velocity of the point P relative to the origin O.

(b) Note that P = Re, and
dP
dt

= R
de
dt

when R is constant. Use the

definition (Eq. (13.33)),

de
dt

=
(

dθ

dt

)
n,

where n is a unit vector in the direction of positive θ , (i.e., per-
pendicular to e). Thus

n = i cos
(
θ + π

2

)
+ j sin

(
θ + π

2

)
.

Use the trigonometric sum-of-angles identities to obtain: n =
−i sin θ + j cos θ . Substitute,

dP
dt

= Rω0(−i sin(ω0t) + j cos(ω0t))

The results are the same.
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Problem 13.104 In Active Example 13.9, determine the
motorcycle’s velocity and acceleration in terms of nor-
mal and tangential components at t = 5s.

400 mP

et

en

O
s

Solution: We are given the tangential acceleration

at = (2 m/s2) + (0.2 m/s3)t

We can find the velocity at t = 5 s.

v =
∫ 5 s

0
([2 m/s2] + [0.2 m/s3]t)dt

= [2 m/s2][5 s] + 1

2
[0.2 m/s3][5 s]2

= 1.2 m/s.

The velocity is then v = (12.5 m/s) et

The accelerations are

at = (2 m/s2) + (0.2 m/s3)(5 s) = 3 m/s2

an = v2

ρ
= (12.5 m/s)2

400 m
= 0.391 m/s2.

a = (3 m/s2)et + (0.391 m/s2)en

Problem 13.105 The armature starts from rest at t = 0
and has constant angular acceleration α = 2 rad/s2. At
t = 4 s, what are the velocity and acceleration of point
P relative to point O in terms of normal and tangential
components?

80 mm

P

O

Solution: We can find the angular velocity at t = 4s.

α = 2 rad/s2

ω = (2 rad/s2)(4 s) = 8 rad/s.

Then

v = rω = (0.08 m) (8 rad/s) = 0.64 m/s,

at = rα = (0.08 m) (2 rad/s2) = 0.16 m/s2,

an = v2

r
= (0.64 m/s)2

0.08 m
= 5.12 m/s2

v = (0.64 m/s)et ,

a = (0.16 m/s2)et + (5.12 m/s2)en.

57

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 13.106 Suppose you want to design a medi-
cal centrifuge to subject samples to normal accelerations
of 1000 g’s. (a) If the distance from the center of the
centrifuge to the sample is 300 mm, what speed of rota-
tion in rpm is necessary? (b) If you want the centrifuge
to reach its design rpm in 1 min, what constant angular
acceleration is necessary?

300 mm

Solution:

(a) The normal acceleration at a constant rotation rate is an = Rω2,
giving

ω =
√

an

R
=

√
(1000)9.81

0.3
= 180.83 rad/s.

The speed in rpm is

N = ω

(
rad

s

) (
1 rev

2π rad

) (
60 s

1 min

)
= 1730 rpm .

(b) The angular acceleration is

α = ω

t
= 180.83

60
= 3.01 rad/s2

Problem 13.107 The medical centrifuge shown in
Problem 13.106 starts from rest at t = 0 and is subjected
to a constant angular acceleration α = 3 rad/s2. What
is the magnitude of the total acceleration to which the
samples are subjected at t = 1 s?

Solution: α = 3, ω = 3t, θ = 1.5t2

at = (0.3 m)(3 rad/s2) = 0.9 m/s2

an = (0.3 m)(3 rad/s)2 = 2.7 m/s2

a = √
(0.9)2 + (2.7)2 m/s2 = 2.85 m/s2
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Problem 13.108 A centrifuge used to subject engineer-
ing components to high acceleration has a radius of 8 m.
It starts from rest at t = 0, and during its two-minute
acceleration phase it is programmed so that its angular
acceleration is given as a function of time in seconds
by α = 0.192 − 0.0016t rad/s2. At t = 120 s, what is
the magnitude of the acceleration a component is sub-
jected to?

Solution: We will first calculate the angular velocity

ω =
∫ 120 s

0
([0.192 rad/s2] − [0.0016 rad/s3]t) dt

= [0.192 rad/s][120 s] − 1

2
[0.0016 rad/s3][120 s]2

= 11.52 rad/s

The normal and tangential components of acceleration are

at = rα = (8 m)([0.192 rad/s2] − [0.0016 rad/s3][120 s]) = 0

an = rω2 = (8 m)(11.52 rad/s)2 = 1060 m/s2

Since the tangential component is zero, then the total acceleration is
the same as the normal acceleration

a = 1060 m/s2(108g′s).

Problem 13.109 A powerboat being tested for maneu-
verability is started from rest at t = 0 and driven in
a circular path 12 m in radius. The tangential compo-
nent of the boat’s acceleration as a function of time is
at = 0.4t m/s2.

(a) What are the boat’s velocity and acceleration in
terms of normal and tangential components at t =
4 s?

(b) What distance does the boat move along its circular
path from t = 0 to t = 4 s?

Solution:

(a) at = 0.4t m/s2 an = +v2/r

v = 0.2t2 m/s

At t = 4 s,

a = 0.4tet + v2/ren

a = 1.6et + 0.853en

v = 3.2et m/s

(b) s = 0.2t3/3

s|4s = 4.27 m
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Problem 13.110 The angle θ = 2t2 rad.

(a) What are the velocity and acceleration of point P
in terms of normal and tangential components at
t = 1 s?

(b) What distance along the circular path does point P
move from t = 0 to t = 1 s? 4 m

P

O

θ

Solution:

θ = 2t2

dθ

dt
= 4t = ω

d2θ

dt2
= 4

rad

s2
= α

s = rθ = 4θ = 8t2

vt = 16t m/s

v = rω = 4(4t) = 16t

at = dv

dt
= 16 m/s2

(a) v = 16(1)et m/s = 16 et (m/s)

a = Rαet + Rω2eN

a = (4)(4)et + (4)(42)eN (m/s2)

a = 16et + 64eN (m/s2)

(b) s = Rθ = 8t2

= 8(1)2 = 8 m

P

O
4 m

θ
eN

et

Problem 13.111 The angle θ = 2t2 rad. What are the
velocity and acceleration of point P in terms of normal
and tangential components when P has gone one
revolution around the circular path starting at t = 0?

Solution: From the solution to Problem 13.110,

θ = 2t2 rad

ω = 4t rad/s

α = 4 rad/s2

s = 8t2 m

vt = 16t m/s

at = 16 m/s2

We want to know v and a when θ = 2π . Substituting into the first eqn,
we find that θ = 2π when t = t1 = 1.77 seconds. From the solution
to Problem 13.110,

vt = 16tet and

a = Rαet + Rω2eN

Substituting in the time t1, we get

vt = 28.4et (m/s)

a = 16et + 201.1eN (m/s2)
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Problem 13.112 At the instant shown, the crank AB
is rotating with a constant counterclockwise angular
velocity of 5000 rpm. Determine the velocity of point B
(a) in terms of normal and tangential components; (b) in
terms of cartesian components.

CC

y

x

B

A

45�

50
 m

m

Solution:

ω = (5000 rpm)

(
2π rad

rev

) (
min

60 sec

)
= 524 rad/s

(a) VB = (524 rad/s)et = ( . et )

(b) VB = ( )(− cos 45◦ i − sin 45◦ j) = (− . − . )

Problem 13.113 The crank AB in Problem 13.112
is rotating with a constant counterclockwise angular
velocity of 5000 rpm. Determine the acceleration
of point B (a) in terms of normal and tangential
components; (b) in terms of cartesian components.

Solution:

ω = (5000 rpm)

(
2π rad

rev

)(
min

60 sec

)
= 524 rad/s

at = 0, an = (524 rad/s)2 = ≈

(a) aP = ( 729 n)
2

(b)
ap = ( 2 )(cos 45◦ i − sin 45◦ j)

= ( i − j) 2

Problem 13.114 Suppose that a circular tunnel of
radius R could be dug beneath the equator. In principle,
a satellite could be placed in orbit about the center of the
earth within the tunnel. The acceleration due to gravity in
the tunnel would be gR/RE , where g is the acceleration
due to gravity at sea level and RE is the earth’s radius.
Determine the velocity of the satellite and show that the
time required to complete one orbit is independent of
the radius R. (See Example 13.10.)

Equator

Tunnel

RE R

Solution: To be in orbit we must have

an = v2

R
= gR

RE

⇒ v = R

√
g

RE

The velocity of the satellite is given by the distance it travels in one
orbit divided by the time needed to complete that orbit.

v = 2πR

t
⇒ t = ν

2πR
=

R

√
g

RE

R
=

√
g

RE

.

Notice that the time does not depend on the radius R.
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Problem 13.115 At the instant shown, the magnitude
of the airplane’s velocity is 130 m/s, its tangential
component of acceleration is at = −4 m/s2, and the rate
of change of its path angle is dθ/dt = 5◦

/s.

(a) What are the airplane’s velocity and acceleration
in terms of normal and tangential components?

(b) What is the instantaneous radius of curvature of the
airplane’s path?

θ

Solution:

ω = (5◦
/s)

(
π rad

180◦
)

=
( π

36

)
rad/s

aP t = −4 m/s2, an = (130 m/s)ω = 11.34 m/s2

(a)
vp = (130et ) m/s

ap = (−4et + 11.34en) m/s2

(b) ρ = v2

an

= (130 m/s)2

11.34 m/s2
= 1490 m

Problem 13.116 In the preliminary design of a sun-
powered car, a group of engineering students estimates
that the car’s acceleration will be 0.6 m/s2. Suppose that
the car starts from rest at A and the tangential compo-
nent of its acceleration is at = 0.6 m/s2. What are the
car’s velocity and acceleration in terms of normal and
tangential components when it reaches B?

B

A

200 m

50 m

Solution:

at = v
dv

ds
= 0.6 m/s2 ⇒

∫ v

0
vdv =

∫ s

0
(0.6 m/s2)ds

v2 = 2(0.6 m/s2)s

At point B

SB =
(

200 + 50π

2

)
m ⇒ vB = 18.28 m/s, aBn = v2

B

50 m
= 6.68 m/s2

Thus
vB = (18.28et ) m/s

aB = (0.6et + 6.68en) m/s2

Problem 13.117 After subjecting the car design
described in Problem 13.116 to wind tunnel testing,
the students estimate that the tangential component of
the car’s acceleration will be at = 0.6 − 0.002v2 m/s2,
where v is the car’s velocity in m/s. If the car starts
from rest at A, what are its velocity and acceleration
in terms of normal and tangential components when it
reaches B?

Solution: At point B SB =
(

200 + 50π

2

)
m

at = v
dv

ds
= 0.6 − 0.002v2 ⇒

∫ vB

0

vdv

0.6 − 0.002v2
=

∫ sB

0
ds

vB = 14.20 m/s, aBn = v2
B

50 m
= 4.03 m/s2

at = 0.6 − 0.002(14.20 m/s)2 = 0.197 m/s2

Thus
vB = (14.20et ) m/s

aB = (0.197et + 4.03en) m/s2
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Problem 13.118 Suppose that the tangential compo-
nent of acceleration of the car described in Prob-
lem 13.117 is given in terms of the car’s position by
at = 0.4 − 0.001s m/s2, where s is the distance the car
travels along the track from point A. What are the car’s
velocity and acceleration in terms of normal and tangen-
tial components at point B?

Solution:

at = dv

dt
= dv

ds

ds

dt
= 0.4 − 0.001s m/s2

v
dv

ds
= 0.4 − 0.001s

∫ v

0
v dv =

∫ SB

0
(0.4 − 0.001s) ds

v2

2
=

[
0.4s − 0.001s2

2

]∣∣∣∣
SB

0

From Fig. P13.116, SB = 200 + 2πρ/4 where ρ = 50 m, so SB =
278.5 m

Solving for v,

v = 12.05 m/s

v = 12.05et (m/s)

a = (0.4 − 0.001sB)et + v2/ρeN (m/s2)

Solving, a = 0.121et + 2.905eN (m/s2)

Problem 13.119 A car increases its speed at a constant
rate from 64 km/h at A to 96 km/h at B. What is the
magnitude of its acceleration 2 s after the car passes
point A?

y

x
30° 

30° B
A

36 m

24 m 30 m

24 m

Solution: Use the chain rule to obtain

v
dv

ds
= a,

where a is constant. Separate variables and integrate: v2 = 2as +
C. At

s = 0, v(0) =
(

3600

)
= . ,

from which C = 3 . . The acceleration is

a = v2 − C

2s

The distance traveled from A to B is

s = 2( ) + (30)
( π

180

)
( + 0) = 2 ,

and the speed in

[v(s)]s= =
(

3600

)
= ,

from the constant acceleration is

a = ( )2− 316.13

2( )
= . 2.

The velocity is as a function of time is v(t) = v(0) + at = +
. t A is

s(t) = . t +
2

t2.

At a point 2 seconds past A, the distance is s(2) =
velocity is v(2) = first part of the hill ends at 43,
so that at this point the car is still in the first part of the hill. The
tangential acceleration is at = 2

an = v2

R
= ( )2

= 2.

The magnitude of the acceleration is

|a| = √
2 + . 2 = . 2

Note: This is a large acceleration–the driver (and passengers) would
no doubt be uncomfortable.
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Problem 13.120 The car increases its speed at a con-
stant rate from 64 km/h at A to 96 km/h at B . Determine
the magnitude of its acceleration when it has
traveled along the road a distance (a) 36 m from A and
(b) 48 m from A.

Solution: Use the solution in Problem 13.119.

(a) The velocity at a distance 36 m from A is

v( ) = √
2as + C = √

(2)( . )( ) + 316.

= .

At 36 m the car is in the first part of the hill. The tangential
acceleration is at = . 2 from Problem 13.119. The normal
acceleration is

an = (v( ))2

R
= ( . ) 2

= 2.

The magnitude of the acceleration is

|a| = √
. 2 + 2 = 2

(b) The velocity at distance 48 m from A is

v( ) = √
2( . )( ) + C = .

At 48 m the car is on the second part of the hill. The tangential
acceleration is unchanged: at = 2

ation is

an = (v( )) 2

R
= = 2.

The magnitude of the acceleration is

|a| = √
2 + 2 = 2

[Note: The car will “lift off” from the road.]

Problem 13.121 Astronaut candidates are to be tested
in a centrifuge with 10-m radius that rotates in the hor-
izontal plane. Test engineers want to subject the can-
didates to an acceleration of 5 g’s, or five times the
acceleration due to gravity. Earth’s gravity effectively
exerts an acceleration of 1 g in the vertical direction.
Determine the angular velocity of the centrifuge in rev-
olutions per second so that the magnitude of the total
acceleration is 5 g’s.

10 m

Solution:

an
2 + g2 = (5g)2 ⇒ an = √

24g

an = rω2 ⇒ ω = √
an/r

ω =
√√

24(9.81 m/s2)

10m
= 2.19 rad/s

Problem 13.122 In Example 13.11, what is the heli-
copter’s velocity in turns of normal and tangential com-
ponents at t = 4 s?

Solution: In Example 13.11 we find the x and y components of
acceleration and velocity at t = 4 s.

ax = 2.4 m/s2, ay = 0.36 m/s2,

vx = 4.80 m/s, vy = 4.32 m/s

The total velocity of the helicopter is

v =
√

v2
x + v2

y =
√

(4.80 m/s)2 + (4.32 m/s)2 = 6.46 m/s.

By definition, the velocity is in the tangential direction, therefore

v = 6.46 m/s)et .
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Problem 13.123 The athlete releases the shot with
velocity v = 16 m/s at 20◦ above the horizontal.

(a) What are the velocity and acceleration of the shot
in terms of normal and tangential components when
it is at the highest point of its trajectory?

(b) What is the instantaneous radius of curvature of
the shot’s path when it is at the highest point of its
trajectory?

20°

Solution:

ax = 0

vx = vx0 = 16 cos 20◦
, vy0 = 16 sin 20◦

ay = −9.81 m/s2

vy = vy0 − 9.81t = 5.47 − 9.81t

At highest point, vy = 0

(a) v = 16 cos 20◦et = 15.0et (m/s)

(b) a = 9.81en (m/s2)

(c) |aN | = v2/ρ, ρ = v2/|an|

ρ = (15)2/9.81 = 23.0 m

eN

et

y

x

Problem 13.124 At t = 0, the athlete releases the shot
with velocity v = 16 m/s.

(a) What are the velocity and acceleration of the shot
in terms of normal and tangential components at
t = 0.3 s?

(b) Use the relation an = v2/ρ to determine the instan-
taneous radius of curvature of the shot’s path at
t = 0.3 s.

Solution: From the solution to Problem 13.123,

vx = 15.0 m/s vy = 5.47 − 9.81t m/s

v =
√

v2
x + v2

y

At t = 0.3 s, v = 15.2 m/s

v = 15.2et (m/s)

We have the following geometry
From the diagram

tan r = vy/vx r = 9.55◦

|an| = 9.81 cos r = 9.67 m/s2

|at | = 9.81 sin r = 1.63 m/s2

a = −1,63et + 9.67en (m/s2)

|an| = v2/ρ

ρ = v2/|an| = (15.2)2/9.67

ρ = 24.0 m

y

x

en

et

V

Vy

an

at

Vx

r

r

9.81
s2
m
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Problem 13.125 At t = 0, the athlete releases the shot
with velocity v = 16 m/s. Use Eq. (13.42) to determine
the instantaneous radius of curvature of the shot’s path
at t = 0.3 s.

Solution:

ρ =

[
1 +

(
dy

dx

)2
]3/2

∣∣∣∣d2y

dx2

∣∣∣∣
From the solution to 13.123,

vy = vy0 − 9.81t, hence

y = y0 + vy0 t − 9.8/(t2/2), y0 ≡ 0

Also, vx = vx0

x = x0 + vx0 tx0 ≡ 0

Hence t = x/vx0 and

y = vy0 (
x

vx0

) − 9.81

2

(
x

vx0

)2

We now have y(x)

dy

dx
= vy0

vx0

− 9.81

(
x

v2
x0

)

d2y

dx2
= −9.81/v2

x0

We also know v0 = 16 m/s and

vy0 = v0 sin 20◦ = 5.47 m/s

vx0 = v0 cos 20◦ = 15.04 m/s

At t = 0.3 s, x = 4.5 m,

dy

dx
= 0.168

d2y

dx2
= −0.0434

and ρ = 24.0 m

Problem 13.126 The cartesian coordinates of a point
moving in the xy-plane are x = 20 + 4t2 m, y = 10 −
t3 m. What is the instantaneous radius of curvature of
the path of the point at t = 3 s?

Solution: The components of the velocity: v = 8t i − (3t2)j.
At t = 3 seconds, the magnitude of the velocity is |v|t=3 =√

(8t)2 + (−3t2)2 = 36.12 m/s. The components of the acceleration
are a = 8i − (6t)j. The instantaneous path angle is

tan β = vy

vx

= −3t2

8t
.

At t = 3 seconds, β = −0.8442 rad. The unit vector parallel to the
path is et = i cos β + j sin β. The unit vector normal to the path point-
ing toward the instantaneous radial center is

en = i cos
(
β − π

2

)
+ j sin

(
β − π

2

)
= i sin β − j cos β.

The normal acceleration is the component of acceleration in the direc-
tion of en. Thus, an = en · a or an = 8 sin β + (6t) cos β. At t = 3
seconds, an = 5.98 m/s2. The radius of curvature at t = 3 seconds is

ρ = |v|2
an

= 218 m
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Problem 13.127 The helicopter starts from rest at
t = 0. The cartesian components of its acceleration are
ax = 0.6t m/s2 and ay = 1.8 − 0.36t m/s2. Determine the
tangential and normal components of its acceleration at
t = 6 s.

y

x

Solution: The solution will follow that of Example 13.11, with
the time changed to t = 6 s. The helicopter starts from rest (vx, vy) =
(0, 0) at t = 0. Assume that motion starts at the origin (0, 0). The
equations for the motion in the x direction are ax = 0.6t m/s2, vx =
0.3t2 m/s, x = 0.1t3 m, and the equations for motion in the y direction
are ay = 1.8 − 0.36t m/s2, vy = 1.8t − 0.18t2 m/s, and y = 0.9t2 −
0.06t3 m. At t = 6 s, the variables have the values ax = 3.6 m/s2,
ay = −0.36 m/s2, vx = 10.8 m/s, vy = 4.32 m/s, x = 21.6 m, and
y = 19.44 m. The magnitude of the velocity is given by

|v| =
√

v2
x + v2

y = 11.63 m/s.

The unit vector in the tangential direction is given by

eT = v
|v| = vx i + vy j

|v| = 0.928i + 0.371j.

The tangential acceleration component is given by aT = a · eT

= 0.928ax + 0.371ay = 3.21 m/s2.

The magnitude of the acceleration is given by

|a| =
√

a2
x + a2

y = 3.62 m/s2.

The normal acceleration component is given by

aN =
√

|a|2 − a2
T = 1.67 m/s2

Problem 13.128 Suppose that when the centrifuge in
Example 13.12 is turned on, its motor and control sys-
tem give it an angular acceleration (in rad/s2) α = 12 −
0.02ω, where ω is the centrifuge’s angular velocity.
Determine the tangential and normal components of the
acceleration of the sample at t = 0.2 s.

300 mm

Solution: We will first integrate to find the angular velocity at
t = 0.2 s.

α = dω

dt
= ([12 rad/s2] − [0.02 s−1]ω)

∫ ω

0

dω

[12 rad/s2] − [0.02 s−1]ω
=

∫ 0.2 s

0
dt

−1 s

0.02
ln

(
[12 rad/s2] − [0.02 s−1]ω

[12 rad/s2]

)
= 0.2 s

[12 rad/s2] − [0.02 s−1]ω = [12 rad/s2]e−0.004

ω = 1 s

0.02
(12 rad/s2)(1 − e−0.004) = 2.40 rad/s

At this time, the angular acceleration is

α = (12 rad/s2) − (0.02 s−1)(2.40 rad/s) = 11.95 rad/s2.

The components of acceleration are

at = rα = (0.3 m)(11.95 rad/s2) = 3.59 m/s2

αn = rω2 = (0.3 m)(2.40 rad/s)2 = 1.72 m/s2.

a = (3.59et + 1.72en) m/s2.
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Problem 13.129* For astronaut training, the airplane
shown is to achieve “weightlessness” for a short period
of time by flying along a path such that its acceleration
is ax = 0 and ay = −g. If the velocity of the plane at
O at time t = 0 is v = v0i, show that the autopilot must
fly the airplane so that its tangential component of the
acceleration as a function of time is

at = g

(
gt

v0

)
√

1 +
(

gt

v0

)2
.

x

y

O

Solution: The velocity of the path is v(t) = v0i − gtj. The path
angle is

β : tan β = vy

vx

= −gt

v0
,

sin β = −gt√
v2

0 + (gt)2
.

The unit vector parallel to the velocity vector is e = i cos β + j sin β.
The acceleration vector is a = −jg. The component of the acceleration
tangent to the flight path is at = −g sin β., from which

at = g
gt√

v2
0 + (gt)2

.

Divide by v0,

at = g

[
1 +

(
gt

v0

)2
]− 1

2 (
gt

v0

)

Problem 13.130* In Problem 13.129, what is the air-
plane’s normal component of acceleration as a function
of time?

Solution: From Problem 13.129, the velocity is v(t) = v0i − gtj.
The flight path angle is β, from which

cos β = v0√
v2

0 + (gt)2
.

The unit vector parallel to the flight path is e = i cos β + j sin β. The
unit vector normal to e is

en = i cos
(
β − π

2

)
+ j sin

(
β − π

2

)

= i sin β − j cos β,

pointing toward the instantaneous radial center of the path. The accel-
eration is a = −jg. The component parallel to the normal component
is an = g cos β, from which

an = g
v0√

v2
0 + (gt)2

= g

[
1 +

(
gt

v0

)2
]− 1

2
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Problem 13.131 If y = 100 mm,
dy

dt
= 200 mm/s,

and
d2y

dt2
= 0, what are the velocity and acceleration of

P in terms of normal and tangential components?

300 mm

P

y

Solution: The equation for the circular guide is R2 = x2 + y2,
from which x = √

R2 − y2 = 0.283 m, and

dx

dt
= −

(y

x

) dy

dt
= vx = −0.0707 m/s.

The velocity of point P is vp = ivx + jvy , from which the velocity is

|v| =
√

v2
x + v2

y = 0.212 m/s. The angular velocity

ω = |v|
R

= 0.7071 rad/s.

The angle is

β = tan−1
(y

x

)
= 19.5◦

ax = dvx

dt
= d

dt

(
− y

x

dy

dt

)

= − 1

x

(
dy

dt

)2

+ y

x2

(
dx

dt

) (
dy

dt

)
−

(y

x

)(
d2y

dt2

)

= −0.1591 m/s2

The unit vector tangent to the path (normal to the radius vector for a
circle) is ep = −i sin β + j cos β, from which

at = −ax sin β = 53.0 mm/s2

since ay = 0

an = −Rω2 = −0.150 m/s2 .

Check: an = ax cos β = −0.15 m/s2 check.
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Problem 13.132* Suppose that the point P in
Problem 13.131 moves upward in the slot with velocity

v = 300et (mm/s). When y = 150 mm, what are
dy

dt
and

d2y

dt2
?

Solution: The position in the guide slot is y = R sin θ , from which

θ = sin−1
( y

R

)
= sin−1(0.5) = 30◦

.

x = R cos θ = 259.8 mm.

From the solution to Problem 13.131,

vx = −
(y

x

) dy

dt
= −

( y

x

)
vy .

The velocity is |v| = 300 =
√

v2
x + v2

y = vy

√(y

x

)2 + 1, from which

vy = 300

((y

x

)2 + 1

)− 1
2 = 259.8 mm/s

and vx = −150 mm/s (Since the point is moving upward in the slot, vy

is positive.). The velocity along the path in the guide slot is assumed
constant, hence at = 0. The normal acceleration is

an = |v|2
R

= 300 mm/s2

directed toward the radius center, from which

d2y

dt2
= −an sin θ = −150 mm/s2

Problem 13.133* A car travels at 100 km/h on a
straight road of increasing grade whose vertical profile
can be approximated by the equation shown. When x =
400 m, what are the tangential and normal components
of the car’s acceleration?

y = 0.0003x2

y

x
Solution: The strategy is to use the acceleration in cartesian coor-
dinates found in the solution to Problem 13.90, find the angle with
respect to the x-axis,

θ = tan−1

(
dy

dx

)
,

and use this angle to transform the accelerations to tangential and nor-
mal components. From the solution to Problem 13.90 the accelerations
are a = −0.0993i + 0.4139j (m/s2). The angle at

θ = tan−1
(

d

dx
Cx2

)
x=400

= tan−1(6x × 10−4)x=400 = 13.5◦
.

From trigonometry (see figure) the transformation is at = ax cos θ +
ay sin θ , an = −ax sin θ + ay cos θ , from which

at = 0.000035 . . . = 0 ,

an = 0.4256 m/s2

Check: The velocity is constant along the path, so the tangential com-

ponent of the acceleration is zero, at = dv

dt
= 0, check.
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Problem 13.134 A boy rides a skateboard on the
concrete surface of an empty drainage canal described
by the equation shown. He starts at y = 20 m, and
the magnitude of his velocity is approximated by v =√

2( )(20 − y)

(a) Use Equation (13.42) to determine the instanta-
neous radius of curvature of the boy’s path when
he reaches the bottom.

(b) What is the normal component of his acceleration
when he reaches the bottom?

y

x

y = 0.03x 2

Solution:

(a) y = 0.03x2, so

dy

dx
= 0.06x and

d2y

dx2
= 0.06.

From Eq (13.42),

ρ = [1 + (0.06x)2]3/2

0.06
.

At x = 0, ρ = 16.7 m.

(b) The magnitude of the velocity is

√(
dy

dt

)2

+
(

dx

dt

)2

= v = K(20 − y)
1
2 = K(20 − Cx2)

1
2 ,

where K = 8.025, C = 0.03. From y = Cx2,

dy

dt
= 2Cx

(
dx

dt

)
,

d2y

dt2
= 2C

(
dx

dt

)2

+ 2Cx

(
d2x

dt2

)
.

Substitute:

∣∣∣∣dx

dt

∣∣∣∣ = K(20 − Cx2)
1
2

(4C2x2 + 1)
1
2

.

Since the boy is moving the right,

dx

dt
> 0, and

∣∣∣∣dx

dt

∣∣∣∣ = dx

dt
.

The acceleration is

d2x

dt2
= −KCx

(20 − Cx2)
1
2 (4C2x2 + 1)

1
2

(
dx

dt

)

− K(4C2x)(20 − Cx2)
1
2

(4C2x2 + 1)
3
2

(
dx

dt

)
.

At the bottom of the canal the values are

(
dx

dt

)
x=0

= K
√

20 = 35.89 m/s.

(
dy

dt

)
x=0

= 0,

(
d2x

dt2

)
x=0

= 0,

(
d2y

dt2

)
x=0

= 2C

(
dx

dt

)2
∣∣∣∣∣
x=0

= 77.28 m/s2.

The angle with respect to the x axis at the bottom of the canal is

θ = tan−1

(
dy

dx

)
x=0

= 0.

From the solution to Problem 2.133, the tangential and normal
accelerations are at = ax cos θ + ay sin θ , an = −ax sin θ +
ay cos θ , from which

at = 0 , and an = 77.28 m/s2 .

Check: The velocity is constant along the path, so the tangential

component of the acceleration is zero, at = dv

dt
= 0. check. By

inspection, the normal acceleration at the bottom of the canal is
identical to the y component of the acceleration. check.

71

9.81 m/s.

m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 13.135 In Problem 13.134, what is the nor-
mal component of the boy’s acceleration when he has
passed the bottom and reached y = 10 m?

Solution: Use the results of the solutions to Problems 13.133 and
13.134. From the solution to Problem 13.134, at y = 10 m,

x =
(√

y

C

)
= 18.257 m, from which

(
dx

dt

)
y=10

=
(

K(20 − Cx2)
1
2 (4C2x2 + 1)

− 1
2

)
y=10

= 17.11 m/s.

(
d2x

dt2

)
y=10

= −K

(
dx

dt

)
y=10


 Cx

(20 − Cx2)
1
2 (4C2x2 + 1)

1
2

+ (4C2x)(20 − Cx2)
1
2

(4C2x2 + 1)
3
2




y=10

= −24.78 m/s.

(
d2y

dt2

)
y=10

=
(

2C

(
dx

dt

)2

+ 2Cx

(
d2x

dt2

))
y=10

= −9.58 m/s2.

The angle is θ = tan−1

(
dy

dx

)
y=10

= 47.61◦.

From the solution to Problem 13.133,

at = ax cos θ + ay sin θ, an = −ax sin θ + ay cos θ,

from which

at = −23.78 m/s2 , an = 11.84 m/s2

Problem 13.136* Using Eqs (13.41): (a) Show that
the relations between the cartesian unit vectors and the
unit vectors et and en are

i = cos θet − sin θen

and j = sin θet + cos θen

(b) Show that

det/dt = dθ/dten and den/dt = −dθ/dtet.

Solution: Equations (13.41) are et = cos θ i + sin θj and en =
− sin θ i + cos θj.

(a) Multiplying the equation for et by cos θ and the equation for en

by (− sin θ) and adding the two equations, we get i = cos θet −
sin θen. Similarly, by multiplying the equation for et by sin θ and
the equation for en by cos θ and adding, we get j = sin θet +
cos θen.

(b) Taking the derivative of et = cos θ i + sin θj, we get
det

dt
=

(− sin θ i + cos θj)
dθ

dt
= en

dθ

dt
.

Similarly, taking the derivative of en = − sin θ i + cos θj, we get
den/dt = −(dθ/dt)et
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Problem 13.137 The polar coordinates of the collar A
are given as functions of time in seconds by

r = 1 + 0.2t2 θ = 2t rad.

What are the magnitudes of the velocity and acceleration
of the collar at t = 2 s?

A

u

r

Solution: We have

r = (1 ft) + (0.2 m/s2)t2, θ = (2 rad/s)t,

dr

dt
= (0.4 ft/s2)t,

dθ

dt
= 2 rad/s,

d2r

dt2
= 0.4 m/s2,

d2θ

dt2
= 0

At time t = 2 s, we have

r = 1.8 ft,
dr

dt
= 0.8 m/s,

d2r

dt2
= 0.4 m/s2,

θ = 8 rad,
dθ

dt
= 2 rad/s,

d2θ

dt2
= 0

The components of the velocity and acceleration are

vr = dr

dt
= 0.8 m/s, vθ = r

dθ

dt
= (1.8 m)(2 rad/s) = 3.6 m/s,

ar = d2r

dt2
− r

(
dθ

dt

)2

= (0.4 m/s2) − (1.8 m)(2 rad/s )2 = − 6.8 m/s 2,

aθ = r
d2θ

dt2
+ 2

dr

dt

dθ

dt
= 0 + 2(0.8 m/s)(2 rad/s) = 3.2 m/s2.

The magnitudes are

v =
√

v2
r + v2

θ =
√

(0.8 m/s)2 + (3.6 m/s)2 = 3.69 m/s,

a =
√

a2
r + a2

θ =
√

(−6.8 m/s2 )2 + (3.2 m/s2)2 = 7.52 m/s2.

v = 3.69 m/s, a = 7.52 m/s2.
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Problem 13.138 In Active Example 13.13, suppose
that the robot arm is reprogrammed so that the point
P traverses the path described by

r = 1 − 0.5 sin 2πt m,

θ = 0.5 − 0.2 cos 2πt rad.

What is the velocity of P in terms of polar coordinates
at t = 0.8 s?

P

r

x

y

u

Solution: We have

r =
[
1 − 0.5 sin

(
2π

t

s

)]
m, θ =

[
0.5 − 0.2 cos

(
2π

t

s

)]
rad,

dr

dt
= −π cos

(
2π

t

s

)
m/s,

dθ

dt
= 0.4π sin

(
2π

t

s

)
rad/s.

At time t = 0.8 s,

r = 1.48 m,
dr

dt
= −0.971 m/s, θ = 0.438 rad,

dθ

d t
= −1.20 rad/s.

The velocity is

vr = dr

dt
= −0.971 m/s, vθ = r

dθ

dt
= (1.48 m)(−1.20 rad/s) = −1.76 m/s.

v = (−0.971er − 1.76eθ ) m/s.

Problem 13.139 At the instant shown, r = 3 m and
θ = 30◦. The cartesian components of the velocity of
point A are vx = 2 m/s and vy = 8 m/s.

(a) Determine the velocity of point A in terms of polar
coordinates.

(b) What is the angular velocity dθ/dt of the crane at
the instant shown?

r

u

y

x

A

Solution: To transform to polar coordinates we have

vr = vx cos θ + vy sin θ = (2 m/s) cos 30◦ + (8 m/s) sin 30◦ = 5.73 m/s.

vθ = −vx sin θ + vy cos θ = −(2 m/s) sin 30◦ + (8 m/s) cos 30◦ = 5.93 m/s.

vA = (5.73er + 5.93eθ )m/s.

The angular velocity is found

vθ = r
dθ

dt
⇒ dθ

dt
= vθ

r
= 5.93 m/s

3m
= 1.98 rad/s.

dθ

dt
= 1.98 rad/s.

74

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 13.140 The polar coordinates of point A of
the crane are given as functions of time in seconds
by r = 3 + 0.2t2 m and θ = 0.02t2 rad. Determine the
acceleration of point A in terms of polar coordinates at
t = 3s.

r

u

y

x

A

Solution: We have

r = (3 m) + (0.2 m/s2)t2,

dr

dt
= (0.4 m/s2)t,

d2r

dt2
= 0.4 m/s2,

θ = (0.02)t2 rad/s2.

dθ

dt
= (0.04)t rad/s2,

d2θ

dt2
= 0.04 rad/s2

At t = 3 s,

r = 4.8 m,
dr

dt
= 1.2 m/s,

d2r

dt2
= 0.4 m/s2,

θ = 0.18 rad,
dθ

dt
= 0.12 rad/s,

d2θ

dt2
= 0.04 rad/s2.

The acceleration components are

ar = d2r

dt2 − r

(
dθ

dt

)2

= (0.4 m/s2) − (4.8 m)(0.12 rad/s)2,

aθ = r
d2θ

dt2
+ 2

dr

dt

dθ

dt
= (4.8 m)(0.04 rad/s2) + 2(1.2 m/s)(0.12 rad/s)

aA = (0.331er + 0.480eθ ) m/s2.

75

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 13.141 The radial line rotates with a constant
angular velocity of 2 rad/s. Point P moves along the line
at a constant speed of 4 m/s. Determine the magnitude of
the velocity and acceleration of P when r = 2 m. (See
Example 13.14.)

x

y

4 m/s 2 rad/s

P

O

r

Solution: The angular velocity of the line is

dθ

dt
= ω = 2 rad/s,

from which
d2θ

dt2
= 0.

The radial velocity of the point is

dr

dt
= 4 m/s,

from which
d2r

dt2 = 0.

The vector velocity is

v =
(

dr

dt

)
er + r

(
dθ

dt

)
eθ = 4er + 4eθ (m/s).

The magnitude is

|v| = √
42 + 42 = 5.66 m/s .

The acceleration is

a = [−2(4)]er + [2(4)(2)]eθ = −8er + 16eθ (m/s2).

The magnitude is

|a| = √
82 + 162 = 17.89 m/s2
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Problem 13.142 At the instant shown, the coordinates
of the collar A are x = 2.3 m, y = 1.9 m. The collar is
sliding on the bar from B toward C at a constant speed
of 4 m/s.

(a) What is the velocity of the collar in terms of polar
coordinates?

(b) Use the answer to part (a) to determine the angular
velocity of the radial line from the origin to the
collar A at the instant shown.

y

x

A

B

C

60�

Solution: We will write the velocity in terms of cartesian coordi-
nates.

vx = (4 m/s) cos 60◦= 2 m/s,

vy = (4 m/s) sin 60◦= 3.46 m/s.

The angle θ is

θ = tan−1
( y

x

)
= tan−1

(
1.9 m

2.3 m

)
= 39.6◦

.

Now we can convert to polar coordinates

vr = vx cos θ + vy sin θ = (2 m/s) cos 39.6◦+ (3.46 m/s) sin 39.6◦,
vθ = −vx sin θ + vy cos θ = −(2 m/s) sin 39.6◦+ (3.46 m/s) cos 39.6◦

.

(a) v = (3.75er + 1.40eθ ) .

(b)
dθ

dt
= vθ

r
= 1.40 m/s√

(2.3 m)2 + (1.9 m)2
= 0.468 rad/s.

dθ

dt
= 0.468 rad/s.
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Problem 13.143 At the instant shown, the coordinates
of the collar A are x = 2.3 m, y = 1.9 m. The collar is
sliding on the bar from B toward C at a constant speed
of 4 m/s.

(a) What is the acceleration of the collar in terms of
polar coordinates?

(b) Use the answer to part (a) to determine the angular
acceleration of the radial line from the origin to the
collar A at the instant shown.

y

x

A

B

C

60�

Solution: The velocity is constant, so the acceleration is zero.

(a) aA = 0.

Form Problem 13.141 we know that

r =
√

(2.3 m)2+ (1.9 m)2= 2.98 m,

dr

dt
= vr = 3.75 m/s,

dθ

dt
= 0.468 rad/s.

Using the θ component of the acceleration we can solve for the angular
acceleration.

aθ = r
d2θ

dt2
+ 2

dr

dt

dθ

dt
= 0

d2θ

dt2
= − 2

r

dr

dt

dθ

dt
= − 2

2.98 m
(3.75 m/s)(0.486 rad/s)

d2θ

dt2
= −1.18 rad/s2.
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Problem 13.144 A boat searching for underwater
archaeological sites in the Aegean Sea moves at 2.06 m/s
and follows the path r = 10θ m, where θ is in radians.
When θ = 2π rad, determine the boat’s velocity (a) in
terms of polar coordinates and (b) in terms of cartesian
coordinates.

y

x

Solution: The velocity along the path is

= 2.06 m/s.

(a) The path is r = 10θ . The velocity

vr = dr

dt
= d

dt
(10θ) = 10

dθ

dt
m/s.

The velocity along the path is related to the components by

v2 = v2
r + v2

θ =
(

dr

dt

)2

+ r2
(

dθ

dt

)2

= 2.062.

At θ = 2π , r = 10(2π) = 62.8 m. Substitute:

2.062 =
(

10
dθ

dt

)2

+ r2
(

dθ

dt

)2

= (100 + 62.82)

(
dθ

dt

)2

,

from which
dθ

dt
= 0.0323 rad/s,

vr = 10
dθ

dt
= 0.323 m/s , vθ = r

dθ

dt
= 2.032 m/s

(b) From geometry, the cartesian components are vx = vr cos θ +
vθ sin θ , and vy = vr sin θ + vθ cos θ . At θ = 2π ,

vx = vr , and vy = vθ

Problem 13.145 The collar A slides on the circular
bar. The radial position of A (in meters) is given as
a function of θ by r = 2 cos θ . At the instant shown,
θ = 25◦ and dθ/dt = 4 rad/s. Determine the velocity of
A in terms of polar coordinates.

r

y

x

A

u
Solution:

r = 2 cos θ, ṙ = −2 sin θθ̇ , r̈ = −2 sin θθ̈ − 2 cos θθ̇2

Using the given data we have

θ = 25◦
, θ̇ = 4, θ̈ = 0

r = 1.813, ṙ = −3.381, r̈ = −29.00

v = ṙer + rθ̇eθ = (−3.381er + 7.25eθ ) m/s
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Problem 13.146 In Problem 13.145, d2θ/dt2 = 0 at
the instant shown. Determine the acceleration of A in
terms of polar coordinates.

Solution: See Problem 13.145

a = (r̈ − rθ̇2)er + (rθ̈ + 2ṙ θ̇ )eθ = (−58.0er − 27.0eθ ) m/s2

Problem 13.147 The radial coordinate of the earth
satellite is related to its angular position θ by

r = 1.91 × 107

1 + 0.5 cos θ
m.

The product of the radial position and the transverse
component of the velocity is

rvθ = 8.72 × 1010 m2/s.

What is the satellite’s velocity in terms of polar
coordinates when θ = 90◦?

Satellite

r θ

Solution:

At θ = 90◦
, r = 1.91 × 107 m = p

r = p

1 + 0.5 cos θ
,

ṙ = (−p)(0.5)(− sin θ)θ̇

(1 + 0.5 cos θ)2

We also know that

rvθ = 8.72 × 1010 m2/s

However vθ = rθ̇ , hence

r2θ̇ = 8.72 × 1010 m2/s

Solving for θ̇ , we get

θ̇ = 0.000239 rad/s

and ṙ = 2283 m/s and from above

vθ = 4565 m/s

v = 2283er + 4565eθ (m/s)
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Problem 13.148* In Problem 13.147, what is the satel-
lite’s acceleration in terms of polar coordinates when
θ = 90◦?

Solution: Set A = 1.91 × 107 m, B = 8.72 × 1010 m2/s

r = A

1 + 0.5 cos θ
, rvθ = r(rθ̇) = B

θ̇ = B

r2
=

(
B

A2

)
(1 + 0.5 cos θ)2

θ̈ = −
(

B

A2

)
(1 + 0.5 cos θ) sin θθ̇ = −

(
B2

A4

)
(1 + 0.5 cos θ)3 sin θ

ṙ = 0.5A sin θ

(1 + 0.5 cos θ)2
θ̇ = 0.5B sin θ

A

r̈ = 0.5B cos θ

A
θ̇ = 0.5

(
B2

A3

)
cos θ(1 + 0.5 cos θ)2

When θ = 90◦ we have

r = A, ṙ = B

2A
, r̈ = 0, θ̇ = B

A2
, θ̈ = −B2

A4

Thus

a = (r̈ − rθ̇2)er + (rθ̈ + 2ṙ θ̇ )eθ = (−1.091er ) m/s2
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Problem 13.149 A bead slides along a wire that rotates
in the xy-plane with constant angular velocity ω0. The
radial component of the bead’s acceleration is zero. The
radial component of its velocity is v0 when r = r0. Deter-
mine the polar components of the bead’s velocity as a
function of r .

Strategy: The radial component of the bead’s velocity

is vr = dr

dt
, and the radial component of its acceleration

is

ar = d2r

dt2
− r

(
dθ

dt

)2

=
(

dvr

dt

)
− rω2

0.

By using the chain rule,

dvr

dt
= dvr

dr

dr

dt
= dvr

dr
vr .

you can express the radial component of the acceleration

in the form ar = dvr

dr
vr − rω2

0.

x

y

r

ω

Solution: From the strategy:

ar = 0 = vr

dvr

dr
− ω2

0r.

Separate variables and integrate: vrdvr = ω2
0rdr , from which

v2
r

2
= ω2

0
r2

2
+ C.

At r = r0, vr = v0, from which

C = v2
0 − ω2

0r
2
0

2
, and

vr =
√

v2
0 + ω2

0(r
2 − r2

0 ).

The transverse component is

vθ = r

(
dθ

dt

)
= rω0, from which

v =
√

v2
0 + ω2

0(r
2 − r2

0 )er + rω0eθ

Problem 13.150 If the motion of a point in the x–y-
plane is such that its transverse component of accelera-
tion aθ is zero, show that the product of its radial position
and its transverse velocity is constant: rvθ = constant.

Solution: We are given that aθ = rα + 2vrω = 0. Multiply the
entire relationship by r . We get

0 = (r2α + 2rvrω) =
(

r2
(

dω

dt

)
+ 2r

(
dr

dt

)
r

ω

)
= d

dt
(r2ω).

Note that if
d

dt
(r2ω) = 0, then r2ω = constant. Now note that vθ =

rω. We have r2ω = r(rω) = rvθ = constant. This was what we
needed to prove.
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Problem 13.151* From astronomical data, Kepler
deduced that the line from the sun to a planet traces out
equal areas in equal times (Fig. a). Show that this result
follows from the fact that the transverse component aθ of
the planet’s acceleration is zero. [When r changes by an
amount dr and θ changes by an amount dθ (Fig. b), the
resulting differential element of area is dA = 1

2 r(rdθ)].

x

y

(b)

r + dr

r
dA

(a)

t2 + ∆t
t1 + ∆t

t1

t2

A

A

θ

dθ

Solution: From the solution to Problem 13.150, aθ = 0 implies
that

r2ω = r2 dθ

dt
= constant.

The element of area is

dA = 1

2
r(rdθ),

or
dA

dt
= 1

2
r

(
r
dθ

dt

)
= 1

2
r2ω = constant.

Thus, if
dA

dt
= constant, then equal areas are swept out in equal times.

Problem 13.152 The bar rotates in the x–y plane with
constant angular velocity ω0 = 12 rad/s. The radial com-
ponent of acceleration of the collar C (in m/s2) is given
as a function of the radial position in meters by ar =
−8r . When r = 1 m, the radial component of velocity
of C is vr = 2 m/s. Determine the velocity of C in terms
of polar coordinates when r = 1.5 m.

Strategy: Use the chain rule to write the first term in
the radial component of the acceleration as

d2r

dt2
= dvr

dt
= dvr

dr

dr

dt
= dvr

dr
vr

x

y

r

C

v0

Solution: We have

ar = d2r

dt2 − r

(
dθ

dt

)2

= −(8 rad/s2)r,

d2r

dt2
=

([
dθ

dt

]2

− (8 rad/s2)

)
r = ([12 rad/s]2 − [8 rad/s2])r = ([136 rad/s2)r

Using the supplied strategy we can solve for the radial velocity

d2r

dt2
= vr

dvr

dr
= (136 rad/s2)r

∫ vr

2 m/s
vrdvr = (136 rad/s2)

∫ 1.5 m

1 m
rdr

ν2
r

2
− (2 m/s)2

2
= (136 rad/s2)

(
[1.5 m]2

2
− [1 m]2

2

)

Solving we find vr = 13.2 m/s.

We also have vθ = r
dθ

dt
= (1.5 m)(12 rad/s) = 18 m/s.

Thus v = (13.2er + 18eθ ) m/s.
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Problem 13.153 The hydraulic actuator moves the pin
P upward with constant velocity v = 2j (m/s). Deter-
mine the velocity of the pin in terms of polar coordinates
and the angular velocity of the slotted bar when θ = 35◦.

y

x

P

2 m

θ

Solution:

vP = 2j (m/s)

r = rer

v = ṙer + rθ̇eθ

Also, r = 2i + yj (m)

v = ẏj (m/s) = 2j (m/s)

ṙ = ẏ sin θ tan θ = y

x

rθ̇ = ẏ cos θ

r = √
x2 + y2

θ = 35◦
,

Solving, we get y = 1.40 m,

ṙ = 1.15 m/s,

r = 2.44 m,

θ̇ = 0.671
rad

s

Hence V = ṙer + rθ̇eθ

V = 1.15er + 1.64eθ (m/s)

θ

θ

θe
er

y
.

Problem 13.154 The hydraulic actuator moves the
pin P upward with constant velocity v = 2j (m/s).
Determine the acceleration of the pin in terms of polar
coordinates and the angular acceleration of the slotted
bar when θ = 35◦.

Solution: From Problem 13.153

V = 2j m/s, constant

a = dv
dt

≡ 0
θ̇ = ω = 0.671 rad/s
θ = 35◦

θ̇ = ω ẏ = 2 m/s

θ̈ = α ÿ = 0

tan θ = y

x
= y

2

y = 2 tan θ

ẏ = 2 sec2 θθ̇

ÿ = 2(2 sec θ)(sec θ tan θ)θ̇2 + 2 sec2 θθ̈

θ̈ = [−2 sec θ tan θ](θ̇ )2

sec θ

θ̇ = 0.631 rad/s2

θ

y

x = 2m
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Problem 13.155 In Example 13.15, determine the
velocity of the cam follower when θ = 135◦ (a) in
terms of polar coordinates and (b) in terms of cartesian
coordinates.

r Follower

Cam

y

x
u

Solution:

(a) θ = 135◦ , ω = dθ/dt = 4rad/s, and α = 0.

r = 0.15(1 + 0.5 cos θ)−1

= 0.232 m.

dr

dt
= 0.075

dθ

dt
sin θ(1 + 0.5 cos θ)−2

= 0.508 m/s.

v = dr

dt
er + r

dθ

dt
eθ

= 0.508er + 0.928eθ (m/s).

(b) vx = vr cos θ − vθ sin θ

= −1.015 m/s.

vy = vr sin θ + vθ cos θ

= −0.297 m/s.

Problem 13.156* In Example 13.15, determine the
acceleration of the cam follower when θ = 135◦ (a) in
terms of polar coordinates and (b) in terms of cartesian
coordinates.

Solution: See the solution of Problem 13.155.

(a)
d2r

dt2
= 0.075

(
dθ

dt

)2

cos θ(1 + 0.5 cos θ)−2

+ 0.075

(
dθ

dt

)2

sin2 θ(1 + 0.5 cos θ)−3

= 0.1905 m/s2.

a =
[

d2r

dt2
− r

(
dθ

dt

)2
]

er +
[
r
d2θ

dt2
+ 2

dr

dt

dθ

dt

]
eθ

= −3.52er + 4.06eθ (m/s2).

(b) ax = ar cos θ − aθ sin θ

= −0.381 m/s2

ay = ar sin θ + aθ cos θ

= −5.362 m/s2.
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Problem 13.157 In the cam-follower mechanism, the
slotted bar rotates with constant angular velocity ω =
10 rad/s and the radial position of the follower A is
determined by the profile of the stationary cam. The
path of the follower is described by the polar equation

r = 1 + 0.5 cos(2θ) .

Determine the velocity of the cam follower when θ =
30◦ (a) in terms of polar coordinates and (b) in terms of
cartesian coordinates.

r
A

y

xθ

Solution:

(a) θ = 30◦, ω = dθ/dt = 10 rad/s, and α = 0.

r = 1 + 0.5 cos 2θ

= 1.25 m.

dr

dt
= − dθ

dt
sin 2θ

= −8.66 m/s.

v = dr

dt
er + r

dθ

dt
eθ

= −8.66er + 12.5eθ ( /s).

(b) vx = vr cos θ − vθ sin θ

= −13.75 m/s,

vy = vr sin θ + vθ cos θ

= 6.50 /s.

Problem 13.158* In Problem 13.157, determine the
acceleration of the cam follower when θ = 30◦ (a) in
terms of polar coordinates and (b) in terms of cartesian
coordinates.

Solution: See the solution of Problem 13.157.

(a)
d2r

dt2
= −2θ2 cos 2θ

= −100 m/s2.

a =
[

d2r

dt2
− r

(
dθ

dt

)2
]

er +
[
r
d2θ

dt2
+ 2

dr

dt

dθ

dt

]
eθ .

= −225er − 173eθ ( 2).

(b) ax = ar cos θ − aθ sin θ

= −108 m/s2,

ay = ar sin θ + aθ cos θ

= −263 m/s2.
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Problem 13.159 The cartesian coordinates of a point
P in the x−y plane are related to its polar coordinates of
the point by the equations x = r cos θ and y = r sin θ .

(a) Show that the unit vectors i, j are related to the
unit vectors er , eθ by i = er cos θ − eθ sin θ and j =
er sin θ + eθ cos θ .

(b) Beginning with the expression for the position vec-
tor of P in terms of cartesian coordinates, r =
xi + yj, derive Eq. (13.52) for the position vector
in terms of polar coordinates.

(c) By taking the time derivative of the position vector
of point P expressed in terms of cartesian coordi-
nates, derive Eq. (13.47) for the velocity in terms
of polar coordinates.

x

y

er

r P

eθ

θ

Solution:

(a) From geometry (see Figure), the radial unit vector is er =
i cos θ + j sin θ , and since the transverse unit vector is at right
angles:

eθ = i cos
(
θ + π

2

)
+ j sin

(
θ + π

2

)
= −i sin θ + j cos θ.

Solve for i by multiplying er by cos θ , eθ by sin θ , and subtracting
the resulting equations:

i = er cos θ − eθ sin θ .

Solve for j by multiplying er by sin θ , and eθ by cos θ , and the
results:

j = er sin θ + eθ cos θ

(b) The position vector is r = xi + yj = (r cos θ)i + (r sin θ)j =
r(i cos θ + j sin θ). Use the results of Part (a) expressing i, j in
terms of er , eθ :

r = r(er cos2 θ − eθ cos θ sin θ + er sin2 θ + eθ sin θ cos θ)

= rer

(c) The time derivatives are:

dr
dt

= v = i
(

dr

dt
cos θ − r sin θ

dθ

dt

)

+ j
(

dr

dt
sin θ + r cos θ

dθ

dt

)
,

from which

v = dr

dt
(i cos θ + j sin θ) + r

dθ

dt
(−i sin θ + j cos θ).

Substitute the results of Part (a)

v = dr

dt
er + r

dθ

dt
eθ = dr

dt
er + rωeθ
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Problem 13.160 The airplane flies in a straight line at

peller turns at 2000 rpm in the counterclockwise direc-
tion when seen from the front of the airplane. Determine
the velocity and acceleration of a point on the tip of the
propeller in terms of cylindrical coordinates. (Let the
z-axis be oriented as shown in the figure.)

z

Solution: The speed is

v = =

The angular velocity is

ω = 2000

(
2π rad

1 rev

) (
1 min

60 s

)
= 209.4 rad/s.

The radial velocity at the propeller tip is zero. The transverse velocity
is vθ = ωr = .2 m/s. The velocity vector in cylindrical coordinates
is

v = .2e θ + z ( ) .

The radial acceleration is

ar = −rω2 = − (209.4)2 = − 2 .

The transverse acceleration is

aθ = r
d2θ

dt2
+ 2

(
dr

dt

) (
dθ

dt

)
= 0,

since the propeller rotates at a constant angular velocity. The acceler-
ation az = 0, since the airplane travels at constant speed. Thus

a = − e r ( 2)

Problem 13.161 A charged particle P in a magnetic
field moves along the spiral path described by r = 1 m,
θ = 2z rad, where z is in meters. The particle moves
along the path in the direction shown with constant speed
|v| = 1 km/s. What is the velocity of the particle in terms
of cylindrical coordinates?

y

z

x

1 km/s

P

Solution: The radial velocity is zero, since the path has a constant
radius. The magnitude of the velocity is

v =
√

r2

(
dθ

dt

)2

+
(

dz

dt

)2

= 1000 m/s.

The angular velocity is
dθ

dt
= 2

dz

dt
.

Substitute: v =
√

r2

(
dθ

dt

)2

+ 1

4

(
dθ

dt

)2

=
(

dθ

dt

) √
r2 + 1

4
= √

1.25,

from which
dθ

dt
= 1000√

1.25
= 894.4 rad/s,

from which the transverse velocity is

vθ = r

(
dθ

dt

)
= 894.4 m/s.

The velocity along the cylindrical axis is

dz

dt
= 1

2

(
dθ

dt

)
= 447.2 m/s.

The velocity vector: v = 894.4eθ + 447.2ez

x

y

z
V

88
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66825 m/s

1.524 m
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Problem 13.162 At t = 0, two projectiles A and B are
simultaneously launched from O with the initial veloci-
ties and elevation angles shown. Determine the velocity
of projectile A relative to projectile B (a) at t = 0.5 s
and (b) at t = 1 s.

30�

60�

10 m/s

10 m/s

A

B

O
x

y

Solution:

vA = −(9.81 m/s2j)t + (10 m/s)(cos 60◦i + sin 60◦
j)

vB = −(9.81 m/s2j)t + (10 m/s)(cos 30◦i + sin 30◦
j)

vA/B = vA − vB = (10 m/s)(−0.366i + 0.366j)

vA/B = (−3.66i + 3.66j) m/s

Since vA/B doesn’t depend on time, the answer is the same for both
times

vA/B = (−3.66i + 3.66j) m/s

Problem 13.163 Relative to the earth-fixed coordinate
system, the disk rotates about the fixed point O at
10 rad/s. What is the velocity of point A relative to point
B at the instant shown?

B

A

x

y

2 m O

10 rad/s

Solution:

vA = −(10 rad/s)(2 m)i = −(20 m/s)i

vB = (10 rad/s)(2 m)j = (20 m/s)j

vA/B = vA − vB = (−20i − 20j)

Problem 13.164 Relative to the earth-fixed coordinate
system, the disk rotates about the fixed point O with
a constant angular velocity of 10 rad/s. What is the
acceleration of point A relative to point B at the
instant shown?

Solution:

aA = −(10 rad/s)2(2 m)j = −(200 m/s2)j

aB = −(10 rad/s)2(2 m)i = −(200 m/s2)i

aA/B = aA − aB = (200i − 200j) 2
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Problem 13.165 The train on the circular track is trav-
eling at 15m/s. The train on the straight track is traveling
at 6 m/s. In terms of the earth-fixed coordinate system
shown, what is the velocity of passenger A relative to
passenger B?

A x

s
 

B

y

O

15
2

m

6 m 
15

Solution:

vA = (− j) , vB = ( j)

vA/B = vA − vB = (− j)

Problem 13.166 The train on the circular track is trav-
eling at a constant speed of 15 m/s . The train on the
straight track is traveling at 6 m/s and is increasing its
speed at 0.6 m/s . In terms of the earth-2 fixed coordinate
system shown, what is the acceleration of passenger A
relative to passenger B?

Solution:

aA = (− j) 2 , aB = − ( )2

i = (− ) 2

aA/B = aA − aB = ( i − j) 2

90

6 m/s 15 m/s

21 m/s

0.6 m/s
15 m/s

152 m
1.48 m/s

1.48 0.6 m/s

m/ s
/
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Problem 13.167 In Active Example 13.16, suppose
that the velocity of the current increases to 3 m/s flow-

/

ing east. If the helmsman wants to travel northwest rela-
tive to the earth, what direction must he point the ship?
What is the resulting magnitude of the ships’ velocity
relative to the earth?

x

y

W E

S

N

B A

O

Solution: The ship is moving at 5 m/s relative to the water. Use
relative velocity concepts

m2 /s

vA = vB + vA/B

vA(− cos 45◦i + sin 45◦j) = (3 m/s)i + (5 m/s)(− cos θ i + sin θj)

Breaking into components we have

− vA cos 45◦ = (3 m/s) − (5 m/s) cos θ,

vA sin 45◦ = (5 m/s) sin θ.

Solving these equations we find

θ = 19.9◦
, vA = 2.41 m/s.

70.1◦ west of north, 2.41 .

Problem 13.168 A private pilot wishes to fly from a
city P to a city Q that is 200 km directly north of city P .
The airplane will fly with an airspeed of 290 km/h. At
the altitude at which the airplane will be flying, there is
an east wind (that is, the wind’s direction is west) with a
speed of 50 km/h. What direction should the pilot point
the airplane to fly directly from city P to city Q? How
long will the trip take? W E

S

N

200 km 50 km/h

Q

P

Solution: Assume an angle θ , measured ccw from the east.

VPlane/Ground = VPlane/Air + VAir/Ground

VPlane/Air = (290 km/h)(cos θ i + sin θj)

VAir/Ground = −(50 km/h)i

VPlane/Ground = [(290 cos θ − 50)i + (290 sin θ)j] km/h

We want the airplane to travel due north therefore

290 cos θ − 50 = 0 ⇒ θ = cos−1
(

50

290

)
= 80.07◦

Thus the heading is

90◦ − 80.07◦ = 9.93◦ east of north

The ground speed is now

v = (290 km/h) sin(80.1◦
) = 285.6 km/h

The time is

t = d

v
= 200 km

285.6 km/h
= 0.700 h = 42.0 min
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Problem 13.169 The river flows north at 3 m/s.
(Assume that the current is uniform.) If you want to
travel in a straight line from point C to point D in a
boat that moves at a constant speed of 10 m/s relative to
the water, in what direction should you point the boat?
How long does it take to make the crossing?

W E

S

N

500 m

D

C

400 m

3 m/s

Solution: Assume an angle θ , measured ccw from the east.

VBoat/Ground = VBoat/Water + VWater/Ground

VBoat/Water = (10 m/s)(cos θ i + sin θj)

VWater/Ground = (3 m/s)j

VBoat/Ground = [(10 cos θ)i + (3 + 10 sin θ)j] m/s

We want the boat to travel at an angle tan φ = 400

500

Therefore
3 + 10 sin θ

10 cos θ
= 400

500
⇒ θ = 25.11◦

Thus the heading is

25.11◦ north of east

The ground speed is now

v =
√

(10 cos θ)2 + (3 + 10 sin θ)2 = 11.60 m/s

The time is

t = d

v
=

√
5002 + 4002 m

11.60 m/s
= 55.2 s

Problem 13.170 The river flows north at 3 m/s (Assume
that the current is uniform.) What minimum speed must
a boat have relative to the water in order to travel in a
straight line form point C to point D? How long does it
take to make the crossing?

Strategy: Draw a vector diagram showing the relation-
ships of the velocity of the river relative to the earth, the
velocity of the boat relative to the river, and the velocity
of the boat relative to the earth. See which direction of
the velocity of the boat relative to the river causes it
magnitude to be a minimum.

W E

S

N

500 m

D

C

400 m

3 m/s

Solution: The minimum velocity occurs when the velocity of the
boat relative to the water is 90◦ from the velocity of the boat relative
to the earth.

vB = vW + vB/W .

The angle of travel is

θ = tan−1
(

400 m

500 m

)
= 38.7◦

.

Using the triangle that is drawn we have

vB/W = (3 m/s) cos 38.7◦ = 2.34 m/s,

vB = (3 m/s) sin 38.7◦ = 1.87 m/s.

The time is given by

t =
√

(400 m)2 + (500 m)2

vB

= 342 s.

vB/W = 2.34 m/s. t = 342 s.
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Problem 13.171 Relative to the earth, the sailboat sails
north with speed v0 = 6 m/s and then sails east at the
same speed. The tell-tale indicates the direction of the
wind relative to the boat. Determine the direction and
magnitude of the wind’s velocity (in m/s) relative to the
earth.

W E

S

N

60�

Tell-tale

0

0

Solution:

vwind/ground = vwind/boat + vboat/ground

In position one we have

vwind/ground = vwind/boat1 i + (6 m/s)j

In position two we have

vwind/ground = vwind/boat2 (− cos 60◦i + sin 60◦j) + (6 m/s)i

Since the wind has not changed these two expressions must be the
same. Therefore

vwind/boat1 = −vwind/boat2 cos 60◦ + 6 m/s

6 m/s = vwind/boat2 sin 60◦

}

⇒
{

vwind/boat1 = 2.536 m/s

vwind/boat2 = 6.928 m/s

Using either position one or position two we have

vwind/ground = (2.536i + 6j)

vwind/ground = √
(2.536)2 + (6)2 = 6.51

direction = tan−1
(

2.536

6

)
= 22.91◦east of north

Problem 13.172 Suppose you throw a ball straight
up at 10 m/s and release it at 2 m above the ground.
(a) What maximum height above the ground does the
ball reach? (b) How long after release it does the ball
hit the ground? (c) What is the magnitude of its velocity
just before it hits the ground?

Solution: The equations of motion for the ball are

ay = −g = −9.81 m/s2,

vy = vy0 − gt = 10 − 9.81t (m/s), and

y = y0 + vy0t − gt2/2 = 2 + 10t − 9.81t2/2 (m).

(a) The maximum height occurs when the velocity is zero. Call this
time t = t1. It can be obtained by setting velocity to zero, i.e.,
vy = 0 = 10 − 9.81t1 (m/s). Solving, we get t1 = 1.02 s. Substi-
tuting this time into the y equation, we get a maximum height of
yMAX = 7.10 m.

(b) The ball hits the ground when y = 0 m. To find out when this
occurs, we set y = 0 m into the y equation and solve for the
time(s) when this occurs. There will be two times, one posi-
tive and one negative. Only the positive time has meaning for
us. Let this time be t = t2. The equation for t2 is y = 0 = 2 +
10t2 − 9.81t2

2/2 (m). Solving, we get t2 = 2.22 s.

(c) The velocity at impact is determined by substituting t2 = 2.22 s
into the equation for vy . Doing this, we find that at impact, vy =
−11.8 m/s
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Problem 13.173 Suppose that you must determine the
duration of the yellow light at a highway intersection.
Assume that cars will be approaching the intersection
traveling as fast as 104.6. km/h , that the drivers’ reaction
times are as long as 0.5 s, and that cars can safely
achieve a deceleration of at least 0.4g.

(a) How long must the light remain yellow to allow
drivers to come to a stop safely before the light
turns red?

(b) What is the minimum distance cars must be from
the intersection when the light turns yellow to come
to a stop safely at the intersection?

Solution: The speed-time equation from initial speed to stop is

given by integrating the equation
d2s

dt2
= −0.4g. From which

ds

dt
= −0.4gt + V0, and s(t) = −0.2gt2 + V0t,

where V0 is the initial speed and the distance is referenced from the
point where the brakes are applied. The initial speed is:

V0 = . .

(a) The time required to come to a full stop

ds(t0)

dt
= 0 is t0 = V0

0.4g
= .

(0.4)( . )
= 7.40 s.

The driver’s reaction time increases this by 0.5 second, hence
the total time to stop after observing the yellow light is T =
t0 + 0.5 = 7.90 s

(b) The distance traveled after brake application is traveled from
brake application to full stop is given by

s(t)0 = −0.2gt2
0 + V0t0, from which s(t0) = .

The distance traveled during the reaction time is

d = V0(0.5) = 9. (0.5) = 4. ,

from which the total distance is

dt = . + . = 43.

Problem 13.174 The acceleration of a point moving
along a straight line is a = 4t + 2 m/s2. When t = 2 s,
its position is s = 36 m, and when t = 4 seconds, its
position is s = 90 meters. What is its velocity when t =
4 s?

Solution: The position-time equation is given by integrating

d2s

dt2
= 4t + 2, from which

ds

dt
= 2t2 + 2t + V0, and

s(t) =
(

2

3

)
t3 + t2 + V0t + d0,

where V0, d0 are the initial velocity and position. From the problem
conditions:

s(2) =
(

2

3

)
23 + (22) + V0(2) + d0 = 36,

from which

(1) 2V0 + d0 =
(

80

3

)
.s(4) =

(
2

3

)
43 + (42) + V0(4) + d0 = 90,

from which

(2) 4V0 + d0 =
(

94

3

)
.

Subtract (1) from (2) to obtain

V0 =
(

94 − 80

6

)
= 2.33 m/s.

The velocity at t = 4 seconds is

[
ds(t)

dt

]
t=4

= [2t2 + 2t + V0]t=4 = 32 + 8 + 2.33 = 42.33 m/s

94
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107.6 m
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29 05 14 53 58 m
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Problem 13.175 A model rocket takes off straight up.
Its acceleration during the 2 s its motor burns is 25 m/s2.
Neglect aerodynamic drag, and determine

(a) the maximum velocity of the rocket during the
flight and

(b) the maximum altitude the rocket reaches.

Solution: The strategy is to solve the equations of motion for the
two phases of the flight: during burn 0 ≤ t ≤ 2 s seconds, and after
burnout: t > 2 s.

Phase 1: The acceleration is:

d2s

dt2
= 25, from which

ds

dt
= 25t, and s(t) = 12.5t2,

since the initial velocity and position are zero. The velocity at burnout
is Vburnout = (25)(2) = 50 m/s. The altitude at burnout is hburnout =
(12.5)(4) = 50 m.

Phase 2. The acceleration is:

d2s

dt2
= −g, from which

ds

dt
= −g(t − 2) + Vburnout(t ≥ 2), and

s(t) = −g(t − 2)2/2 + Vburnout(t − 2) + hburnout, (t ≥ 2).

The velocity during phase 1 is constantly increasing because of the
rocket’s positive acceleration. Maximum occurs at burnout because
after burnout, the rocket has negative acceleration and velocity con-
stantly decreases until it reaches zero at maximum altitude. The velo-
city from maximum altitude to impact must be constantly increasing
since the rocket is falling straight down under the action of grav-
ity. Thus the maximum velocity during phase 2 occurs when the
rocket impacts the ground. The issue of maximum velocity becomes
this: is the velocity at burnout greater or less than the velocity at
ground impact? The time of flight is given by 0 = −g(tflight − 2)2/2 +
Vburnout(tflight − 2) + hburnout, from which, in canonical form:

(tflight − 2)2 + 2b(tflight − 2) + c = 0,

where b = −(Vburnout/g) and c = −(2hburnout/g).

The solution (tflight − 2) = −b ± √
b2 − c = 11.11, = −0.92 s. Since

the negative time is not allowed, the time of flight is tflight = 13.11 s.

The velocity at impact is

Vimpact = −g(tflight − 2) + Vburnout = −59 m/s

which is higher in magnitude than the velocity at burnout. The time
of maximum altitude is given by

ds

dt
= 0 = −g(tmax alt − 2) + Vburnout, from which

tmax alt − 2 = Vburnout

g
= 5.1 s, from which

tmax alt = 7.1 s.

The maximum altitude is

hmax = −g

2
(tmax alt − 2)2 + Vburnout(tmax alt − 2) + hburnout = 177.42 m
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Problem 13.176 In Problem 13.175, if the rocket’s
parachute fails to open, what is the total time of flight
from takeoff until the rocket hits the ground?

Solution: The solution to Problem 13.175 was (serendipitously)
posed in a manner to yield the time of flight as a peripheral answer.
The time of flight is given there as tflight = 13.11 s

Problem 13.177 The acceleration of a point moving
along a straight line is a = −cv3, where c is a constant.
If the velocity of the point is v0, what distance does the

point move before its velocity decreases to
v0

2
?

Solution: The acceleration is
dv

dt
= −cv3. Using the chain rule,

dv

dt
= dv

ds

ds

dt
= v

dv

ds
= −cv3. Separating variables and integrating:

dv

v2
= −cds, from which − 1

v
= −cs + C. At s = 0, v = v0, from

which − 1

v
= −cs − 1

v0
, and v = v0

1 + v0cs
. Invert: v0cs = v0

v
− 1.

When v = v0

2
, s =

(
1

cv0

)

Problem 13.178 Water leaves the nozzle at 20◦ above
the horizontal and strikes the wall at the point indicated.
What was the velocity of the water as it left the nozzle?

Strategy: Determine the motion of the water by treat-
ing each particle of water as a projectile.

20°

3.66 m

10.67 m

6.1 m

Solution: Denote θ = 20◦. The path is obtained by integrating the
equations:

dvy

dt
= −g and

dvx

dt
= 0, from which

dy

dt
= −gt + Vn sin θ,

dx

dt
= Vn cos θ.

y = −g

2
t2 + (Vn sin θ)t + y0.

x = (Vn cos θ)t + x0.

Choose the origin at the nozzle so that y0 = 0, and x0 = 0. When the
stream is y(timpact) = − =

0 = −g

2
(timpact)

2 + (Vn sin θ)timpact − .

At this same time the horizontal distance is

x(timpact) = = (Vn cos θ)timpact, from which timpact =
Vn cos θ

.

Substitute:

0 = −g

2

(
Vn cos θ

)2

+ θ − ,

from which Vn =
(

cos θ

)√
g

2( θ − )
=

96

6.1 3.66 2.44 m, the time is

2 .44

10 .67
10.67

10.67
10.67 tan 2 .44

10.67
10.67 tan 2.44

20.9 m/s
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Problem 13.179 In practice, a quarterback throws the
football with a velocity v0 at 45◦ above the horizontal. At
the same instant, a receiver standing 6 .1 m in front of him
starts running straight down field at 3.05 m/s and catches
the ball. Assume that the ball is thrown and caught at the
same height above the ground. What is the velocity v0?

45°

0

3.05 m/s

6.1 m

Solution: Denote θ = 45◦. The path is determined by integrating
the equations;

d2y

dt2
= −g,

d2x

dt2
= 0, from which

dy

dt
= −gt + v0 sin θ,

dx

dt
= v0 cos θ.

y = −g

2
t2 + (v0 sin θ)t,

x = (v0 cos θ)t,

where the origin is taken at the point where the ball leaves the quar-
terback’s hand.

When the ball reaches the receiver’s hands,

y = 0, from which tflight =
√

2v0 sin θ

g
.

At this time the distance down field is the distance to the receiver:

x = tflight + . But also

x = (v0 cos θ)tflight, from which

tflight =
(v0 cos θ − )

.

Substitute:

(v0 cos θ − )
=

√
2v0 sin θ

g
, from which

= 2v0 sin θ(v0 cos θ − )2.

The function

f (v0) = 2v0 sin θ(v0 cos θ − )2 −

was graphed to find the zero crossing, and the result refined by iter-

ation: v0 = . . Check : The time of flight is t = 1.27 s and

the distance down field that the quarterback throws the ball is d =
+ = 10 , which seem reasonable for a short, “lob” pass.

check.

45°
10 ft/s

20 ft

v0
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3.05 6.1

6.1

3.05

6.1

3.05

37.21 g 3.05

3.05 37.21 g

11 12 m/s

3.87 6.1 m
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Problem 13.180 The constant velocity v = 2 m/s.
What are the magnitudes of the velocity and acceleration
of point P when x = 0.25 m?

y

1 m

P

x

y = 0.2 sin    xπ

Solution: Let x = 2t m/s. Then x = 0.25 m at t = 0.125 s. We
know that vx = 2 m/s and ax = 0.

From

y = 0.2 sin(2πt), we obtain

dy

dt
= 0.4π cos(2πt) and

d2y

dt2 = −0.8π2 sin(2πt).

At t = 0.125 s,

y = 0.141 m and

dy

dt
= vy = 0.889 m/s and

d2y

dt2
= ay = −5.58 m/s.

Therefore

|v| =
√

v2
x + v2

y = 2.19 m/s,

|a| =
√

a2
x + a2

y = 5.58 m/s2.

Problem 13.181 The constant velocity v = 2 m/s.
What is the acceleration of point P in terms of normal
and tangential components when x = 0.25 m?

Solution: See the solution of Problem 13.180. The angle θ

between the x axis and the path is

θ = arctan

(
vy

vx

)
= arctan

(
0.889

2

)
= 24.0◦

. Then

at = ax cos θ + ay sin θ = 0 + (−5.58) sin 24.0◦ = −2.27 m/s2,

aN = ax sin θ − ay cos θ = 0 − (−5.58) cos 24.0◦ = 5.10 m/s2.

The instantaneous radius is

ρ = v2
x + v2

y

aN

= (2)2 + (0.889)2

5.10
= 0.939 m.

ay

at

θ
ax

aN
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Problem 13.182 The constant velocity v = 2 m/s.
What is the acceleration of point P in terms of polar
coordinates when x = 0.25 m?

Solution: See the solution of Problem 13.192. The polar angle θ is

θ = arctan
( y

x

)
= arctan

(
0.141

0.25

)
= 29.5◦

. Then

ar = ax cos θ + ay sin θ = 0 + (−5.58) sin 29.5◦ = −2.75 m/s2,

aθ = −ax sin θ + ay cos θ = 0 + (−5.58) cos 29.5◦ = −4.86 m/s2.

ay

ar

θ
ax

θa

Problem 13.183 A point P moves along the spiral
path r = (0.1)θ θ is in radians. The angular
position θ = 2t rad, where t is in seconds, and r = 0
at t = 0. Determine the magnitudes of the velocity and
acceleration of P at t = 1 s.

P

r

θ

Solution: The path r = 0.2t θ = 2t rad. The velocity compo-
nents are

vr = dr

dt
= 0.2 m/s, vθ = r

dθ

dt
= (0.2t)2 = 0.4t .

At t = 1 seconds the magnitude of the velocity is

|v| =
√

v2
r + v2

θ = √
0.22 + 0.42 = 0.447 m/s

The acceleration components are:

ar = d2r

dt2
− r

(
dθ

dt

)2

= −(0.2t)(22) 2,

aθ = r

(
d2θ

dt2

)
+ 2

(
dr

dt

) (
dθ

dt

)
= 2(0.2)(2) = 0.8 m/s2.

The magnitude of the acceleration is |a| =
√

a2
r + a2

θ = 1.13 m/s2
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Problem 13.184 In the cam-follower mechanism, the
slotted bar rotates with a constant angular velocity ω =
12 rad/s, and the radial position of the follower A is
determined by the profile of the stationary cam. The
slotted bar is pinned a distance h = 0.2 m to the left of
the center of the circular cam. The follower moves in a
circular path of 0.42 m radius. Determine the velocity
of the follower when θ = 40◦ (a) in terms of polar
coordinates, and (b) in terms of cartesian coordinates.

r A

y

x
h

θ

Solution:

(a) The first step is to get an equation for the path of the follower in
terms of the angle θ . This can be most easily done by referring
to the diagram at the right. Using the law of cosines, we can
write R2 = h2 + r2 − 2hr cos θ . This can be rewritten as r2 −
2hr cos θ + (h2 − R2) = 0. We need to find the components of
the velocity. These are vr = ṙ and vθ = rθ̇ . We can differentiate
the relation derived from the law of cosines to get ṙ . Carrying
out this differentiation, we get 2rṙ − 2hṙ cos θ + 2hrθ̇ sin θ = 0.
Solving for ṙ , we get

ṙ = hrθ̇ sin θ

(h cos θ − r)
.

Recalling that ω = θ̇ and substituting in the numerical values,
i.e., R = 0.42 m, h = 0.2 m, ω = 12 rad/s, and θ = 40◦, we get
r = 0.553 m, vr = −2.13 m/s, and vθ = 6.64 m/s

(b) The transformation to cartesian coordinates can be derived from
er = cos θ i + sin θj, and eθ = − sin θ i + cos θj. Substituting
these into v = vrer + vθ eθ , we get v = (vr cos θ − vθ sin θ)i +
(vr sin θ + vθ cos θ)j. Substituting in the numbers, v = −5.90i +
3.71j (m/s)

r
R

P

O ch

θ

Problem 13.185* In Problem 13.184, determine the
acceleration of the follower when θ = 40◦ (a) in terms
of polar coordinates and (b) in terms of cartesian
coordinates.

Solution:

(a) Information from the solution to Problem 13.184 will be used
in this solution. In order to determine the components of the
acceleration in polar coordinates, we need to be able to determine
all of the variables in the right hand sides of ar = r̈ − rθ̇2 and
that aθ = rθ̈ + 2ṙ θ̇ . We already know everything except r̈ and
θ̈ . Since ω is constant, θ̈ = ω̇ = 0. We need only to find the
value for r and the value for r̈ at θ = 40◦. Substituting into the
original equation for r , we find that r = 0.553 m at this position
on the cam. To find r̈ , we start with ṙ = vr . Taking a derivative,
we start with rṙ − hṙ cos θ + hrθ̇ sin θ = 0 from Problem 13.184
(we divided through by 2). Taking a derivative with respect to
time, we get

r̈ = ṙ2 + 2hrθ̇ sin θ + hrθ̇2 cos θ + hrθ̈ sin θ

(h cos θ − r)
.

Evaluating, we get r̈ = −46.17 m/s2. Substituting this into the
equation for ar and evaluating an, we get ar = −125.81 m/s2

and aθ = −51.2 m/s2

(b) The transformation of cartesian coordinates can be derived
from er = cos θ i + sin θj, and eθ = sin θ i + cos θj. Substituting
these into a = arer + aeeθ , we get a = ar er + aθ eθ , we get
a = (ar cos θ − aθ sin θ)i + (ar sin θ + aθ cos θ)j. Substituting in
the numbers, we get a = −63.46 i − 120.1 j(m/s2).
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Problem 12.1 The value of π is 3.1415962654. . . . . If
C is the circumference of a circle and r is its radius,
determine the value of r/C to four significant digits.

Solution:

C = 2πr ⇒ r

C
= 1

2π
= 0.159154943.

To four significant digits we have
r

C
= 0.1592

Problem 12.2 The base of natural logarithms is e =
2.718281828 . . .

(a) Express e to five significant digits.
(b) Determine the value of e2 to five significant digits.
(c) Use the value of e you obtained in part (a) to deter-

mine the value of e2 to five significant digits.

[Part (c) demonstrates the hazard of using rounded-off
values in calculations.]

Solution: The value of e is: e = 2.718281828

(a) To five significant figures e = 2.7183

(b) e2 to five significant figures is e2 = 7.3891

(c) Using the value from part (a) we find e2 = 7.3892 which is

not correct in the fifth digit.

Problem 12.3 A machinist drills a circular hole in a
panel with a nominal radius r = 5 mm. The actual radius
of the hole is in the range r = 5 ± 0.01 mm. (a) To what
number of significant digits can you express the radius?
(b) To what number of significant digits can you express
the area of the hole?

5 mm

Solution:

(a) The radius is in the range r1 = 4.99 mm to r2 = 5.01 mm. These
numbers are not equal at the level of three significant digits, but
they are equal if they are rounded off to two significant digits.

Two: r = 5.0 mm

(b) The area of the hole is in the range from A1 = πr2
1 = 78.226 m2

to A2 = πr2
2 = 78.854 m2. These numbers are equal only if rounded

to one significant digit:

One: A = 80 mm2

Problem 12.4 The opening in the soccer goal is 25 ft
wide and 8 ft high, so its area is 24 ft × 8 ft = 192 ft2.
What is its area in m2 to three significant digits?

Solution:

A = 192 ft2
(

1 m

3.281 ft

)2

= 17.8 m2

A = 17.8 m2

1
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Problem 12.5 The Burj Dubai, scheduled for comple-
tion in 2008, will be the world’s tallest building with a
height of 705 m. The area of its ground footprint will be
8000 m2. Convert its height and footprint area to U.S.
customary units to three significant digits.

Solution:

h = 705 m

(
3.281 ft

1 m

)
= 2.31 × 103 ft

A = 8000 m2
(

3.218 ft

1 m

)2

= 8.61 × 104 ft2

h = 2.31 × 103 ft, A = 8.61 × 104 ft2

Problem 12.6 Suppose that you have just purchased
a Ferrari F355 coupe and you want to know whether
you can use your set of SAE (U.S. Customary Units)
wrenches to work on it. You have wrenches with widths
w = 1/4 in, 1/2 in, 3/4 in, and 1 in, and the car has nuts
with dimensions n = 5 mm, 10 mm, 15 mm, 20 mm,
and 25 mm. Defining a wrench to fit if w is no more
than 2% larger than n, which of your wrenches can you
use?

n

Solution: Convert the metric size n to inches, and compute the
percentage difference between the metric sized nut and the SAE
wrench. The results are:

5 mm

(
1 inch

25.4 mm

)
= 0.19685.. in,

(
0.19685 − 0.25

0.19685

)
100

= −27.0%

10 mm

(
1 inch

25.4 mm

)
= 0.3937.. in,

(
0.3937 − 0.5

0.3937

)
100 = −27.0%

15 mm

(
1 inch

25.4 mm

)
= 0.5905.. in,

(
0.5905 − 0.5

0.5905

)
100 = +15.3%

20 mm

(
1 inch

25.4 mm

)
= 0.7874.. in,

(
0.7874 − 0.75

0.7874

)
100 = +4.7%

25 mm

(
1 inch

25.4 mm

)
= 0.9843.. in,

(
0.9843 − 1.0

0.9843

)
100 = −1.6%

A negative percentage implies that the metric nut is smaller than the
SAE wrench; a positive percentage means that the nut is larger then
the wrench. Thus within the definition of the 2% fit, the 1 in wrench
will fit the 25 mm nut. The other wrenches cannot be used.

2
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Problem 12.7 Suppose that the height of Mt. Everest
is known to be between 29,032 ft and 29,034 ft. Based
on this information, to how many significant digits can
you express the height (a) in feet? (b) in meters?

Solution:

(a) h1 = 29032 ft

h2 = 29034 ft

The two heights are equal if rounded off to four significant digits.
The fifth digit is not meaningful.

Four: h = 29,030 ft

(b) In meters we have

h1 = 29032 ft

(
1 m

3.281 ft

)
= 8848.52 m

h2 = 29034 ft

(
1 m

3.281 ft

)
= 8849.13 m

These two heights are equal if rounded off to three significant
digits. The fourth digit is not meaningful.

Three: h = 8850 m

Problem 12.8 The maglev (magnetic levitation) train
from Shanghai to the airport at Pudong reaches a speed
of 430 km/h. Determine its speed (a) in mi/h; (b) ft/s.

Solution:

(a) v = 430
km

h

(
0.6214 mi

1 km

)
= 267 mi/h v = 267 mi/h

(b) v = 430
km

h

(
1000 m

1 km

) (
1 ft

0.3048 m

) (
1 h

3600 s

)
= 392 ft/s

v = 392 ft/s

Problem 12.9 In the 2006 Winter Olympics, the men’s
15-km cross-country skiing race was won by Andrus
Veerpalu of Estonia in a time of 38 minutes, 1.3 seconds.
Determine his average speed (the distance traveled divi-
ded by the time required) to three significant digits (a) in
km/h; (b) in mi/h.

Solution:

(a) v = 15 km(
38 + 1.3

60

)
min

(
60 min

1 h

)
= 23.7 km/h v = 23.7 km/h

(b) v = (23.7 km/h)

(
1 mi

1.609 km

)
= 14.7 mi/h v = 14.7 mi/h
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Problem 12.10 The Porsche’s engine exerts 229 ft-lb
(foot-pounds) of torque at 4600 rpm. Determine the value
of the torque in N-m (Newton-meters).

Solution:

T = 229 ft-lb

(
1 N

0.2248 lb

) (
1 m

3.281 ft

)
= 310 N-m T = 310 N-m

Problem 12.11 The kinetic energy of the man in Active
Example 12.1 is defined by 1

2mv2, where m is his mass
and v is his velocity. The man’s mass is 68 kg and he
is moving at 6 m/s, so his kinetic energy is 1

2 (68 kg)

(6 m/s)2 = 1224 kg-m2/s2. What is his kinetic energy in
U.S. Customary units?

Solution:

T = 1224 kg-m2/s2
(

1 slug

14.59 kg

) (
1 ft

0.3048 m

)2

= 903 slug-ft2/s

T = 903 slug-ft2/s

Problem 12.12 The acceleration due to gravity at sea
level in SI units is g = 9.81 m/s2. By converting units,
use this value to determine the acceleration due to grav-
ity at sea level in U.S. Customary units.

Solution: Use Table 1.2. The result is:

g = 9.81
( m

s2

) (
1 ft

0.3048 m

)
= 32.185 . . .

(
ft

s2

)
= 32.2

(
ft

s2

)

Problem 12.13 A furlong per fortnight is a facetious
unit of velocity, perhaps made up by a student as a
satirical comment on the bewildering variety of units
engineers must deal with. A furlong is 660 ft (1/8 mile).
A fortnight is 2 weeks (14 nights). If you walk to class
at 2 m/s, what is your speed in furlongs per fortnight to
three significant digits?

Solution:

v = 2 m/s

(
1 ft

0.3048 m

) (
1 furlong

660 ft

) (
3600 s

hr

) (
24 hr

1 day

) (
14 day

1 fortnight

)

v = 12,000
furlongs

fortnight

Problem 12.14 Determine the cross-sectional area of
the beam (a) in m2; (b) in in2.

120 mm x

y

40 mm

40 mm

40
mm

200 mm

Solution:

A = (200 mm)2 − 2(80 mm)(120 mm) = 20800 mm2

(a) A = 20800 mm2
(

1 m

1000 mm

)2

= 0.0208 m2
A = 0.0208 m2

(b) A = 20800 mm2
(

1 in

25.4 mm

)2

= 32.2 in2
A = 32.2 in2

4
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Problem 12.15 The cross-sectional area of the
C12×30 American Standard Channel steel beam is A =
8.81 in2. What is its cross-sectional area in mm2?

x

y

A

Solution:

A = 8.81 in2
(

25.4 mm

1 in

)2

= 5680 mm2

Problem 12.16 A pressure transducer measures a value
of 300 lb/in2. Determine the value of the pressure in
pascals. A pascal (Pa) is one newton per meter squared.

Solution: Convert the units using Table 12.2 and the definition of
the Pascal unit. The result:

300

(
lb

in2

) (
4.448 N

1 lb

)(
12 in

1 ft

)2 (
1 ft

0.3048 m

)2

= 2.0683 . . . (106)

(
N

m2

)
= 2.07(106) Pa

Problem 12.17 A horsepower is 550 ft-lb/s. A watt is
1 N-m/s. Determine how many watts are generated by
the engines of the passenger jet if they are producing
7000 horsepower.

Solution:

P = 7000 hp

(
550 ft-lb/s

1 hp

) (
1 m

3.281 ft

) (
1 N

0.2248 lb

)
= 5.22 × 106 W

P = 5.22 × 106 W

Problem 12.18 Distributed loads on beams are expres-
sed in units of force per unit length. If the value of a
distributed load is 400 N/m, what is its value in lb/ft?.

Solution:

w = 400 N/m

(
0.2248 lb

1 N

) (
1 m

3.281 ft

)
= 27.4 lb/ft w = 27.4 lb/ft

5

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 12.19 The moment of inertia of the rectan-
gular area about the x axis is given by the equation

I = 1
3bh3.

The dimensions of the area are b = 200 mm and h =
100 mm. Determine the value of I to four significant
digits in terms of (a) mm4; (b) m4; (c) in4.

h

b
x

y

Solution:

(a) I = 1

3
(200 mm)(100 mm)3 = 66.7 × 106 mm4

(b) I = 66.7 × 106 mm4
(

1 m

1000 mm

)4

= 66.7 × 10−6 m4

(c) I = 66.7 × 106 mm4
(

1 in

25.4 mm

)4

= 160 in4

Problem 12.20 In Example 12.3, instead of Einstein’s
equation consider the equation L = mc, where the mass
m is in kilograms and the velocity of light c is in meters
per second. (a) What are the SI units of L? (b) If the
value of L in SI units is 12, what is the value in U.S.
Customay base units?

Solution:

(a) L = mc ⇒ Units(L) = kg-m/s

(b) L = 12 kg-m/s

(
0.0685 slug

1 kg

) (
3.281 ft

1 m

)
= 2.70 slug-ft/s

L = 2.70 slug-ft/s

Problem 12.21 The equation

σ = My

I

is used in the mechanics of materials to determine
normal stresses in beams.

(a) When this equation is expressed in terms of SI base
units, M is in newton-meters (N-m), y is in meters
(m), and I is in meters to the fourth power (m4).
What are the SI units of σ ?

(b) If M = 2000 N-m, y = 0.1 m, and I = 7 ×
10−5 m4, what is the value of σ in U.S. Customary
base units?

Solution:

(a) σ = My

I
= (N-m)m

m4
= N

m2

(b)

σ = My

I
= (2000 N-m)(0.1 m)

7 × 10−5 m4

(
1 lb

4.448 N

) (
0.3048 m

ft

)2

= 59,700
lb

ft2

Problem 12.22 The acceleration due to gravity on the
surface of the moon is 1.62 m/s2. (a) What would be the
mass of the C-clamp in Active Example 12.4 be on the
surface of the moon? (b) What would the weight of the
C-clamp in newtons be on the surface of the moon?

Solution:

(a) The mass does not depend on location. The mass in kg is

0.0272 slug

(
14.59 kg

1 slug

)
= 0.397 kg mass = 0.397 kg

(b) The weight on the surface of the moon is

W = mg = (0.397 kg)(1.62 m/s2) = 0.643 N W = 0.643 N

6
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Problem 12.23 The 1 ft × 1 ft × 1 ft cube of iron
weighs 490 lb at sea level. Determine the weight in new-
tons of a 1 m × 1 m × 1 m cube of the same material
at sea level. 1 ft

1 ft 1 ft

Solution: The weight density is γ = 490 lb

1 ft3

The weight of the 1 m3 cube is:

W = γV =
(

490 lb

1 ft3

)
(1 m)3

(
1 ft

0.3048 m

)3 (
1 N

0.2248 lb

)
= 77.0 kN

Problem 12.24 The area of the Pacific Ocean is
64,186,000 square miles and its average depth is 12,925 ft.
Assume that the weight per unit volume of ocean water
is 64 lb/ft3. Determine the mass of the Pacific Ocean
(a) in slugs; (b) in kilograms.

Solution: The volume of the ocean is

V = (64,186,000 mi2)(12,925 ft)

(
5,280 ft

1 mi

)2

= 2.312 × 1019 ft3

(a) m = ρV =
(

64 lb/ft3

32.2 ft/s2

)
(2.312 × 1019f t3) = 4.60 × 1019 slugs

(b) m = (4.60 × 1019 slugs)

(
14.59 kg

1 slug

)
= 6.71 × 1020 kg

Problem 12.25 The acceleration due to gravity at
sea level is g = 9.81 m/s2. The radius of the earth
is 6370 km. The universal gravitational constant is
G = 6.67 × 10−11 N-m2/kg2. Use this information to
determine the mass of the earth.

Solution: Use Eq. (12.3) a = GmE

R2
. Solve for the mass,

mE = gR2

G
=

(9.81 m/s2)(6370 km)2
(
103 m

km

)2

6.67(10−11)

(
N-m2

kg2

)

= 5.9679 . . . (1024) kg = 5.97(1024) kg

Problem 12.26 A person weighs 800 N sea level.
The radius of the earth is 6372 km. What force is exerted
on the person by the gravitational attraction of the earth
if he is in a space station in orbit 322 km above the
surface of the earth?

Solution: Use Eq. (12.5).

W =mg

(
RE

r

)2

=
(

WE

g

)
g

(
RE

RE + H

)2

=WE

(
+

)2

= ( 0)(0. ) =

Problem 12.27 The acceleration due to gravity on the
surface of the moon is 1.62 m/s2. The moon’s radius is
RM = 1738 km.

(a) What is the weight in newtons on the surface of
the moon of an object that has a mass of 10 kg?

(b) Using the approach described in Example 12.5, de-
termine the force exerted on the object by the grav-
ity of the moon if the object is located 1738 km
above the moon’s surface.

Solution:

(a) W = mgM = (10 kg)(1.26 m/s2) = 12.6 N W = 12.6 N

(b) Adapting equation 1.4 we have aM = gM

(
RM

r

)2

. The force is

then

F = maM = (10 kg)(1.62m/s2)

(
1738 km

1738 km + 1738 km

)2

= 4.05 N

F = 4.05 N

7
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Problem 12.28 If an object is near the surface of the
earth, the variation of its weight with distance from the
center of the earth can often be neglected. The acceler-
ation due to gravity at sea level is g = 9.81 m/s2. The
radius of the earth is 6370 km. The weight of an object
at sea level is mg, where m is its mass. At what height
above the earth does the weight of the object decrease
to 0.99 mg?

Solution: Use a variation of Eq. (12.5).

W = mg

(
RE

RE + h

)2

= 0.99 mg

Solve for the radial height,

h = RE

(
1√
0.99

− 1

)
= (6370)(1.0050378 − 1.0)

= 32.09 . . . km = 32,100 m = 32.1 km

Problem 12.29 The planet Neptune has an equatorial
diameter of 49,532 km and its mass is 1.0247 × 1026 kg.
If the planet is modeled as a homogeneous sphere, what
is the acceleration due to gravity at its surface? (The uni-
versal gravitational constant is G = 6.67 × 10−11 h-m2/

kg2.)

Solution:
We have: W = G

mNm

r2
N

=
(
G

mN

r2

)
m ⇒ gN = G

mN

r2
N

Note that the radius of Neptune is rN = 1
2 (49,532 km)

= 24,766 km

Thus gN =
(

6.67 × 10−11 N-m2

kg2

) (
1.0247 × 1026 kg

(24766 km)2

)

×
(

1 km

1000 m

)2

= 11.1 m/s2

gN = 11.1 m/s2

Problem 12.30 At a point between the earth and the
moon, the magnitude of the force exerted on an object
by the earth’s gravity equals the magnitude of the force
exerted on the object by the moon’s gravity. What is
the distance from the center of the earth to that point
to three significant digits? The distance from the center
of the earth to the center of the moon is 383,000 km,
and the radius of the earth is 6370 km. The radius of the
moon is 1738 km, and the acceleration due to gravity at
its surface is 1.62 m/s2.

Solution: Let rEp be the distance from the Earth to the point where
the gravitational accelerations are the same and let rMp be the distance
from the Moon to that point. Then, rEp + rMp = rEM = 383,000 km.
The fact that the gravitational attractions by the Earth and the Moon
at this point are equal leads to the equation

gE

(
RE

rEp

)2

= gM

(
RM

rMp

)2

,

where rEM = 383,000 km. Substituting the correct numerical values
leads to the equation

9.81
( m

s2

) (
6370 km

rEp

)2

= 1.62
( m

s2

) (
1738 km

rEM − rEp

)2

,

where rEp is the only unknown. Solving, we get rEp = 344,770 km =
345,000 km.

8
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Problem 14.1 In Active Example 14.1, suppose that
the coefficient of kinetic friction between the crate and
the inclined surface is µk = 0.12. Determine the dis-
tance the crate has moved down the inclined surface at
t = 1 s.

20�

Solution: There are three unknowns in this problem: N,f , and
a. We will first assume that the crate does not slip. The governing
equations are

�F ↘: ( ) sin 20◦− f

=
(

. 2

)
a

�F ↗: N − ( ) cos 20◦= 0

No slip: a = 0

Solving, we find that N = , f = , a = 0.

To check the no slip assumption, we calculate the maximum friction
force

fmax = µ Ns = 0.2( . ) = . .

Since f > fmax, we conclude that our no slip assumption is false. The
governing equations are now known to be

�F ↘: ( ) sin 20◦− f =
(

2

)
a

�F ↗: N − ( ) cos 20◦= 0

Slip: f = 0.12 N

Solving we have N = , f = , a = 2

To find the distance we have d = 1

2
at2 = 1

2
( . 2) (1 s)2 =

d = . .

445 N

445 N

9 81 m/s

445 N

418.2 N 152.2 N

418 2 N 83 64 N

445 N
445 N

9.81 m/s

445 N

418.2 N 50.2 N 2.25 m/s .

2 25 m/s 1.13 m.

1 13 m
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Problem 14.2 The mass of the Sikorsky UH-60A heli-
copter is 9300 kg. It takes off vertically with its rotor
exerting a constant upward thrust of 112 kN.

(a) How fast is the helicopter rising 3 s after it takes
off?

(b) How high has it risen 3 s after it takes off?

Strategy: Be sure to draw the free-body diagram of
the helicopter.

Solution: The equation of motion is

�F : 112 kN − 9.3(9.81) kN

= (9,300 kg)a

Solving, we find that
a = 2.23 m/s2.

Using kinematics we can answer the questions

a = 2.23 m/s2,

v = at = (2.23 m/s2)(3 s) = 6.70 m/s,

h = 1

2
at2 = 1

2
(2.23 m/s2)(3 s)2 = 10.0 m.

(a) 6.70 m/s, (b) 10.0 m.

Problem 14.3 The mass of the Sikorsky UH-60A heli-
copter is 9,300 kg. It takes off vertically at t = 0. The
pilot advances the throttle so that the upward thrust of its
engine (in kN) is given as a function of time in seconds
by T = 100 + 2t2.

(a) How fast is the helicopter rising 3 s after it takes
off?

(b) How high has it risen 3 s after it takes off?

Solution: The equation of motion is

�F : 100 kN + 2 kN

(
t

s

)2

−9.3(9.81) kN = (9, 300 kg)a

Solving, we find that

a = (0.943 m/s2) + (0.215 m/s4)t2.

Using kinematics we can answer the questions

a = (0.943 m/s2) + (0.215 m/s4)t2

v = (0.943 m/s2)t + 1

3
(0.215 m/s4)t3

h = 1

2
(0.943 m/s2)t2 + 1

12
(0.215 m/s4)t4

Evaluating these expressions at t = 3 s,

(a) v = 4.76 m/s, (b) d = 5.69 m.
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Problem 14.4 The horizontal surface is smooth. The
30-N box is at rest when the constant force F is applied.
Two seconds later, the box is moving to the right at
20 m/s. Determine F .

F
20�

Solution: We use one governing equation and one kinematic
relation

�Fx : F cos 20◦ =
(

30 N

. 2

)
a,

v = (20 m/s) = a(2 s).

Solving, we find a = 10 m/s2, F = .

Problem 14.5 The coefficient of kinetic friction between
the 30-N box and the horizontal surface is µk = 0.1. The
box is at rest when the constant force F is applied. Two
seconds later, the box is moving to the right at 20 m/s.
Determine F .

F
20�

Solution: We use two governing equations, one slip equation, and
one kinematic relation

�Fx : F cos 20◦ − f =
(

30 N
2

)
a,

�Fy : N − F sin 20◦ − 30 N = 0,

f = (0.1)N,

v = (20 m/s) = a(2 s).

Solving, we find

a = 10 m/s2, N = , f = , F = . .

20°

F = 10 N 78,48 N

N

Fr

Problem 14.6 The inclined surface is smooth. The
velocity of the 114-kg box is zero when it is subjected
to a constant horizontal force F = 20 N. What is the
velocity of the box two seconds later?

F

20�

Solution: From the governing equation we can find the accelera-
tion of the box (assumed to be down the incline).

�F ↙: 14(9.81) N sin 20◦

−(20 N) cos 20◦ = (14 kg)a

Solving, we have a = 2.01 m/s2.
Since a > 0, our assumption is correct.
Using kinematics,

v = at = (2.01 m/s2)(2 s) = 4.03 m/s.

v = 4.03 m/s down the incline.

9 81 m/s

32.5 N

9.81 m/s

42.7 N 4.27 N 37 1 N
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Problem 14.7 The coefficient of kinetic friction between
the 14-kg box and the inclined surface is µk = 0.1. The
velocity of the box is zero when it is subjected to a con-
stant horizontal force F = 20 N. What is the velocity of
the box two seconds later?

F

20�

Solution: From the governing equations and the slip equation, we
can find the acceleration of the box (assumed to be down the incline).

�F ↙: 14(9.81) N sin 20◦ − f

−(20 N) cos 20◦ = (14 kg)a,

�F ↖: N − 14(9.81) N cos 20◦

−(20 N) sin 20◦ = 0.

Slip: f = (0.1)N.

Solving, we have

a = 1.04 m/s2, N = 136 N, f = 13.6 N.

Since a > 0, our assumption is correct.

Using kinematics,

v = at = (1.04 m/s2)(2 s) = 2.08 m/s.

v = 2.08 m/s down the incline.
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Problem 14.8 The 700 N skier is schussing on a 25◦
slope. At the instant shown, he is moving at 20 m/s. The
kinetic coefficient of friction between his skis and the
snow is µk = 0.08. If he makes no attempt to check his
speed, how long does it take for it to increase to 30 m/s?

Solution: The governing equations and the slip equation are used
to find the acceleration

�F ↗: N − ( ) cos 25◦ = 0,

�F ↘: ( ) sin 25◦ − f

=
(

700 N

. 2

)
a.

Slip: f = (0.08)N.

Solving yields

a = 2, N = , f = .

Using kinematics, we find

= + ( 2)t

Solving yields t = . .

700 N

700 N

9 81 m/s

3.43 m/s 634.4 N 50 N

30 m/s 20 m/s 3.43 m/s

2 92 s

.8
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Problem 14.9 The 700 N skier is schussing on a 25◦
slope. At the instant shown, he is moving at 20 m/s. The
kinetic coefficient of friction between his skis and the
snow is µk = 0.08. Aerodynamic drag exerts a resisting
force on him of magnitude 0.015v2, where v is the mag-
nitude of his velocity. If he makes no attempt to check
his speed, how long does it take for it to increase to
60 m/s?

Solution: The governing equations and the slip equation are used
to find the acceleration

�F ↗: N − (700 N) cos 25◦ = 0,

�F ↘: (700 N) sin 25◦ − f

− .015)v2

=
(

700 N
2

)
a.

Slip: f = (0.08)N.

Solving yields

N = , f = ,

a = ( m/s2) − (0.00021 m−1)v2.

Using kinematics, we find

a = dv

d t
= ( . 2) − (0.00021 m−1)v2

∫ 60 m/s

/s

dv

( m/s2) − (0.00021 m−1)v2
=

∫ t

0
d t = t

Performing the integration, we find

t = .

Solving yields t = .1 s.

Problem 14.10 The total external force on the 10-kg
object is constant and equal to �F = 90i − 60j + 20k (N).
At time t = 0, its velocity is v = −14i + 26j + 32k (m/s).
What is its velocity at t = 4 s? (See Active Example 14.2.)

y

x

z

� F
Solution:

a = F
m

= (90i − 60j + 20k) N

10 kg
= (9i − 6j + 2k) m/s2.

v = at + v0 = [(9i − 6j + 2k) m/s2](4s) + (−14i + 26j + 32k) m/s.

v = (22i + 2j + 40k) m/s.

(0

9.81 m/s

634.4 N 50.8 N

3.43

3 43 m/s

20 m 3.43

1

2(0.0268) [ [3.43 + (0.0268)

3 3 (0.0268).4 −
60

ln
02

13

700 N

x

x
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Problem 14.11 The total external force on the 10-kg
object shown in Problem 14.10 is given as a function of
time by �F = (−20t + 90)i − 60j + (10t + 40)k (N).
At time t = 0, its position is r = 40i + 30j − 360k (m)
and its velocity is v = −14i + 26j + 32k (m/s). What is
its position at t = 4 s?

Solution:

a = 1

(10 kg)
[(−20t + 90)i − 60j + (10t + 40)k]N

a = [(−2t + 9)i − 6j + (t + 4)k] m/s2

Integrate to get the velocity

v =
∫

a dt + v0

v =
[
(−t2 + 9t − 14)i + (−6t + 26)j +

(
1

2
t2 + 4t + 32

)
k
]

m/s

Integrate again to get the position

r =
∫

v dt + r0

r =
[(

− 1

3
t3 + 9

2
t2 − 14t + 40

)
i + (−3t2 + 26t + 30)j

+
(

1

6
t3 + 2t2 + 32t − 360

)
k
]

m

At the time indicated (t = 4 s) we have

r = [34.7i + 86j − 189.3k] m

Problem 14.12 The position of the 10-kg object shown
in Problem 14.10 is given as a function of time by r =
(20t3 − 300)i + 60t2j + (6t4 − 40t2)k (m). What is the
total external force on the object at t = 2 s?

Solution:

r = [(20t3 − 300)i + (60t2)j + (6t4 − 40t2)k] m

v = dr
dt

= [(60t2)i + (120t)j + (24t3 − 80t)k] m/s

a = dv
dt

= [(120t)i + (120)j + (72t2 − 80)k] m/s2

F = ma = (10 kg)[(120t)i + (120)j + (72t2 − 80)k] m/s2

F = [(1200t)i + (1200)j + (720t2 − 800)k] N

At the time t = 2 s,

F = [2.40i + 1.20j + 2.08k] kN

]
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Problem 14.13 The total force exerted on the 80,000-

and aerodynamic forces during the interval of time from
t = 2 s to t = 4 s is given as a function of time by �F =
(2000 − 400t2)i + (5200 + 440t)j + (800 + 60t2)k ( .
At t = 2 s, its velocity is v = 12i + 220j − 30k ( ).
What is its velocity at t = 4 s?

Solution: Working in components we have

ax = Fx

m
= (2000 − 400t2)(

80,000 N
2

) = (0. − 0. t 2) 2,

ay = Fy

m
= (5200 + 440t )(

80,000 N
2

) = ( + 2,

az = Fz

m
= (800 + 60t2)(

80,000 N
) = (0. + 0. t2) /s2

We find the velocity at t = 4 s, by integrating: v = ∫ 4 s
2 s adt + v0. In

components this is

vx =
(

[0. − 2] − 1

3
[0. 3 − 23] + 12

)
= 11. ,

vy =
(

[ − 2] + 1

2
[0. 2 − 22] + 220

)
= 222.8 m/s,

vz =
(

[0. − 2] + 1

3
[0.0074][43 − 23] − 30

)
= −29. ,

Thus v = (1 . 6i + 22 j − 29. k) .

Problem 14.14 At the instant shown, the horizontal
component of acceleration of the 115.6 kN airplane due
to the sum of the external forces acting on it is 14 m/s2. If
the pilot suddenly increases the magnitude of the thrust
T by
plane’s acceleration immediately afterward?

15°

x

T

y

Solution: Before∑
Fx : Fx =

(
2

)
(14 m/s2) = 164975 N

After ∑
Fx : 164975 N + ( ) cos 15◦ =

(
2

)
a

⇒ a = 1 . /s2

N launch vehicle by the thrust of its engine, its weight,

)
m/s

N

N
245 05 m/s

9.81 m/s

N
0.638 t )0.054 m/s

9.81 m/s

N

29.81 m/s

098 0074 m

245][4 05][4 m/s

m/s

m/s

56 m/s

7 m/s

0.638][4 054][4

098][4

1 5 2.8 7 m/s

17.8 kN, what is the horizontal component of the

115600 N

9.81 m/s

17800 N
11560 N

5 46 m

9.81 m/s

1
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Problem 14.15 At the instant shown, the rocket is trav-
eling straight up at 100 m/s. Its mass is 90,000 kg and
the thrust of its engine is 2400 kN. Aerodynamic drag
exerts a resisting force (in newtons) of magnitude 0.8v2,
where v is the magnitude of the velocity. How long does
it take for the rocket’s velocity to increase to 200 m/s?

Solution: The equation of motion is

�F : (2400 kN) − (90,000 kg)(9.81 m/s2)

−(0.8 kg/m)v2 = (90,000 kg)a

Solving for the acceleration we have

a = dv

d t
= (16.9 m/s2) − (8.89×10−6 m−1)v2

∫ 200 m/s

100 m/s

dv

(16.9 m/s2) − (8.89×10−6 m−1)v2
=

∫ t

0
d t = t

Carrying out the integration, we find

t = (81.7 s)(tanh−1[(0.000726)(200)] − tanh−1[(0.000726)(100)])

t = 6.01 s
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Problem 14.16 A 2-kg cart containing 8 kg of water
is initially stationary (Fig. a). The center of mass of the
“object” consisting of the cart and water is at x = 0. The
cart is subjected to the time-dependent force shown in
Fig. b, where F0 = 5 N and t0 = 2 s. Assume that no
water spills out of the cart and that the horizontal forces
exerted on the wheels by the floor are negligible.

(a) Do you know the acceleration of the cart during
the period 0 < t < t0?

(b) Do you know the acceleration of the center of mass
of the “object” consisting of the cart and water
during the period 0 < t < t0?

(c) What is the x-coordinate of the center of mass of
the “object” when t > 2t0?

t

F

–F0

F0

t0 2t0

F

y

(b)

y

x

(a)

x

Solution:

(a) No, the internal dynamics make it impossible to determine the
acceleration of just the cart.

(b) Yes, the entire system (cart + water) obeys Newton’s 2nd Law.

∑
F : (5 N) = (10 kg)a ⇒ a = 5 N

10 kg
= 0.5 m/s2

(c) The center of mass moves as a “super particle”.

For 0 < t < t0

5 N = (10 kg)a ⇒ a = 5 N

10 kg
= 0.5 m/s2

v = (0.5 m/s2)t, s = (0.25 m/s2)t2

At t = t0 = 2 s, v = 1.0 m/s, s = 1.0 m

For t0 < t < 2t0,

− 5 N = (10 kg)a, a = −0.5 m/s2, v = −(0.5 m/s2)(t − t0) + 1.0 m/s

s = −(0.25 m/s2)(t − t0)
2 + (1.0 m/s)(t − t0) + 1.0 m

For t ≥ 2t0, a = v = 0, s = 2.0 m
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Problem 14.17 The combined weight of the motorcy-
cle and rider is 1601 N. The coefficient of kinetic fric

µk = 0.8. The rider
starts from rest, spinning the rear wheel. Neglect the
horizontal force exerted on the front wheel by the road.
In two seconds, the motorcycle moves 10.67 m.What was
the normal force between the rear wheel and the road?

Solution: Kinematics

a = constant, v = at, s = 1

2
at2, = 1

2
a(2 s)2 ⇒ a = 2

Dynamics: Fr =
(

2

)
( 2) =

Friction: Fr = (0.8)N ⇒ N =
0.8

=

Problem 14.18 The mass of the bucket B is 180 kg.
From t = 0 to t = 2 s, the x and y coordinates of the
center of mass of the bucket are

x = −0.2t3 + 0.05t2 + 10 m,

y = 0.1t2 + 0.4t + 6 m.

Determine the x and y components of the force exerted
on the bucket by its supports at t = 1 s.

x

B

y

Solution:

x = −0.2t3 + 0.05t2 + 10, y = 0.1t2 + 0.4t + 6

vx = −0.6t2 + 0.1t, vy = 0.2t + 0.4

ax = −1.2t + 0.1, ay = 0.2

Fx = max = (180 kg)(−1.2[1 s] + 0.1) m/s2 = −198 N

Fy = may + mg = (180 kg)(0.2) m/s2 + (180 kg)(9.81 m/s2)

= 1800 N

Problem 14.19 During a test flight in which a 9000-kg
helicopter starts from rest at t = 0, the acceleration of its
center of mass from t = 0 to t = 10 s is a = (0.6t)i +
(1.8 − 0.36t)j m/s2. What is the magnitude of the total
external force on the helicopter (including its weight) at
t = 6 s?

W

T

L

Path

y

x 

Solution: From Newton’s second law:
∑

F = ma. The sum of
the external forces is

∑
F = F − W = 9000[(0.6t)i + (1.8 − 0.36t)

j]t=6 = 32400i − 3240j, from which the magnitude is

∣∣∣∑ F
∣∣∣ = √

324002 + 32402 = 32562 (N).

tion between the tires and the road is
-

10.67 m 5.33 m/s

1601 N

9.81 m/s
5.33 m/s 870 N

870 N
10 9.8 N8
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Problem 14.20 The engineers conducting the test
described in Problem 14.19 want to express the total
force on the helicopter at t = 6 s in terms of three forces:
the weight W , a component T tangent to the path, and
a component L normal to the path. What are the values
of W , T , and L?

Solution: Integrate the acceleration: v = (0.3t2)i + (1.8t − 0.18
t2)j, since the helicopter starts from rest. The instantaneous flight

path angle is tan β = dy

dx
=

(
dy

dt

) (
dx

dt

)−1

= (1.8t − 0.18t2)

(0.3t2)
. At

t = 6 s, βt=6 = tan−1
(

(1.8(6) − 0.18(6)2)

0.3(6)2

)
= 21.8◦. A unit vector

tangent to this path is et = i cos β + j sin β. A unit vector normal to
this path en = −i sin β + j cos β. The weight acts downward:

W = −j(9000)(9.81) = −88.29j (kN).

From Newton’s second law, F − W = ma, from which F = W + ma
= 32400i + 85050j (N). The component tangent to the path is

T = F · et = 32400 cos β + 85050 sin β = 61669.4 (N)

The component normal to the path is

L = F · en = −32400 sin β + 85050 cos β = 66934 (N)

Problem 14.21 At the instant shown, the 11,000-kg
airplane’s velocity is v = 270 i m/s. The forces acting
on the plane are its weight, the thrust T = 110 kN, the
lift L = 260 kN, and the drag D = 34 kN. (The x-axis is
parallel to the airplane’s path.) Determine the magnitude
of the airplane’s acceleration.

y

x

L T

Horizontal

Path
15°

15°

D

mg

Solution: Let us sum forces and write the acceleration components
along the x and y axes as shown. After the acceleration components are
known, we can determine its magnitude. The equations of motion, in
the coordinate directions, are

∑
Fx = T cos 15◦ − D − W sin 15◦ =

max , and
∑

Fy = L + T sin 15◦ − W cos 15◦ = may . Substituting in
the given values for the force magnitudes, we get ax = 4.03 m/s2 and

ay = 16.75 m/s2. The magnitude of the acceleration is |a| =
√

a2
x + a2

y

= 17.23 m/s2
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Problem 14.22 At the instant shown, the 11,000-kg
airplane’s velocity is v = 300i (m/s). The rate of change
of the magnitude of the velocity is dv/dt = 5 m/s2. The
radius of curvature of the airplane’s path is 4500 m, and
the y axis points toward the concave side of the path.
The thrust is T = 120,000 N. Determine the lift L and
drag D.

Solution:

ax = 5 m/s2

m = 11000 kg

g = 9.81 m/s2

|V| = 300 m/s

T = 120000 N

ρ = 4500 m

∑
Fx : T cos 15◦ − D − mg sin 15◦ = max

∑
Fy : L + T sin 15◦ − mg cos 15◦ = may

ay = V 2/ρ

Solving, D = 33.0 kN, L = 293 kN

D

L
T

y

x

Path
15°

15°

mg

Horizontal

15°
mg

D

y L

T
15°

15°

x

Problem 14.23 The coordinates in meters of the 360-
kg sport plane’s center of mass relative to an earth-
fixed reference frame during an interval of time are x =
20t − 1.63t2, y = 35t − 0.15t3, and z = −20t + 1.38t2,
where t is the time in seconds. The y- axis points upward.
The forces exerted on the plane are its weight, the thrust
vector T exerted by its engine, the lift force vector
L, and the drag force vector D. At t = 4 s, determine
T + L + D.

y

x

z

Solution: There are four forces acting on the airplane. Newton’s
second law, in vector form, given T + L + D + W = (T + L + D) −
mgj = ma. Since we know the weight of the airplane and can evaluate
the total acceleration of the airplane from the information given, we can
evaluate the (T + L + D) (but we cannot evaluate these forces sepa-
rately without more information. Differentiating the position equations
twice and evaluating at t = 4.0 s, we get aX = −3.26 m/s2, aY =
−3.60 m/s2, and aZ = 2.76 m/s2. (Note that the acceleration compo-
nents are constant over this time interval. Substituting into the equation
for acceleration, we get (T + D + L) = ma + mgj. The mass of the
airplane is 360 kg. Thus, (T + D + L) = −1174i + 2236j + 994k (N)
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Problem 14.24 The force in newtons exerted on the
360-kg sport plane in Problem 14.23 by its engine, the
lift force, and the drag force during an interval of time
is T + L + D = (−1000 + 280t) i + (4000 − 430t) j +
(720 + 200t) k, where t is the time in seconds. If the
coordinates of the plane’s center of mass are (0, 0, 0)
and its velocity is 20i + 35j − 20k (m/s) at t = 0, what
are the coordinates of the center of mass at t = 4 s?

Solution: Since we are working in nonrotating rectangular Carte-
sian coordinates, we can consider the motion in each axis separately.
From Problem 14.23, we have (T + D + L) = ma + mgj. Separating
the information for each axis, we have maX = −1000 + 280t , maY =
4000 − 430t − mg, and maZ = 720 + 200t

Integrating the x equation, we get vx = vx0 + (1/m)(−1000t +
280t2/2) and x = vX0t + (1/m)(−1000t2/2 + 280t3/6).
Integrating the y equation, we get vY = vY0 + (1/m)((4000 − mg)t −
430t2/2) and y = vY0t + (1/m)((4000 − mg)t2/2 − 430t3/6)

Integrating the z equation, we get vZ = vZ0 + (1/m)(720t + 200t2/2)

and z = vZ0t + (1/m)(720t2/2 + 200t3/6).
Evaluating at t = 4 s we find the aircraft at (66.1, 137.7, −58.1)m

relative to its initial position at t = 0.

Problem 14.25 The robot manipulator is programmed
so that x = 40 + 24t2 mm, y = 4t3 mm, and z = 0 dur-
ing the interval of time from t = 0 to t = 4 s. The y
axis points upward. What are the x and y components
of the total force exerted by the jaws of the manipulator
on the 2-kg widget A at t = 3 s? A

x

y

y

x

Solution:

x = 40 + 24t2 mm y = 4t3 mm

vx = 48t mm/s vy = 12t2 mm/s

ax = 48 mm/s2 ay = 24t mm/s2

At t = 3 s

ax = 48 × 10−3 m/s2, ay = 72 × 10−3 m/s2

Fx = max m = 2 kg

Fy − mg = may

Solving,

Fx = 0.096 N

Fy = 19.764 N

Fx

Fy

mg
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Problem 14.26 The robot manipulator described in
Problem 14.25 is reprogrammed so that it is stationary
at t = 0 and the components of its acceleration are ax =
400 − 0.8vx mm/s2, ay = 200 − 0.4 vy mm/s2 from t =
0 to t = 2 s, where vx and vy are the components of
robot’s velocity in mm/s. The y axis points upward.
What are the x and y components of the total force
exerted by the jaws of the manipulator on the 2-kg
widget A at t = 1 s?

Solution:

ax = dvx

dt
= 400 − 0.8vx

∫ t

0
dt =

∫ vx

0

dvx

(400 − 0.8vx)

t = 1

(−0.8)
ln(400 − 0.8vx)

∣∣∣∣
vx

0

(−0.8t) = ln

(
400 − 0.8vx

400

)

or 400 − 0.8vx = 400e−0.8t

vx = 1

(0.8)
(400)(1 − e−0.8t )

At t = 1 s, vx = 275.3 mm/s

A similar analysis for vy yields

vy = 164.8 mm/s at t = 1 s.

At t = 1 s,

ax = 400 − 0.8 vx = 179.7 mm/s2

ay = 200 − 0.4 vy = 134.1 mm/s2

m = 2 Kg

g = 9.81 m/s2

ax = 0.180 m/s2

ay = 0.134 m/s2

∑
Fx : Fx = max

∑
Fy : Fy − mg = may

Solving,

Fx = 0.359 N

Fy = 19.89 N

y

x
x

A

y

Fx

Fy

mg

x
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Problem 14.27 In the sport of curling, the object is to
slide a “stone” weighting 44 N into the center of a target
located 31 m from the point of release. In terms of the
coordinate system shown, the point of release is at
x = 0, y = 0. Suppose that a shot comes to rest at x =
31 , y = 1 . Assume that the coefficient of kinetic
friction is constant and equal to µk = 0.01. What
were the x and y components of the stone’s velocity at
release?

y

x

31 m

Curling
stone

Solution: The stone travels at an angle relative to the x axis.

θ = tan−1
(

1 m

31 m

)
= 1.85◦

The accelerations and distances are related as

ax = vx

dvx

dx
= −(0.01)( 2) cos(1.85◦

) = −0. 2

∫ 0

vx0

vxdvx =
∫

0
(−0. 2)dx,

0 − v2
x0

2
= −(0. 2)(3 ) ⇒ vx0 = . .

ay = vy

dvy

dy
= −(0.01)( /s2) sin(1.85◦

) = −0.0 /s2

∫ 0

vy0

vydvy =
∫

0
(−0.00316 m/s2)dx,

0 − v2
y0

2
= −(0.0 /s2)( ) ⇒ vy0 = 0. .

vx0 = . , vy0 = 0. /s .

m m

9.81 m/s 098 m/s

31 m

098 m/s

098 m/s 1 m 3 04 m/s

0.098 m 0316 m

1m

0316 m 00316 m/s2

3 04 m/s 00316 m 2

1 m
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Problem 14.28 The two masses are released from rest.
How fast are they moving at t = 0.5 s? (See Example 14.3.)

5 kg
2 kg

Solution: The free-body diagrams are shown. The governing
equations are

�Fy left : T − 2(9.81) N = (2 kg)a

�Fy right : T − 5(9.81) N = −(5 kg)a

Solving, we find

T = 28.0 N, a = 4.20 m/s2.

To find the velocity, we integrate the acceleration

v = at = (4.20 m/s)(0.5 s) = 2.10 m/s.

v = 2.10 m/s.

Problem 14.29 The two weights are released from rest.
The horizontal surface is smooth. (a) What is the ten-
sion in the cable after the weights are released? (b) How
fast are the weights moving one second after they are
released?

10 lb

5 lb

Solution: The free-body diagrams are shown. The governing equa-
tions are

�FxA : T =
(

5 lb

32.2 ft/s2

)
a

�FyB : T − (10 lb) = −
(

10 lb

32.2 ft/s2

)
a

Solving, we find

T = 3.33 lb, a = 21.5 ft/s2.

To find the velocity we integrate the acceleration

v = at = (21.5 ft/s2)(1 s) = 21.5 ft/s.

(a) T = 3.33 lb, (b) v = 21.5 ft/s.
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Problem 14.30 The two weights are released from rest.
The coefficient of kinetic friction between the horizon-
tal surface and the 5-N weight is µk = 0.18. (a) What is
the tension in the cable after the weights are released?
(b) How fast are the weights moving one second after
they are released?

10 

5 N

N

Solution: The free-body diagrams are shown. The governing equa-
tions are

�FxA : T − f =
(

5

. 2

)
a,

�FyA : N − 5 = 0,

�FyB : T − (10 ) = −
(

10 N
2

)
a,

f = (0.18)N.

Solving, we find

T = 3.93 N, a = 2,

N = 5 , f = 0.9 .

To find the velocity we integrate the acceleration

v = at = ( 2)(1 s) = .

(a) T = 3.93 N (b) v = /s.

N

9 81 m/s

N

N
9.81 m/s

5.95 m/s

N N

5.95m/s 5.95 m/s

5.95 m

N

N
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Problem 14.31 The mass of each box is 14 kg. One
second after they are released from rest, they have moved
0.3 m from their initial positions. What is the coefficient
of kinetic friction between the boxes and the surface?

30�

Solution: We will first use the kinematic information to find the
acceleration a

a = constant,

v = at,

d = 1

2
at2

0.3 m = 1

2
a(1 s)2

a = 0.6 m/s2.

From the free-body diagrams we have four equations of motion:

�FxA : T − µkNA = (14 kg)a,

�FyA : NA − (14 kg)(9.18 m/s2) = 0

�F↘B : (14 kg)(9.81 m/s2) sin 30◦ − T − µkNB = (14 kg)a,

�F↗B : NB − (14 kg)(9.81 m/s2) cos 30◦ = 0

Solving these equations, we find

T = 36.2 N, NA = 137 N, NB = 119 N, µk = 0.202.

µk = 0.202.
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Problem 14.32 The masses mA = 15 kg and mB = 30 kg,
and the coefficients of friction between all of the surfaces
are µs = 0.4 and µk = 0.35. The blocks are station-
ary when the constant force F is applied. Determine
the resulting acceleration of block B if (a) F = 200 N;
(b) F = 400 N.

F
B

A

Solution: Assume that no motion occurs anywhere. Then

NB = (45 kg)(9.81 m/s2) = 441 N

fB max = µsN = 0.4(441 N) = 177 N.

The blocks will slip as long as F > 177 N. Assume that blocks A and
B move together with the common acceleration a.

�FxA : fA = (15 kg)a

�FyA : NA − (15 kg)(9.81 m/s2) = 0

�FxB : F − fA − fB = (30 kg)a

�FyB : NB − (30 kg)(9.81 m/s2) − NA = 0

Slip at B : fB = (0.35)NB

fA max = (0.4)NA

(a) F = 200 N. Solving we find that a = 1.01 m/s2, fA = 15.2 N, fA max =
58.9 N. Since fA < fA max, we know that our assumption is cor-
rect (the blocks move together).

(b) F = 400 N. Solving we find that a = 5.46 m/s2, fA = 81.8 N, fA max =
58.9 N. Since fA > fA max, we know that our assumption is
wrong (the blocks will not move together, but slip will occur
at all surfaces). The equations are now

�FxA : (0.35)NA = (15 kg)aA

�FyA : NA − (15 kg)(9.81 m/s2) = 0

�FxB : F − (0.35)(NA + NB) = (30 kg)aB

�FyB : NB − (30 kg)(9.81 m/s2) − NA = 0

Solving we find that aA = 3.43 m/s2, aB = 6.47 m/s2.

(a) aB = 1.01 m/s2, (b) aB = 6.47 m/s2.
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Problem 14.33 The crane’s trolley at A moves to the
right with constant acceleration, and the 800-kg load
moves without swinging.

(a) What is the acceleration of the trolley and load?
(b) What is the sum of the tensions in the parallel

cables supporting the load?

5°

A

Solution: (a) From Newton’s second law, T sin θ = max , and

T cos θ − mg = 0. Solve ax = T sin θ

m
, T = mg

cos θ
, from which

a = g tan θ = 9.81(tan 5◦
) = 0.858 m/s2

(b) T = 800(9.81)

cos 5◦ = 7878 N

T

mg

5°

Problem 14.34 The mass of A is 30 kg and the mass
of B is 5 kg. The horizontal surface is smooth. The con-
stant force F causes the system to accelerate. The angle
θ = 20◦ is constant. Determine F .

F

A

B

u

Solution: We have four unknowns (F, T ,N, a) and four equations
of motion:

�FxA : F − T sin θ = (30 kg)a,

�FyA : N − T cos θ − (30 kg)(9.81 m/s2) = 0,

�FxB : T sin θ = (5 kg)a,

�FyB : T cos θ − (5 kg)(9.81 m/s2) = 0.

Solving, we find

T = 52.2 N, a = 3.57 m/s2, N = 343 N,

F = 125 N.
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Problem 14.35 The mass of A is 30 kg and the mass
of B is 5 kg. The coefficient of kinetic friction between
A and the horizontal surface is µk = 0.2. The constant
force F causes the system to accelerate. The angle θ =
20◦ is constant. Determine F .

F

A

B

u

Solution: We have four unknowns (F, T ,N, a) and four equations
of motion:

�FxA : F − T sin θ − µkN = (30 kg)a,

�FyA : N − T cos θ − (30 kg)(9.81 m/s2) = 0,

�FxB : T sin θ = (5 kg)a,

�FyB : T cos θ − (5 kg)(9.81 m/s2) = 0.

Solving, we find

T = 52.2 N, a = 3.57 m/s2, N = 343 N,

F = 194 N.

Problem 14.36 The crate is initially stationary.
The coefficients of friction between the crate and the
inclined surface are µs = 0.2 and µk = 0.16. Determine
how far the crate moves from its initial position in 2 s
if the horizontal force F = 0 .

30°

F

Solution: Denote W = , g = 2 F = , and
θ = 30◦. Choose a coordinate system with the positive x axis parallel
to the inclined surface. (See free body diagram next page.) The normal
force exerted by the surface on the box is N = F sin θ + W cos θ =

. . The sum of the non-friction forces acting to move the box
is Fc = F cos θ −W sin θ = . Slip only occurs if |Fc |≥ |Nµs|
which 124.1 > ( ), so slip occurs.

The direction of slip is determined from the sign of the sum of
the non friction forces: Fc > 0, implies that the box slips up the
surface, and Fc < 0 implies that the box slips down the surface
(if the condition for slip is met). Since Fc > 0 the box slips up
the surface. After the box slips, the sum of the forces on the box
parallel to the surface is

∑
Fx = Fc − sgn(Fc)µkN , where sgn(Fc) =

Fc

|Fc| . From Newton’s second law,
∑

Fx =
(

W

g

)
a, from which a =

g

W
(Fc − sgn(Fc)µkN) = /s2. The velocity is v(t) = at /s,

since v(0) = 0. The displacement is s = a

2
t2f t , since s(0) = 0. The

position after 2 s is s(2) = up the inclined surface.

F

W
f

30°
N

445 N

40 N

445 N 9.81 m/s , 400 N

585 4 N
124.1 N

117.1 N

0.65 m m

1.35 m
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Problem 14.37 In Problem 14.36, determine how far
the crate moves from its initial position in 2 s if the
horizontal force F =

Solution: Use the definitions of terms given in the solution to
Problem 14.36. For F = , N = F sin θ + W cos θ = ,
and Fc = F cos θ −W sin θ = − |Fc| = >

|µ Ns | = , so slip occurs. Since Fc < 0, the box will slip down
the surface. From the solution to Problem 14.36, after slip occurs,

a =
( g

W

)
(Fc − sgn(Fc)µkN) = − 2 s(t) =

a

2
t2. At 2 seconds, s(2) = − down the surface.

Problem 14.38 The crate has a mass of 120 kg, and
the coefficients of friction between it and the sloping
dock are µs = 0.6 and µk = 0.5.

(a) What tension must the winch exert on the cable to
start the stationary crate sliding up the dock?

(b) If the tension is maintained at the value determined
in part (a), what is the magnitude of the crate’s
velocity when it has moved 2 m up the dock?

30°

Solution: Choose a coordinate system with the x axis parallel to
the surface. Denote θ = 30◦.

(a) The normal force exerted by the surface on the crate is N =
W cos θ = 120(9.81)(0.866) = 1019.5 N. The force tending to
move the crate is Fc = T − W sin θ , from which the tension

required to start slip is T = W(sin θ) + µsN = 1200.3 N.

(b) After slip begins, the force acting to move the crate is F =
T − W sin θ − µkN = 101.95 N. From Newton’s second law,

F = ma, from which a =
(

F

m

)
= 101.95

120
= 0.8496 m/s2. The

velocity is v(t) = at = 0.8496t m/s, since v(0) = 0. The position

is s(t) = a

2
t2, since s(0) = 0. When the crate has moved

2 m up the slope, t10 =
√

2(2)

a
= 2.17 s and the velocity is

v = a(2.17) = 1.84 m/s.

30°

T

f
W

N

Problem 14.39 The coefficients of friction between the
load A and the bed of the utility vehicle are µs = 0.4
and µk = 0.36. If the floor is level (θ = 0), what is the
largest acceleration (in m/s2) of the vehicle for which
the load will not slide on the bed?

A

u

Solution: The load is on the verge of slipping. There are two
unknowns (a and N ). The equations are

�Fx : µsN = ma, �Fy : N − mg = 0

Solving we find

a = µsg = (0.4)(9.81 m/s2) = 3.92 m/s2.

a = 3.92 m/s2.

133.4 N.
133.4 N 452 N

106.8 N from which,
90.4

0.761 m/s . The position is

1 .52 m

106.8
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Problem 14.40 The coefficients of friction between the
load A and the bed of the utility vehicle are µs = 0.4
and µk = 0.36. The angle θ = 20◦. Determine the largest
forward and rearward acceleration of the vehicle for
which the load will not slide on the bed.

A

u

Solution: The load is on the verge of slipping. There are two
unknowns (a and N ).

Forward: The equations are

�Fx : µsN − mg sin θ = ma,

�Fy : N − mg cos θ = 0

Solving we find

a = g(µs cos θ − sin θ)

= (9.81 m/s2)([0.4] cos 20◦ − sin 20◦
)

a = 0.332 m/s2.

Rearward: The equations are

�Fx : −µsN − mg sin θ = −ma,

�Fy : N − mg cos θ = 0

Solving we find

a = g(µs cos θ + sin θ)

= (9.81 m/s2)([0.4] cos 20◦ + sin 20◦
)

a = 7.04 m/s2.
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Problem 14.41 The package starts from rest and slides
down the smooth ramp. The hydraulic device B exerts
a constant 2000-N force and brings the package to rest
in a distance of 100 mm from the point where it makes
contact. What is the mass of the package?

30° 

2 m

A

B
Solution: Set g = 9.81 m/s2

First analyze the motion before it gets to point B.∑
F↘ : mg sin 30◦ = ma

a = g sin 30◦
, v = (g sin 30◦

)t, s = (g sin 30◦
)
t2

2

When it gets to B we have

s = 2 m = (g sin 30◦
)
t2

2
⇒ t = 0.903 s

v = (g sin 30◦
)(0.903 s) = 4.43 m/s

Now analyze the motion after it hits point B.∑
F↘ : mg sin 30◦ − 2000 N = ma

a = v
dv

ds
= g sin 30◦ − 2000 N

m

∫ 0

4.43 m/s
v dv =

∫ 0.1 m

0

(
g sin 30◦ − 2000 N

m

)
ds

0 − (4.43 m/s)2

2
=

(
g sin 30◦ − 2000 N

m

)
(0.1 m)

Solving the last equation we find m = 19.4 kg

mg

30°

N

mg

30°

N

2000 N

Problem 14.42 The force exerted on the 10-kg mass
by the linear spring is F = −ks, where k is the spring
constant and s is the displacement of the mass relative
to its position when the spring is unstretched. The value
of k is 40 N/m. The mass is in the position s = 0 and
is given an initial velocity of 4 m/s toward the right.
Determine the velocity of the mass as a function of s.

Strategy: : Use the chain rule to write the acceleration
as

dv

d t
= dv

ds

ds

d t
= dv

ds
v.

k

s

Solution: The equation of motion is −ks = ma

a = v
dv

ds
= − k

m
s ⇒

∫ v

v0

vdv = −
∫ s

0

k

m
ds ⇒ v2

2
− v2

0

2
= − k

m

s2

2

Thus

v = ±
√

v2
0 − k

m
s2 = ±

√
(4 m/s)2 − 40 N/m

10 kg
s2

v = ±2
√

4 − s2 m/s
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Problem 14.43 The 450-kg boat is moving at 10 m/s
when its engine is shut down. The magnitude of the
hydrodynamic drag force (in newtons) is 40v2, where
v is the magnitude of the velocity in m/s. When the
boat’s velocity has decreased to 1 m/s, what distance
has it moved from its position when the engine was shut
down?

Solution: The equation of motion is

F = −40v2 = (450 kg)a ⇒ a = − 40

450
v2

To integrate, we write the acceleration as

a = v
dv

ds
= − 40

450
v2 ⇒

∫ 1 m/s

10 m/s

dv

v
= − 40

450

∫ s

0
ds ⇒ ln

(
1 m/s

10 m/s

)
= − 40

450
s

s = − 450

40
ln(0.1) = 25.9 m.

s = 25.9 m.

Problem 14.44 A sky diver and his parachute weigh
He is falling vertically at when his

parachute opens. With the parachute open, the magnitude
of the drag force (in Newton) is 0.5v 2. (a) What is the
magnitude of the sky diver’s acceleration at the instant
the parachute opens? (b) What is the magnitude of his
velocity when he has descended from the point
where his parachute opens?

Solution: Choose a coordinate system with s positive downward.
For brevity denote Cd = 0.5, W = , g = 2

Newton’s second law W − D =
(

W

g

) (
dv

dt

)
, where D = 0.5v2. Use

the chain rule to write v
dv

ds
= − 0.5v2g

W
+ g = g

(
1 − Cdv2

W

)
.

(a) At the instant of full opening, the initial velocity has not
decreased, and the magnitude of the acceleration is

|ainit| =
∣∣∣∣g

(
1 − Cd

W
v2

)∣∣∣∣ = 24 g = .

(b) Separate variables and integrate:
v dv

1 − Cdv2

W

= gds, from which

ln

(
1 − Cdv2

W

)
= −

(
2Cdg

W

)
s + C. Invert and solve:

v2 =
(

W

Cd

) (
1 − Ce

− 2Cdg
W

s

)
. At s = 0, v (0) = /s, from

which C = 1 − Cd
4

W
= −

v2 =
(

W

Cd

) (
1 + e

− 2Cdg
W

s

)
. At s = the velocity is

v (s = ) =

√√√√√2W


1 + e

−
g

W
( )


 = /s

D

W

890 N. 30.5 m/s

6.1 m

890 N 9.81 m/s . From

2235.3 m/s

30.5 m

7.75
1.03, and

1 .03 6.1 m

6.1 1 .03
6.1

8.53 m
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Problem 14.45 The Panavia Tornado, with a mass of
18,000 kg, lands at a speed of 213 km/h. The decelerat-
ing force (in newtons) exerted on it by its thrust reversers
and aerodynamic drag is 80,000 + 2.5v2, where v is the
airplane’s velocity in m/s. What is the length of the air-
plane’s landing roll? (See Example 14.4.)

Solution:

v0 = 213 km/h

(
1000 m

1 km

) (
1 h

3600 s

)
= 59.2 m/s

�F = −(80,000 + 2.5v2) = (18,000 kg)a

a = v
dv

ds
= − 80,000 + 2.5v2

18,000

∫ 0

v0

vdv

80,000 + 2.5v2
= −

∫ s

0

ds

18,000

1

5
ln

(
80,000

80,000 + 2.5v2
0

)
= − s

18,000

x = 374 m.
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Problem 14.46 A bungee jumper jumps from
a bridge 39.6 m above a river. The bungee cord has an
unstretched length of 18.3 m and has a spring constant
k = / . (a) How far above the river is the jumper
when the cord brings him to a stop? (b) What maximum
force does the cord exert on him?

Solution: Choose a coordinate system with s positive downward.
Divide the fall into two parts: (1) the free fall until the bungee
unstretched length is reached, (2) the fall to the full extension of the

bungee cord. For Part (1): From Newton’s second law
ds

dt
= g. Use

the chain rule to write: v
dv

ds
= g. Separate variables and integrate:

v 2(s) = 2 gs, since v (0) = 0. At s = v(s = ) =√
2 gs =

From Newton’s second law

W − T = W

g

(
dv

dt

)
, where T = k(s − ).

Use the chain rule to write:

v
dv

ds
= g − g

W
(s − ) = g

(
1 − k

W
(s − )

)
(s ≥ ).

Separate variables and integrate:

v2(s) = 2 gs

(
1 − k

2W
(s − )

)
+ C. At s = ,

v2(s = ) = [2 gs]s= = ,

from which C = −gk

W
( 2) = − The velocity is

v2(s) = −gk

W
s2 + 2g

(
1 + k

W

)
s − gk

W
( 2).

When the jumper is brought to a stop, v(sstop) = 0, from which s2 +
2bs + c = 0, where b = −

(
W

k
+

)
, and c = 2

sstop = −b ± √
b2 − c = , = . .

(a) The first value represents the maximum distance on the first
excursion, from which

h = 39.6 − =

is the height above the river at which he comes to a stop. (b) The
maximum force exerted by the bungee cord is

F = k(s − ) = 4( − ) =

T

W

908 N

204 N m

18.3 m, 1 8 . 3
18.93 m/s. For Part (2):

18.3

k
1 8 . 3 18.3 18.3 m

39.6 1 8 . 3

18.3 18.3 39.6 g

18.3 753

18.3
18.3

18 .3 18.3 . The solution:

36 9 29 m

36 3.6 m

18.3 20 36 8.31 3610.8 N

.
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Problem 14.47 A helicopter weighs 91.2 kN. It takes
off vertically from sea level, and its upward velocity
is given as a function of its altitude h in metre by
v = 66 − 0.01 h

(a) How long does it take the helicopter to climb to an
altitude of 1219 m?

(b) What is the sum of the vertical forces on the heli-
copter when its altitude is ?

Solution:

(a) v = dh

dt
= 66 − 0.01h, ⇒

∫ t

0
dt =

∫
0

dh

66 − 0.01h

⇒ t = s

(b) a = v
dv

dh
= (66 − 0.01h)(−0.01) = −0.66 + 0.0001h

At h = we have

a = −0.6 m/s2 ⇒ F =
(

/s2

)
(−0.6 /s2) = −

Problem 14.48 In a cathode-ray tube, an electron
(mass = 9.11 × 10−31 kg) is projected at O with
velocity v = (2.2 × 107)i (m/s). While the electron is
between the charged plates, the electric field generated
by the plates subjects it to a force F = −eEj, where
the charge of the electron e = 1.6 × 10−19 C (coulombs)
and the electric field strength E = 15 kN/C. External
forces on the electron are negligible when it is not
between the plates. Where does the electron strike the
screen?

O
x

y

+  +  +  +

–  –  –  –

Screen

30
mm 100 mm

Solution: For brevity denote L = 0.03 m, D = 0.1 m. The time

spent between the charged plates is tp = L

V
= 3 × 10−2 m

2.2 × 107 m/s
=

1.3636 × 10−9 s. From Newton’s second law, F = meap . The
acceleration due to the charged plates is

ap = −eE

me

j = − (1.6 × 10−19)(15 × 103)

9.11 × 10−31
j = j2.6345 × 1015 m/s2.

The velocity is vy = −apt and the displacement is y = ap

2
t2. At the

exit from the plates the displacement is yp = − apt2
p

2
= −j2.4494 ×

10−3 (m). The velocity is vyp = −apt = −j3.59246 × 106 m/s. The
time spent in traversing the distance between the plates and the

screen is tps = D

V
= 10−1 m

2.2 × 107 m/s
= 4.5455 × 10−9 s. The vertical

displacement at the screen is

ys = vyptps + yp = −j(3.592456 × 106)(4.5455 × 10−9)

− j2.4494 × 10−3 = −18.8j (mm)

+  +  +  +

Screen

100 
mm

30 
mm

x
O

–  –  –  –

y

m/s

610 m

1219

20.5

610 m

91200 N

9.81 m
m 5578 N
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Problem 14.49 In Problem 14.48, determine where
the electron strikes the screen if the electric field strength
is E = 15 sin(ωt) kN/C, where the frequency ω = 2 ×
109 s−1.

Solution: Use the solution to Problem 14.48. Assume that the
electron enters the space between the charged plates at t =
0, so that at that instant the electric field strength is zero.

The acceleration due to the charged plates is a = −eE

me

j =

− (1.6 × 10−19 C)(15000 sin ωt N/C)

9.11 × 10−31 kg
j = −j(2.6345 × 1015)

sin ωt(m/s2). The velocity is vy = j
(2.6345 × 1015)

ω
cos ωt + C. Since

vy(0) = 0 C = −2.6345 × 1015

2 × 109
j = −j1.3172 × 106. The displace-

ment is y = j
(2.6345 × 1015)

ω2
sin ωt + Ct , since y(0) = 0. The time

spent between the charged plates is (see Problem 14.48) tp = 1.3636 ×
10−9 s, from which ωtp = 2.7273 rad. At exit from the plates, the

vertical velocity is vyp = j
2.6345 × 1015

2 × 109
cos(ωtp) + C = −j2.523 ×

106 (m/s).

The displacement is yp = j
2.6345 × 1015

4 × 1018
sin(ωtp) + Ctp = −j1.531

× 10−3 (m). The time spent between the plates and the screen
is tps = 4.5455 × 10−9 s. The vertical deflection at the screen is

ys = yp + vyptps = −13j(mm)

Problem 14.50 An astronaut wants to travel from a
space station to a satellites S that needs repair. She
departs the space station at O. A spring-loaded launch-
ing device gives her maneuvering unit an initial velocity
of 1 m/s (relative to the space station) in the y direction.
At that instant, the position of the satellite is x = 70 m,
y = 50 m, z = 0, and it is drifting at 2 m/s (relative to
the station) in the x direction. The astronaut intercepts
the satellite by applying a constant thrust parallel to the
x axis. The total mass of the astronaut and her maneu-
vering unit is 300 kg. (a) How long does it take the
astronaut to reach the satellite? (b) What is the magni-
tude of the thrust she must apply to make the intercept?
(c) What is the astronaut’s velocity relative to the satel-
lite when she reaches it?

y

x

S

O

Solution: The path of the satellite relative to the space station is
xs(t) = 2t + 70 m, ys(t) = 50 m. From Newton’s second law, T =
max , 0 = may . Integrate to obtain the path of the astronaut, using
the initial conditions vx = 0, vy = 1 m/s, x = 0, y = 0. ya(t) = t ,

xa(t) = T

2m
t2. (a) When the astronaut intercepts the x path of the

satellite, ya(tint) = ys(tint), from which tint = 50 s . (b) The inter-

cept of the y-axis path occurs when xa(tint) = xs(tint), from which
T

2m
t2
int = 2tint + 70, from which

T = (2m)

(
2tint + 70

t2
int

)
= 2(300)

(
170

2500

)
= 40.8 N.

(c) The velocity of the astronaut relative to the space station is v =
i
(

T

m

)
tint + j = 6.8i + j. The velocity of the satellite relative to the

space station is vs = 2i. The velocity of the astronaut relative to the

satellite is va/s = i(6.8 − 2) + j = 4.8i + j (m/s)
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Problem 14.51 What is the acceleration of the 8-kg
collar A relative to the smooth bar?

20°

45°

200 N
A

Solution: For brevity, denote θ = 20◦, α = 45◦, F = 200 N,
m = 8 kg. The force exerted by the rope on the collar is Frope =
200(i sin θ + j cos θ) = 68.4i + 187.9j (N). The force due to gravity is
Fg = −gmj = −78.5j N. The unit vector parallel to the bar, positive
upward, is eB = −i cos α + j sin α. The sum of the forces acting to
move the collar is

∑
F = Fc = eB · Frope + eB · Fg = |Frope| sin(α −

θ) − gm sin α = 29.03 N. The collar tends to slide up the bar since
Fc > 0. From Newton’s second law, the acceleration is

a = Fc

m
= 3.63 m/s2.

20°

N
F

Frope

g

Problem 14.52 In Problem 14.51, determine the accel-
eration of the 8-kg collar A relative to the bar if the
coefficient of kinetic friction between the collar and the
bar is µk = 0.1.

Solution: Use the solution to Problem 14.51. Fc = |Frope| sin(α −
θ) − gm sin α = 29.03 N. The normal force is perpendicular to
the bar, with the unit vector eN = i sin α + j cos α. The normal
force is N = eN · Frope + eN · Fg = |Frope| cos(α − θ) − gm cos α =
125.77 N. The collar tends to slide up the bar since Fc > 0. The
friction force opposes the motion, so that the sum of the forces on the
collar is

∑
F = Fc − µkN = 16.45 N. From Newton’s second law,

the acceleration of the collar is a = 16.45

8
= 2.06 m/s2 up the bar.

Problem 14.53 The force F = 50 N. What is the mag-
nitude of the acceleration of the 20- collar A along the
smooth bar at the instant shown?

y

z
x

F

(5, 3, 0) 

(2, 0, 4) 

(2, 2, 2) m

A

m

m

Solution: The force in the rope is

Frope = (50 N)
(5 − 2)i + (3 − 2)j + (0 − 2)k√
(5 − 2)2 + (3 − 2)2 + (0 − 2)2

The force of gravity is Fgrav = −(20 N)j

The unit vector along the bar is

ebar = (2 − 2)i + (2 − 0)j + (2 − 4)k√
(2 − 2)2 + (2 − 0)2 + (2 − 4)2

The component of the total force along the bar is

Fbar = Fžebar = 14.2 N

Thus 14.2 N =
(

20
2

)
a ⇒ a = 2

N

9.81 m/s
6.96 m/s

N

131

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 14.54* In Problem 14.53, determine the
magnitude of the acceleration of the 20- collar A along
the bar at the instant shown if the coefficient of static
friction between the collar and the bar is µk = 0.2.

Solution: Use the results from Problem 14.53.

The magnitude of the total force exerted on the bar is

F = |Frope + Fgrav | = 48.6 N

The normal force is N =
√

F 2 − Fbar
2 = 46.5 N

The total force along the bar is now Fbar − 0.2N = 4.90 N

Thus 4.90 N =
(

20 N
2

)
a ⇒ a = 2

Problem 14.55 The 6-kg collar starts from rest at posi-
tion A, where the coordinates of its center of mass are
(400, 200, 200) mm, and slides up the smooth bar to
position B, where the coordinates of its center of mass
are (500, 400, 0) mm under the action of a constant force
F = −40i + 70j − 40k (N). How long does it take to go
from A to B?

Strategy: There are several ways to work this problem.
One of the most straightforward ways is to note that the
motion is along the straight line from A to B and that
only the force components parallel to line AB cause
acceleration. Thus, a good plan would be to find a unit
vector from A toward B and to project all of the forces
acting on the collar onto line AB. The resulting constant
force (tangent to the path), will cause the acceleration of
the collar. We then only need to find the distance from
A to B to be able to analyze the motion of the collar.

x

F

y

z

A

B

Solution: The unit vector from A toward B is eAB = et = 0.333i
+ 0.667j − 0.667k and the distance from A to B is 0.3 m. The free
body diagram of the collar is shown at the right. There are three forces
acting on the collar. These are the applied force F, the weight force
W = −mgj = −58.86j (N), and the force N which acts normal to
the smooth bar. Note that N, by its definition, will have no component
tangent to the bar. Thus, we need only consider F and W when finding
force components tangent to the bar. Also note that N is the force that
the bar exerts on the collar to keep it in line with the bar. This will be
important in the next problem.

The equation of motion for the collar is
∑

Fcollar = F + W + N = ma.
In the direction tangent to the bar, the equation is (F + W)·eAB = mat .

The projection of (F + W) onto line AB yields a force along AB
which is |FAB | = 20.76 N. The acceleration of the 6-kg collar caused
by this force is at = 3.46 m/s2. We now only need to know how long
it takes the collar to move a distance of 0.3 m, starting from rest,
with this acceleration. The kinematic equations are vt = at t , and st =
at t

2/2. We set st = 0.3 m and solve for the time. The time required
is t = 0.416 s

N

W = –mgJ

F

N

9.81 m/s
2 .4 m/s
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Problem 14.56* In Problem 14.55, how long does the
collar take to go from A to B if the coefficient of kinetic
friction between the collar and the bar is µk = 0.2?

Strategy: This problem is almost the same as prob-
lem 14.55. The major difference is that now we must
calculate the magnitude of the normal force, N, and then
must add a term µk|N| to the forces tangent to the bar (in
the direction from B toward A — opposing the motion).
This will give us a new acceleration, which will result
in a longer time for the collar to go from A to B.

Solution: We use the unit vector eAB from Problem 14.55. The
free body diagram for the collar is shown at the right. There are four
forces acting on the collar. These are the applied force F, the weight
force W = −mgj = −58.86 j (N), the force N which acts normal to
the smooth bar, and the friction force f = −µk |N|eAB . The normal
force must be equal and opposite to the components of the forces F
and W which are perpendicular (not parallel) to AB. The friction force
is parallel to AB. The magnitude of |F + W| is calculate by adding
these two known forces and then finding the magnitude of the sum.
The result is that |F + W| = 57.66 N. From Problem 14.55, we know
that the component of |F + W| tangent to the bar is |FAB | = 20.76 N.
Hence, knowing the total force and its component tangent to the bar, we
can find the magnitude of its component normal to the bar. Thus, the
magnitude of the component of |F + W| normal to the bar is 53.79 N.
This is also the magnitude of the normal force N. The equation of
motion for the collar is

∑
Fcollar = F + W + N − µk |N|eAB = ma.

In the direction tangent to the bar, the equation is (F + W) · eAB −
µk |N| = mat .

W=–mgJ

F

N
µkN

The force tangent to the bar is FAB = (F + W) · eAB − µk |N|
= 10.00 N. The acceleration of the 6-kg collar caused by this force
is at = 1.667 m/s2. We now only need to know how long it takes the
collar to move a distance of 0.3 m, starting from rest, with this accel-
eration. The kinematic equations are vt = at t , and st = at t

2/2. We set
st = 0.3 m and solve for the time. The time required is t = 0.600 s

Problem 14.57 The crate is drawn across the floor by a
winch that retracts the cable at a constant rate of 0.2 m/s.
The crate’s mass is 120 kg, and the coefficient of kinetic
friction between the crate and the floor is µk = 0.24.
(a) At the instant shown, what is the tension in the cable?
(b) Obtain a “quasi-static” solution for the tension in the
cable by ignoring the crate’s acceleration. Compare this
solution with your result in (a).

4 m

2 m

Solution:

(a) Note that b2 + (2)2 = L2, so b
db

dt
= L

dL

dt
and b

d2b

dt2
+

(
db

dt

)2

= L
d2L

dt2
+

(
dL

dt

)2

.

Setting b = 4 m, dL/dt = −0.2 m/s and d2L/dt2 = 0, we obtain
d2b/dt2 = −0.0025 m/s2. The crate’s acceleration toward the
right is a = 0.0025 m/s2.

From the free-body diagram,

T sin α + N − mg = 0, (1)

T cos α − µkN = ma, (2)

where α = arctan(2/4) = 26.6◦. Solving Eqs (1) and (2), we
obtain T = 282.3 N.

(b) Solving Eqs (1) and (2) with a = 0, we obtain T = 282.0 N.

L

b

2 m

T

mg

µkN N

α
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Problem 14.58 If y = 100 mm,
dy

dt
= 600 mm/s, and

d2y

dt2
= −200 mm/s2, what horizontal force is exerted on

the 0.4 kg slider A by the smooth circular slot?

300 mm

A

y

Solution: The horizontal displacement is x2 = R2 − y2. Differ-

entiate twice with respect to time: x
dx

dt
= −y

dy

dt
,

(
dx

dt

)2

+ x
d2x

dt2
=

−
(

dy

dt

)2

− y

(
d2y

dt2

)
, from which.

d2x

dt2
= −

(
1

x

) ((y

x

)2 + 1

)
(

dy

dt

)2

−
( y

x

) d2y

dt2
. Substitute:

d2x

dt2
= −1.3612 m/s2. From New-

ton’s second law, Fh = max = −1.361(0.4) = −0.544 N

Problem 14.59 The 1-kg collar P slides on the vertical
bar and has a pin that slides in the curved slot. The
vertical bar moves with constant velocity v = 2 m/s. The
y axis is vertical. What are the x and y components of
the total force exerted on the collar by the vertical bar
and the slotted bar when x = 0.25 m?

y

1 m

P

x

y = 0.2 sin    xπ

Solution:

vx = dx

dt
= 2 m/s, constant

ax = 0 = d2x

dt2

y = 0.2 sin(πx)

vy = 0.2π cos(πx)
dx

dt

ay = −0.2π2 sin(πx)

(
dx

dt

)2

+ 0.2π cos(πx)
d2x

dt2

when x = 0.25 m,

ax = 0

ay = −0.2π2 sin
(π

4

)
(2)2 m/s

ay = −5.58 m/s2

∑
Fx : Fx = m(0)

∑
Fy : Fy − mg = may

Solving, Fx = 0, Fy = 4.23 N

mg

Fx

Fy
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Problem 14.60* The 1360-kg car travels along a
straight road of increasing grade whose vertical profile
is given by the equation shown. The magnitude of the
car’s velocity is a constant 100 km/h. When x = 200 m,
what are the x and y components of the total force acting
on the car (including its weight)?

Strategy: You know that the tangential component of
the car’s acceleration is zero. You can use this condi-
tion together with the equation for the profile of the
road to determine the x and y components of the car’s
acceleration.

y = 0.0003x2

y

x

Solution:

(1) v =
√(

dx

dt

)2

+
(

dy

dt

)2

= 100 km/h = 27.78 m/s, const.

(2) y = 0.0003x2

(3)
dy

dt
= 0.0006x

dx

dt

(4)
d2y

dt2
= 0.0006

(
dx

dt

)2

+ 0.0006x
d2x

dt2

The component of acceleration parallel to the path is zero.

tan θ = dy

dx
= 0.0006 x

At x = 200 m, θ = 0.1194 rad

θ = 6.84◦

(5) ax cos θ + ay sin θ = 0

Solving eqns (1) through (5) simultaneously, we get

ax = −0.054 m/s2, vx = 27.6 m/s

ay = 0.450 m/s2, vy = 3.31 m/s

m = 1360 kg

θ

ay

ax

θ

y

x
Fx

Fy

∑
Fx : Fx = max

∑
Fy : Fy = may

Solving, Fx = −73.4 N

Fy = 612 N

Problem 14.61* The two blocks are released
from rest. Determine the magnitudes of their accelera-
tions if friction at all contacting surfaces is negligible.

Strategy: Use the fact the components of the
accelerations of the blocks perpendicular to their mutual
interface must be equal.

A

B

70°

Solution: The relative motion of the blocks is constrained by the
surface separating the blocks. The equation of the line separating
the blocks is y = x tan 70◦, where y is positive upward and x is
positive to the right. A positive displacement of block A results in
a negative displacement of B (as contact is maintained) from which

sA = −sB tan 70◦, and from which
d2sA

dt2
= − d2sB

dt2
tan 70◦. Thus (1)

aA = −aB tan 70◦.

From Newton’s second law: for block A, (2)
∑

Fy = −W +
P cos 70◦ = maA, for block B, (3)

∑
Fx = P sin 70◦ = maB ,

from which aA = −W

m
+ aB

tan 70◦
2 aA =

− g

1 + cot2 70◦ = − 2 and aB = − aA

tan 70◦ = 2

aA is positive upward and aB is positive to the right.

A

Q
P

W

445 N

m/s . Use (1) to obtain

8.66 m/s 3.15 m/s ,

where
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Problem 14.62* The two blocks are released
from rest. The coefficient of kinetic friction between all
contacting surfaces is µk = 0.1. How long does it take
block A to fall 0.305 m?

Solution: Use the results of the solution to Problem 14.61. Denote
by Q the normal force at the wall, and by P the normal force at the
contacting surface, and R the normal force exerted by the floor on
block B. For aA positive upward and aB positive to the right, (1)
aA = −aB tan 70◦ so long as contact is maintained. From Newton’s
second law for block A, (2)

∑
Fx = Q − P sin 70◦ + f cos 70◦ = 0,

(3)
∑

Fy = −W + fQ + f cos 70◦ + P cos 70◦ = maA. For block B:
(4)

∑
Fx = P sin 70◦ − f cos 70◦ − fR = maB , (5)

∑
Fy = −W +

R − P cos 70◦ − f sin 70◦ = 0. In addition: (6) f = µkP , (7) fR =
µkR, (8) fq = µkQ. Solve these eight equations by iteration: aA =
− 2 aB = 2 Check: (1) The effect of friction should
reduce the downward acceleration of A in Problem 3.61, and (2) for
µk = 0, this should reduce to the solution to Problem 14.61. check.

The displacement is y = aA

2
t2 , from which, for y = − ,

t =
√

− 2

aA

= 0.284 s

Q
P

A

W

fQ f

P
B

Wf

R fR

Problem 14.63 The 3000- vehicle has left the ground
after driving over a rise. At the instant shown, it is mov-
ing horizontally at 30 km/h and the bottoms of its tires
are 610 mm above the (approximately) level ground. The
earth-fixed coordinate system is placed with its origin
762 above the ground, at the height of the vehicle’s
center of mass when the tires first contact the ground.
(Assume that the vehicle remains horizontal .) When that
occurs, the vehicle’s center of mass initially continues
moving downward and then rebounds upward due to the
flexure of the suspension system. While the tires are in
contact with the ground, the force exerted on them by
the ground is −2400i −18000yj (N) where, y is the ver-
tical position of the center of mass in metre. When the
vehicle rebounds

,
what is the vertical component of the

velocity of the center of mass at the instant the wheels
leave the ground? (The wheels leave the ground when
the center of mass is at y = 0.)

y

x
610 mm

Solution: This analysis follows that of Example 14.3. The
equation for velocity used to determine how far down the vehicle
compresses its springs also applies as the vehicle rebounds. From
Example 14.3, we know that the vehicle comes to rest with vY = 0
and y =

given by
∫ vY

0 vY dvY = ∫ 0
( − y) dy. Evaluation, we

get vY = /s. (+y is down). Note that the vertical velocity com-
ponent on rebound is the negative of the vertical velocity of impact.

445 N

7.53 m/s , 2.74 m/s . .

m 0.30 m5

N

mm

0.305 m. Following the Example, the velocity on the rebound
is 0.305 9.81 0.305 15

3.44 m

762 mm

762 mm 610 mm
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Problem 14.64* A steel sphere in a tank of oil is given
an initial velocity v = 2i (m/s) at the origin of the coor-
dinate system shown. The radius of the sphere is 15 mm.
The density of the steel is 8000 kg/m3 and the density
of the oil is 980 kg/m3. If V is the sphere’s volume,
the (upward) buoyancy force on the sphere is equal to
the weight of a volume V of oil. The magnitude of the
hydrodynamic drag force D on the sphere as it falls
is |D| = 1.6|v| N, where |v| is the magnitude of the
sphere’s velocity in m/s. What are the x and y com-
ponents of the sphere’s velocity at t = 0.1 s?

x

y

Solution:

B = ρoilVg

W = ρSTEELVg

V = 4

3
πr3

∑
Fx : ms

dvx

dt
= −dx = −1.6vx

∑
Fy : ms

dvy

dt
= B − W − dy

ms

dvy

dt
= (ρoil − ρSTEEL)Vg − 1.6vy

Rewriting the equations, we get

∑
Fx :

dvx

dt
= − 1.6

ms

vx

∫ vx

vxo

dvx

vx

= − 1.6

ms

∫ t

0
dt

ln(vx)|vx
vx0

= − 1.6

ms

t |t0

vx = vx0e
−

1.6

ms t

Substituting, we have ms = 0.114 kg

vx0 = 2 m/s. At t = 0.1 s,

vx = 0.486 m/s

∑
Fy :

dvy

dt
= (ρoil − ρSTEEL)Vg

ms

− 1.6

ms

vy

Let a = (ρoil − ρSTEEL)Vg/ms = −8.608

b = − 1.6

ms

= −14.147

dvy

dt
= a + bvy

∫ vy

0

dy

a + bvy

=
∫ t

0
dt

W

D
B

Dy

v

y

Dx
x

Integrating, we get

1

b
ln(a + bvy)|vy

0 = t

ln

(
a + bvy

a

)
= bt

a + bvy = aebt

vy = a

b
(ebt − 1)

Substituting numerical values for a and b, and setting t = 0.1 s

vy = −0.461 m/s
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Problem 14.65* In Problem 14.64, what are the x and
y coordinates of the sphere at t = 0.1 s?

Solution: From the solution to Problem 14.64,
dx

dt
= vx =

vx0e
− 1.6

ms
t = vx0e

bt where vx0 = 2 m/s and ms = 0.114 kg.

Also,
dy

dt
= vy = a

b
(ebt − 1)

where a = (ρoil − ρSTEEL)Vg/m = −8.608

b = − 1.6

ms

= −14.147

Integrating the vx and vy eqns, noting that x = 0, y = 0, at t = 0,

we get

x =
( vxo

b

)
(ebt − 1)

y = a

b2
(ebt − 1) − a

b
t

Solving at t = 0.1 s,

x = 0.1070 m = 107.0 mm

y = −0.0283 m = −28.3 mm

Problem 14.66 The boat in Active Example 14.5
weighs 1200 N with its passengers. Suppose that the
boat is moving at a constant speed of 20 m/s in a circu-
lar path with radius R = 40 m. Determine the tangential
and normal components of force acting on the boat.

R

Solution: Since the speed is constant, the tangential acceleration
is zero. We have

Ft = mat = 0,

Fn = man = m
v2

R
=

(
1200 N

2

)
(20 m/s)2

40 m
= .

Ft = 0, Fn = .

9.81 m/s
N1223

1223 N
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Problem 14.67 In preliminary design studies for a sun-
powered car, it is estimated that the mass of the car
and driver will be 100 kg and the torque produced by
the engine will result in a 60-N tangential force on the
car. Suppose that the car starts from rest on the track at
A and is subjected to a constant 60-N tangential force.
Determine the magnitude of the car’s velocity and the
normal component of force on the car when it reaches B.

B

A

200 m

50 m

Solution: We first find the tangential acceleration and use that to
find the velocity at B.

Ft = mat ⇒ 60 N = (100 kg) at ⇒ at = 0.6 m/s2,

at = v
dv

ds
⇒

∫ v

0
vdv =

∫ s

0
atds ⇒ v2

2
= at s,

vB = √
2at sB =

√
2(0.6 m/s2)

(
200 m + π

2
[50 m]

)
= 18.3 m/s.

The normal component of the force is

Fn = man = m
v2

R
= (100 kg)

(18.3 m/s)2

50 m
= 668 N.

vB = 18.3 m/s, Fn = 668 N.

Problem 14.68 In a test of a sun-powered car, the
mass of the car and driver is 100 kg. The car starts
from rest on the track at A, moving toward the right.
The tangential force exerted on the car (in newtons) is
given as a function of time by �Ft = 20 + 1.2t . Deter-
mine the magnitude of the car’s velocity and the normal
component of force on the car at t = 40 s.

B

A

200 m

50 m

Solution: We first find the tangential acceleration and use that to
find the velocity v and distance s as functions of time.

�Ft = (20 + 1.2t)N = (100 kg) at

at = dv

d t
= 0.2 + 0.012t

v = 0.2t + 0.006t2

s = 0.1t2 + 0.002t3

At t = 40 s, we have v = 17.6 m/s, s = 288 m.

For this distance the car will be on the curved part of the track. The
normal component of the force is

Fn = man = m
v2

R
= (100 kg)

(17.6 m/s)2

50 m
= 620 N.

vB = 17.6 m/s, Fn = 620 N.
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Problem 14.69 An astronaut candidate with a mass of
72 kg is tested in a centrifuge with a radius of 10 m. The
centrifuge rotates in the horizontal plane. It starts from
rest at time t = 0 and has a constant angular acceleration
of 0.2 rad/s2. Determine the magnitude of the horizontal
force exerted on him by the centrifuge (a) at t = 0; (b) at
t = 10 s.

10 m

Solution: The accelerations are

at = rα = (10 m) (0.2 rad/s2) = 2 m/s2

an = rω2 = r(αt)2 = (10 m) (0.2 rad/s2)2t2 = (0.4 m/s4)t2

(a)

At t = 0

Ft = mat = (72 kg)(2 m/s2) = 144 N, Fn = man = 0

F =
√

F 2
t + F 2

n = 144 N.

(b)

At t = 10 s

Ft = mat = (72 kg)(2 m/s2) = 144 N,

Fn = man = (72 kg)(0.4 m/s4)(10 s)2 = 2880 N

F =
√

F 2
t + F 2

n = 2880 N.

(a) F = 144 N, (b) F = 2880 N.

Problem 14.70 The circular disk lies in the horizon-
tal plane. At the instant shown, the disk rotates with
a counterclockwise angular velocity of 4 rad/s and a
counterclockwise angular acceleration of 2 rad/s2. The
0.5-kg slider A is supported horizontally by the smooth
slot and the string attached at B. Determine the tension
in the string and the magnitude of the horizontal force
exerted on the slider by the slot.

4 rad/s2 rad/s2

0.6 m

B
A

Solution:

ω = 4 rad/s

α = 2 rad/s2

R = 0.6 m

m = 0.5 kg

∑
Fn : T = mRω2

∑
Ft : F = mRα

Solving, T = 4.8 N, F = 0.6 N

en

et

0.6 m

m
T

F

4 rad/s

0.2 rad/s2
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Problem 14.71 The circular disk lies in the horizontal
plane and rotates with a constant counterclockwise angu-
lar velocity of 4 rad/s. The 0.5-kg slider A is supported
horizontally by the smooth slot and the string attached at
B. Determine the tension in the string and the magnitude
of the horizontal force exerted on the slider by the slot.

4 rad/s

0.6 m

B

A
90°

0.6 m

Solution:

R = 0.6 m

ω = 4 rad/s

m = 0.5 kg

α = 0

∑
Fn: N cos 45◦ + T sin 45◦ = mRω2

∑
Ft: −N sin 45◦ + T cos 45◦ = mRα = 0

Solving, N = T = 3.39 N

0.6 m

en et

N

T

ω = 4 rad/s

Problem 14.72 The 142 kN airplane is flying in the
vertical plane at 128 m/s. At the instant shown the angle
θ = 30◦ and the cartesian components of the plane’s
acceleration are ax = − 2, ay = /s2.

(a) What are the tangential and normal components
of the total force acting on the airplane (including
its weight)?

(b) What is dθ/dt in degrees per second?

y

x

u

Solution:

F =
(

2

)
(− i + j) 2 = (− i + j)

(a)
Ft = F · (cos 30◦i + sin 30◦j) =
Fn = F · (− sin 30◦i + cos 30◦j) =

(b)
an =

( 2
= 8.83 m/s2

an = v2

ρ
⇒ ρ = v2

an

= ( )2

(8.83 m/s2)
=

v = ρθ̇ ⇒ θ̇ = = 0.0690 rad/s

(
180 ◦

π rad

)
= 3.95◦

/s

1.83 m/s 9.1 m

142000 N

9.81 m/s
1.83 9.1 m/s 26523 132613 N

N

N

128102 N

142000 N)/9.81 m/s

128 m/s
1855.3 m

128 m/s

1855.3 m

128102

43324
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Problem 14.73 Consider a person with a mass of 72 kg
who is in the space station described in Example 14.7.
When he is in the occupied outer ring, his simulated
weight in newtons is 1

2 (72 kg)(9.81 m/s2) = 353 N. Sup-
pose that he climbs to a position in one of the radial
tunnels that leads to the center of the station. Let r be
his distance in meters from the center of the station.
(a) Determine his simulated weight in his new position
in terms of r . (b) What would his simulated weight be
when he reaches the center of the station?

Solution: The distance to the outer ring is 100 m.

(a) At a distance r the weight would be W = r

100 m
(353 N) =

(3.53 N/m)r

W = (3.53 N/m)r.

(b) At the center, r = 0

W = 0.

Problem 14.74 Small parts on a conveyor belt moving
with constant velocity v are allowed to drop into a bin.
Show that the angle θ at which the parts start sliding

on the belt satisfies the equation cos θ − 1

µs

sin θ = v2

gR
,

where µs is the coefficient of static friction between the
parts and the belt.

R

θ

Solution: The condition for sliding is
∑

Ft = −mg sin θ + f = 0,
where −mg sin θ is the component of weight acting tangentially to
the belt, and f = µs N is the friction force tangential to the belt.
From Newton’s second law the force perpendicular to the belt is N −
mg cos θ = −m

v2

R
, from which the condition for slip is −mg sin θ +

µsmg cos θ − µsm
v2

R
= 0. Solve: cos θ − 1

µs

sin θ = v2

gR

f

N

W

θ
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Problem 14.75 The 1-kg mass m rotates around the
vertical pole in a horizontal circular path. The angle α =
30◦ and the length of the string is L =

magnitude of the velocity of the mass?

Strategy: Notice that the vertical acceleration of the
mass is zero. Draw the free-body diagram of the mass
and write Newton’s second law in terms of tangential
and normal components.

L

m

u

Solution:

∑
F↑ : T cos 30◦ − mg = 0

∑
Fn : T sin 30◦ = m

v2

ρ
= m

v2

L sin 30◦

Solving we have

T = mg

cos 30◦ , v2 = g(L sin 30◦
) tan 30◦

v =
√

( /s2)( ) sin230◦

cos 30◦ = . /s

mg

30°

T

Problem 14.76 In Problem 14.75, determine the mag-
nitude of the velocity of the mass and the angle θ if the
tension in the string is 50 .

Solution:

∑
F↑ : T cos θ − mg = 0

∑
Fn : T sin θ = m

v2

L sin θ

Solving we find θ = cos−1
(mg

T

)
, v =

√
(T 2 − m2g2)L

T m

Using the problem numbers we have

θ = cos−1

(
1 kg 9.81 m/s2

50 N

)
= ◦

v =
√

[(50 N)2 − (1 g /s2)2]

(50 N)(1 kg)
= /s

mg

θ

T

1.22 m. What is
the

9.81 m 1.22 m
1 86 m

N

78.68

k m.819 1.22 m
7.66 m
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Problem 14.77 The 10-kg mass m rotates around the
vertical pole in a horizontal circular path of radius R =
1 m. If the magnitude of the velocity is v = 3 m/s, what
are the tensions in the strings A and B?

35°

55°

R

B

A

m

Solution: Choose a Cartesian coordinate system in the vertical
plane that rotates with the mass. The weight of the mass is W =
−jmg = −j98.1 N. The radial acceleration is by definition directed
inward:

an = −i
(

v2

R

)
= −9i m/s2. The angles from the horizontal are θA =

90◦ + 35◦ = 125◦, θB = 90◦ + 55◦ = 145◦ . The unit vectors paral-
lel to the strings, from the pole to the mass, are: eA = +i cos θA +
j sin θA. eB = +i cos θB + j sin θB . From Newton’s second law for
the mass, T − W = man, from which |TA|eA + |TB |eB − jmg =
−i

(
m

v2

R

)
. Separate components to obtain the two simultane-

ous equations: |TA| cos 125◦ + |TB | cos 145◦ = −90 N|TA| sin 55◦ +
|TB | sin 35◦ = 98.1 N. Solve:

|TA| = 84 N. |TB | = 51 N

TB

TA

y

x

θB

θA

–j mg

Problem 14.78 The 10-kg mass m rotates around the
vertical pole in a horizontal circular path of radius R =
1 m. For what range of values of the velocity v of the
mass will the mass remain in the circular path described?

Solution: The minimum value of v will occur when the string
B is impending zero, and the maximum will occur when string A is
impending zero. From the solution to Problem 14.77,

|TA| cos 125◦ + |TB | cos 145◦ = −m

(
v2

R

)
,

|TA| sin 125◦ + |TB | sin 145◦ = mg.

These equations are to be solved for the velocity when one of the
string tensions is set equal to zero. For |TA| = 0, v = 3.743 m/s. For

|TB | = 0, v = 2.621 m/s. The range: 2.62 ≤ v ≤ 3.74 m/s
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Problem 14.79 Suppose you are designing a monorail
transportation system that will travel at 50 m/s, and you
decide that the angle θ that the cars swing out from the
vertical when they go through a turn must not be larger
than 20◦. If the turns in the track consist of circular arcs
of constant radius R, what is the minimum allowable
value of R? (See Active Example 14.6)

u

Solution: The equations of motion are

�Fy : T cos θ − mg = 0

�Fn : T sin θ = man = m
v2

R

Solving we have

R = v2

g tan θ
= (50 m/s)2

(9.81 m/s2) tan 20◦ = 700 m

R = 700 m.

Problem 14.80 An airplane of weight W =
makes a turn at constant altitude and at constant velocity
v = ◦. (a) Determine the
lift force L. (b) What is the radius of curvature of the
plane’s path?

15°

L

W

Solution: The weight is W = −jW = −j( × 10 )

acceleration is an = i
(

v2

ρ

)
. The lift is L = |L|(i cos 105◦ +

j sin 105◦
) = |L|(−0.2588i + 0.9659j).

(a) From Newton’s second law,
∑

F = L + Wn = man, from
which, substituting values and separating the j components:

|L|(0.9659) = × 10 , |L| = × 10

0.9659
= .

(b) The radius of curvature is obtained from Newton’s law:

|L|(−0.2588) = −m

(
v2

ρ

)
, from which

ρ =
(

W

g

) (
v2

|L|(0.2588)

)
= .

890 kN

183 m/s. The bank angle is 15

890 3 N. The nor-

mal

890 3 8 9 0 3

921420 N

12729.6 m
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Problem 14.81 The suspended 2-kg mass m is sta-
tionary.

(a) What are the tensions in the strings A and B?
(b) If string A is cut, what is the tension in string B

immediately afterward?
A

m

B

45°

Solution:

(a)
∑

Fx = TB cos 45◦ − TA = 0,

∑
Fy = TB sin 45◦ − mg = 0.

Solving yields TA = 19.6 N, TB = 27.7 N.

(b) Use Normal and tangential components.

∑
Fn = man :

TB − mg cos 45◦ = m
v2

ρ
.

But v = 0 at the instant of release, so

TB = mg cos 45◦ = 13.9 N.

45°

TB

TA

y

x

mg

en

et

TB

mg

Problem 14.82 The airplane flies with constant veloc-
ity v along a circular path in the vertical plane. The
radius of the airplane’s circular path is 2000 m. The
mass of the pilot is 72 kg.

(a) The pilot will experience “weightlessness” at the
top of the circular path if the airplane exerts no
net force on him at that point. Draw a free-body
diagram of the pilot and use Newton’s second law
to determine the velocity v necessary to achieve
this condition.

(b) Suppose that you don’t want the force exerted
on the pilot by the airplane to exceed four times
his weight. If he performs this maneuver at v =
200 m/s, what is the minimum acceptable radius
of the circular path?

Solution: The FBD assumes that the seat pushes up on the pilot.
If the seat (or shoulder straps) pushes down, we will us a negative
sign for N .

Dynamics:
∑

F↑ : N − mg = −m
v2

ρ

(a) N = 0 ⇒ v = √
gρ =

√
(9.81 m/s2)(2000 m) = 140 m/s

(b) The force will push down on the pilot

N = −4mg ⇒ −5mg = −m
v2

ρ
⇒ ρ = v2

5g
ρ = 815 m

mg

N
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Problem 14.83 The smooth circular bar rotates with
constant angular velocity ω0 about the vertical axis AB.
The radius R = 0.5 m. The mass m remains stationary
relative to the circular bar at β = 40◦. Determine ω0.

m

R

B

A

β

0ω

Solution:

∑
F↑ : N cos 40◦ − mg = 0

∑
F← : N sin 40◦ = m

v2

ρ
= m

(R sin 40◦
ω0)

2

R sin 40◦

Solving we find

N = mg

cos 40◦ , ω0 =
√

g

R cos 40◦

⇒ ω0 =
√

9.81 m/s2

0.5 m cos 40◦ = 5.06 rad/s

mg

40°

N

Problem 14.84 The force exerted on a charged particle
by a magnetic field is F = qv × B, where q and v are
the charge and velocity of the particle, and B is the
magnetic field vector. A particle of mass m and positive
charge q is projected at O with velocity v = v0i into
a uniform magnetic field B = B0k. Using normal and
tangential components, show that (a) the magnitude of
the particle’s velocity is constant and (b) the particle’s

path is a circle of radius m
v0

qB0
.

O
x

y

0

Solution: (a) The force F = q(v × B) is everywhere normal to the
velocity and the magnetic field vector on the particle path. Therefore
the tangential component of the force is zero, hence from Newton’s

second law the tangential component of the acceleration
dv

dt
= 0, from

which v(t) = C = v0 , and the velocity is a constant. Since there is

no component of force in the z-direction, and no initial z-component
of the velocity, the motion remains in the x-y plane. The unit vec-
tor k is positive out of the paper in the figure; by application of the
right hand rule the cross product v × B is directed along a unit vector
toward the instantaneous center of the path at every instant, from which
F = −|F|en, where en is a unit vector normal to the path. The nor-
mal component of the acceleration is an = −(v2

0/ρ)en, where ρ is the
radius of curvature of the path. From Newton’s second law, F = man,
from which −|F| = −m(v2

0/ρ). The magnitude of the cross product
can be written as |v × B| = v0B0 sin θ = v0B0, since θ = 90◦ is the

angle between v and B. From which: qv0B0 = m
v2

0

ρ
, from which the

radius of curvature is ρ = mv0

qB0
. Since the term on the right is a

constant, the radius of curvature is a constant, and the path is a circle

with radius
mv0

qB0
.
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Problem 14.85 The mass m is attached to a string that
is wrapped around a fixed post of radius R. At t = 0, the
object is given a velocity v0 as shown. Neglect external
forces on m other that the force exerted by the string.
Determine the tension in the string as a function of the
angle θ .

Strategy: The velocity vector of the mass is perpen-
dicular to the string. Express Newton’s second law in
terms of normal and tangential components.

L0

0

R

m

θ

Solution: Make a hypothetical cut in the string and denote the
tension in the part connected to the mass by T. The acceleration normal

to the path is
v2

ρ
. The instantaneous radius of the path is ρ = L0 − Rθ ,

from which by Newton’s second law,
∑

Fn = T = m
v2

0

L0 − Rθ
, from

which T = m
v2

0

L0 − Rθ

L0

R

m

v

θ

(a) (b)

T

eN

et

Problem 14.86 The mass m is attached to a string
that is wrapped around the fixed post of radius R. At
t = 0, the mass is given a velocity v0 as shown. Neglect
external forces on m other than the force exerted by the
string. Determine the angle θ as a function of time.

Solution: Use the solution to Problem 14.85. The angular

velocity is
dθ

dt
= v0

ρ
. From Problem 14.85, ρ = L0 − Rθ , from

which
dθ

dt
= v0

(L0 − Rθ)
. Separate variables: (L0 − Rθ)dθ = v0dt .

Integrate: L0θ − R

2
θ2 = v0t , since θ(0) = 0. In canonical form θ2 +

2bθ + c = 0, where b = −L

R
, and c = 2v0t

R
. The solution: θ = −b ±

√
b2 − c = L0

R
±

√(
L0

R

)2

− 2v0t

R
. The angle increases with time,

so the negative sign applies. Reduce: θ = L0

R

(
1 −

√
1 − 2Rv0t

L2
0

)

Check: When Rθ = L0, the string has been fully wrapped around the

post. Substitute to obtain:

√
1 − 2Rv0t

L2
0

= 0, from which
2Rv0t

L2
0

= 1,

which is the value for impending failure as t increases because of the
imaginary square root. Thus the solution behaves as expected. check.
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Problem 14.87 The sum of the forces in newtons
exerted on the 360-kg sport plane (including its weight)
during an interval of time is (−1000 + 280t)i + (480 −
430t)j + (720 + 200t)k, where t is the time in seconds.
At t = 0, the velocity of the plane’s center of gravity
is 20i + 35j − 20k (m/s). If you resolve the sum of the
forces on the plane into components tangent and normal
to the plane’s path at t = 2 s, what are their values of∑

Ft and
∑

Fn?

y

x

zSolution: This problem has several steps. First, we must write
Newton’s second law and find the acceleration of the aircraft. We
then integrate the components of the acceleration (separately) to find
the velocity components as functions of time. Then we evaluate
the velocity of the aircraft and the force acting on the aircraft at
t = 2s. Next, we find a unit vector along the velocity vector of the
aircraft and project the total force acting on the aircraft onto this
direction. Finally, we find the magnitude of the total force acting on
the aircraft and the force component normal to the direction of flight.
We have aX = (1/m)(−1000 + 280t), aY = (1/m)(480 − 430t), and
aZ = (1/m)(720 + 200t). Integrating and inserting the known initial
velocities, we obtain the relations vX = vX0 + (1/m)(−1000t +
280t2/2) (m/s) = 20 + (1/m)(−1000t + 140t2) (m/s), vY = 35 +
(1/m)(480t − 215t2) (m/s), and vZ = −20 + (1/m)(720t + 100t2)

(m/s). The velocity at t = 2s is v = 16i + 35.3j − 14.9k (m/s) and the
unit vector parallel to v is ev = 0.386i + 0.850j − 0.359k. The total
force acting on the aircraft at t = 2s is F = −440i − 380j + 1120k N.
The component of F tangent to the direction of flight is

∑
Ft =

F ž ev = −894.5 N. The magnitude of the total force acting on the
aircraft is |F| = 1261.9 N. The component of F normal to the direction
of flight is given by

∑
Fn = √|F|2 − (

∑
Ft)2 = 890.1 N.

Problem 14.88 In Problem 14.87, what is the instanta-
neous radius of curvature of the plane’s path at t = 2 s?
The vector components of the sum of the forces in the
directions tangenial and normal to the path lie in the
osculating plane. Determine the components of a unit
vector perpendicular to the osculating plane at t = 2 s.

Strategy: From the solution to problem 14.87, we
know the total force vector and acceleration vector acting
on the plane. We also know the direction of the velocity
vector. From the velocity and the magnitude of the
normal acceleration, we can determine the radius of
curvature of the path. The cross product of the velocity
vector and the total force vector will give a vector
perpendicular to the plane containing the velocity vector
and the total force vector. This vector is perpendicular
to the plane of the osculating path. We need then only
find a unit vector in the direction of this vector.

Solution: From Problem 14.87, we know at t = 2 s, that an =∑
Fn/m = 2.47 m/s2. We can find the magnitude of the velocity |v| =

41.5 m/s at this time. The radius of curvature of the path can then be
found from ρ = |v|2/an = 696.5 m.

The cross product yields the desired unit vector, i.e., e = (F × v)/|F ×
v| = −0.916i + 0.308j − 0.256k
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Problem 14.89 The freeway off-ramp is circular with
60-m radius (Fig. a). The off-ramp has a slope β = 15◦
(Fig. b). If the coefficient of static friction between the
tires of a car and the road is µs = 0.4, what is the
maximum speed at which it can enter the ramp without
losing traction? (See Example 14.18.)

60 m

(a)

b

(b)

Solution:

ρ = 60 m, g = 9.81 m/s2

∑
F↑ : N cos 15◦ − Fr sin 15◦ − mg = 0

∑
F← : N sin 15◦ + Fr cos 15◦ = m

v2

ρ

Fr = 0.4N

Solving we have v = 21.0 m/s

mg

15°

N

Fr

Problem 14.90* The freeway off-ramp is circular with
60-m radius (Fig. a). The off-ramp has a slope β (Fig. b).
If the coefficient of static friction between the tires of
a car and the road is µs = 0.4 what minimum slope β
is needed so that the car could (in theory) enter the off-
ramp at any speed without losing traction? (See Example
14.8.)

Solution:

∑
F↑ : N cos β − Fr sin β − mg = 0

∑
F← : N sin β + Fr cos β = m

v2

ρ

F = µN

Solving we have Fr = µmg

cos β − µ sin β
.

If we set the denominator equal to zero, then we will always have
enough friction to prevent sliding.

Thus β = tan−1
(

1

µ

)
= tan−1

(
1

0.4

)
= 68.2◦

We would also need to check the low-speed case, where the car might
slip down the ramp.

mg

β

N

Fr
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Problem 14.91 A car traveling at 30 m/s is at the top
of a hill. The coefficient of kinetic friction between the
tires and the road is µk = 0.8. The instantaneous radius
of curvature of the car’s path is 200 m. If the driver
applies the brakes and the car’s wheels lock, what is the
resulting deceleration of the car tangent to its path?

Solution: From Newton’s second law; N − W = −m
v2

R
from

which N = m

(
g − v2

R

)
. The acceleration tangent to the path is

dv

dt
,

from which
dv

dt
= −µkN

m
, and

dv

dt
= −µk

(
g − v2

R

)
= 4.25 m/s2 f

W

N

Problem 14.92 A car traveling at 30 m/s is at the bot-
tom of a depression. The coefficient of kinetic friction
between the tires and the road is µk = 0.8. The instan-
taneous radius of curvature of the car’s path is 200 m.
If the driver applies the brakes and the car’s wheel lock,
what is the resulting deceleration of the car in the direc-
tion tangential to its path? Compare your answer to that
of Problem 14.91.

Solution: Use the solution to Problem 14.91:
dv

dt
= −µkN

m
. From

Newton’s second law, N − W = m

(
v2

R

)
, from which

N = m

(
g +

(
v2

R

))
,

and
dv

dt
= −µk

(
g + v2

R

)
= −11.45 m/s2

f

W
N

151

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 14.93 The combined mass of the motorcy-
cle and rider is 160 kg. The motorcycle starts from rest
at t = 0 and moves along a circular track with 400-m
radius. The tangential component of acceleration as a
function of time is at = 2 + 0.2t m/s2. The coefficient of
static friction between the tires and the track is µs = 0.8.
How long after it starts does the motorcycle reach the
limit of adhesion, which means its tires are on the verge
of slipping? How fast is the motorcycle moving when
that occurs?

Strategy: Draw a free-body diagram showing the tan-
gential and normal components of force acting on the
motorcycle.

400 mP

et

en

O
s

Solution:

m = 160 kg

R = 400 m

Along track motion:

at = 2 + 0.2t m/s2

Vt = V = 2t + 0.1t2 m/s

s = t2 + 0.1t3/3 m

Forces at impending slip

|F + f| = µkN at impending slip

|F + f| = √
F 2 + f 2 since f ⊥ F

Force eqns.

∑
Ft : F = mat R = 400 m

∑
Fn : f = mv2/R m = 160 kg

∑
Fz : N − mg = 0 g = 9.81 m/s2

µs = 0.8√
F 2 + f 2 = µsN

at = 2 + 0.2t

v = 2t + 0.1t2

Six eqns, six unknowns (F, f, v, at , N, t)

Solving, we have

t = 14.4 s F = 781 N

v = 49.6 m/s f = 983 N

N = 1570 N

at = 4.88 m/s2

(at t = 14.4 s)

mg

V2/R

f

N

ez

en

V2/R

F

f

et
en
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Problem 14.94 The center of mass of the 12-kg object
moves in the x –y plane. Its polar coordinates are
given as functions of time by r = 12 − 0.4t2 m, θ =
0.02t3 rad. Determine the polar components of the total
force acting on the object at t = 2 s.

r

u

y

x

Solution:

r = 12 − 0.4t2, θ = 0.02t3

ṙ = −0.8t, θ̇ = 0.06t2

r̈ = −0.8, θ̈ = 0.12t

Set t = 2 s

Fr = m(r̈ − rθ̇2) = (12 kg)(−0.8 − [10.4][0.24]2) m/s2

= −16.8 N

Fθ = m(rθ̈ + 2ṙ θ̇ ) = (12 kg)([10.4][0.24] + 2[−1.6][0.24]) m/s2

= 20.7 N

Problem 14.95 A 445 N person walks on a large
disk that rotates with constant angular velocity ω0 =
0.3 rad/s. He walks at a constant speed v0 =

a straight radial line painted on the disk. Deter-
mine the polar components of the horizontal force
exerted on him when he is from the center of the
disk. (How are these forces exerted on him?)

0 0ω

Solution:

r = , ṙ = , r̈ = 0, θ̇ = 0.3 rad/s, θ̈ = 0

Fr = m(r̈ − rθ̇2) =
(

2

)
(0 − [ 2)

= −

Fθ = m(rθ̈ + 2ṙ θ̇ ) =
(

2

)
(0 + 2[ )

=
The forces are exerted as friction between the disk and the
man’s feet.

1.52 m/s
along

1.83 m

1.83 m 1.52 m/s

445 N

9.81 m/s
1.83 m][0.3 rad/s]

7.47 N

445 N

41.5 N
9.81 m/s

1.52 m/s][0.3 rad/s]
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Problem 14.96 The robot is programmed so that the
0.4-kg part A describes the path

r = 1 − 0.5 cos(2πt) m,

θ = 0.5 − 0.2 sin(2πt) rad.

Determine the radial and transverse components of the
force exerted on A by the robot’s jaws at t = 2 s.

A
r

θ

Solution: The radial component of the acceleration is

ar = d2r

dt2
− r

(
dθ

dt

)2

.

The derivatives:

dr

dt
= d

dt
(1 − 0.5 cos 2πt) = π sin 2πt,

d2r

dt2
= d

dt
(π sin 2πt) = 2π2 cos 2πt;

dθ

dt
= d

dt
(0.5 − 0.2 sin 2πt) = −0.4π cos 2πt.

d2θ

dt2 = d

dt
(−0.4π cos 2πt) = 0.8π2 sin 2πt.

From which

[ar ]t=2 = 2π2 cos 4π − (1 − 0.5 cos 4π)(−0.4π cos 4π)2,

= 2π2 − 0.08π2 = 18.95 m/s2;

θ(t = 2) = 0.5 rad.

Fθ

θ

Fr

mg

From Newton’s second law, Fr − mg sin θ = mar , and Fθ −
mg cos θ = maθ , from which

Fr = 0.4ar + 0.4g sin θ = 9.46 N.

The transverse component of the acceleration is

aθ = r

(
d2θ

dt2

)
+ 2

(
dr

dt

) (
dθ

dt

)
,

from which [aθ ]t=2 = (1 − 0.5 cos 4π)(0.8π2 sin 4π) + 2(π sin 4π)

(−0.4π sin 4π) = 0, and

Fθ = 3.44 N

Problem 14.97 A 50-N object P moves along the spi-
ral path r = (0.1)θ θ is in radians. Its angular
position is given as a function of time by θ = 2t rad,
and r = 0 at t = 0. Determine the polar components of
the total force acting on the object at t = 4 s.

P

r

u

Solution:

θ = 2t, θ̇ = 2, θ̈ = 0, r = 0.1θ = 0.2t, ṙ = 0.2, r̈ = 0

At t = 4 s, θ = 8, θ̇ = 2, θ̈ = 0, r = 0.8, ṙ = 0.2, r̈ = 0

Thus

Fr = m(r̈ − rθ̇2) =
(

50 N
2

)
(0 − [0.8 m][2 rad/s]2)

= −

Fθ = m(rθ̈ + 2ṙ θ̇ ) =
(

50 N
2

)
(0 + 2[0.2 m/s][2 rad/s])

=

m, where

9.81 m/s
16.3 N

9.81 m/s
4.08 N
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Problem 14.98 The smooth bar rotates in the horizon-
tal plane with constant angular velocity ω0 = 60 rpm. If
the radial velocity of the 1-kg collar A is vr = 10 m/s
when its radial position is r = 1 m, what is its radial
velocity when r = 2 m? (See Active Example 14.9).

r

A

3 m

v0

Solution: Notice that no radial force acts on the collar, so the
radial acceleration is zero. Write the term

d2r

dt2
= dvr

d t
= dvr

dr

dr

d t
= vr

dvr

dr

The angular velocity is

ω = 60 rpm

(
2π rad

rev

) (
1 min

60 s

)
= 6.28 rad/s.

Then

ar = d2r

dt2
− rω2 = 0 ⇒ d2r

dt2
= rω2

d2r

dt2
= vr

dvr

dr
= rω2 ⇒

∫ vr

10m/s
vrdvr =

∫ 2m

1m
ω2rdr

v2
r

2
− (10 m/s)2

2
= (6.28 rad/s)2

(
[2 m]2

2
− [1 m]2

2

)

vr = 14.8 m/s.

Problem 14.99 The smooth bar rotates in the horizon-
tal plane with constant angular velocity ω0 = 60 rpm.
The spring constant is k = 20 N/m and the unstretched
length of the spring is 3 m. If the radial velocity of the
1-kg collar A is vr = 10 m/s when its radial position is
r = 1 m, what is its radial velocity when r = 2 m? (See
Active Example 14.9.)

r

A

3 m

k

v0

Solution: Notice that the only radial force comes from the spring.
Write the term

d2r

dt2
= dvr

d t
= dvr

dr

dr

d t
= vr

dvr

dr

The angular velocity is

ω = 60 rpm

(
2π rad

rev

) (
1 min

60 s

)
= 6.28 rad/s.

The equation of motion in the radial direction is

�Frm : −kr = mar ⇒ ar = − k

m
r

Then

ar = d2r

dt2
− rω2 = − k

m
r ⇒ d2r

dt2
= r

(
ω2 − k

m

)

d2r

dt2
= vr

dvr

dr
= r

(
ω2 − k

m

)
⇒

∫ vr

10 m/s
vrdvr =

∫ 2 m

1 m

(
ω2 − k

m

)
rdr

v2
r

2
− (10 m/s)2

2
=

[
(6.28 rad/s)2 − 20 N/m

1 kg

] (
[2 m]2

2
− [1 m]2

2

)

vr = 12.6 m/s.
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Problem 14.100 The 2-kg mass m is released from rest
with the string horizontal. The length of the string is L =
0.6 m. By using Newton’s second law in terms of polar
coordinates, determine the magnitude of the velocity of
the mass and the tension in the string when θ = 45◦.

L

m

θ

Solution:

L = 0.6 m

m = 2 kg

Fr = mar

−T + mg sin θ = m

(
d2L

dt2
− Lw2

)

∑
Fθ = maθ

mg cos θ = m

(
2

dL

dt
w + Lα

)

However
dL

dt
= d2L

dt2
= 0

Lα = L
dw

dθ
w = g cos θ

∫ w

0
wdw = g

L

∫ π/4

0
cos θdθ

w2

2
= g

L
sin θ

∣∣∣π/4

0
= g

L
sin

π

4

w = 4.81 rad/s

|v| = Lw = 2.89 m/s

− T + mg sin θ = −mLw2

T = m(g sin θ + Lw2)

T = 41.6 N

m

mg

er

eθ

θ

θ

T
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Problem 14.101 The 1-N block A is given an initial
velocity v0 = 14 m/s to the right when it is in the position
θ = 0, causing it to slide up the smooth circular surface.
By using Newton’s second law in terms of polar coor-
dinates, determine the magnitude of the velocity of the
block when θ = 60◦.

A

4 m

θ

Solution: For this problem, Newton’s second law in polar coordi-

nates states

∑
Fr = mg cos θ − N = m(d2r/dt2 − rω2) and

∑
Fθ = −mg sin θ = m(rα + 2ω(dr/dt)).

In this problem, r is constant. Thus (dr/dt) = (d2r/dt2) = 0, and the

equations reduce to N = mrω2 + mg cos θ and rα = −g sin θ . The

first equation gives us a way to evaluate the normal force while the sec-

ond can be integrated to give ω(θ). We rewrite the second equation as

α = dω

dt
= dω

dθ

dθ

dt
= ω

dω

dθ
= −

(g

r

)
sin θ

and then integrate
∫ ω60
ω0

ωdω = −
(g

r

) ∫ 60◦
0 sin θdθ . Carrying out the

integration, we get

ω2
60

2
− ω2

0

2
= −

(g

r

)
(− cos θ)|60◦

0 = −
(g

r

)
(1 − cos 60◦

).

Noting that ω0 = v0/R = 3.5 rad/s, we can solve for ω60 = 2.05 rad/s
and v60 = Rω60 = 8.20 /s.

θ

θ

θe

er

NW

Problem 14.102 The 1-N block is given an initial
velocity v0 = 14 m/s to the right when it is in the position
θ = 0, causing it to slide up the smooth circular surface.
Determine the normal force exerted on the block by the
surface when θ = 60◦.

Solution: From the solution to Problem 14.101, we have N60 =
mrω2

60 + mg cos 60◦ or N = .

m

N2.21
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Problem 14.103 The skier passes point A going
17 m/s. From A to B, the radius of his circular path
is 6 m. By using Newton’s second law in terms of
polar coordinates, determine the magnitude of the skier’s
velocity as he leaves the jump at B. Neglect tangential
forces other than the tangential component of his weight.

A

B

45°

Solution: In terms of the angle θ shown, the transverse component
of his weight is mg cos θ . Therefore

∑
Fθ = maθ :

mg cos θ = m

(
r
d2θ

dt2
+ 2

dr

dt

0
dθ

dt

)
. (1)

Note that

d2θ

dt2
= dw

dt
= dw

dθ

dθ

dt
= dw

dθ
w,

So (1) becomes

g cos θ = r
dw

dθ
w.

Separating variables,

wdw = g

r
cos θdθ. (2)

At A, θ = 45◦ and w = vA/r = 17/6 = 2.83 rad/s. Integrating (2),

∫ wB

2.83
wdw = g

r

∫ 90◦

45◦
cos θdθ,

we obtain wB = 3.00 rad/s. His velocity at B is rwB = 18.0 m/s.

vB = 18.0 m/s.

θ

er

mg

eθ
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Problem 14.104* A 2-kg mass rests on a flat horizon-
tal bar. The bar begins rotating in the vertical plane about
O with a constant angular acceleration of 1 rad/s2. The
mass is observed to slip relative to the bar when the bar
is 30◦ above the horizontal. What is the static coefficient
of friction between the mass and the bar? Does the mass
slip toward or away from O?

1 rad/s2

1 m

O

2 kg

Solution: From Newton’s second law for the radial component
−mg sin θ ± µsN = −mRω2, and for the normal component: N −
mg cos θ = mRα. Solve, and note that α = dω

dt
= ω

dω

dθ
= 1 = const ,

ω2 = 2θ , since ω(0) = 0, to obtain −g sin θ ± µs(g cos θ + Rα) =
−2Rθ . For α = 1, R = 1, this reduces to ±µs(1 + g cos θ) = −2θ +
g sin θ . Define the quantity FR = 2θ − g sin θ . If FR > 0, the block
will tend to slide away from O, the friction force will oppose the
motion, and the negative sign is to be chosen. If FR < 0, the block
will tend to slide toward O, the friction force will oppose the motion,
and the positive sign is to be chosen. The equilibrium condition
is derived from the equations of motion: sgn(FR)µs(1 + g cos θ) =
(2θ − g sin θ), from which µs = sgn(FR)

2θ − g sin θ

1 + g cos θ
= 0.406 .

Since Fr = −3.86 < 0, the block will slide toward O.

θ

f
W

N

Problem 14.105* The 0.25 N slider A is pushed along
the circular bar by the slotted bar. The circular bar lies in
the horizontal plane. The angular position of the slotted
bar is θ = 10t2 rad. Determine the polar components of
the total external force exerted on the slider at t = 0.2 s.

2 m

A

2 m

θ

Solution: The interior angle β is between the radius from O to the
slider A and the horizontal, as shown in the figure. The interior angle
formed by the radius from C to the slider A and the line from O to
the slider is β − θ . The angle β is found by applying the law of sines:

2

sin θ
= 2

sin(β − θ)
from which sin θ = sin(β − θ) which is satisfied

by β = 2θ . The radial distance of the slider from the hinge point is

also found from the sine law:
r

sin(180 − β)
= 2

sin θ
, r = 2 sin 2θ

sin θ
,

from which r = 4 cos θ . The radial component of the acceleration

is ar = d2r

dt2
− r

(
dθ

dt

)2

. The derivatives:
dθ

dt
= d

dt
(10t2) = 20t .

d2θ

dt2 = 20.
dr

dt
= −4 sin θ

(
dθ

dt

)
= −(80 sin θ)t .

d2r

dt2 = −80 sin θ −
(1600 cos θ)t2. Substitute:

[ar ]t=0.2 = [ar = −80 sin(10t2) − (1600 cos(10t2))t2

− (4 cos(10t2))(20t)2]t=0.2

= −149.0 m/s2.

From Newton’s second law, the radial component of the external
force is

Fr =
(

W

g

)
ar = −1.158 .

2 

A

O

2 m

θ
β

m

The transverse acceleration is aθ = r

(
d2θ

dt2

)
+ 2

(
dr

dt

) (
dθ

dt

)
.

Substitute:

[aθ ]t=0.2 = [aθ = (4 cos(10t2))(20)

+ 2(−80 sin(10t2))(t)(20)(t)]t=0.2 = 23.84 m/s2.

The transverse component of the external force is

Fθ =
(

W

g

)
aθ = 0.185 NN
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Problem 14.106* The 0.25 N sliderA is pushed along
the circular bar by the slotted bar. The circular bar lies
in the vertical plane. The angular position of the slotted
bar is θ = 10t2 rad. Determine the polar components of
the total force exerted on the slider by the circular and
slotted bars at t = 0.25 s.

Solution: Assume that the orientation in the vertical plane is such
that the θ = 0 line is horizontal. Use the solution to Problem 14.105.
For positive values of θ the radial component of acceleration due to
gravity acts toward the origin, which by definition is the same direction
as the radial acceleration. The transverse component of the acceleration
due to gravity acts in the same direction as the transverse acceleration.
From which the components of the acceleration due to gravity in
the radial and transverse directions are gr = g sin θ and gθ = g cos θ .
These are to be added to the radial and transverse components of
acceleration due to the motion. From Problem 14.105, θ = 10t2 rad

[ar ]t=0.25 = [−80 sin θ − (1600 cos θ)t2

− (4 cos θ)(20t)2]t=0.25 = −209 m/s2.

From Newton’s second law for the radial component Fr − mg sin θ =(
W

g

)
ar , from which Fr = −1.478 The transverse component of

the acceleration is (from Problem 14.105)

[aθ ]t=0.25 = [(4 cos θ)(20)

+ 2(−80 sin θ)(t)(20)(t)]t=0.25 = −52.14 m/s2.

From Newton’s second law for transverse component Fθ − mg cos θ =(
W

g

)
aθ , from which Fθ = −0.2025

Problem 14.107* The slotted bar rotates in the hori-
zontal plane with constant angular velocity ω0. The mass
m has a pin that fits into the slot of the bar. A spring
holds the pin against the surface of the fixed cam. The
surface of the cam is described by r = r0(2 − cos θ).
Determine the polar components of the total external
force exerted on the pin as functions of θ .

Cam

k

m

r0

θ

ω0

Solution: The angular velocity is constant, from which θ =∫
ω0 dt + C = ω0t + C. Assume that θ(t = 0) = 0, from which C =

0. The radial acceleration is ar = d2r

dt2
− r

(
dθ

dt

)2

. The deriva-

tives:
dθ

dt
= d

dt
(ω0t) = ω0,

d2θ

dt2
= 0.

dr

dt
= d

dt
(r0(2 − cos θ)) =

r0 sin θ

(
dθ

dt

)
= ω0r0 sin θ ,

d2r

dt2
= d

dt
(ω0r0 sin θ) = ω2

0r0 cos θ .

Substitute: ar = ω2
0r0 cos θ − r0(2 − cos θ)(ω2

0) = 2r0ω
2
0(cos θ − 1).

From Newton’s second law the radial component of the external
force is

Fr = mar = 2mr0ω
2
0(cos θ − 1).

The transverse component of the acceleration is aθ = r
d2θ

dt2
+

2

(
dr

dt

)(
dθ

dt

)
. Substitute: aθ = 2r0ω

2
0 sin θ . From Newton’s second

law, the transverse component of the external force is

Fθ = 2mr0ω
2
0 sin θ

N

N
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Problem 14.108* In Problem 14.107, suppose that the
unstretched length of the spring is r0. Determine the
smallest value of the spring constant k for which the pin
will remain on the surface of the cam.

Solution: The spring force holding the pin on the surface of the
cam is Fr = k(r − r0) = k(r0(2 − cos θ) − r0) = kr0(1 − cos θ). This
force acts toward the origin, which by definition is the same direction
as the radial acceleration, from which Newton’s second law for the
pin is

∑
F = kr0(1 − cos θ) = −mar . From the solution to Problem

14.107, kr0(1 − cos θ) = −2mrω2
0(cos θ − 1). Reduce and solve: k =

2mω2
0. Since cos θ ≤ 1, kr0(1 − cos θ) ≥ 0, and 2mr0ω

2
0(cos θ − 1) ≤

0. If k > 2mω2
0, Define Feq = kr0(1 − cos θ) + 2mrω2

0(cos θ − 1). If
Feq > 0 the spring force dominates over the range of θ , so that the
pin remains on the cam surface. If k < 2mω2

0, Feq < 0 and the radial
acceleration dominates over the range of θ , so that the pin will leave

the cam surface at some value of θ . Thus k = 2mω2
0 is the minimum

value of the spring constant required to keep the pin in contact with
the cam surface.

Problem 14.109 A charged particle P in a magnetic
field moves along the spiral path described by r = 1 m,
θ = 2z rad, where z is in meters. The particle moves
along the path in the direction shown with a constant
speed |v| = 1 km/s. The mass of the particle is 1.67 ×
10−27 kg. Determine the sum of the forces on the particle
in terms of cylindrical coordinates.

y

z

x

1 km/s

P

Solution: The force components in cylindrical coordinates are
given by

∑
Fr = mar = m

(
d2r

dt2
rω2

)
,

∑
Fθ = maθ = m

(
rα + 2

(
dr

dt

)
ω

)
,

and
∑

Fz = maz = m
d2z

dt2
. From the given information,

dr

dt
= d2r

dt2
=

0. We also have that θ = 2z. Taking derivatives of this, we

see that
dθ

dt
= ω = 2

dz

dt
= 2vz. Taking another derivative, we get

α = 2az . There is no radial velocity component so the constant
magnitude of the velocity |v|2 = v2

θ + v2
z = r2ω2 + v2

z = (1000 m/s)2.
Taking the derivative of this expression with respect to time,

we get r2
(

2ω
dω

dt

)
+ 2vz

dvz

dt
= 0. Noting that

dvz

dt
= d2z

dt2
and

that α = dω

dt
, we can eliminate

dvz

dt
from the equation. We get

2r2ωα + 2
(ω

2

) (α

2

)
, giving (2r2 + 1/2)ωα = 0. Since ω �= 0, α =

0, and az = 0. Substituting these into the equations of motion,
we get ω2 = 4(1000)25 (rad/s)2, and

∑
Fr = −mrω2 = −1.34 ×

10−21 m/s2,
∑

Fθ = 0 and
∑

Fz = 0
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Problem 14.110 At the instant shown, the cylindrical
coordinates of the 4-kg part A held by the robotic
manipulator are r = 0.6 m, θ = 25◦, and z = 0.8 m.
(The coordinate system is fixed with respect to the
earth, and the y axis points upward). A’s radial position

is increasing at
dr

dt
= 0.2 m/s, and

d2r

dt2
= −0.4 m/s2.

The angle θ is increasing at
dθ

dt
= 1.2 rad/s and

d2θ

dt2
= 2.8 rad/s2. The base of the manipulator arm

is accelerating in the z direction at
d2z

dt2
= 2.5 m/s2.

Determine the force vector exerted on A by the
manipulator in cylindrical coordinates.

y

x
A

z

r

z θ

Solution: The total force acting on part A in cylindrical

coordinates is given by
∑

Fr = mar = m

(
d2r

dt2
− rω2

)
,

∑
Fθ =

maθ = m

(
rα + 2

(
dr

dt

)
ω

)
, and

∑
Fz = maz = m

d2z

dt2 . We are

given the values of every term in the right hand side of these equations.
(Recall the definitions of ω and α. Substituting in the known values,
we get

∑
Fr = −5.06 N,

∑
Fθ = 8.64 N, and

∑
Fz = 10.0 N. These

are the total forces acting on Part A, including the weight.
To find the forces exerted on the part by the manipulator, we
need to draw a free body diagram of the part and resolve the
weight into components along the various axes. We get

∑
F =∑

Fmanip + W = ma where the components of
∑

F have already
been determined above. In cylindrical coordinates, the weight is
given as W = −mg sin θer − mg cos θeθ . From the previous equation,∑

F = ∑
Fmanip − mg sin θer − mg cos θeθ . Substituting in terms of

the components, we get (
∑

Fmanip)z = 11.5 (newtons), (
∑

Fmanip)θ =
44.2 (newtons) and (

∑
Fmanip)z = 10.0 (newtons).

y

j

i

er

Fmanip.

x

A

25°

eθ

W = –mgj
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Problem 14.111 Suppose that the robotic manipulator
in Problem 14.110 is used in a space station to
investigate zero-g manufacturing techniques. During
an interval of time, the manipulator is programmed
so that the cylindrical coordinates of the 4-kg part
A are θ = 0.15t2 rad, r = 0.5(1 + sin θ) m, and z =
0.8(1 + θ) m Determine the force vector exerted on A
by the manipulator at t = 2 s in terms of cylindrical
coordinates.

Solution:

θ = 0.15t2 rad,

dθ

dt
= 0.3t rad/s,

d2θ

dt2
= 0.3 rad/s2.

r = 0.5(1 + sin θ) m,

dr

dt
= 0.5

dθ

dt
cos θ m/s,

d2r

dt2
= 0.5

d2θ

dt2
cos θ − 0.5

(
dθ

dt

)2

sin θ m/s2.

z = 0.8(1 + θ) m,

dz

dt
= 0.8

dθ

dt
m/s,

d2z

dt2
= 0.8

d2θ

dt2
m/s2.

Evaluating these expressions at t = 2 s, the acceleration is

a =
[

d2r

dt2
− r

(
dθ

dt

)2
]

er +
(

r
d2θ

dt2
+ 2

dr

dt

dθ

dt

)
eθ + d2z

dt2
ez

= −0.259er + 0.532eθ + 0.24ez (m/s2).

Therefore

∑
F = ma

= −1.04er + 2.13eθ + 0.96ez (N).
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Problem 14.112* In Problem 14.111, draw a graph of
the magnitude of the force exerted on part A by the
manipulator as a function of time from t = 0 to t = 5 s
and use it to estimate the maximum force during that
interval of time.

Solution: Use a numerical solver to work problem 14.111 for a
series of values of time during the required interval and plot the mag-
nitude of the resulting force as a function of time. From the graph, the
maximum force magnitude is approximately 8.4 N and it occurs at a
time of about 4.4 seconds.

1
0 .5 1 1.5 2 2.5

Time (s)

Fmag (newtons) vs t (s)

3 3.5 4 4.5 5

2

3

4

5

6

7

8

9

F
m
a
g

–

n
e
w
t
o
n
s

Problem 14.113 The International Space Station is in
a circular orbit 225 miles above the earth’s surface.

(a) What is the magnitude of the velocity of the space
station?

(b) How long does it take to complete one revolution?

Solution: The radius of the orbit is

r0 = RE + 225 mi

= 3960 + 225 mi

= 2.21 × 107 ft.

(a) From Eq (14.24), the velocity is

v0 =
√

gR2
E

r0

=
√

(32.2)[(3960)(5280)]2

2.21 × 107

= 25200 ft/s(17200 mi/h).

(b) Let T be the time required. Then v0T = 2πr0,

so T = 2πr0

v0
= 5500 s (1.53 h).

Problem 14.114 The moon is approximately 383,000
km from the earth. Assume that the moon’s orbit around
the earth is circular with velocity given by Eq. (14.24).

(a) What is the magnitude of the moon’s velocity?
(b) How long does it take to complete one revolution

around the earth?

Solution:

RE = 6370 km = 6.37 × 106 m

r0 = 383000 km = 3.83 × 108 m

v0 =
√

gR2
E

r0
= 1020 m/s

MOON

383000 km

EARTH

Period = 2πr0/v0

Period = 2.36 × 106 s = 27.3 days
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Problem 14.115 Suppose that you place a satellite into
an elliptic earth orbit with an initial radius r0 = 6700 km
and an initial velocity v0 such that the maximum radius
of the orbit is 13,400 km. (a) Determine v0. (b) What is
the magnitude of the satellite’s velocity when it is at its
maximum radius? (See Active Example 14.10).

r0

v0

Solution: We have

ε = r0v0
2

gRE

− 1, rmax = r0

(
1 + ε

1 − ε

)
, r0v0 = rmaxvmax radius.

Solving we find

ε = rmax − r0

rmax + r0
= 13,400 km − 6700 km

13,400 km + 6700 km
= 0.333,

v0 =
√

g(1 + ε)
RE

2

r0
=

√
(9.81 m/s2)(1.333)

(6370 km)2

6700 km
= 8900 m/s,

vmax radius = r0

rmax
v0 = 6700 km

13400 km
(8900 m/s) = 4450 m/s

(a) v0 = 8900 m/s, (b)vmax radius = 4450 m/s.

Problem 14.116 A satellite is given an initial velocity
v0 = 6700 m/s at a distance r0 = 2RE from the center
of the earth as shown in Fig. 14.18a. Draw a graph of
the resulting orbit.

Solution: The graph is shown.

5.13RE 2RE

2.88RE

2.88RE
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Problem 14.117 The time required for a satellite in a
circular earth orbit to complete one revolution increases
as the radius of the orbit increases. If you choose the
radius properly, the satellite will complete one revolu-
tion in 24 hours. If a satellite is placed in such an orbit
directly above the equator and moving from west to east,
it will remain above the same point on the earth as the
earth rotates beneath it. This type of orbit, conceived
by Arthur C. Clarke, is called geosynchronous, and is
used for communication and television broadcast satel-
lites. Determine the radius of a geosynchronous orbit
in km.

Solution: We have

v = 2πr

T
,
v2

r
= g

RE
2

r2

r =
(

gR2
ET 2

4π2

)1/3

=
(

[9.81 m/s2][6370×103 m]2[24(60)(60) s]2

4π2

)1/3

r = 42.2×106 m = 42,200 km.

Problem 14.118* You can send a spacecraft from the
earth to the moon in the following way. First, launch
the spacecraft into a circular “parking” orbit of radius
r0 around the earth (Fig. a). Then increase its velocity
in the direction tangent to the circular orbit to a value
v0 such that it will follow an elliptic orbit whose maxi-
mum radius is equal to the radius rM of the moon’s orbit
around the earth (Fig. b). The radius rM = .
Let r0 = v0 is necessary to send
a spacecraft to the moon? (This description is simplified
in that it disregards the effect of the moon’s gravity.)

Parking
orbit

r0 r0

v0

rM

Elliptic
orbit

Moon’s
orbit

(a) (b)

Solution: Note that

RE = , r0 = , rM = 382942 km

First find the eccentricity:

rmax = rM = r0

(
1 + ε

1 − ε

)
⇒ ε = rM − r0

rM + r0

Then use eq. 14.23

ε = r0v0
2

gRE
2

− 1 ⇒ v0 = RE

√
(1 + ε)g

r0
= RE

√
2grM

r0(r0 + rM)

Putting in the numbers we have v0 = /s

382942 km
6693km. What velocity

6370 km 6693 km

10820 m

1
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Problem 14.119* At t = 0, an earth satellite is a dis-
tance r0 from the center of the earth and has an initial
velocity v0 in the direction shown. Show that the polar
equation for the resulting orbit is

r

r0
= (ε + 1) cos2 β

[(ε + 1) cos2 β − 1] cos θ − (ε + 1) sin β cos β sin θ + 1
,

where ε =
(

r0v
2
0

gR2
E

)
− 1.

r0

0

RE

β

Solution: We need to modify the solution in Section 14.5 to

account for this new initial condition. At θ = 0 (see Fig. 14.17)

vr = dr

dt
= v0 sin β

and

vθ = r
dθ

dt
= v0 cos β.

Therefore Eq (14.15) becomes

r2 dθ

dt
= rvθ = r0v0 cos β (1)

Following the same steps that led to Eq. (14.21) in terms of u = 1/r

yields

u = A sin θ + B cos θ + gR2
E

r2
0 v2

0 cos2 β
. (2)

At θ = 0,

u = 1

r0
. (3)

Also, note that

vr = dr

dt
= d

dt

(
1

u

)
= − 1

u2

du

dt
= − 1

u2

du

dθ

dθ

dt

= −r0v0 cos β
du

dθ
,

where we used (1). Therefore, at θ = 0

−r0v0 cos β
du

dθ
= v0 sin β. (4)

From (2),

du

dθ
= A cos θ − B sin θ. (5)

From conditions (3) and (4) and Eq. (5),

B = 1

r0
− gR2

E

r2
0 v2

0 cos2 β

and

A = − sin β

r0 cos β
.

Substituting these expressions for A and B into Eq (2) yields the
desired result.
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Problem 14.120 The Acura NSX can brake from
to a stop in a distance of 112 m. (a) If you

assume that the vehicle’s deceleration is constant, what
are its deceleration and the magnitude of the horizontal
force its tires exert on the road? (b) If the car’s tires are
at the limit of adhesion (i.e., slip is impending), and the
normal force exerted on the car by the road equals the
car’s weight, what is the coefficient of friction µs? (This
analysis neglects the effects of horizontal and vertical
aerodynamic forces).

Solution:

(a) 120 km/h =

a = dv

dt
= dv

ds
v.

Integrating,

∫ 0

vdv =
∫ 112

0
ads,

we obtain a = − 2

force is

f = m|a| =
( )

(4. )

= .

(b) The Normal force is the car’s weight, so

µs = f

N
=

= .

Problem 14.121 Using the coefficient of friction
obtained in Problem 14.120, determine the highest speed
at which the NSX could drive on a flat, circular track of
600- radius without skidding.

Solution: The free body diagram is at the right. The normal force
is equal to the weight and the friction force has the same magni-
tude as in Problem 14.120 since f = µsN . The equation of motion
in the radial direction (from the center of curvature of the track to
the car) is

∑
Fr = mv2/R = f = µsN = µsmg. Thus, we have that

mv2/R = µsmg or v2 = µsRg. Inserting the numbers, we obtain v =
/s = m/h.

R

N f

mg

120 km/h

33.3 m/s.

33.3

4.95 m/s . The magnitude of the friction

13000

9.81
95

6560 N

6560

13000

0.505

m

36.7 m 132 k
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Problem 14.122 A cog engine hauls three cars of
sightseers to a mountain top in Bavaria. The mass of
each car, including its passengers, is 10,000 kg and the
friction forces exerted by the wheels of the cars are
negligible. Determine the forces in couplings 1, 2, and 3
if: (a) the engine is moving at constant velocity; (b) the
engine is accelerating up the mountain at 1.2 m/s2.

40°

1

2

3

Solution: (a) The force in coupling 1 is

F1 = 10,000 g sin 40◦ = 631 kN.

The force on coupling 2 is

F2 = 20,000 g sin(40) = 126.1 kN.

The force on coupling 3 is

F3 = 30,000 g sin 40◦ = 189.2 kN.

(b) From Newton’s second law, F1a − mg sin 40◦ = ma. Under
constant acceleration up the mountain, the force on coupling 1 is

F1a = 10,000a + 10,000 g sin 40◦ = 75.1 kN.

The force on coupling 2 is F2a = 2F1a = 150.1 kN.

The force on coupling 3 is F2a = 3 F1a = 225.2 kN

mg
N

mg
N

mg
N

mg
N
mg

N

mg
N

F1

F2

F3
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Problem 14.123 In a future mission, a spacecraft
approaches the surface of an asteroid passing near the
earth. Just before it touches down, the spacecraft is
moving downward at a constant velocity relative to
the surface of the asteroid and its downward thrust is
0.01 N. The computer decreases the downward thrust to
0.005 N, and an onboard laser interferometer determines
that the acceleration of the spacecraft relative to the
surface becomes 5 × 10−6 m/s2 downward. What is the
gravitational acceleration of the asteroid near its surface?

Solution: Assume that the mass of the spacecraft is negligible
compared to mass of the asteroid. With constant downward velocity,
the thrust balances the gravitational force: 0.01 − mgs = 0, where m

is the mass of the space craft. With the change in thrust, this becomes
0.005 − mgs = m(−5 × 10−6) N/kg2. Multiply the first equation by
0.005, the second by 0.01, and subtract: The result:

gs =
(

0.01(5 × 10−6)

(0.01 − 0.005)

)
= 1 × 10−5 N/kg2

mgs

T

Problem 14.124 A car with a mass of 1470 kg, includ-
ing its driver, is driven at 130 km/h over a slight rise
in the road. At the top of the rise, the driver applies the
brakes. The coefficient of static friction between the tires
and the road is µs = 0.9 and the radius of curvature of
the rise is 160 m. Determine the car’s deceleration at the
instant the brakes are applied, and compare it with the
deceleration on a level road.

Solution: First, note that 130 km/h = 36.11 m/s. We have a sit-
uation in which the car going over the rise reduces the normal force
exerted on the car by the road and also reduces the braking force. The
free body diagram of the car braking over the rise is shown at the
right along with the free body diagram of the car braking on a level
surface. For the car going over the rise, the equations of motion are∑

Ft = −f = mat , where f is the friction force. The normal equation
is

∑
Fn = N − mg = mv2/R. The relation between friction and nor-

mal force is given as f = µsN . Solving, we get at = −1.49 m/s2.

For the car braking on a level surface, the equations are N − mg =
0, f = µsN , and −f = max. Evaluating, we get ax = 8.83 m/s2.
Note that the accelerations are VERY different. We conclude that at
130 km/h, a rise in the road with a radius of 160 m is not “slight”.
The car does not become airborne, but if the radius of curvature were
smaller, the car would leave the road.

mg

N f

v0

mg

N f

v0

CAR

160 m
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Problem 14.125 The car drives at constant velocity up
the straight segment of road on the left. If the car’s tires
continue to exert the same tangential force on the road
after the car has gone over the crest of the hill and is on
the straight segment of road on the right, what will be
the car’s acceleration?

8°5°

Solution: The tangential force on the left is, from Newton’s second
law, Ft − mg sin(5◦

) = ma = 0. On the right, from Newton’s second
law: Ft + mg sin(8◦

) = ma from which the acceleration is

a = g(sin 5◦ + sin 8◦
) = 0.2264 g 5°

mg
mg

Ft

FtN
N

8°

Problem 14.126 The aircraft carrier Nimitz weighs
91,000 tons. (A ton is 8896 N) Suppose that it is
traveling at its top speed of approximately 15.4 m/s
when its engines are shut down. If the water exerts a
drag force of magnitude v , where v is the
carrier’s velocity in per second, what distance
does the carrier move before coming to rest?

Solution: The force on the carrier is F = −Kv, where

K = . The acceleration is a = F

m
= −gK

W
v. Use the

chain rule to write v
dv

dx
= −gK

W
v. Separate variables and inte-

grate: dv = −gK

W
dx, v(x) = −gK

W
x + C. The initial veloc-

ity: v(0) = from which C = v(0) = 50.63, and v(x) =

v(0) − gK

W
x, from which, at rest,

x = Wv(0)

gK
= = m

88960 N
metre

88960

15.4 m/s,

4365 m 4.36 k
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Problem 14.127 If mA = 10 kg, mB = 40 kg, and the
coefficient of kinetic friction between all surfaces is
µk = 0.11, what is the acceleration of B down the
inclined surface?

A

B

20°

Solution: Choose a coordinate system with the origin at the wall
and the x axis parallel to the plane surface. Denote θ = 20◦. Assume
that slip has begun. From Newton’s second law for block A:

(1)
∑

Fx = −T + mAg sin θ + µkNA = mAaA,

(2)
∑

Fy = NA − mAg cos θ = 0. From Newton’s second law for
block B:

(3)
∑

Fx = −T − µkNB − µkNA + mBg sin θ = mBaB ,

(4)
∑

Fy = NB − NA − mBg cos θ = 0. Since the pulley is one-to-
one, the sum of the displacements is xB + xA = 0. Differentiate
twice:

(5) aB + aA = 0. Solving these five equations in five unknowns, T =
49.63 N, NA = 92.2 N, NB = 460.9 N, aA = −0.593 m/s2,

aB = 0.593 m/s2

T T

A BNAµ

NAµ

NBµ

NA

NA

WA
WBNB

Problem 14.128 In Problem 14.127, if A weighs
B weighs 444.8 N, and the coefficient of kinetic

friction between all surfaces is µk = 0.15, what is the
tension in the cord as B slides down the inclined surface?

Solution: From the solution to Problem 14.127,

(1)
∑

Fx = −T + mAg sin θ + µkNA = mAaA,

(2)
∑

Fy = NA − mAg cos θ = 0. For block B:

(3)
∑

Fx = −T − µkNB − µkNA + mBg sin θ = mBaB ,

(4)
∑

Fy = NB − NA − mBg cos θ = 0.

(5) aB + aA = 0 Solve by iteration:

T = ,

NA = NB − , aA = − 2

aB = 2

89 N,

46.5 N

83.6 N, 501.7 N 0.39 m/s ,

0.39 m/s
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Problem 14.129 A gas gun is used to accelerate
projectiles to high velocities for research on material
properties. The projectile is held in place while gas is
pumped into the tube to a high pressure p0 on the left
and the tube is evacuated on the right. The projectile is
then released and is accelerated by the expanding gas.
Assume that the pressure p of the gas is related to the
volume V it occupies by pV γ = constant, where γ is
a constant. If friction can be neglected, show that the
velocity of the projectile at the position x is

v =
√√√√ 2p0Ax

γ

0

m(γ − 1)

(
1

x
γ−1
0

− 1

x
γ−1

)
,

where m is the mass of the projectile and A is the cross-
sectional area of the tube.

Projectile

p0

x0

p

x

Solution: The force acting on the projectile is F = pA where p is
the instantaneous pressure and A is the area. From pV γ = K , where
K = p0V

γ

0 is a constant, and the volume V = Ax, it follows that

p = K

(Ax)γ
, and the force is F = KA1−γ x−γ . The acceleration is

a = F

m
= K

m
A1−γ x−γ .

The equation to be integrated:

v
dv

dx
= K

m
A1−γ x−γ , where the chain rule

dv

dt
= dv

dx

dx

dt
= v

dv

dx
has

been used. Separate variables and integrate:

v2 = 2

(
K

m

)
A1−γ

∫
x−γ dx + C = 2

(
K

m

)
A1−γ

(
x1−γ

1 − γ

)
+ C.

When x = x0, v0 = 0, therefore

v2 = 2

(
K

m

) (
A1−γ

1 − γ

)
(x1−γ − x

1−γ

0 ).

Substitute K = p0V
γ

0 = p0A
γ x

γ

0 and reduce:

v2 = 2p0Ax
γ

0

m(1 − γ )
(x1−γ − x

1−γ

0 ). Rearranging:

v =
√√√√ 2p0Ax

γ

0

m(γ − 1)

(
1

x
γ−1
0

− 1

xγ−1

)
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Problem 14.130 The weights of the blocks are WA =
120 N, and WB = 20 N and the surfaces are smooth.
Determine the acceleration of block A and the tension
in the cord.

A

B

Solution: Denote the tension in the cord near the wall by TA. From
Newton’s second law for the two blocks:

∑
Fx = TA =

(
WA

g
+ WB

g

)
aA.

For block B:
∑

Fy = TA − WB = WB

g
aB . Since the pulley is one-

to-one, as the displacement of B increases downward (negatively) the
displacement of A increases to the right (positively), from which xA =
−xB . Differentiate twice to obtain aA = −aB . Equate the expressions
to obtain:

a

(
WA

g
+ WB

g

)
= WB + WB

g
a, from which

a = g

(
WB

WA + 2WB

)
= g

(
20

160

)
= = 2

T

mA
mB

wB

T

Problem 14.131 The 100-Mg space shuttle is in orbit
when its engines are turned on, exerting a thrust force
T = 10i − 20j + 10k (kN) for 2 s. Neglect the resulting
change in mass of the shuttle. At the end of the 2-s burn,
fuel is still sloshing back and forth in the shuttle’s tanks.
What is the change in the velocity of the center of mass
of the shuttle (including the fuel it contains) due to the
2-s burn?

Solution: At the completion of the burn, there are no external
forces on the shuttle (it is in free fall) and the fuel sloshing is caused
by internal forces that cancel, and the center of mass is unaffected.
The change in velocity is


v =
∫ 2

0

T
m

dt = 2(104)

105
i − 2(2 × 104)

105
j + 2(104)

105
k

= 0.2i − 0.4j + 0.2k (m/s)

9.81

8
1.23 m/s
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Problem 14.132 The water skier contacts the ramp
with a velocity of parallel to the surface of
the ramp. Neglecting friction and assuming that the tow
rope exerts no force on him once he touches the ramp,
estimate the horizontal length of the skier’s jump from
the end of the ramp.

2.44 m

.  m6 1

Solution: Break the path into two parts: (1) The path from the
base to the top of the ramp, and (2) from the top of the ramp until
impact with the water. Let u be the velocity parallel to the surface of
the ramp, and let z be the distance along the surface of the ramp.

From the chain rule, u
du

dz
= −g sin θ , where θ = tan−1

( )
=

21.8◦. Separate variables and integrate:
u2 = −(2g sin θ)z + C. At the base of the ramp

u(0) = = . 7 /s

from which C = ( 2 ) = . u = √
C − (2g sin θ)z. At

z=√
2+ 2 = u= 8.

path the skier is in free fall. The equations to be integrated are
dvy

dt
=

−g,
dy

dt
= vy , with v(0) = u sin θ = (0.3714)= , y(0) =
dvx

dt
= 0,

dx

dt
= vx , withv (x 0) = u cos θ = , x(0) =

0. Integrating: vy(t)= −gt + y(t) = −g

2
t2 + t +

vx(t) = /s, x(t) = t. When y(timpact)= 0, the skier has hit
the water. The impact time is t2

impact + 2btimpact + c = 0 where b =
−

g
, c = −

g
. The solution timpact = −b ± √

b2 − c = 1.11 s,=
−0.45 s. The negative values has no meaning here. The horizontal
distance is

x(timpact) = timpact =

Problem 14.133 Suppose you are designing a roller-
coaster track that will take the cars through a vertical
loop of 12.2 m radius. If you decide that, for safety, the
downward force exerted on a passenger by his seat at the
top of the loop should be at least one-half the passenger’s
weight, what is the minimum safe velocity of the cars at
the top of the loop?

 12.2 m

Solution: Denote the normal force exerted on the passenger by the
seat by N . From Newton’s second law, at the top of the loop −N −
mg = −m

(
v2

R

)
, from which −N

m
= g − v2

R
= −g

2
. From which:

v =
√

3Rg

2
= 3. /s

40.2 km/h

2.44

6.1

40.2 km/h 11 1 m

11.17 124 8 and
6.12.44 6.56 m 78 m/s. (2) In the second part of the

8.78 3.26 m/s

2 .44 m. 8.14 m/s

3.26 m/s. 3.26 2.44 m

8.14 m 8.14

3.26 4.85

8.14 9.05 m

1 4 m
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Problem 14.134 As the smooth bar rotates in the hor-
izontal plane, the string winds up on the fixed cylinder
and draws the 1-kg collar A inward. The bar starts from
rest at t = 0 in the position shown and rotates with con-
stant acceleration. What is the tension in the string at
t = 1 s?

10
0 m

m

40
0 m

m

6 rad/s2

A

Solution: The angular velocity of the spool relative to the bar is
α = 6 rad/s2. The acceleration of the collar relative to the bar is
d2r

dt2
= −Rα = −0.05(6) = −0.3 m/s2. The take up velocity of the

spool is

vs =
∫

Rα dt = −0.05(6)t = −0.3t m/s.

The velocity of the collar relative to the bar is
dr

dt
= −0.3t m/s.

The velocity of the collar relative to the bar is dr/dt = −0.3t m/s.
The position of the collar relative to the bar is r = −0.15t2 + 0.4 m.

The angular acceleration of the collar is
d2θ

dt2
= 6 rad/s2. The angu-

lar velocity of the collar is
dθ

dt
= 6t rad/s. The radial acceleration is

ar = d2r

dt2
− r

(
dθ

dt

)2

= −0.3 − (−0.15t2 + 0.4)(6t)2. At t = 1 s the

radial acceleration is ar = −9.3 m/s2, and the tension in the string is

|T | = |mar | = 9.3 N

A

T

NH

Problem 14.135 In Problem 14.134, suppose that the
coefficient of kinetic friction between the collar and the
bar is µk = 0.2. What is the tension in the string at
t = 1 s?

Solution: Use the results of the solution to Problem 14.134 At
t = 1 s, the horizontal normal force is

NH = |maθ | = m

∣∣∣∣
(

r
d2θ

dt2
+ 2

(
dr

dt

) (
dθ

dt

))∣∣∣∣ = 2.1 N,

from which the total normal force is N =
√

N2
H + (mg)2 From New-

ton’s second law:

(
−T + µk

√
N2

H + (mg2)

)
er + NH eθ = marer +

maθ eθ , from which −T + µk

√
N2

H + (mg)2 = mar . From the solution

to Problem 14.152, ar = −9.3 m/s2. Solve: The tension is

T = 11.306 N
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Problem 14.136 If you want to design the cars of a
train to tilt as the train goes around curves in order to
achieve maximum passenger comfort, what is the rela-
tionship between the desired tilt and θ , the velocity v of
the train, and the instantaneous radius of curvature, ρ,
of the track?

θ

Solution: For comfort, the passenger should feel the total effects
of acceleration down toward his feet, that is, apparent side (radial)
accelerations should not be felt. This condition is achieved when the
tilt θ is such that mg sin θ − m(v2/ρ) cos θ = 0, from which

tan θ = v2

ρg
.

Problem 14.137 To determine the coefficient of static
friction between two materials, an engineer at the U.S.
National Institute of Standards and Technology places a
small sample of one material on a horizontal disk whose
surface is made of the other material and then rotates
the disk from rest with a constant angular acceleration
of 0.4 rad/s2. If she determines that the small sample
slips on the disk after 9.903 s, what is the coefficient of
friction?

200 mm

Solution: The angular velocity after t = 9.903 s is ω = 0.4t =
3.9612 rad/s. The radial acceleration is an = 0.2ω2 = 3.138 m/s2. The
tangential acceleration is at = (0.2)0.4 = 0.08 m/s2. At the instant
before slip occurs, Newton’s second law for the small sample is

∑
F =

µsN = µsmg = m

√
a2
n + a2

t , from which

µs =
√

a2
n + a2

t

g
= 0.320
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Problem 14.138* The 1-kg slider A is pushed along
the curved bar by the slotted bar. The curved bar lies
in the horizontal plane, and its profile is described by

r = 2

(
θ

2π
+ 1

)
m, where θ is in radians. The angular

position of the slotted bar is θ = 2t rad. Determine the
radial and transverse components of the total external
force exerted on the slider when θ = 1200.

A

θ

Solution: The radial position is r = 2

(
t

π
+ 1

)
. The radial veloc-

ity:
dr

dt
= 2

π
.

The radial acceleration is zero. The angular velocity:
dθ

dt
= 2. The

angular acceleration is zero. At θ = 1200 = 2.09 rad. From Newton’s
second law, the radial force is Fr = mar , from which

Fr = −
[
r

(
dθ

dt

)2
]

er = −10.67er N

The transverse force is Fθ = maθ , from which

Fθ = 2

[(
dr

dt

) (
dθ

dt

)]
eθ = 2.55eθ N

Problem 14.139* In Problem 14.138, suppose that the
curved bar lies in the vertical plane. Determine the radial
and transverse components of the total force exerted on
A by the curved and slotted bars at t = 0.5 s.

Solution: Assume that the curved bar is vertical such that
the line θ = 0 is horizontal. The weight has the components:
W = (W sin θ)er + (W cos θ)eθ . From Newton’s second law: Fr −
W sin θ = mar , and Fθ − W cos θ = maθ ., from which Fr −
g sin 2ter = −r(dθ/ dt)2er , from which

Fr =
(

−2

(
t

π
+ 1

)
(22) + g sin 2t

)
,

at t = 0.5 s, Fr = −1.02 N . The transverse component Fθ =
2

(
2

π

)
(2) + g cos 2t =

(
8

π
+ g cos 2t

)
. At t = 0.51 s,

Fθ = 7.85 N
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Problem 15.1 In Active Example 15.1, what is the
velocity of the container when it has reached the position
s = 2 m?

s 

A

Solution: The 180-kg container A starts from rest at s = 0. The
horizontal force (in newtons) is F = 700 − 150s. The coefficient of
kinetic friction is µk = 0.26.

U12 = T2 − T1

∫ 2

0
(700 − 150s − 0.26[180(9.81)])ds = 1

2
(180 kg)v2

2 − 0

700(2) − 1

2
(150)(2)2 − (0.26[180(9.81)][2]) = 90v2

2

v2 = 1.42 m/s.

Problem 15.2 The mass of the Sikorsky UH-60A heli-
copter is 9300 kg. It takes off vertically with its rotor
exerting a constant upward thrust of 112 kN. Use the
principle of work and energy to determine how far it
has risen when its velocity is 6 m/s.

Strategy: Be sure to draw the free-body diagram of
the helicopter.

Solution:
U12 = T2 − T1

[(112000 − 9300[9.81])N]h

= 1

2
(9300 kg)(6 m/s)2

h = 8.06 m.
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Problem 15.3 The 20 -N box is at rest on the horizon-
tal surface when the constant force F = 5 N is applied.
The coefficient of kinetic friction between the box and
the surface is µk = 0.2. Determine how fast the box is
moving when it has moved 2 m from its initial position
(a) by applying Newton’s second law; (b) by applying
the principle of work and energy.

F

Solution:

(a) The equations of motion can be used to find the acceleration

�Fx : F − f = W

g
a,�Fy : N − W = 0,

f = µkN

Solving we have

a = g

(
F

W
− µk

)
= ( 2 )

(
5 N

20 N
− 0.2

)
= 2

Now we integrate to find the velocity at the new position

a = v
dv

ds
⇒
∫ v

0
vdv =

∫ 2 m

0
ads ⇒ v2

2
= a(2 m) = ( 2)(2 )

v = . /s

(b) Using the principle of work and energy we have (recognizing
that N = W )

U12 = T2 − T1

(F − µkN)d = 1

2

(
W

g

)
v2 − 0

v2 = 2g

(
F

W
− µk

)
d = 2( 2)

(
5 N

20 N
− 0.2

)
(2 m)

v = /s

Problem 15.4 At the instant shown, the 30-N box is
moving up the smooth inclined surface at 2 m/s. The con-
stant force F = 15 N. How fast will the box be moving
when it has moved 1 m up the surface from its present
position?

F

20�

Solution:

U12 = T2 − T1

[(15 N) cos 20◦ − (30 N) sin 20◦](1 m)

= 1

2

(
30 N

2

)
v2 − 1

2

(
30 N

2

)
(2 m/s)2

Solving we find

v =

180

9.81m/s 0.49 m/s

0.49 m/s m

1 4 m

9.81 m/s

1.4 m

9.81 m/s 9.81 m/s

2.55 m/s.
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Problem 15.5 The 0.45-kg soccer ball is 1 m above
the ground when it is kicked straight upward at 10 m/s.
By using the principle of work and energy, determine:
(a) how high above the ground the ball goes, (b) the
magnitude of the ball’s velocity when it falls back to a
height of 1 m above the ground, (c) the magnitude of
the ball’s velocity immediately before it hits the ground.

12 m/s

1 m

Solution:

(a) Find the height above the ground

mg(1 m − h) = 0 − 1

2
mv2

0,

h = v0
2

2g
+ 1 m = (10 m/s)2

2(9.81 m/s2)
+ 1 m = 6.10 m

(b) When the ball returns to the same level, the velocity must be
equal to the initial velocity (but now it is moving downward)
because the net work is zero

v = 10 m/s ↓
(c) The velocity just before it hits the ground

mg(1 m) = 1

2
mv2 − 1

2
mv0

2

v2 = v0
2 + 2g(1 m) = (10 m/s)2 + 2(9.81 m/s2)(1 m)

v = 10.9 m/s. ↓

(a) h = 6.10 m, (b) v = 10.0 m/s, (c) v = 10.9 m/s.

Problem 15.6 Assume that the soccer ball in Prob-
lem 15.5 is stationary the instant before it is kicked
upward at 12 m/s. The duration of the kick is 0.02 s.
What average power is transferred to the ball during
the kick?

Solution:

U12 = 1

2
(0.45 kg)(12 m/s)2 − 0 = 32.4 N-m

Power = U12

�t
= 32.4 N-m

0.02 s
= 1.62 kW
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Problem 15.7 The 2000-N drag racer starts from rest
and travels a quarter- e course. It completes the
cours

e
in 4.524 seconds and crosses the finish line traveling

at 325.77 km/h. (a) How much work is done on the car as
it travels the course? (b) Assume that the horizontal force
exerted on the car is constant and use the principle of
work and energy to determine it.

Solution:

(a) The work is equal to the change in kinetic energy.

U = 1

2
mv2 = 1

2

(
2000 N

2

)[
(325.77 km/h)

( )]2

U = ×10 -

(b) The work is equal to the force times the distance

U = Fd ⇒ F = U

d
= ×10

1
4 ( )

=

F =

Problem 15.8 The 2000- drag racer starts from rest
and travels a quarter- e course. It completes the

in 4.524 secondsandcrosses the finish line traveling
at .77 km/h Assume that the horizontal force exerted
on the car is constant. Determine (a) the maximum power
and (b) the average power transferred to the car as it
travels the quarter- e course.

Solution: From problem 15.7 we know that the force is

(a) The maximum power occurs when the car has reached its maxi-
mum velocity

P = Fv = ( )(325.77 km/h)

( )
= ×10 - /s.

(b) The average power is equal to the change in kinetic energy
divided by the time.

Pave =
1
2 mv2

�t
=

1

2

(
2000 N

2

)[
(325.77 m/h)

( )]2

4.524 s

= 1. × 10 N-m/s.

(a) ×10 , (b) ×10 .

182

kilometr

9.81 m/s

1000

3600

8.35 5 N m

8.35 5 N-m

1000 m
3339 N

3339 N

N
kilometr

course
253 .

kilometr

3339 N
1000

3600
3.02 5 N m

9.81 m/s
k

1000

3600

845 5

3.02 5 N-m/s 1.845 5 N-m/s
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Problem 15.9 As the 32,000-N airplane takes off, the
tangential component of force exerted on it by its engines
is �Ft = 45,000 N. Neglecting other forces on the air-
plane, use the principle of work and energy to determine
how much runway is required for its velocity to reach
200 /h.

Solution:

U12 = 1

2
mv2 ⇒ Fd = 1

2
mv2 ⇒ d = mv2

2F

d =

(
32,000 N

2

)[
(200 km/h)

( )]2

2(45,000 )
=

d =

Problem 15.10 As the 32,000-N airplane takes off, the
tangential component of force exerted on it by its engines
is �Ft = 45,000 N. Neglecting other forces on the air-
plane, determine (a) the maximum power and (b) the
average power transferred to the airplane as its velocity
increases from zero to 200 /h.

Solution:

(a) The maximum power occurs when the velocity is a maximum

P = Fv = (45,000 N)

[
200 km/h

]
= × 10 - /s.

(b) To find the average power we need to know the time that it takes
to reach full speed

a = F

m
= 45,000 N(

32,000 N
2

) = 2

v = at ⇒ t = v

a
=

200 km/h

2
= s.

Now, the average power is the change in kinetic energy divided
by the time

Pave =
1

2
mv2

t
=

1

2

(
32,000 N

2

)(
200 km/h

)2

s
= × 10 N-m/s.6

(a) × 10 , (b) × 10 6 .

183

   

km

9.81 m/s

1000

3600
112 m.

N

112 m

  

km

1000

3600
2.5 6 N m

9.81m/s

13.8 m/s

1000

3600
13.8 m/s

4.03

9.81m/s

1000

3600
4.03

1.25

2.5 6 1.25 N-m/sN-m/s
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Problem 15.11 The 32,000-N airplane takes off from
rest in the position s = 0. The total tangential force
exerted on it by its engines and aerodynamic drag (in

) is given as a function of its position s by
�Ft = 45,000 − 5.2s. Use the principle of work and
energy to determine how fast the airplane is traveling
when its position is s = 950 .

Solution:

U12 =
∫ 950

0
(45,000 − 5.2s) ds

= (45, 000)(950) − 1

2
(5.2)(950)2 = 40.4 × 106

U12 = 1

2
mv2 = 1

2

(
32,000 N

2

)
v2

Solving, we find

v =

Problem 15.12 The spring (k = 20 N/m) is un-
stretched when s = 0. The 5-kg cart is moved to the
position s = −1 m and released from rest. What is the
magnitude of its velocity when it is in the position s = 0?

sk

20�

Solution: First we calculate the work done by the spring and by
gravity

U12 =
∫ 0

−1 m
(−ks + mg sin 20◦

) ds

= 1

2
k(−1 m)2 + mg sin 20◦

(1 m)

= 1

2
(20 N/m)(−1 m)2 + (5 kg)(9.81 m/s2) sin 20◦

(1 m)

= 26.8 N-m.

Now using work and energy

U12 = 1

2
mv2 ⇒ v =

√
2U12

m
=
√

2(26.8 N-m)

5 kg
= 3.27 m/s.

v = 3.27 m/s.
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m

N-m

9.81 m/s

157.4 m/s.
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Problem 15.13 The spring (k = 20 N/m) is un-
stretched when s = 0. The 5-kg cart is moved to the
position s = −1 m and released from rest. What max-
imum distance down the sloped surface does the cart
move relative to its initial position?

sk

20�

Solution: The cart starts from a position of rest, and when it
reaches the maximum position, it is again at rest. Therefore, the total
work must be zero.

U12 =
∫ s

−1 m
(−ks + mg sin 20◦

) ds

= − 1

2
k(s2 − [−1 m]2) + mg sin 20◦

(s − [−1 m])

= − 1

2
(20 N/m)(s2 − [−1 m]2) + (5 kg)(9.81 m/s2) sin 20◦

(s − [−1 m]) = 0

This is a quadratic equation that has the two solutions

s1 = −1 m, s2 = 2.68 m.

The distance relative to the initial is s = s2 + 1 m.

s = 3.68 m.

Problem 15.14 The force exerted on a car by a proto-
type crash barrier as the barrier crushes is F = −(120s +
40s3) s is the distance in metre from the initial
contact. The effective length of the barrier is 18 . How
fast can a 5000-N car be moving and be brought to rest
within the effective length of the barrier?

s

Solution: The barrier can provide a maximum amount of work
given by

U12 =
∫ 18

0
−(120s + 40s3) ds

= − 1

2
(120)(18)2 − 1

4
(40)(18)4 = −1.07 × 106

Using work and energy, we have

U12 = 0 − 1

2
mv2

− 1.07 × 106 -m = −1

2

(
5000 N

2

)
v2

Solving for the velocity, we find

v =

185

N, where
m

N-m.

N
9.81m/s

64.8 m/s .
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Problem 15.15 A 5000-N car hits the crash barrier at
80 km/h and is brought to rest in 0.11 seconds. What
average power is transferred from the car during the
impact?

s

Solution: The average power is equal to the change in kinetic
energy divided by the time

P =
1
2 mv2

�t
=

1

2

(
5000 N

2

)(
80 km/h

)2

0.11 s
= ×106 - /s.

P = ×106

Problem 15.16 A group of engineering students con-
structs a sun-powered car and tests it on a circular track
with a 1000-m radius. The car, with a weight of 460 N
including its occupant, starts from rest. The total tangen-
tial component of force on the car is

�Ft = 30 − 0.2s ,

where s is the distance (in ft) the car travels along the
track from the position where it starts.

(a) Determine the work done on the car when it has
gone a distance s = 120 m.

(b) Determine the magnitude of the total horizontal
force exerted on the car’s tires by the road when it
is at the position s = 120 m.

Solution:

(a) U =
∫ 120 m

0
[30 − 0.2 s] N ds = 2160 N-m

(b) 2160 N-m= 1

2

(
460 N

2

)
v2 ⇒ v = /s

Ft = [30 − 0.2(120)] = 6 N

Fn = m
v2

ρ
=
(

460 N
2

)
( ) 2

1000 m
= 4.32 N

F =
√

Ft
2 + Fn

2 = √(6 N)2 + (4.32 N)2 = 7.39

186

9.81 m/s 3600
1000

1.14 N m

1.14 N-m/s.

N

9.81 m/s
9.6 m

9.81 m/s

9.6 m/s

N
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Problem 15.17 At the instant shown, the 160-N
vaulter’s center of mass is 8.5 m above the ground, and
the vertical component of his velocity is 4 m/s. As his
pole straightens, it exerts a vertical force on the vaulter
of magnitude 180 + 2.8y2 y is the vertical
position of his center of mass relative to its position at
the instant shown. This force is exerted on him from
y = 0 to y = 4 m, when he releases the pole. What is
the maximum height above the ground reached by the
vaulter’s center of mass?

Solution: The work done on him by the pole is

Upole =
∫ 4

0
(180 + 2.8 y2) dy

= 180(4) + 2.8
(4)3

3
= 780 - .

Let ymax be his maximum height above the ground. The work done
by his weight from the instant shown to the maximum height is

−160(ymax − 8.5) = Uweight, or Uweight + Upole

= mv2
2/2 − mv2

1/2

780 − 160(ymax − 8.5) = 0 − 1

2

(
160

)
(4)2.

Solving, ymax =

Problem 15.18 The springs (k = 25 / ) are un-
stretched when s = 0. The 50-N weight is released from
rest in the position s = 0.

(a) When the weight has fallen 1 cm, how much work
has been done on it by each spring?

(b) What is the magnitude of the velocity of the weight
when it has fallen 1 ?

s

k

k

Solution:

(a) The work done by each spring

U12 =
∫ 1 cm

0
−ksds = − 1

2
(25 N/cm)(1cm)2= −12.5 N-cm.

(b) The velocity is found from the work-energy equation. The total
work includes the work done by both springs and by gravity

U12 = (50 N)(1 cm) − 2(12.5 N-cm) = 25 N-cm.

U12 = 1

2
mv2 = 1

2

(
50 N

2

)
v2

Solving for the velocity we find v =
(a)−12.5 N-cm, (b) 0.31 m/s.

187

N, where

N m

9.81

14.2 m

N cm

cm

9.81 m/s

0.31 m/s.

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.19 The coefficients of friction between
the 160-kg crate and the ramp are µs = 0.3 and
µk = 0.28.

(a) What tension T0 must the winch exert to start the
crate moving up the ramp?

(b) If the tension remains at the value T0 after the crate
starts sliding, what total work is done on the crate
as it slides a distance s = 3 m up the ramp, and
what is the resulting velocity of the crate?

18° s

Solution:

(a) The tension is T0 = W sin θ + µs N, from which

T0 = mg(sin θ + µs cos θ) = 932.9 N.

(b) The work done on the crate by (non-friction) external forces is

Uweight =
∫ 3

0
T0 ds −

∫ 3

0
(mg sin θ) ds = 932.9(3) − 1455.1

= 1343.5 N-m.

The work done on the crate by friction is

Uf =
∫ 3

0
(−µk N) ds = −3µkmg cos θ = −1253.9 N-m.

From the principle of work and energy is

Uweight + Uf = 1

2
mv2,

from which

v =
√

6(T0 − mg(sin θ + µk cos θ))

m

v = 1.06 m/s

T0 T0

mg mg

µsN
N

µkN
N

(a) (b)

Problem 15.20 In Problem 15.19, if the winch exerts
a tension T = T0(1 + 0.1s) after the crate starts sliding,
what total work is done on the crate as it slides a distance
s = 3 m up the ramp, and what is the resulting velocity
of the crate?

Solution: The work done on the crate is

U =
∫ 3

0
T ds −

∫ 3

0
(mg sin θ) ds − µk

∫ 3

0
(mg cos θ) ds,

from which

U = T0
[(

s + 0.05s2
)]3

0 − (mg sin θ)(3) − µk(mg cos θ)(3).

From the solution to Problem 15.19, T0 = 932.9 N-m, from which the
total work done is

U = 3218.4 − 1455.1 − 1253.9 = 509.36 N-m.

From the principle of work and energy, U = 1
2 mv2, from which

v =
√

2U

m
= 2.52 m/s
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Problem 15.21 The 200-mm-diameter gas gun is
evacuated on the right of the 8-kg projectile. On
the left of the projectile, the tube contains gas
with pressure p0 = 1 × 105Pa (N/m2). The force F
is slowly increased, moving the projectile 0.5 m to
the left from the position shown. The force is
then removed and the projectile accelerates to the
right. If you neglect friction and assume that the
pressure of the gas is related to its volume by
pV = constant, what is the velocity of the projectile
when it has returned to its original position?

Projectile

F

Gas

1 m

Solution: The constant is K = pV = 1 × 105(1)(0.1)2π

= 3141.6 N-m. The force is F = pA. The volume is V = As, from

which the pressure varies as the inverse distance: p = K

As
, from which

F = K

s
.

The work done by the gas is

U =
∫ 1

0.5
F ds =

∫ 1

0.5

K

x
ds = [K ln(s)]1.0

0.5 = K ln(2).

From the principle of work and energy, the work done by the gas is
equal to the gain in kinetic energy:

K ln(2) = 1

2
mv2, and v2 = 2K

m
ln(2),

v =
√

2K

m
ln(2) = 23.33 m/s

Note: The argument of ln(2) is dimensionless, since it is ratio of two
distances.

Problem 15.22 In Problem 15.21, if you assume that
the pressure of the gas is related to its volume by
pV = constant while it is compressed (an isothermal
process) and by pV 1.4 = constant while it is expand-
ing (an isentropic process), what is the velocity of the
projectile when it has returned to its original position?

Solution: The isothermal constant is K = 3141.6 N-m from the
solution to Problem 15.21. The pressure at the leftmost position is

p = K

A(0.5)
= 2 × 105 N/m2.

The isentropic expansion constant is

Ke = pV 1.4 = (2 × 105)(A1.4)(0.51.4) = 596.5 N-m

The pressure during expansion is

p = Ke

(As)1.4
= Ke

A1.4
s−1.4.

The force is F = pA = KeA
−0.4s−1.4. The work done by the gas

during expansion is

U =
∫ 1.0

0.5
F ds =

∫ 1.0

0.5
KeA

−0.4s−1.4 ds = KeA
−0.4

[
s−0.4

−0.4

]1.0

0.5

= 1901.8 N-m.

From the principle of work and energy, the work done is equal to the
gain in kinetic energy,

∫ 1

0.5
F ds = 1

2
mv2,

from which the velocity is

v =
√

2(1901.8)

m
= 21.8 m/s .
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Problem 15.23 In Example 15.2, suppose that the angle
between the inclined surface and the horizontal is in-
creased from 20◦ to 30◦. What is the magnitude of the
velocity of the crates when they have moved 400 mm?

v

v

A

B
20�

Solution: Doing work–energy for the system∫ 0.4

0
(mAg sin 30◦ − µkmAg cos 30◦ + mBg) ds = 1

2
(mA + mB)v2

2

[40 sin 30◦ − (0.15)(40) cos 30◦ + 30](9.81)(0.4) = 1

2
(70)v2

2

Solving for the velocity we find

v2 = 2.24 m/s.

Problem 15.24 The system is released from rest. The
4-kg mass slides on the smooth horizontal surface. By
using the principle of work and energy, determine the
magnitude of the velocity of the masses when the 20-kg
mass has fallen 1 m.

20 kg

4 kg

Solution: Write work-energy for system

U = (20 kg)(9.81 m/s2)(1 m) = 1

2
(24 kg)v2 ⇒ v = 4.04 m/s

Problem 15.25 Solve Problem 15.24 if the coefficient
of kinetic friction between the 4-kg mass and the hori-
zontal surface is µk = 0.4.

Solution:

∑
Fy : N − (4 kg)(9.81 m/s2) = 0 ⇒ N = 39.24 N

Write work-energy for system

U = [(20 kg)(9.81 m/s2) − 0.4(39.24 N)](1 m) = 180.5 N-m

180.5 N-m = 1

2
(24 kg)v2 ⇒ v = 3.88 m/s

N

T

0.4 N

(4 kg)(9.81 m/s2)
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Problem 15.26 Each box weighs 50 N and the
inclined surfaces are smooth. The system is released
from rest. Determine the magnitude of the velocities of
the boxes when they have moved 1 m.

45°
30°

Solution: Write work-energy for the system

U = (50 N sin 45◦
)(1 m) − (50 N sin 30◦

)(1 m) = 10.36 N-m

10.36 N-m = 1

2

(
100 N

2

)
v2 ⇒ v =

Problem 15.27 Solve Problem 15.26 if the coefficient
of kinetic friction between the boxes and the inclined
surfaces is µk = 0.05.

Solution:

∑
F↖ : N1 − (50 N) sin 45◦ = 0

∑
F↗ : N2 − (50 N) cos 30◦ = 0

N1 = 35.4 N, N2 = 43.3 N

Work-energy for the system

U = (50 sin 45◦
)(1 ) − (0.05)(35.4 )(1 )

− (50 N sin 30)(1 m) − (0.05)(43.3 N)(1 m) = 6.42 N-m

6.42 N-m = 1

2

(
100 N

2

)
v2 ⇒ v =

0.05 N1

0.05 N2

50 50 

N1

N2

N N
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Problem 15.28 The masses of the three blocks are
mA = 40 kg, mB = 16 kg, and mC = 12 kg. Neglect the
mass of the bar holding C in place. Friction is negligible.
By applying the principle of work and energy to A and B
individually, determine the magnitude of their velocity
when they have moved 500 mm.

A

B
C

45�

Solution: Denote b = 0.5 m. Since the pulley is one-to-one,
denote |vA| = |vB | = v. The principle of work and energy for weight
A is

∫ b

0
(mAg sin θ − T ) ds = 1

2
mAv2,

and for weight B

∫ b

0
(T − mBg sin θ) ds = 1

2
mBv2.

Add the two equations:

(mA − mB)gb sin θ = 1
2 (mA + mB)v2.

Solve: |vA| = |vB | =
√

2(mA − mB)gb sin θ

(mA + mB)
= 1.72 m/s

T

T

NBC

NAB

NAB

NA

mBg

mAg

Problem 15.29 Solve Problem 15.28 by applying the
principle of work and energy to the system consisting of
A, B, the cable connecting them, and the pulley.

Solution: Choose a coordinate system with the origin at the pulley
axis and the positive x axis parallel to the inclined surface. Since the
pulley is one-to-one, xA = −xB . Differentiate to obtain vA = −vB .
Denote b = 0.5 m. From the principle of work and energy the work
done by the external forces on the complete system is equal to the
gain in kinetic energy,

∫ xA

0
mAg sin θ ds +

∫ xB

0
mBg sin θ ds = 1

2
mAv2

A + 1

2
mBv2

B,

from which

(mB − mA)gb sin θ = 1
2 (mA + mB)v2

A

and |vA| = |vB | =
√

(mA − mB)

(mA + mB)
2gb sin θ = 1.72 m/s.

NBC

NA

mBg

mAg
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Problem 15.30 The masses of the three blocks are
mA = 40 kg, mB = 16 kg, and mC = 12 kg. The coeffi-
cient of kinetic friction between all surfaces is µk = 0.1.
Determine the magnitude of the velocity of blocks A and
B when they have moved 500 mm. (See Example 15.3.)

A

B
C

45�

Solution: We will apply the principles of work — energy to blocks
A and B individually in order to properly account for the work done
by internal friction forces.∫ b

0
(mAg sin θ − T − µkNA − µkNAB) ds = 1

2
mAv2,

∫ b

0
(T − mBg sin θ − µkNBC − µkNAB) ds = 1

2
mBv2.

Adding the two equations, we get

([mA − mB ]g sin θ − µk[NA + 2NAB + NBC ])b = 1

2
(mA + mB)v2

The normal forces are

NA = (mA + mB + mC)g cos θ,

NAB = (mB + mC)g cos θ,

NBC = (mC)g cos θ.

Substitute and solve ⇒ v = 1.14 m/s.

Problem 15.31 In Example 15.5, suppose that the skier
is moving at 20 m/s when he is in position 1. Deter-
mine the horizontal component of his velocity when he
reaches position 2, 20 m below position 1.

1

2

3

Solution:

U12 = −mg(y2 − y1) = 1

2
mv2

2 − 1

2
mv2

1

− m(9.81)(0 − 20) = 1

2
mv2

2 − 1

2
m(20)2

Solving for v2 we find

v2 = 28.1 m/s.
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Problem 15.32 Suppose that you stand at the edge of
a 61 m cliff and throw rocks at 9.1 m/s in the three
directions shown. Neglecting aerodynamic drag, use the
principle of work and energy to determine the magnitude
of the velocity of the rock just before it hits the ground
in each case.

30�

30�

(a)

(b)

(c)

61 mSolution:

U = m( 2 )( ) = 1

2
mv2 − 1

2
m( )2

⇒ v=
Note that the answer does not depend on the initial angle.

Problem 15.33 The 30-kg box is sliding down the
smooth surface at 1 m/s when it is in position 1.
Determine the magnitude of the box’s velocity at
position 2 in each case.

(a)

1

2

60°

1

2

(b)

40°

2 m

Solution: The work done by the weight is the same in both cases.

U = −m(9.81 m/s2)(0 − 2 m) = 1

2
mv2

2 − 1

2
m(1 m/s)2

⇒ v = 6.34 m/s

Problem 15.34 Solve Problem 15.33 if the coefficient
of kinetic friction between the box and the inclined sur-
face is µk = 0.2.

Solution: The work done by the weight is the same, however, the
work done by friction is different.

(a) U = −m(9.81 m/s2)(0 − 2 m)

−(0.2)[m(9.81 m/s2) cos 60◦]

[
2 m

sin 60◦
]

U = 1

2
mv2

2 − 1

2
m(1 m/s)2 ⇒ v2 = 5.98 m/s

(b) U = −m(9.81 m/s2)(0 − 2 m)

−(0.2)[m(9.81 m/s2) cos 40◦]

[
2 m

sin 40◦
]

U = 1

2
mv2

2 − 1

2
m(1 m/s)2 ⇒ v2 = 5.56 m/s

Problem 15.35 In case (a), a 5-N ball is released from
rest at position 1 and falls to position 2. In case (b), the
ball is released from rest at position 1 and swings to
position 2. For each case, use the principle of work and
energy to determine the magnitude of the ball’s velocity
at position 2. (In case (b), notice that the force exerted on
the ball by the string is perpendicular to the ball’s path.)

(a) (b)

2 

2

1 1

2

m

Solution: The work is independent of the path, so both cases are
the same.

U = −m( 2 )(0 −2 m) = 1

2
mv2

2 − 0 ⇒ v2 =

194

9.81 m/s 9.1 m/s

35.7 m/s

9.81m/s 6.26 m/s

61 m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.36 The 2-kg ball is released from rest in
position 1 with the string horizontal. The length of the
string is L = 1 m. What is the magnitude of the ball’s
velocity when it is in position 2? L

2

1

40�

Solution:

U12 = −
∫ −L sinα

0
mgj · dsj

U12 = −mg(−L sin α) = (2)(9.81)(1) sin 40◦

U12 = 12.61 N-m

U12 = 1
2 mv2

2 − 1
2 mv2

1 v1 ≡ 0

1
2 (2)v2

2 = 12.61

v2 = 3.55 m/s

2 kg

1 m

α

2

1

L

L = 1 m

SIN α

Problem 15.37 The 2-kg ball is released from rest in
position 1 with the string horizontal. The length of the
string is L = 1 m. What is the tension in the string when
the ball is in position 2?

Strategy: Draw the free-body diagram of the ball
when it is in position 2 and write Newton’s second law
in terms of normal and tangential components.

Solution: m = 2 kg

∑
Fr : − T + mg cos 50◦ = −mv2

2/L

From Problem 15.36,

v2 = 3.55 m/s

T = mg cos 50◦ + mv2/L

T = 37.8 N

40°

50°

T

eθ
er

mg
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Problem 15.38 The 400-N wrecker’s ball swings at
the end of a 25-m cable. If the magnitude of the ball’s
velocity at position 1 is 4 m/s, what is the magnitude of
its velocity just before it hits the wall at position 2?

1
2

95°

65°

Solution:

U = −(400 N)(−25 m sin 95◦ − [−25 m sin 65◦])

U = 1

2

(
400 N

2

)
(v2

2 − [4 m/s]2 )

⇒ v2 =

Problem 15.39 The 400-N wrecker’s ball swings at
the end of a 25-m cable. If the magnitude of the ball’s
velocity at position 1 is 4 m/s, what is the maximum
tension in the cable as the ball swings from position 1
to position 2?

Solution: From the solution to Problem 15.37, the tension in the

cable is T = mg sin α + m
v2

L
. From the solution to Problem 15.38,

v2 = 2gL[sin α − sin 65◦](65◦ ≤ α ≤ 95◦
), from which T = 3 mg sin

α − 2 mg sin 65◦. The maximum tension occurs when sin α is a max-
imum in the interval (65◦ ≤ α ≤ 95◦

), from which

T = 3 mg sin 90◦ − 2 mg sin 65◦ = 474.9516 N.
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Problem 15.40 A stunt driver wants to drive a car
through the circular loop of radius R = 5 m. Determine
the minimum velocity v0 at which the car can enter the
loop and coast through without losing contact with the
track. What is the car’s velocity at the top of the loop?

 R

0

Solution: First, let us find VT

∑
Fn: N + mg = mV 2

T /R

For minimum velocity, N → 0

mg = mV 2
T /R

VT = √
Rg = 7.00 m/s

Now find V0 using work-energy

U0T =
∫ 10

0
− mgj · (dxi + dyj)

U0T =
∫ 10

0
− mg dy = −mgy

U0T = −98.1m (N-m)

Also, U0T = 1
2 mV 2

T − 1
2 mV 2

0 = −98.1m (N-m)

Solving for V0 (VT = 7.00 m/s)

V 2
0 = V 2

T + (98.1)(2)

V0 = 15.68 m/s

VTOP = VT

V0

R
ds = dxi + dyj

N

et

en mg

Problem 15.41 The 2-kg collar starts from rest at posi-
tion 1 and slides down the smooth rigid wire. The y-axis
points upward. What is the magnitude of the velocity of
the collar when it reaches position 2?

(3, –1, 3) m

x

y

z

(5, 5, 2) m1

2

2 kg

Solution: The work done by the weight is Uweight = mgh, where
h = y1 − y2 = 5 − (−1) = 6 m. From the principle of work and
energy, mgh = 1

2 mv2, from which

v = √
2 gh = 10.85 m/s
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Problem 15.42 The 4-N collar slides down the smooth
rigid wire from position 1 to position 2. When it reaches
position 2, the magnitude of its velocity is 24 m/s. What

N

was the magnitude of its velocity at position 1?

(4 �1, 4) m

x

y

z

(�2, 6, 4) m
1

2

4

nN, 

Solution:

U = (4 N)(6 − [−1]) = 1

2

(
4 N

/s2

)
([24 m/s]2 − v2

1)

⇒ v1 =

Problem 15.43 The forces acting on the 125 kN air-
plane are the thrust T and drag D, which are parallel to
the airplane’s path, the lift L, which is perpendicular to
the path, and the weight W . The airplane climbs from
an altitude of 914 m to an altitude of 3048 m. During
the climb, the magnitude of its velocity decreases from

(a) What work is done on the airplane by its lift during
the climb?

(b) What work is done by the thrust and drag com-
bined?

T

W

D

L

Solution:

(a) The work due to the lift L is zero since it acts perpendicular to
the motion.

(b) U = UL+D − ( )( − )

U = 1

2

(
2

)
([183 m/s]2 − [244 m/s]2)

⇒ UL+D = ×107
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125000 N
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Problem 15.44 The 10.7 kN car is traveling 64.4 km/h
at position 1. If the combined effect of the aerodynamic
drag on the car and the tangential force exerted on its
wheels by the road is that they exert no net tangential
force on the car, what is the magnitude of the car’s
velocity at position 2?

30°

30°

1

2

36.6 m

30.5 m

Solution: The initial velocity is

v1 = = /s

The change in elevation of the car is

h = (1 − cos 30◦
) + (1 − cos 30◦

)

= (1 − cos 30◦
) =

The initial kinetic energy is

1

2

(
W

g

)
v2

1 = 173895

The work done by gravity is

Ugravity =
∫ h

0
(−W)ds = −Wh = − (h) = − .

From the principle of work and energy the work done is equal to the
gain in kinetic energy:

Ugravity = 1

2

(
W

g

)
v2

2 − 1

2

(
W

g

)
v2

1,

from which

v2 =
√

2g(− +173895)

W
= /

Problem 15.45 The10.7 kN car is traveling m/h
position 1. If the combined effect of aerodynamic

drag on the car and the tangential force exerted on its
wheels by the road is that they exert a con. stant 1.78 kN
tangential force on the car in the direction of its motion,
what is the magnitude of the car’s velocity at position 2?

Solution: From the solution to Problem 15.44, the work done by
gravity is Ugravity = − N-m due to the change in elevation of

the car of h = .
1

2

(
W

g

)
v2

1 = 173895

The length of road between positions 1 and 2 is

s = (30◦
)
( π

180◦
)

+ (30 )◦ ( π

180◦
)

= .

The work done by the tangential force is

Utgt =
∫ s

0
ds = ( . ) = - .

From the principle of work and energy

Ugravity + Utgt = 1

2

(
W

g

)
v2

2 − 1

2

(
W

g

)
v2

1 ,

from which

v =
√

2( . )(− + + )

2400

= . /s = h
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N
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9 81 95903.9 62468.5 173895

16 1 m 57 .9 km/
35 1

m/h

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.46 The mass of the rocket is 250 kg. Its
engine has a constant thrust of 45 kN. The length of the
launching ramp is 10 m. If the magnitude of the rocket’s
velocity when it reaches the end of the ramp is 52 m/s,
how much work is done on the rocket by friction and
aerodynamic drag?

2 m

Solution:

U = UFr+Dr + (45 kN)(10 m) − (250 kg)(9.81 m/s2)(2 m)

U = 1

2
(250 kg)(52 m/s)2

UFr+Dr = −107 kN-m

Problem 15.47 A bioengineer interested in energy
requirements of sports determines from videotape that
when the athlete begins his motion to throw the 7.25-kg
shot (Fig. a), the shot is stationary and 1.50 m above
the ground. At the instant the athlete releases it (Fig. b),
the shot is 2.10 m above the ground. The shot reaches a
maximum height of 4.60 m above the ground and travels
a horizontal distance of 18.66 m from the point where
it was released. How much work does the athlete do on
the shot from the beginning of his motion to the instant
he releases it?

(a) (b)Solution: Let vx0 and vy0 be the velocity components at the instant
of release. Using the chain rule,

ay = dvy

dt
= dvy

dy

dy

dt
= dvy

dy
vy = −g,

and integrating,

∫ 0

vy0

vy dvy = −g

∫ 4.6

2.1
dy.

− 1
2 vy0

2 = −g(4.6 − 2.1), we find that vy0 = 7.00 m/s. The shot’s x

and y coordinates are given by x = vx0t , y = 2.1 + vy0t − 1
2 gt2. Solv-

ing the first equation for t and substituting it into the second,

y = 2.1 + vy0

(
x

vx0

)
− 1

2
g

(
x

vx0

)2

Setting x = 18.66 m, y = 0 in this equation and solving for vx0 gives
vx0 = 11.1 m/s. The magnitude of the shot’s velocity at release is

U2 =
√

vx0
2 + vy0

2 = 13.1 m/s.

Let UA be the work he does

UA − mg(y2 − y1) = 1
2 mv2

2 − 1
2 mv1

2

UA − (7.25 kg)(9.81 m/s2)(2.1 − 1.5) = 1
2 (7.25)(13.1)2 − 0,

or UA = 666 N-m

y

x

y0

x0
2.1 m

4.6 m

18.66 m

v

v
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Problem 15.48 A small pellet of mass m = 0.2 kg
starts from rest at position 1 and slides down the smooth
surface of the cylinder to position 2, where θ = 30◦.

(a) What work is done on the pellet as it slides from
position 1 to position 2?

(b) What is the magnitude of the pellet’s velocity at
position 2?

1

2

0.8 m

m

u

Solution:

v1 = 0 R = 0.8 m

U12 = 1

2
mv2

2 − 1

2
mv2

1

U12 = (0.5)(0.2)v2
2 = 0.1v2

2

The work is

U12 = (0.2)(9.81)(0.8 − 0.8 cos 30◦
)

= 0.210 N-m.

(a) U12 = 0.210 (N-m)

(b) 0.1v2
2 = 0.210 (N-m)

v2 = 1.45 m/s

R
R cos 30°

30°

2

1

Problem 15.49 In Active Example 15.4, suppose that
you want to increase the value of the spring constant k
so that the velocity of the hammer just before it strikes
the workpiece is 4 m/s. what is the required value of k?

400
mm

300 mm

2

1

k k

Workpiece

Hammer

Solution: The 40-kg hammer is released from rest in position 1.
The springs are unstretched when in position 2. Neglect friction.

U12 = mgh + 2
1

2
kd2 = 1

2
mv2

2

k = m

d2

(
v2

2

2
− gh

)

k = 40 kg

(0.2 m)2

(
[4 m]2

2
− [9.81m/s2][0.4m]

)

k = 4080 N/m.
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Problem 15.50 Suppose that you want to design a
bumper that will bring a 50- . package moving at 10 /s
to rest 152.4 mm from the point of contact with bumper.
If friction is negligible, what is the necessary spring
constant k? k

10 m/s

Solution: From the principle of work and energy, the work done
on the spring must equal the change in kinetic energy of the package
within the distance 152.4 m.

1

2
kS2 = 1

2

(
W

g

)
v2

from which

k =
(

W

g

)( v

S

)2 =
(

50
)(

10

0.

)2

=

Problem 15.51 In Problem 15.50, what spring con-
stant is necessary if the coefficient of kinetic friction
between the package and the floor is µk = 0.3 and the
package contacts the bumper moving at 10 m/s?

Solution: The work done on the spring over the stopping dis-
tance is

US =
∫ S

0
F ds =

∫ S

0
ks ds = 1

2
kS2.

The work done by friction over the stopping distance is

Uf =
∫ S

0
F ds =

∫ S

0
µkW ds = µkWS.

From the principle of work and energy the work done must equal the
kinetic energy of the package:

1

2
kS2 + µkWS = 1

2

(
W

g

)
v2,

from which, for S =

k =
(

W

g

)
(v2 − 2 gµkS)

S2
=

202
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9.81 152
22060 N/m

0.152 m,

21863 N/m
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Problem 15.52 The 50- package starts from rest,
slides down the smooth ramp, and is stopped by the
spring.

(a) If you want the package to be brought to rest
from the point of contact, what is the

necessary spring constant k?
(b) What maximum deceleration is the package sub-

jected to?

N

k

30�

m4  

Solution:

(a) Find the spring constant

U12 = mgh − 1

2
kx2 = 0

k = 2mgh

x2
= 2(50 N)(4.5 m)sin 30◦

(0.5 m)2

k = 900 N/m

(b) The maximum deceleration occurs when the spring reaches the
maximum compression (the force is then the largest).

kx − mg sin θ = ma

a = k

m
x − g sin θ

a = (900 N/m)(
50 N

. 2

) (0.5 ) − ( 2) sin 30◦

a = 2

Problem 15.53 The 50-N package starts from rest,
slides down the smooth ramp, and is stopped by the
spring. The coefficient of static friction between the pack-
age and the ramp is µ k = 0.12. If you want the package
to be brought to rest from the point of contact,
what is the necessary spring constant k?

k

30�

m4  

Solution: Find the spring constant

U12 = mgd sin θ − µkmg cos θ d − 1

2
kx2 = 0

k = 2mgd

x2
(sin θ − µk cos θ)

k = 2(50 N)(4.5m)

(0.5 )2
(sin 30◦ − 0.12 cos 30◦

)

k = 713 / .
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m
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Problem 15.54 The system is released from rest
with the spring unstretched. The spring constant
k = 200 N/m. Determine the magnitude of the velocity
of the masses when the right mass has fallen 1 m.

k

20 kg
4 kg

Solution: When the larger mass falls 1 m, the smaller mass rises
1 m and the spring stretches 1 m. For the system of two masses,
springs, and the cable,

U12 =
∫ 1

0
(−ks) ds +

∫ 1

0
(−m1g) ds +

∫ 1

0
m2g ds

U12 = − 1
2 ks2

∣∣∣1
0
− m1gs

∣∣∣1
0
+ m2gs

∣∣∣1
0

U12 = − 1
2 k − 4(9.81) + (20)(9.81)

U12 = 56.96 N-m

Also U12 = 1
2 (m1 + m2)V

2
f − 0

Solving Vf = 2.18 m/s

m1 m2

k

4 kg 20 kg

Problem 15.55 The system is released from rest
with the spring unstretched. The spring constant
k = 200 N/m. What maximum downward velocity does
the right mass attain as it falls?

Solution: From the solution to Problem 15.54,

U12 = − 1

2
Ks2 + (m2 − m1)gs

and

U12 = 1

2
(m1 + m2)V

2

For all s. Setting these equal, we get

1

2
(m1 + m2)V

2 = (m2 − m1)gs − 1

2
Ks2 (1)

Solve for
dv

ds
and set

dv

ds
to zero

1

2
(m1 + m2)2v

dv

ds
= (m2 − m1)g − Ks = 0

The extreme value for V occurs at

S = (m2 − m1)g

K
= 0.785 m

Substituting this back into (1) and solving, we get V = 2.27 m/s
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Problem 15.56 The system is released from rest. The
4-kg mass slides on the smooth horizontal surface. The
spring constant is k = 100 N/m, and the tension in the
spring when the system is released is 50 N. By using the
principle of work and energy, determine the magnitude
of the velocity of the masses when the 20-kg mass has
fallen 1 m.

20 kg

4 kgk

Solution:

50 N = (100 N/m)x1 ⇒ x1 = 0.5 m

U = (20 kg)(9.81 m/s2)(1 m) − 1

2
(100 N/m)([1.5 m]2 − [0.5 m]2)

U = 1

2
(24 kg)(v2

2 − 0)

v2 = 2.83 m/s

Problem 15.57 Solve Problem 15.56 if the coefficient
of kinetic friction between the 4-kg mass and the hori-
zontal surface is µk = 0.4.

Solution:

50 N = (100 N/m)x1 ⇒ x1 = 0.5 m

U = (20 kg)(9.81 m/s2)(1 m) − 1

2
(100 N/m)([1.5 m]2 − [0.5 m]2)

− (0.4)(4 kg)(9.81 m/s2)(1 m)

U = 1

2
(24 kg)(v2

2 − 0)

v2 = 2.59 m/s
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Problem 15.58 The 40 -N crate is released from rest on
the smooth inclined surface with the spring unstretched.
The spring constant is k = 8 / .

(a) How far down the inclined surface does the crate
slide before it stops?

(b) What maximum velocity does the crate attain on
its way down?

k

30�

Solution: At an arbitrary distance s down the slope we have:

U = (40 N)(s sin 30◦
) − 1

2
(8 N/m)s 2 = 1

2

(
40 N

2

)
v2

(a) When it stops, we set v = 0 and solve for s = 5

(b) Solving for v2, we have

v2 = (20s − 4s 2) ⇒ dv2

ds
= (20 − 8s) = 0 ⇒ s = 2.5 m

Using s = 2.5 m ⇒ vmax = 3 /s

Problem 15.59 Solve Problem 15.58 if the coefficient
of kinetic friction between the 4-kg mass and the hori-
zontal surface is µk = 0.2.

Solution: At an arbitrary distance s down the slope we have:

U = (40 N)(s sin 30◦
) − 1

2
(8 N/m)s2− (0.2)(40 N cos 30◦

)s

= 1

2

(
40 N

2

)
v2

(a) When it stops, we set v = 0 and solve for s = 3.27 m

(b) Solving for v2, we have

v2 = (13.07s − 4s2) ⇒ dv2

ds
= 1(13.07 − 8s) = 0

⇒ s = 1.63 m

Using s = 1.63 m ⇒ vmax =

206

N m
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m

0.491 0.491

.5 m

9.81 m/s

0.491 0.49

2.29 m/s
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Problem 15.60 The 4-kg collar starts from rest in posi-
tion 1 with the spring unstretched. The spring constant
is k = 100 N/m. How far does the collar fall relative to
position 1?

k

1

Solution:

V0 = Vf = 0

Let position 2 be the location where the collar comes to rest

U12 = −Ks2

2
+ mgs

Also U12 = 1
2 mV 2

f − 1
2 mV 2

0 = 0

Thus 0 = mgs − Ks2

2

s(2mg − Ks) = 0

Solving, s = 0.785 m.

k

1

ks

s

mg
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Problem 15.61 In position 1 on the smooth bar, the
4-kg collar has a downward velocity of 1 m/s and
the spring is unstretched. The spring constant is k =
100 N/m. What maximum downward velocity does the
collar attain as it falls?

Solution: The work is

U12 = −Ks2

2
+ mgs

Also,

U12 = 1

2
mV 2

2 − 1

2
mV 2

1

where m = 4 kg and V1 = 1 m/s

Thus,

1

2
mV 2

2 − 1

2
mV 2

1 = −Ks2

2
+ mgs (1)

Finding
dV2

ds
, and setting it to zero,

mV2
dV2

ds
= −Ks + mg = 0

s = mg/k = 0.392 m

Solving (1) for V2 we get V2 = 2.20 m/s

k

1

Problem 15.62 The 4-kg collar starts from rest in posi-
tion 1 on the smooth bar. The tension in the spring in
position 1 is 20 N. The spring constant is k = 100 N/m.
How far does the collar fall relative to position 1?

Solution: For this problem, we need a new reference for the
spring. If the tension in the spring is 20 N

T = kδ0 and K = 100 N/m

δ0 = 0.2 m. (the initial stretch)

In this case, we have

U12 = −Ks2

2

∣∣∣s+0.2

0.2
+ mgs

∣∣∣s+0.2

0.2

Also V0 = Vf = 0 ∴U12 = 0

0 = −K(s + 0.2)2

2
+ K(0.2)2

2
+ mg(s + 0.2) − mg(0.2)

Solving, we get s = 0.385 m

208

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.63 The 4-kg collar is released from rest
at position 1 on the smooth bar. If the spring constant is
k = 6 kN/m and the spring is unstretched in position 2,
what is the velocity of the collar when it has fallen to
position 2?

k

2

1

200 mm

250 mmSolution: Denote d = 200 mm, h = 250 mm. The stretch of the
spring in position 1 is S1 = √

h2 + d2 − d = 0.120 m and at 2 S2 = 0.
The work done by the spring on the collar is

Uspring =
∫ 0

0.12
(−ks) ds =

[
− 1

2
ks2

]0

0.120
= 43.31 N-m.

The work done by gravity is

Ugravity =
∫ −h

0
(−mg) ds = mgh = 9.81 N-m.

From the principle of work and energy Uspring + Ugravity = 1
2 mv2, from

which

v =
√(

2

m

)
(Uspring + Ugravity) = 5.15 m/s

Problem 15.64 The 4-kg collar is released from rest
in position 1 on the smooth bar. The spring constant is
k = 4 kN/m. The tension in the spring in position 2 is
500 N. What is the velocity of the collar when it has
fallen to position 2?

Solution: Denote d = 200 mm, h = 250 mm. The stretch of the
spring at position 2 is

S2 = T

k
= 500

4000
= 0.125 m.

The unstretched length of the spring is L = d − S2 = 0.2 − 0.125 =
0.075 m. The stretch of the spring at position 1 is S1 = √

h2 + d2 −
L = 0.245 m. The work done by the spring is

Uspring =
∫ S2

S1

(−ks) ds = 1

2
k(S2

1 − S2
2 ) = 88.95 N-m.

The work done by gravity is Ugravity = mgh = 9.81 N-m. From the
principle of work and energy is Uspring + Ugravity = 1

2 mv2, from which

v =
√

2(Uspring + Ugravity)

m
= 7.03 m/s

209

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.65 The 4-kg collar starts from rest in
position 1 on the smooth bar. Its velocity when it has
fallen to position 2 is 4 m/s. The spring is unstretched
when the collar is in position 2. What is the spring
constant k?

Solution: The kinetic energy at position 2 is 1
2 mv2 = 32 N-m.

From the solution to Problem 15.63, the stretch of the spring in posi-
tion 1 is S1 = √

h2 + d2 − d = 0.120 m. The potential of the spring is

Uspring =
∫ 0

S1

(−ks) ds = 1

2
kS2

1 .

The work done by gravity is Ugravity = mgh = 9.81 N-m. From the
principle of work of work and energy, Uspring + Ugravity = 1

2 mv2. Sub-
stitute and solve:

k = 2
( 1

2 mv2 − Ugravity
)

S2
1

= 3082 N/m

Problem 15.66 The 10-kg collar starts from rest at
position 1 and slides along the smooth bar. The y-axis
points upward. The spring constant is k = 100 N/m and
the unstretched length of the spring is 2 m. What is the
velocity of the collar when it reaches position 2?

x

y
(4, 4, 2) m

(6, 2, 1) m

(1, 1, 0) m1

2

z

Solution: The stretch of the spring at position 1 is

S1 = √(6 − 1)2 + (2 − 1)2 + (1 − 0)2 − 2 = 3.2 m.

The stretch of the spring at position 2 is

S2 = √(6 − 4)2 + (2 − 4)2 + (1 − 2)2 − 2 = 1 m.

The work done by the spring is

Uspring =
∫ S2

S1

(−ks) ds = 1

2
k(S2

1 − S2
2 ) = 460.8 N-m.

The work done by gravity is

Ugravity =
∫ h

0
(−mg) ds = −mgh = −(10)(9.81)(4 − 1)

= −294.3 N-m.

From the principle of work and energy:

Uspring + Ugravity = 1

2
mv2,

from which

v =
√

2(Uspring + Ugravity)

m
= 5.77 m/s
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Problem 15.67 A spring-powered mortar is used to
launch 44.5 N packages of fireworks into the air. The
package starts from rest with the spring compressed to
a length of 152. 4 mm. The unstretched length of the
spring is k =1762 N/m,
what is the magnitude of the velocity of the package as
it leaves the mortar?

60°

762 mm

152.4 mm
Solution: Equating the work done to the change in the kinetic
energy,

− 1
2 k(S2

2 − S2
1 ) − mg(y2 − y1) = 1

2 mv2
2 − 1

2 mv2
1 :

− 1
2 (1 )[0 − ( )2 ]−( )(

◦ft) = 1
2 ( / )v2

2 − 0.

Solving, we obtain v2 = 9 /s.

Problem 15.68 Suppose that you want to design the
mortar in Problem 15.67 to throw the package to a height
of 45.7 m above its initial position. Neglecting friction
and drag, determine the necessary spring constant.

Solution: See the solution of Problem 15.67. Let v2 be the
velocity as the package leaves the barrel. To reach , mg( −

sin 60◦
) = 1

2 m(v2 sin 60◦
)2. Solving, we obtain v2 =

and energy inside the barrel is

−1
2k[0−( )2]−( )(

◦
)= 1

2 ( / )( )2−0,

which gives k =

Problem 15.69 Suppose an object has a string or cable
with constant tension T attached as shown. The force
exerted on the object can be expressed in terms of polar
coordinates as F = −T er . Show that the work done on
the object as it moves along an arbitrary plane path
from a radial position r1 to a radial position r2 is U12 =
−T (r1 − r2).

T

θ

r

Solution: The work done on the object is

U =
∫ r2

r1

F · ds.

Suppose that the arbitrary path is defined by dr = (drer + rdθeθ ),
and the work done is

U =
∫ r2

r1

F · dr =
∫ r2

r1

− T (er · er ) dr +
∫ r2

r1

T (rer · eθ )rdθ

= −
∫ r2

r1

T dr = −T (r2 − r1)

since er · es = 0 by definition.
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762 mm. If the spring constant is

762 0.61m 44.5 0.61sin 60 44.5 9.81

3 .3 m

45.7 m 45.7
0.61 34.4 m/s.
Work

0.61m 44.5 0.61sin 60 m 44.5 9.81 34.4

14549 N/m.
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Problem 15.70 The 2-kg collar is initially at rest at
position 1. A constant 100-N force is applied to the
string, causing the collar to slide up the smooth vertical
bar. What is the velocity of the collar when it reaches
position 2? (See Problem 15.69.)

2

1

100 N

200 mm

500 mmSolution: The constant force on the end of the string acts through
a distance s = √

0.52 + 0.22 − 0.2 = 0.3385 m. The work done by the
constant force is UF = Fs = 33.85 N-m. The work done by gravity
on the collar is

Ugravity =
∫ h

0
(−mg) ds = −mgh = −(2)(9.81)(0.5)

= −9.81 N-m.

From the principle of work and energy:

UF + Ugravity = 1

2
mv2,

from which v =
√

2(UF + Ugravity)

m
= 4.90 m/s

Problem 15.71 The 10-kg collar starts from rest at
position 1. The tension in the string is 200 N, and the
y axis points upward. If friction is negligible, what is the
magnitude of the velocity of the collar when it reaches
position 2? (See Problem 15.69.)

y

200 N

x

(4, 4, 2) m

(6, 2, 1) m

(1, 1, 0) m1

2

z

Solution: The constant force moves a distance

s = √(6 − 1)2 + (2 − 1)2 + (1 − 0)2

−√(6 − 4)2 + (2 − 4)2 + (1 − 2)2 = 2.2 m.

The work done by the constant force is

UF =
∫ s

0
F ds = Fs = 439.2 N-m.

The work done by gravity is

Ugravity =
∫ h

0
(−mg) ds = −mgh = −(10)(9.81)(3)

= −294.3 N-m.

From the principle of work and energy UF + Ugravity = 1
2 mv2, from

which

v =
√

2(UF + Ugravity)

10
= 5.38 m/s
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Problem 15.72 As the F/A - 18 lands at 64 m/s, the
cable from A to B engages the airplane’s arresting hook
at C. The arresting mechanism maintains the tension
in the cable at a constant value, bringing the 115.6 kN
airplane to rest at a distance of 22 m. What is the tension
in the cable? (See Problem 15.69.)

B
C

A

22 m

20.1 m

Solution:

U = −2T (
√

( )2+ ( )2 − )

= 1

2

(
2

)
(0 − [64 m/s]2)

T =

Problem 15.73 If the airplane in Problem 15.72 lands
at 73.2 m/s,what distance does it roll before the arresting
system brings it to rest?

Solution:

U = −2( )(
√

s2 + ( )2 − )

= 1

2

(
2

)
(0 − [64 m/s]2)

Solving we find s =

Problem 15.74 A spacecraft 320 km above the sur-
face of the earth is moving at escape velocity vesc =
10,900 m/s. What is its distance from the center of the
earth when its velocity is 50 percent of its initial value?
The radius of the earth is 6370 km. (See Example 15.6.)

320 km

vesc

Solution:

U12 = mgR2
E

(
1

r2
− 1

r1

)
= 1

2
mv2

2 − 1

2
mv2

1

r2 =
[

v2
2 − v2

1

2gR2
E

+ 1

r1

]−1

r2 =
[

(5450 m/s)2 − (10,900 m/s)2

2(9.81 m/s2)(6,370,000 m)2
+ 1

6,690,000 m

]−1

r2 = 26,600 km.
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22 m 10.1 m 10.1 m

115600 N

9.81 m/s

858500 10.1 m 10.1 m

115600

9.81 m/s

26.61 m

858.5 kN
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Problem 15.75 A piece of ejecta is thrown up by the
impact of a meteor on the moon. When it is 1000 km
above the moon’s surface, the magnitude of its velocity
(relative to a nonrotating reference frame with its ori-
gin at the center of the moon) is 200 m/s. What is the
magnitude of its velocity just before it strikes the moon’s
surface? The acceleration due to gravity at the surface of
the moon is 1.62 m/s2. The moon’s radius is 1738 km.

1000 km
200 m/s

Solution: The kinetic energy at h = 1000 km is

[m

2
v2
]
RM+h

= 2 × 104 N-m.

The work done on the ejecta as it falls from 1000 km is

Uejecta =
∫ RM

RM+h

(−Wejecta) ds =
∫ RM

RM+h

(
−mgM

R2
M

s2
ds

)

=
[
mgM

R2
M

s

]RM

RM+h

= mgMRM

h

RM + h
,

Uejecta = 1.028 m × 106 N-m. From the principle of work and energy,
at the Moon’s surface:

Uejecta =
[m

2
v2
]

surface
−
[m

2
v2
]
RM+h

from which vsurface = √2(1.028 × 106 + 2 × 104) = 1448 m/s
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Problem 15.76 A satellite in a circular orbit of

radius r around the earth has velocity v =
√

gR2
E/r ,

where RE = 6370 km is the radius of the earth. Suppose
you are designing a rocket to transfer a 900-kg
communication satellite from a circular parking orbit
with 6700-km radius to a circular geosynchronous orbit
with 42,222-km radius. How much work must the rocket
do on the satellite?

Solution: Denote the work to be done by the rocket by Urocket.
Denote Rpark = 6700 km, Rgeo = 42222 km. The work done by the
satellite’s weight as it moves from the parking orbit to the geosyn-
chronous orbit is

Utransfer =
∫ Rgeo

Rpark

F ds =
∫ Rgeo

Rpark

(
−mg

R2
E

s2
ds

)

=
[
mg

R2
E

s

]Rgeo

Rpark

= mgR2
E

(
1

Rgeo
− 1

Rpark

)
,

Utransfer = −4.5 × 109 N-m. From the principle of work and energy:

Utransfer + Urocket =
[

1

2
mv2

]
geo

−
[

1

2
mv2

]
park

.

from which

Urocket =
[

1

2
mv2

]
geo

−
[

1

2
mv2

]
park

− Utransfer.

Noting

[
1

2
mv2

]
geo

= m

2

(
gR2

E

Rgeo

)
= 4.24 × 109 N-m,

[
1

2
mv2

]
park

= m

2

(
g

R2
E

Rpark

)
= 2.67 × 1010 N-m,

from which Urocket = 2.25 × 1010 N-m

Problem 15.77 The force exerted on a charged particle
by a magnetic field is F = qv × B, where q and v are the
charge and velocity of the particle and B is the magnetic
field vector. Suppose that other forces on the particle are
negligible. Use the principle of work and energy to show
that the magnitude of the particle’s velocity is constant.

Solution: The force vector F is given by a cross product involving
v. This means that the force vector is ALWAYS perpendicular to the
velocity vector. Hence, the force field does no work on the charged
particle - it only changes the direction of its motion. Hence, if work
is zero, the change in kinetic energy is also zero and the velocity of
the charged particle is constant.
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Problem 15.78 The 10- box is released from rest at
position 1 and slides down the smooth inclined surface
to position 2.

(a) If the datum is placed at the level of the floor as
shown, what is the sum of the kinetic and potential
energies of the box when it is in position 1?

(b) What is the sum of the kinetic and potential ener-
gies of the box when it is in position 2?

(c) Use conservation of energy to determine the mag-
nitude of the box’s velocity when it is in position 2.

30�

1

2

2 m
Datum

M5 m

Solution:

(a) T1 +V1 = 0 + (10 N)(5 m) = 50 N-m

(b) T1 + V1 = T2 + V2 = 50 -

(c) 50 - = 1

2

(
10 N

2

)
v2

2 + (10 N)(2 m) ⇒ v2 =

Problem 15.79 The 0.45-kg soccer ball is 1 m above
the ground when it is kicked upward at 12 m/s. Use
conservation of energy to determine the magnitude of
the ball’s velocity when it is 4 m above the ground.
Obtain the answer by placing the datum (a) at the level
of the ball’s initial position and (b) at ground level.

12 m/s

1 m

12 m/s

1 m

Datum

Datum

(a) (b)

Solution:

(a) T1 = 1

2
(0.45 kg)(12 m/s)2, V1 = 0

T2 = 1

2
(0.45 kg)v2

2, V2 = (0.45 kg)(9.81 m/s2)(3 m)

T1 + V1 = T2 + V2 ⇒ v2 = 9.23 m/s

(b) T1 = 1

2
(0.45 kg)(12 m/s)2, V1 = (0.45 kg)(9.81 m/s2)(1 m)

T2 = 1

2
(0.45 kg)v2

2, V2 = (0.45 kg)(9.81 m/s2)(4 m)

T1 + V1 = T2 + V2 ⇒ v2 = 9.23 m/s
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Problem 15.80 The Lunar Module (LM) used in the
Apollo moon landings could make a safe landing if
the magnitude of its vertical velocity at impact was no
greater than 5 m/s. Use conservation of energy to deter-
mine the maximum height h at which the pilot could
shut off the engine if the vertical velocity of the lander
is (a) 2 m/s downward and (b) 2 m/s upward. The accel-
eration due to gravity at the moon’s surface is 1.62 m/s2.

h

Solution: Use conservation of energy Let state 1 be at the max
height and state 2 at the surface. Datum is at the lunar surface.

(a), (b) 1
2 mv2

1 + mgh = 1
2 mv2

2 + 0

v2 = 5 m/s g = 1.62 m/s2 v1 = ±2 m/s

(m cancels from the equation.)

h = 1

2g
(v2

2 − v2
1)

(The sign of V1 does not matter since v2
1 is the only occurrence of v1

in the relationship). Solving h = 6.48 m

Problem 15.81 The 0.4-kg collar starts from rest at
position 1 and slides down the smooth rigid wire. The
y axis points upward. Use conservation of energy to
determine the magnitude of the velocity of the collar
when it reaches point 2.

(3, 0, 2) m

x

y

z

(5, 5, 2) m1

2

0.4 kg

Solution: Assume gravity acts in the −y direction and that
y = 0 is the datum. By conservation of energy, 1

2 mv2 + V =
constant where V = mgy. Thus,

1
2 mv2

1 + mgy1 = 1
2 mv2

2 + mgy2

m = 0.4 kg, g = 9.81 m/s2, v1 = 0, y2 = 0, and y1 = 5 m. Thus

0 + (0.4)(9.81)(5) = 1
2 (0.4)v2

2 + 0

v2 = 9.90 m/s

z

x

1 (5, 5, 2) m

0.4 kg

2 (3, 0, 2) m

y
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Problem 15.82 At the instant shown, the 20-kg mass
is moving downward at 1.6 m/s. Let d be the downward
displacement of the mass relative to its present position.
Use conservation of energy to determine the magnitude
of the velocity of the 20-kg mass when d = 1 m.

20 kg
4 kg

Solution:

m1 = 4 kg

m2 = 20 kg

v1 = 1.6 m/s

g = 9.81 m/s2

d = 1 m

Energy for the system is conserved

( 1
2 m1v

2
1 + 0

)+ ( 1
2 m2v

2
1 + 0

) = 1
2 m1v

2
2 + 1

2 m2v
2
2

+ m1g(d) − m2g(d)

(m1 + m2)v
2
1 = (m1 + m2)v

2
2 + 2(m1 − m2)gd

Substituting known values and solving v2 = 3.95 m/s

1.6 m
s

4 kg A

A

B

B

20 kg

1.6 m/s

V2

V2

d

d

Datum
   State (1)

 State (2)VA = VB = 0

Problem 15.83 The mass of the ball is m = 2 kg and
the string’s length is L = 1 m. The ball is released from
rest in position 1 and swings to position 2, where θ =
40◦.

(a) Use conservation of energy to determine the mag-
nitude of the ball’s velocity at position 2.

(b) Draw graphs of the kinetic energy, the potential
energy, and the total energy for values of θ from
zero to 180◦.

L

m 2

1

u

Solution:

m = 2 kg

L = 1 m

Use conservation of energy State 1 θ = 0; State 2, 0 < θ < 180◦
Datum: θ = 0, v1 = 0, g = 9.81 m/s2

1
2 mv2

1 + mg(0) = 1
2 mv2

2 + mg(−L sin θ)

KE = 1
2 mv2

2 V = −mgL sin θ for all θ .
Total energy is always zero (datum value).

(a) Evaluating at θ = 40◦, v2 = 3.55 m/s

20
15

K
E

, P
E

, a
nd

 (
PE

 +
 K

E
) 

N
-m

10
5
0

–5
–10
–15
–20

0 20 40 60 80
Theta (degrees)

Kinetic and Potential Energy vs
KE positive, PE negative, (KE + PE) zero

100 120 140 160 180

KE

PE

TOT

α
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Problem 15.84 The mass of the ball is m = 2 kg and
the string’s length is L = 1 m. The ball is released from
rest in position 1. When the string is vertical, it hits the
fixed peg shown.

(a) Use conservation of energy to determine the min-
imum angle θ necessary for the ball to swing to
position 2.

(b) If the ball is released at the minimum angle θ deter-
mined in part (a), what is the tension in the string
just before and just after it hits the peg?

m = 2 kg

L = 1 m

L

1

2

L1–
2u

Solution: Energy is conserved. v1 = v2 = 0 Use θ = 90◦ as the
datum.

(a)
1

2
mv2

1 + mg(−L cos θ1) = 1

2
mv2

2 − mg
L

2

0 − mgL cos θ1 = 0 − mg
L

2

cos θ1 = 1

2

θ = 60◦

(b) Use conservation of energy to determine velocity at the lowest
point, (state 3) (v1 ≡ 0)

1

2
mv2

1 − mgL cos 60◦ = 1

2
mv2

3 − mgL

1

2
mv2

3 = mgL − mgL/2

v2
3 = gL = 9.81

m2

s2

v3 = 3.13 m/s at θ = 0◦
.

Before striking the peg

T1 − mg = mv2
3/L

T1 = (2)(9.81) + (2)(9.81)/(1)

T1 = 39.2 N

After striking the peg.

T − mg = mv2
3/(L/2)

T = (2)(9.81) + 2[(2)(9.81)/1]

T = 58.9 N

T1

mg

mV3
2

L

T2

mg

(L /2)

mV3
2
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Problem 15.85 A small pellet of mass m = 0.2 kg
starts from rest at position 1 and slides down the
smooth surface of the cylinder to position 2. The radius
R = 0.8 m. Use conservation of energy to determine
the magnitude of the pellet’s velocity at position 2 if
θ = 45◦. m

2

1

u
R

20�

Solution: Use the ground as the datum

T1 = 0, V1 = (0.2 kg)(9.81 m/s2)(0.8 m) cos 20◦

T2 = 1

2
(0.2 kg)v2

2, V2 = (0.2 kg)(9.81 m/s2)(0.8 m) cos 45◦

T1 + V1 = T2 + V2 ⇒ v2 = 1.91 m/s

Problem 15.86 In Problem 15.85, what is the value of
the angle θ at which the pellet loses contact with the
surface of the cylinder?

Solution: In position 2 we have

∑
F↗ : N — mg cos θ = −m

v2
2

R
⇒ N = m

(
g cos θ − v2

2

R

)

When the pellet leaves the surface N = 0 ⇒ v2
2 = Rg cos θ

Now do work-energy.

T1 = 0, V1 = mgR cos 20◦

T2 = 1

2
mv2

2 = 1

2
mRg cos θ, V2 = mgR cos θ

T1 + V1 = T2 + V2 ⇒ 0 + mgR cos 20◦ = 3

2
mgR cos θ

Solving we find θ = cos−1

(
2

3
cos 20◦

)
= 51.2◦

N
mg

θ
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Problem 15.87 The bar is smooth. The 10-kg slider at
A is given a downward velocity of 6.5 m/s.

(a) Use conservation of energy to determine whether
the slider will reach point C. If it does, what is the
magnitude of its velocity at point C?

(b) What is the magnitude of the normal force the bar
exerts on the slider as it passes point B?

B

1 m

1 m

A

2 m

10 kg

C D

Solution:

(a) Find the velocity at C.

1

2
mv2

A + 0 = 1

2
mv2

C + mgh

vC =
√

v2
A − 2gh =

√
(6.5 m/s)2 − 2(9.81 m/s2)(2 m)

This equation has a real solution, hence it is possible to reach
point C.

Yes, vC = 1.73 m/s.

(b) Find the velocity at point B

1

2
mv2

A + 0 = 1

2
mv2

B − mgh,

vB =
√

v2
A + 2gh =

√
(6.5 m/s)2 + 2(9.81 m/s2)(1 m) = 7.87 m/s.

Now find the normal force

�Fy : N − mg = m
v2
B

ρ

N = m

(
g + v2

B

ρ

)
= (10 kg)

(
[9.81 m/s2] + [7.87 m/s]2

1 m

)

N = 717 N.
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Problem 15.88 The bar is smooth. The 10-kg slider at
A is given a downward velocity of 7.5 m/s.

(a) Use conservation of energy to determine whether
the slider will reach point D. If it does, what is the
magnitude of its velocity at point D?

(b) What is the magnitude of the normal force the bar
exerts on the slider as it passes point B?

B

1 m

1 m

A

2 m

10 kg

C D

Solution:

(a) We will first find the velocity at the highest point (half way
between C and D).

1

2
mv2

A + 0 = 1

2
mv2

D + mgh

vD =
√

v2
A − 2gh =

√
(7.5 m/s)2 − 2(9.81 m/s2)(3 m)

vD = √−2.61 m/s.

This equation does not have a solution in terms of real numbers
which means that it cannot reach the highest point.

No.

(b) Find the velocity at point B

1

2
mv2

A + 0 = 1

2
mv2

B − mgh,

vB =
√

v2
A + 2gh =

√
(7.5 m/s)2 + 2(9.81 m/s2)(1 m) = 8.71 m/s.

Now find the normal force

�Fy : N − mg = m
v2
B

ρ

N = m

(
g + v2

B

ρ

)
= (10 kg)

(
[9.81 m/s2] + [8.71 m/s]2

1 m

)

N = 857 N.

Problem 15.89 In Active Example 15.7, suppose that
you want to increase the value of the spring constant k
so that the velocity of the hammer just before it strikes
the workpiece is 4 m/s. Use conservation of energy to
determine the required value of k.

400
mm

300 mm

2

1

k k

Workpiece

Hammer

Solution:

2

(
1

2
ks2
)

+ mgh = 1

2
mv2

k = m(v2 − 2gh)

2s2

k = (40 kg)([4 m/s]2 − 2[9.81 m/s2][0.4 m])

2([0.5 m] − [0.3 m])2

k = 4080 N/m.
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Problem 15.90 A rock climber of weight W has a rope
attached a distance h below him for protection. Suppose
that he falls, and assume that the rope behaves like a lin-
ear spring with unstretched length h and spring constant
k = C/h, where C is a constant. Use conservation of
energy to determine the maximum force exerted on the
climber by the rope. (Notice that the maximum force
is independent of h, which is a reassuring result for
climbers: The maximum force resulting from a long fall
is the same as that resulting from a short one.)

h

Solution: Choose the climber’s center of mass before the fall as
the datum. The energy of the climber before the fall is zero. As the
climber falls, his energy remains the same:

0 = 1
2 mv2 − Wy,

where y is positive downward. As the rope tightens, the potential
energy stored in the rope becomes

Vrope = 1
2 k(y − 2h)2.

At maximum extension the force on the climber is

F = − ∂V

∂y
= −k(y − 2h).

When the velocity of the falling climber is zero, 0 = −Wy + 1
2 k(y −

2h)2, from which: y2 + 2by + c = 0, where

b = −
(

2h + W

k

)
,

and c = +4h2. The solution is

y =
(

2h + W

k

)
±
(

W

k

)√
4 kh

W
+ 1.

Substitute:

F = −W

(
1 ±

√
1 + 4C

W

)
.

The positive sign applies, and the force is

F = −W

(
1 +

√
1 + 4C

W

)
(directed upward).
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Problem 15.91 The collar A slides on the smooth hori-
zontal bar. The spring constant k = 40 N/m. The weights
are WA = 30 N and WB = 60 N. As the instant shown,
the spring is unstretched and B is moving downward
at 4 m/s. Use conservation of energy to determine the
velocity of B when it has moved downward 2 m from
its current position. (See Example 15.8.)

A

B

k

Solution: Notice that the collars have the same velocity

1

2

(
WA + WB

g

)
v2

1 + WBh = 1

2

(
WA + WB

g

)
v2

2 + 1

2
kh2

v2 =
√

v2
1 +

(
2 WBh − kh2

WA + WB

)
g

v2 =
√

(4 m/s)2+
(

2[60 N][2 m] − [40 N/m][2 m]2

90 N

)
( 2)

v2 = /s.

Problem 15.92 The spring constant k = 700 N/m. The
masses mA = 14 kg and mB = 18 kg. The horizontal bar
is smooth. At the instant shown, the spring is unstretched
and the mass B is moving downward at 1 m/s. How fast
is B moving when it has moved downward 0.2 m from
its present position?

A

k

B

0.15 m

0.3 m

Solution: The unstretched length of the spring is

δ =
√

(0.3 m)2 + (0.15 m)2

= 0.335 m.

When B has moved 0.2 m, the length of the spring is

� =
√

(0.5 m)2 + (0.15 m)2 = 0.522 m.

Conservation of energy is

1

2
(mA + mB)v2

1 = 1

2
(mA + mB)v2

2 − mBgh + 1

2
k(� − δ)2

v2 =
√

v2
1 + 2mBgh − k(� − δ)2

mA + mB

v2 =
√

(1 m/s)2 + 2(18 kg)(9.81 m/s2)(0.2 m) − (700 N/m)(0.187 m)2

32 kg

v2 = 1.56 m/s.
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Problem 15.93 The semicircular bar is smooth. The
unstretched length of the spring is 0.254 m. The 5-N
collar at A is given a downward velocity of 6 m/s, and
when it reaches B the magnitude of its velocity is 15 m/s.
Determine the spring constant k.

A

B

k

0.05 m

0.305 m

0.13 m

Solution: The stretch distances for the spring at A and B are

δA = 0.

δB = 0.

Conservation of energy gives

1

2
mv2

A + 1

2
kδ2

A + mgh = 1

2
mv2

B + 1

2
kδ2

B

k = m[v2
B − v2

A − 2gh]

δ2
A − δ2

B

k =
(

5 N
2

)[
(15 m/s)2− (6 m/s)2− 2( 2)( )

(0. )2− (0. )2

]

k=

225

226 m

098 m

9.81 m/s

9.81 m/s 0.305 m

226 m 098 m

2249 N/m.
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Problem 15.94 The mass m = 1 kg, the spring con-
stant k = 200 N/m, and the unstretched length of the
spring is 0.1 m. When the system is released from rest
in the position shown, the spring contracts, pulling the
mass to the right. Use conservation of energy to deter-
mine the magnitude of the velocity of the mass when
the string and spring are parallel.

k

0.3 m

0.15 m

0.25 m

Solution: The stretch of the spring in position 1 is

S1 = √(0.15)2 + (0.25)2 − 0.1 = 0.192 m.

The stretch in position 2 is

S2 = √(0.3 + 0.15)2 + (0.25)2 − 0.3 − 0.1 = 0.115 m.

The angle β = arctan(0.25/0.45) = 29.1◦. Applying conservation of
energy,

1
2 mv2

1 + 1
2 kS2

1 − mg(0.3) = 1
2 mv2

2 + 1
2 kS2

2 − mg(0.3 cos β):

0 + 1
2 (200)(0.192)2 − (1)(9.81)(0.3) = 1

2 (1)v2
2 + 1

2 (200)(0.115)2

− (1)(9.81)(0.3 cos 29.1◦
).

Solving, v2 = 1.99 m/s

0.3 m

0.15 m

0.25 m

2
1

Datum

β

Problem 15.95 In problem 15.94, what is the tension
in the string when the string and spring are parallel?

Solution: The free body diagram of the mass is: Newton’s second
law in the direction normal to the path is

T − kS2 − mg cos β = man:

T − (200)(0.115) − (1)(9.81) cos 29.1◦ = (1)(v2
2/0.3).

We obtain, T = 44.7 N.
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Problem 15.96 The force exerted on an object by
a nonlinear spring is F = −[k(r − r0) + q(r − r0)

3]er ,
where k and q are constants and r0 is the unstretched
length of the spring. Determine the potential energy of
the spring in terms of its stretch S = r − r0.

k
θ

r

Solution: Note that dS = dr . The work done in stretching the
spring is

V = −
∫

F · dr + C = −
∫

F · (drer + rdθeθ ) + C

=
∫

[k(r − r0) + q(r − r0)
2] dr + C,

V =
∫

[kS + qS3] dS + C.

Integrate:

V = k

2
S2 + q

4
S4 ,

where C = 0, since F = 0 at S = 0.

Problem 15.97 The 20-kg cylinder is released at
the position shown and falls onto the linear spring
(k = 3000 N/m). Use conservation of energy to
determine how far down the cylinder moves after
contacting the spring. 2 m

1.5 mSolution: Choose the base of the cylinder as a datum. The potential
energy of the piston at rest is V1 = mg(3.5) = 686.7 N-m. The conser-
vation of energy condition after the spring has compressed to the point
that the piston velocity is zero is mgh + 1

2 k(h − 1.5)2 = mg(3.5),
where h is the height above the datum. From which h2 + 2bh + c = 0,
where

b = −
(

3

2
− mg

k

)

and c = 2.25 − 7 mg

k
.

The solution is h = −b ± √
b2 − c = 1.95 m, n = 0.919 m. The value

h = 1.95 m has no physical meaning, since it is above the spring. The
downward compression of the spring is

S = 1.5 − 0.919 = 0.581 m
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Problem 15.98 The 20-kg cylinder is released at the
position shown and falls onto the nonlinear spring.
In terms of the stretch S of the spring, its potential
energy is V = 1

2kS2 + 1
2qS4, where k = 3000 N/m and

q = 4000 N/m3. What is the velocity of the cylinder
when the spring has been compressed 0.5 m?

Solution: Note that S = 1.5 − h where h is the height above the
datum, from which h = 1.5 − S. Use the solution to Problem 15.97.
The conservation of energy condition when the spring is being
compressed is 1

2 mv2 + Vspring + mg(1.5 − S) = mg(3.5), from which

v =
√

7.0g − 2g(1.5 − S) − 2
Vspring

m
.

The potential energy in the spring is Vspring = 1
2 (3000)(0.52) +

1
4 (4000)(0.54) = +437.5 N-m.

Substitute numerical values to obtain v = 2.30 m/s

Problem 15.99 The string exerts a force of constant
magnitude T on the object. Use polar coordinates to
show that the potential energy associated with this force
is V = T r .

T

θ

r

Solution:

dV = −F · dr

V = −
∫ r

DATUM
− T er · drer

V = T r

∣∣∣r
DATUM

V = T r − T rDATUM

Let rDATUM = 0

V = T r

T

er

228

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.100 The system is at rest in the position
shown, with the 53.4 N collar A resting on the spring
( / ), when a constant force is applied to
the cable. What is the velocity of the collar when it has
risen ? (See Problem 15.99.)

A

k

133.4 N

0.91 m

0.61m

Solution: Choose the rest position as the datum. At rest, the com-
pression of the spring is

S1 = −W

k
= −0. .

When the collar rises 0.31 m the stretch is S 2 = S 1 + = 0.

the collar rises 0.31 m the constant force on the cable has acted
through a distance

s = √
2+ 2 −√ ( − )2 = 0. .

The work done on the system is Us = 1
2 k(S2

1 − S2
2 ) − mg(1) + Fs.

From the conservation of energy Us = 1
2 mv2 from which

v =
√

k

m
(S2

1 − S2
2 ) − 2g + 2Fs

m
= /s.

Problem 15.101 A 1-kg disk slides on a smooth hori-
zontal table and is attached to a string that passes through
a hole in the table. A constant force T = 10 N is exerted
on the string. At the instant shown, r = 1 m and the
velocity of the disk in terms of polar coordinates is
v = 6eθ (m/s). Use conservation of energy to determine
the magnitude of the velocity of the disk when r = 2m.
(See Problem 15.99.)

r

T

Solution:

1

2
mv2

1 + T r1 = 1

2
mv2

2 + T r2

v2 =
√

v2
1 + 2

T

m
(r1 − r2) =

√
(6 m/s)2 + 2

(
10 N

1 kg

)
([1 m] − [2 m])

v2 = 4 m/s.

229
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183 m
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0.91 0.91 0.31 −0.61 20.61 237 m

2.57 m

m
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Problem 15.102 A 1-kg disk slides on a smooth hori-
zontal table and is attached to a string that passes through
a hole in the table. A constant force T = 10 N is exerted
on the string. At the instant shown, r = 1 m and the
velocity of the disk in terms of polar coordinates is
v = 8eθ (m/s). Because this is central-force motion, the
product of the radial position r and the transverse com-
ponent of velocity vθ is constant. Use this fact and con-
servation of energy to determine the velocity of the disk
in terms of polar coordinates when r = 2m.

r

T

Solution: We have

1

2
mv2

1 + T r1 = 1

2
m(v2

2r + v2
2θ ) + T r2, r1v1 = r2v2θ

Solving we find

v2θ = r1

r2
v1 = 1 m

2 m
(8 m/s) = 4 m/s

v2r =
√

v2
1 − v2

2θ + 2
T

m
(r1 − r2)

=
√

(8 m/s)2 − (4 m/s)2 + 2

(
10 N

1 kg

)
([1 m] − [2 m]) = 5.29 m/s.

v = (5.29er + 4eθ ) m/s.

Problem 15.103 A satellite initially is inserted into
orbit at a distance r0 = 8800 km from the center of
the earth. When it is at a distance r = 18,000 km from
the center of the earth, the magnitude of its velocity is
v = 7000 m/s. Use conservation of energy to determine
its initial velocity v0. The radius of the earth is 6370 km.
(See Example 15.9.)

v

v0

r0

r

RE

Solution:

1

2
mv2

0 − mgR2
E

r0
= 1

2
mv2 − mgR2

E

r

v0 =
√

v2 + 2gR2
E

(
1

r0
− 1

r

)

v0 =
√

(7000 m/s)2 + 2(9.81 m/s2)(6.37×106 m)2

(
1

8.8×106 m
− 1

18×106 m

)

v0 = 9760 m/s.
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Problem 15.104 Astronomers detect an asteroid
100,000 km from the earth moving at 2 km/s relative to
the center of the earth. Suppose the asteroid strikes the
earth. Use conservation of energy to determine the mag-
nitude of its velocity as it enters the atmosphere. (You
can neglect the thickness of the atmosphere in compari-
son to the earth’s 6370-km radius.)

Solution: Use the solution to Problem 15.103. The potential
energy at a distance r is

V = −mgR2
E

r
.

The conservation of energy condition at

r0 :
1

2
mv2

0 − mgR2
E

r0
= 1

2
mv2 − mgR2

E

r
.

Solve:

v =
√

v2
0 + 2gR2

E

(
1

r
− 1

r0

)
.

Substitute: r0 = 1 × 108 m, v0 = 2 × 103 m/s, and r = 6.37 × 106 m.
The velocity at the radius of the earth is

v = 11 km/s

Problem 15.105 A satellite is in the elliptic earth orbit
shown. Its velocity in terms of polar coordinates when
it is at the perigee A is v = 8640eθ (m/s). Determine the
velocity of the satellite in terms of polar coordinates
when it is at point B.

B

A
C

8000 km8000 km
16,000 km

13,900 km

Solution: We have

rA = 8000 km = 8×106 m

rB =
√

13, 9002 + 80002 km = 1.60×107 m.

Energy and angular momentum are conserved. Therefore

1

2
mv2

A − mgR2
E

rA
= 1

2
m(v2

Br + v2
Bθ ) − mgR2

E

rB
, rAvA = rBvBθ

Solving we have

vBθ = rA

rB
vA = 8×106 m

1.60×107 m
(8640 m/s) = 4310 m/s,

vBr =
√

v2
A − v2

Bθ + 2gR2
E

(
1

rB
− 1

rA

)
= 2480 m/s.

v = (2480er + 4310eθ ) m/s.

231

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.106 Use conservation of energy to deter-
mine the magnitude of the velocity of the satellite in
Problem 15.105 at the apogee C. Using your result, con-
firm numerically that the velocities at perigee and apogee
satisfy the relation rAvA = rCvC .

Solution: From Problem 15.105, rA = 8000 km, rC = 24000 km,
vA = 8640 m/s, g = 9.81 m/s2, RE = 6370 km.
From conservation of energy,

1

2
mv2

A − mgR2
E

rA
= 1

2
mv2

c − mgR2
E

rc

Factor m out of the equation, convert all distances to meters, and solve
for vc. Solving, vC = 2880 m/s

Does rAvA = rCvC

Substituting the known values, we have

rAvA = rCvC = 6.91 × 1010 m2/s

Problem 15.107 The Voyager and Galileo spacecraft
have observed volcanic plumes, believed to consist of
condensed sulfur or sulfur dioxide gas, above the sur-
face of the Jovian satellite Io. The plume observed above
a volcano named Prometheus was estimated to extend
50 km above the surface. The acceleration due to gravity
at the surface is 1.80 m/s2. Using conservation of energy
and neglecting the variation of gravity with height, deter-
mine the velocity at which a solid particle would have
to be ejected to reach 50 km above Io’s surface.

Solution: Conservation of energy yields: T1 + V1 = T2 + V2:
Using the forms for a constant gravity field, we get 1

2 mv2
1 + 0 =

0 + mgy2 Evaluating, we get 1
2 v2

1 = (1.8)(50,000), or v1 = 424 m/s

Problem 15.108 Solve Problem 15.107 using conser-
vation of energy and accounting for the variation of
gravity with height. The radius of Io is 1815 km.

Solution: Conservation of energy yields: T1 + V1 = T2 + V2:
Only the form of potential energy changes from that used in Problem
15.107. Here we get

1

2
mv2

1 − mgR2
I

RI

= 0 − mgR2
I

rI
.

Evaluating,

1

2
v2

1 − (1.8)(1,815,000)2

1,815,000
= − (1.8)(1,815,000)2

1,815,000 + 50,000
.

or v1 = 419 m/s

232

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 15.109* What is the relationship between
Eq. (15.21), which is the gravitational potential energy
neglecting the variation of the gravitational force
with height, and Eq. (15.23), which accounts for the
variation? Express the distance from the center of the
earth as r = RE + y, where RE is the earth’s radius and
y is the height above the surface, so that Eq. (15.23) can
be written as

V = − mgRE

1 + y

RE

.

By expanding this equation as a Taylor series in terms
of y/RE and assuming that y/RE � 1, show that you
obtain a potential energy equivalent to Eq. (15.21).

Solution: Define y/RE = ε

V = −mgRE
2

r
= − mgRE

2

RE + y
= − mgRE

1 + y

RE

= −mgRE

1 + ε

V = V |ε=0 + dV

dε

∣∣∣∣
ε=0

ε + · · ·

V = −mgRE + mgRE

(1 + ε)2

∣∣∣∣
ε=0

ε = −mgRE + mgRE

y

RE

= −mgRE + mgy QED

Problem 15.110 The potential energy associated with
a force F acting on an object is V = x2 + y3 N-m, where
x and y are in meters.

(a) Determine F.
(b) Suppose that the object moves from position 1 to

position 2 along path A, and then moves from posi-
tion 1 to position 2 along path B. Determine the
work done by F along each path.

y

x
1 B

A

2
(1, 1) m

Solution:

(a) Fx = − dV

dx
= −2x, Fy = − dV

dy
= −3y2

F = −2xi − 3y2j N.

(b)

W12A =
∫ 1

0
(−3y2) dy +

∫ 1

0
(−2x) dx = −(1)3 − (1)2 = −2 N-m

W12B =
∫ 1

0
(−2x) dx +

∫ 1

0
(−3y2) dy = −(1)2 − (1)3 = −2 N-m

W12A = W12B = −2 N-m.
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Problem 15.111 An object is subjected to the force
F = yi − xj (N), where x and y are in meters.

(a) Show that F is not conservative.
(b) Suppose the object moves from point 1 to point 2

along the paths A and B shown in Problem 15.110.
Determine the work done by F along each path.

Solution:

(a) A necessary and sufficient condition that F be conservative is
∇ × F = 0.

∇ × F =




i j k
∂

∂x

∂

∂y

∂

∂z

y −x 0


 = i0 − j0 + (−1 − 1)k

= −2k = 0.

Therefore F is non conservative.

(b) The integral along path B is

UB =
∫ 1

0
(yi − xj)|y=0 · i dx +

∫ 1

0
(yi − xj)|x=1 · j dy

= 0 − 1 = −1 N-m
.

Along path A:

UA =
∫ 1

0
(yi − xj)|x=0 · j dy +

∫ 1

0
(yi − xj)|y=1 · i dx

= 0 + 1 = +1 N-m

Problem 15.112 In terms of polar coordinates, the
potential energy associated with the force F exerted on
an object by a nonlinear spring is

V = 1
2k(r − r0)

2 + 1
4q(r − r0)

4,

where k and q are constants and r0 is the unstretched
length of the spring. Determine F in terms of polar
coordinates. (See Active Example 15.10.)

Solution: The force is given by

F = −∇V = −
(

∂

∂r
er + 1

r

∂

∂θ
eθ

)(
1

2
k(r − r0)

2 + 1

4
q(r − r0)

4
)

= −[k(r − r0) + q(r − r0)
3]er

Problem 15.113 In terms of polar coordinates, the
force exerted on an object by a nonlinear spring is

F = −(k(r − r0) + q(r − r0)
3)er ,

where k and q are constants and r0 is the unstretched
length of the spring. Use Eq. (15.36) to show that F is
conservative. (See Active Example 15.10.)

Solution: A necessary and sufficient condition that F be conser-
vative is ∇ × F = 0.

∇ × F = 1

r




er reθ ez

∂

∂r

∂

∂θ

∂

∂z

−[k(r − r0) + q(r − r0)
3] 0 0




= 1

r
[0er − 0reθ + 0ez] = 0. F is conservative.
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Problem 15.114 The potential energy associated with
a force F acting on an object is V = −r sin θ +
r2 cos2 θ - , where r is in e .

(a) Determine F.
(b) If the object moves from point 1 to point 2 along

the circular path, how much work is done by F?

y

x
1

2

1 m

Solution: The force is

F = −∇V = −
(

∂

∂r
er + 1

r

∂

∂θ
eθ

)
(−r sin θ + r2 cos2 θ).

F = (sin θ − 2r cos2 θ)er + (cos θ + 2r sin θ cos θ)eθ .

The work done is U1,2 =
∫

1,2
F · dr,

where dr = er dr + reθ dθ . Since the path is everywhere normal to er ,
the radial term does not contribute to the work. The integral is

U1,2 =
∫ π

2
0

(cos θ + 2r cos θ sin θ)rdθ = [r sin θ − r2 cos2 θ
]π2
0

= 1 + 1 = 2 -

Check: Since the force is derivable from a potential, the system is con-
servative. In a conservative system the work done is U1,2 = −(V2 −
V1), where V1, V2 are the potentials at the beginning and end of the

path. At r = 1, θ = 0, V1 = 1 N-m. At r = 1 m. θ = π

2
, V1 = −1,

from which U1,2 = −(V2 − V1) = 2 - . check.

Problem 15.115 In terms of polar coordinates, the
force exerted on an object of mass m by the gravity
of a hypothetical two-dimensional planet is

F = −
(

mgT RT

r

)
er ,

where gT is the acceleration due to gravity at the surface,
RT is the radius of the planet, and r is the distance from
the center of the planet.

(a) Determine the potential energy associated with this
gravitational force.

(b) If the object is given a velocity v0 at a distance r0,
what is its velocity v as a function of r?

RT

r0

0

Solution:

(a) The potential is

V = −
∫

F · dr + C =
∫ (

mgT RT

r

)
er · (er dr) + C

= mgT RT ln(r) + C,

where C is the constant of integration. Choose r = RT as the
datum, from which C = −mgT RT ln(RT ), and

V = mgT RT ln

(
r

RT

)

(Note: Alternatively, the choice of r = 1 length-unit as the datum,

from which C = mgMRT ln(1), yields V = mgT RT ln
( r

1

)
=

mgT RT ln(r).)

(b) From conservation of energy,

1

2
mv2 + mgT RT ln

(
r

RT

)
= 1

2
mv2

0 + mgT RT ln

(
r0

RT

)
.

Solve for the velocity

v =
√

v2
0 + 2gT

ln
( r0

r

)
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Problem 15.116 By substituting Eqs. (15.27) into
Eq. (15.30), confirm that ∇ × F = 0 if F is conservative.

Solution: Eq. 15.30 is

∇ × F =




i j k
∂

∂x

∂

∂y

∂

∂z

− ∂V

∂x
− ∂V

∂y
− ∂V

∂z


 = i

(
− ∂2V

∂y∂z
+ ∂2V

∂y∂z

)

− j
(

∂2V

∂x∂z
− ∂2V

∂x∂z

)
+ k

(
∂2V

∂x∂y
− ∂2V

∂x∂y

)
= 0

Thus, F is conservative.

Problem 15.117 Determine which of the following are
conservative.

(a) F = (3x2 − 2xy)i − x2j;
(b) F = (x − xy2)i + x2yj;
(c) F = (2xy2 + y3)i + (2x2y − 3xy2)j.

Solution: Use Eq. (15.30)

(a) ∇ × F =




i j k
∂

∂x

∂

∂y

∂

∂z

3x2 − 2xy −x2 0




= i(0) − j(0) + k(−2x + 2x) = 0.

Force is conservative.

(b) ∇ × F =




i j k
∂

∂x

∂

∂y

∂

∂z

x − xy2 x2y 0




= i(0) − j(0) + k(2xy + 2xy) = k(4xy) = 0

Force is non-conservative.

(c) ∇ × F =




i j k
∂

∂x

∂

∂y

∂

∂z

2xy2 + y3 2x2y − 3xy2 0




= i(0) − j(0) + k(4xy − 3y2 − 4xy − 3y2)

= k(−6y2) = 0.

Force is non-conservative.
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Problem 15.118 The driver of a 12000 N car moving at
40 km/h applies an increasing force on the brake pedal.
The magnitude of the resulting frictional force exerted
on the car by the road is f = 250 + 6s , where s is the
car’s horizontal position (in feet) relative to its position
when the brakes were applied. Assuming that the car’s
tires do not slip, determine the distance required for the
car to stop

(a) by using Newton’s second law and
(b) by using the principle of work and energy.

Solution:

(a) Newton’s second law:

(
W

g

)
dv

dt
= −f,

where f is the force on the car in opposition to the motion. Use
the chain rule:

(
W

g

)
v

dv

ds
= −f = −(250 + 6s).

Integrate and rearrange:

v2 = −
(

2g

W

)
(250s + 3s2) + C.

At s = 0, v(0) = 4 1000/36000 = /s,

from which C = ( . 2) = v2
1 . The velocity is

v2 = −
(

2g

W

)
(250s + 3s2) + v2

1 ( )2 .

At v = 0, s2 + 2bs + c = 0, where

b = 125

3
= 41.67, c = −Wv2

1

6g
= − .

The solution: s = −b ± √
b2 − c = . , from

which s = 122.2 m .

(b) Principle of work and energy: The energy of the car when the
brakes are first applied is

1

2

(
W

g

)
v2

1 = - .

The work done is

U =
∫ s

0
f ds = −

∫ s

0
(250 + 6s) ds = −(250s + 3s2).

From the principle of work and energy, after the brakes are
applied,

U = 1

2

(
W

g

)
v2

2 − 1

2

(
W

g

)
v2

1 .

Rearrange:

.
1

2

(
W

g

)
v2

2 = .
1

2

(
W

g

)
v2

1 − (250s + 3s2).

When the car comes to a stop, v2 = 0, from which

.0 = .
1

2

(
W

g

)
v2

1 − (250s + 3s2).

Reduce: s2 + 2bs + c = 0, where

b = 125

3
= 41.67, c = −Wv2

1

6g
= − .

The solution s = −b ± √
b2 − c = from

which s = 122.2 m .

Problem 15.119 Suppose that the car in Prob-
lem 15.118 is on wet pavement and the coefficients of
friction between the tires and the road are µs = 0.4 and
µk = 0.35. Determine the distance for the car to stop.

Solution: The initial velocity of the vehicle is v1 = 40 km/h =
. f = 250 + 6s lb applies until the

tire slips. Slip occurs when f = 250 + 6s = µsW , from which sslip =
58.3 . The work done by the friction force is

Uf =
∫ sslip

0
− f ds +

∫ sstop

sslip

− µkW = −(250sslip + 3sslip
2)

− µkW(sstop − sslip) = 1. − (sstop).

From the principle of work and energy:

Uf = 0 −
(

1

2
mv2

1

)
= −6789 N-m,

from which sstop = 8 m .
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Problem 15.120 An astronaut in a small rocket vehicle
(combined mass = 450 kg) is hovering 100 m above the
surface of the moon when he discovers that he is nearly
out of fuel and can exert the thrust necessary to cause
the vehicle to hover for only 5 more seconds. He quickly
considers two strategies for getting to the surface:

(a) Fall 20 m, turn on the thrust for 5 s, and then fall
the rest of the way;

(b) fall 40 m, turn on the thrust for 5 s, and then fall
the rest of the way.

Which strategy gives him the best chance of surviving?
How much work is done by the engine’s thrust in each
case? (gmoon = 1.62 m/s2)

Solution: Assume g = 1.62 m/s2 and that the fuel mass is neg-
ligible. Since the thruster causes the vehicle to hover, the thrust is
T = mg. The potential energy at h1 = 100 m is V1 = mgh.

(a) Consider the first strategy: The energy condition at the end of
a 20 m fall is mgh = 1

2 mv2
2 + mgh2, where h2 = h1 − 20 =

80 m, from which 1
2 mv2

2 = mg(h1 − h2), from which v2 =√
2g(h1 − h2) = 8.05 m/s. The work done by the thrust is

Uthrust = −
∫ h3

h2

F dh = −mg(h3 − h2),

where F = mg, acting upward, h3 is the altitude at the end of
the thrusting phase. The energy condition at the end of the thrust-
ing phase is mgh = 1

2 mv2
3 + mgh3 + Uthrust, from which mgh =

1
2 mv2

3 + mgh2. It follows that the velocities v3 = v2 = 8.05 m/s,
that is, the thruster does not reduce the velocity during the time
of turn-on. The height at the end of the thruster phase is h3 =
h2 − v3t = 80 − (8.04)(5) = 39.75 m. The energy condition at
the beginning of the free fall after the thruster phase is 1

2 mv2
3 +

mgh3 = 43558.3 N-m, which, by conservation of energy is also
the energy at impact: is 1

2 mv2
4 = 1

2 mv2
3 + mgh3 = 43558.3 N-m,

from which

v4 =
√

2(43558.3)

m
= 13.9 m/s at impact.

(b) Consider strategy (b): Use the solution above, with h2 = h1 −
40 = 60 m The velocity at the end of the free fall is v2 =√

2 g(h1 − h2) = 11.38 m/s. The velocity at the end of the
thruster phase is v3 = v2. The height at the end of the
thruster phase is h3 = h2 − v2t = 3.08 m. The energy condition
at impact is: 1

2 mv2
4 = 1

2 mv2
3 + mgh3 = 31405 N-m. The impact

velocity is

v4 =
√

2(31405)

m
= 11.8 m/s .

He should choose strategy (b) since the impact velocity is reduced
by �v = 13.91 − 11.81 = 2.1 m/s. The work done by the engine
in strategy (a) is

Uthrust =
∫ h3

h3

F dh = mg(h3 − h2) = −29.3 kN-m.

The work done by the engine in strategy (b) is

Uthrust =
∫ h3

h2

F dh = mg(h3 − h2) = −41.5 kN-m
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Problem 15.121 The coefficients of friction between
the 20-kg crate and the inclined surface are µs = 0.24
and µk = 0.22. If the crate starts from rest and the hor-
izontal force F = 200 N, what is the magnitude of the
velocity of the crate when it has moved 2 m?

30°

F

Solution:

�Fy = N − F sin 30◦ − mg cos 30◦ = 0,

so N = F sin 30◦ + mg cos 30◦ = 270 N.

The friction force necessary for equilibrium is

f = F cos 30◦ − mg sin 30◦ = 75.1 N.

Since µsN = (0.24)(270) = 64.8 N, the box will slip up the plane and
f = µkN . From work and energy,

(F cos 30◦ − mg sin 30◦ − µkN)(2m) = 1
2 mv2

2 − 0,

we obtain v2 = 1.77 m/s.

F

N

y

x

30°

mg

f

Problem 15.122 The coefficients of friction between
the 20-kg crate and the inclined surface are µs = 0.24
and µk = 0.22. If the crate starts from rest and the hor-
izontal force F = 40 N. What is the magnitude of the
velocity of the create when it has moved 2 m?

Solution: See the solution of Problem 15.121. The normal force is

N = F sin 30◦ + mg cos 30◦ = 190 N.

The friction force necessary for equilibrium is

f = F cos 30◦ − mg sin 30◦ = −63.5 N.

Since µsN = (0.24)(190) = 45.6 N, the box will slip down the plane
and the friction force is µkN up the plane.

From work and energy,

(mg sin 30◦ − F cos 30◦ − µkN)(2m) = 1
2 mv2

2 − 0,

we obtain v2 = 2.08 m/s.

Problem 15.123 The Union Pacific Big Boy locomo-
tive weighs 5.29 million lb, and the traction force (tan-
gential force) of its drive wheels is 600480 N. If you
neglect other tangential forces, what distance is required
for the train to accelerate from zero to 6

Solution: The potential associated with the force is

V = −
∫ s

0
F ds = −Fs.

The energy at rest is zero. The energy at v = =

0 = 1

2

(
W

g

)
v2 + V,

from which s = 1

2

(
W

gF

)
v2 =

239
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Problem 15.124 In Problem 15.123, suppose that the
acceleration of the locomotive as it accelerates from
zero to 96.5 km/h is (F0/m) (1 − v/88), where F0 =

0 N, m is the mass of the locomotive, and v is
its velocity in metre per second.

(a) How much work is done in accelerating the train
to 96.5 km/h?

(b) Determine the locomotive’s velocity as a function
of time.

Solution: [Note: F is not a force, but an acceleration, with the
dimensions of acceleration.]

(a) The work done by the force is equal to the energy acquired by the
locomotive in attaining the final speed, in the absence of other
tangential forces. Thus the work done by the traction force is

U = 1

2
mv2 = 1

2

(
W

g

)
(882) = × 10 8 -

(b) From Newton’s second law m
dv

dt
= mF , from which

dv

dt
=
(

F0

m

)(
1 − v

88

)
.

Separate variables:

dv(
1 − v

88

) =
(

F0

m

)
dt.

Integrate:

ln
(
1 − v

88

)
= −

(
F0

88m

)
t + C1.

Invert:

v(t) = 88


1 − Ce

−F0

88m
t


 .

At t = 0, v(0) = 0, from which C = 1. The result:

v(t) = 88


1 − e

−8F0

88W
t




Check: To demonstrate that this is a correct expression, it is used
to calculate the work done: Note that

U =
∫ s

0
mF ds =

∫ T

0
mF

(
ds

dt

)
dt =

∫ T

0
mFv dt.

For brevity write K = gF0

88W
.

Substitute the velocity into the force:

mF = F0

(
1 − v

88

)
= F0e

−Kt .

The integral

U =
∫ T

0
mFv dt =

∫ T

0
88F0e

Kt (1 − e−Kt ) dt

U = 88F0

∫ T

0
(e−Kt − e−2Kt ) dt

= − 88F0

K

[
e−Kt − 1

2
e−2Kt

]T

0

= − 88F0

K

[
e−KT − e−2KT

2
− 1

2

]
.

The expression for the velocity is asymptotic in time to the lim -it
ing value of 6

tenths of percent of 96.5 km/h within the first few minutes.
Take the limit of the above integral:

lim
T →∞

∫ T

0
mFv dt = lim

T →∞ − 88F0

K

[
e−KT − e−2KT

2
− 1

2

]

= 88F0

2K
= 1

2

W

g
(882) ≡ kinetic energy,

which checks, and confirms the expression for the velocity. check.
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9 .5 km/h: in strict terms the velocity never reaches
96.5 km/h; in practical terms the velocity approaches within a
few
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Problem 15.125 A car traveling 6 m/h hits the
crash barrier described in Problem 15.14. Determine the
max -imum deceleration to which the passengers are sub
jected if the car weighs (a) 0 and (b)

s

Solution: From Problem 15.14 we know that the force in the crash
barrier is given by

F = −(120s + 40s3)

The maximum deceleration occurs when the spring reaches its maxi-
mum deflection. Using work and energy we have

1

2
mv2 +

∫ s

0
Fds = 0

1

2
mv2 −

∫ s

0
(120s + 40s3) ds = 0

1

2
mv2 = 60s2 + 10s4

This yields an equation that we can solve for the distance s at which
the car stops.

(a) Using m =
2

and solving, we find that

s = 1 . , a = F

m
= 120s + 40s3

m
= 113.2 m/s2

(b) Using m = 5000 N
2

and solving, we find that

s = 12 , a = F

m
= 120s + 40s3

m
= 138.4 m/s2

(a) 113.2 m/s2, (b) 138.4 m/s2.
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Problem 15.126 In a preliminary design for a mail-
sorting machine, parcels moving at 2 m/s slide down a
smooth ramp and are brought to rest by a linear spring.
What should the spring constant be if you don’t want the
10 -N parcel to be subjected to a maximum deceleration
greater than 10g’s?

2 m/s

3 m
k

Solution: From Newton’s second law, the acceleration after con-
tact with the spring is given by:

W

g

(
dv

dt

)
= −F = −kS,

where k is the spring constant and S is the stretch of the spring.
Rearrange:

(
dv

dt

)
= −gk

W
S.

This expression has two unknowns, k and S. S is determined as fol-
lows: Choose the bottom of the ramp as the datum. The energy at the
top of the ramp is

1

2

(
W

g

)
v2 + V,

where V is the potential energy of the package due to gravity: V = Wh

where h = 3 m. The conservation of energy condition after contact
with the spring is

1

2

(
W

g

)
v2

0 + Wh = 1

2

(
W

g

)
v2

1 + 1

2
kS2.

When the spring is fully compressed the velocity is zero, and

S =
√

W

gk
v2

0 + 2

(
W

k

)
h.

Substitute into the expression for the acceleration:

(
dv

dt

)
= −√

k

√
gv2

0

W
+ 2g2h

W

(where the negative sign appears because
dv

dt
= −10 g), from which

k =

(
dv

dt

)2

(
gv2

0

W
+ 2g2h

W

) .

Substitute numerical values: v0 = 2 m/s, W = 10 N, h = 3 m,(
dv

dt

)
= −10 g m/s , from which2 k = 156.1 N/m
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Problem 15.127 When the 1-kg collar is in position 1,
the tension in the spring is 50 N, and the unstretched
length of the spring is 260 mm. If the collar is pulled
to position 2 and released from rest, what is its velocity
when it returns to position 1? 300 mm

600 mm

1 2

Solution: The stretched length of the spring in position 1 is S1 =
0.3 − 0.26 = 0.04 m. The stretched length of the spring in position 2
is S2 = √

0.32 + 0.62 − 0.26 = 0.411 m. The spring constant is

k = 50

S1
= 1250 N/m.

The potential energy of the spring in position 2 is 1
2 kS2

2 . The potential
energy of the spring in position 1 is 1

2 kS2
1 . The energy in the collar at

position 1 is 1
2 kS2

2 = 1
2 mv2

1 + 1
2 kS2

1 , from which

v1 =
√

k

m
(S2

2 − S2
1 ) = 14.46 m/s

300 mm

600 mm

1 2

Problem 15.128 When the 1-kg collar is in position 1,
the tension in the spring is 100 N, and when the collar
is in position 2, the tension in the spring is 400 N.

(a) What is the spring constant k?
(b) If the collar is given a velocity of 15 m/s at position

1, what is the magnitude of its velocity just before
it reaches position 2?

Solution:

(a) Assume that the dimensions defining locations 1 and 2 remain
the same, and that the unstretched length of the spring changes
from that given in Problem 15.141. The stretched length of the
spring in position 1 is S1 = 0.3 − S0, and in position 2 is S2 =√

0.32 + 0.62 − S0. The two conditions:

√
0.62 + 0.32 − S0 = 400

k
, 0.3 − S0 = 100

k
.

Subtract the second from the first, from which k = 809 N/m.
Substitute and solve: S0 = 0.176 m, and S1 = 0.124 m, S2 =
0.494 m.

(b) The energy at the onset of motion at position 1 is

1
2 mv2

1 + 1
2 kS2

1 .

At position 2:

1
2 mv2

1 + 1
2 kS2

1 = 1
2 mv2

2 + 1
2 kS2

2 ,

from which

v2 =
√

v2
1 + k

m
(S2

1 − S2
2 ) = 6.29 m/s
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Problem 15.129 The 30-N weight is released from
rest with the two springs (kA = 30 N/m, kB = 15 N/m)
unstretched.

(a) How far does the weight fall before rebounding?
(b) What maximum velocity does it attain?

kA

kB

Solution: Choose the datum as the initial position.

(a) The work done as the weight falls is: for the springs

Uspring =
∫ −SA

0
kAs ds +

∫ −SB

0
kBs ds = − 1

2
kAS2

A − 1

2
kBS2

B.

For the weight

Uweight =
∫ −(SA+SB )

0
− W ds = W(SA + SB).

From the principle of work and energy: Usprings + Uweight =
(mv2/2). At the juncture of the two springs the sum of the forces

is kASA − kBSB = 0, from which SB = kA

kB

SA, from which

−
(

1

2

)
kAS2

A

(
1 + kA

kB

)
+ WSA

(
1 + kA

kB

)
=
(

1

2
mv2

)

At the maximum extension the velocity is zero, from which

SA = 2W

kA

= 2 m, SB =
(
kA

kB

)
sA = 4 .

The total fall of the weight is SA + SB = 6

(b) The maximum velocity occurs at

d

dSA

(
1

2
mv2

)
= d

dSA

(Uspring + Uweight)

= −kASA

(
1 + kA

kB

)
+ W

(
1 + kA

kB

)
= 0,

from which

[SA]v max = W

kA

= 1 m.

The maximum velocity is

|vmax| =
[√

2(Uspring + Uweight)

m

]
sA=1

= 9.82 /s

Check: Replace the two springs with an equivalent spring of
stretch S = SA + SB , with spring constant keq , from which

S = F

kA

+ F

kB

= F

keq

from which

keq = F

S
= F

SA + SB

= F

F

kA

+ F

kA

= kA + kB

kAkB

= 10 / .

From conservation of energy 0 = mv2/2 + keqS2/2 − WS. Set
v = 0 and solve: S = 2W/keq = 6 m is the maximum stretch.
check. The velocity is a maximum when

d

dS

(
1

2
mv2

)
= W − keqS = 0,

from which [S]v=mvmax = 3 m, and the maximum velocity is v =
9.82 /s. check.
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Problem 15.130 The piston and the load it supports
are accelerated upward by the gas in the cylinder. The
total weight of the piston and load is 1000 N. The cylin-
der wall exerts a constant 50-N frictional force on the
piston as it rises. The net force exerted on the piston
by pressure is (p2 − patm)A, where p is the pressure of
the gas, patm = 2117 N/m2 is the atmospheric pressure,
and A = 1 m2 is the cross-sectional area of the piston.
Assume that the product of p and the volume of the
cylinder is constant. When s = 1 m, the piston is sta-
tionary and p = 5000 N/m . What is the velocity of the2

piston when s = 2 ?

s

Piston

Gas

Solution: At the rest position, p0As = p0V = K , where V =
1 ft3, from which K = p0. Denote the datum: s0 = 1 ft. The potential
energy of the piston due to the gas pressure after motion begins is

Vgas = −
∫ s

s0

F ds = −
∫ s

s0

(p − patm)A ds

= patmA(s − s0) −
∫ s

s0

pAds.

From which

Vgas = patmA(s − s0) − K

∫ s

s0

ds

s
= patmA(s − s0) − K ln

(
s

s0

)
.

The potential energy due to gravity is

Vgravity = −
∫ s

s0

(−W)ds = W(s − s0).

The work done by the friction is

Ufriction =
∫ s

s0

(−f ) ds = −f (s − s0), where f = 50 .

From the principle of work and energy:

Ufriction = 1

2

(
W

g

)
v2 + Vgas + Vgravity

Rearrange:

1

2

(
W

g

)
v2 = Ufriction − Vgas − Vgravity. At s = 2 m,

1

2

(
W

g

)
v2 = −(−1348.7) − (1000) − 50 = 298.7 N-m,

from which v =
√

2(298.7)g

W
= . /s

Problem 15.131 When a 22,000-kg rocket’s engine
burns out at an altitude of 2 km, the velocity of the
rocket is 3 km/s and it is traveling at an angle of 60◦
relative to the horizontal. Neglect the variation in the
gravitational force with altitude.

(a) If you neglect aerodynamic forces, what is the
magnitude of the velocity of the rocket when it
reaches an altitude of 6 km?

(b) If the actual velocity of the rocket when it reaches
an altitude of 6 km is 2.8 km/s, how much work is
done by aerodynamic forces as the rocket moves
from 2 km to 6 km altitude?

Solution: Choose the datum to be 2 km altitude.

(a) The energy is 1
2 mv2

0 at the datum. The energy condition of the
rocket when it reaches 6 km is 1

2 mv2
0 = 1

2 mv2 + mgh, where
h = (6 − 2) × 103 = 4 × 103 m. Rearrange the energy expres-
sion: v2 = v2

0 − 2gh, from which the velocity at 6 km is v =√
v2

0 − 2gh = 2.987 km/s

(b) Define Uaero to be the work done by the aerodynamic forces. The
energy condition at 6 km is

1
2 mv2

0 = 1
2 mv2 + mgh − Uaero.

Rearrange:

Uaero = + 1
2 mv2 + mgh − 1

2 mv2
0 = −1.19 × 1010 N-m
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Problem 15.132 The 12-kg collar A is at rest in the
position shown at t = 0 and is subjected to the tangen-
tial force F = 24 − 12t2 N for 1.5 s. Neglecting friction,
what maximum height h does the collar reach?

h

2 m

AF

Solution: Choose the datum at the initial point. The strategy is to
determine the velocity at the end of the 1.5 s and then to use work
and energy methods to find the height h. From Newton’s second law:

m
dv

dt
= F = 24 − 12t2.

Integrating:

v = 1

m

∫ 1.5

0
(24 − 12t2) dt =

(
1

m

)
[24t − 4t3]1.5

0 = 1.875 m/s.

[Note: The displacement during this time must not exceed 2 m. Inte-
grate the velocity:

s =
(

1

m

)∫ 1.5

0
(24t − 4t3) dt

=
(

1

m

)
[12t2 − t4]1.5

0 = 1.82 m < 2 m,

so the collar is still at the datum level at the end of 1.5 s.] The energy
condition as the collar moves up the bar is

1
2 mv2

0 = 1
2 mv2 + mgh.

At the maximum height h, the velocity is zero, from which

h = v2
0

2g
= 0.179 m

Problem 15.133 Suppose that, in designing a loop for
a roller coaster’s track, you establish as a safety criterion
that at the top of the loop the normal force exerted on a
passenger by the roller coaster should equal 10 percent of
the passenger weight. (That is, the passenger’s “effective
weight” pressing him down into his seat is 10 percent
of his actual weight.) The roller coaster is moving at

instantaneous radius of curvature ρ of the track at the
top of the loop?

ρ

15.24 m

Solution: The energy at the top of the loop is

1
2 mv2

0 = 1
2 mv2

top + mgh,

where v0 = /s, h = 5 , and g = 2

v top =
√

v2
0 − 2gh = /s. From Newton’s second law:

m

(
v2

top

ρ

)
= (1.1) mg,

from which

ρ = v2
top

1.1 g
=

246

18.9 m/s when it enters the loop. What is the necessary

18.9 m 1 .24 m 9.81 m/s , from which

7.62 m

5.39 m
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Problem 15.134 A 800.6 N student runs at 4.57 m/s,
grabs a rope, and swings out over a lake. He releases
the rope when his velocity is zero.

(a) What is the angle θ when he releases the rope?
(b) What is the tension in the rope just before he

release it?
(c) What is the maximum tension in the rope?

θ  9.1 m

Solution:

(a) The energy condition after the seizure of the rope is

1
2 mv2

0 = 1
2 mv2 + mgL(1 − cos θ),

where v0 = L =
v2

0 = 2gL(1 − cos θ), from which

cos θ = 1 − v2
0

2gL
= 0.883, θ = 27.9◦

(b) From the energy equation v2 = v2
0 − 2gL(1 − cos θ). From New-

ton’s second law, (W/g)(v2/L) = T − W cos θ , from which

T =
(

W

g

)(
v2

L

)
+ W cos θ = . .

(c) The maximum tension occurs at the angle for which

dT

dθ
= 0 = −2W sin θ − W sin θ,

from which θ = 0, from which

Tmax = W

(
v2

0

gL
+ 1

)
=

Problem 15.135 If the student in Problem 15.134
releases the rope when θ = 25◦, what maximum height
does he reach relative to his position when he grabs the
rope?

Solution: Use the solution to Problem 15.134. [The height when
he releases the rope is h1 = L(1−cos 25◦

) =
releases the rope, the total energy is

1

2

(
W

g

)
v2

0 − WL = 1

2

(
W

g

)
v2 − WL cos θ.

Substitute v0 = θ = 25◦ and solve: v =
tal component of velocity is v cos θ =

of energy:

W( .856) + 1
2 m( 2) = Wh + 1

2 m( 2)

from which h = 93 .
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4.57 m/s, 9.1 m. When the velocity is zero,

707 2 N

987.5 N

0.856 m.] Before he

4.57 m/s, 2 .02 m/s. The hori
zon

-
1 .83 m/s. From conservation

0 2.02 1.83

0.8 m
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Problem 15.136 A boy takes a running start and jumps
on his sled at position 1. He leaves the ground at
position 2 and lands in deep snow at a distance of
b =

1

 1.52 m

2 4.57 m
35°

bSolution: The components of velocity at the point of leaving
the ground are vy = v2 sin θ and vx = v2 cos θ , where θ = 35◦. The
path is

y = − 8

2
t2 + (v2 sin θ)t + h,

where h = x =(v2 cos θ)t . At impact y = 0, from which

t2
impact + 2btimpact + c = 0, where b = v2 sin θ

g
[not to be confused

with the b in the drawing], c = −2h

g
. From which, since the time

is positive, the time of impact is

(1) timpact = v2 sin θ

g

(
1 +

√
1 + 2gh

v2
2 sin2 θ

)
.

The range is (2) x(v1) = b = (v2 cos θ)timpact.

The velocity v2 is found in terms of the initial velocity from the energy
conditions: Choose the datum at the point where he leaves the ground.
The energy after motion begins but before descent is under way is
1
2 mv2

1 + mgh1, where h1 is the height above the point where he leaves
the ground, h1 = − =

1
2 mv2

1 + mgh1 = 1
2 mv2

2 , from which (3) v2 =
√

v2
1 + 2gh1.

The function x(v1) = (v2 cos θ)timpact − b, where b =
function of initial velocity, using the equations (2) and

(3) above, to find the zero crossing. The value was refined by
iteration to yield v1 = v2 =

air before impact was timpact = 1.182 s. Check: An
analytical solution is found as follows: Combine (1) and (2)

b = v2
2 sin θ cos θ

g

(
1 +

√
1 + 2gh

v2
2 sin2 θ

)
.

Invert this algebraically to obtain

v2 = b

√
g

2 cos θ(b sin θ + h sin θ)
= .86

Use v2
1 = v2

2 = v2
2 − 2g(h1 − h2), from which v1 = check.

Problem 15.137 In Problem 15.136, if the boy starts at
1 going 4.57m/s, what distance b does he travel through
the air?

Solution: Use the solution to Problem 15.136. The distance b =
(v2 cos θ)timpact, where

timpact = v2 sin θ

g

(
1 +

√
1 + 2gh

v2
2 sin2 θ

)
,

and v2 =
√

v2
1 + 2gh1 . Numerical values are: h= θ = 35◦, h1=

v1 = Substituting, b =

248

7.62 m. How fast was he going at 1?

1.52 m, and

4.57 1.52 3.05 m. The energy as he leaves the

ground is
7.62 m, was

graphed as a

1.44 m/s. The other values were 7.86 m/s,
and the time in the

7 .

1.44 m/s.

/sm

1.52m,
3.05 m, 4.57 m/s. 9.51 m.
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Problem 15.138 The 1-kg collar A is attached to the
linear spring (k = 500 N/m) by a string. The collar starts
from rest in the position shown, and the initial tension in
the spring is 100 N. What distance does the collar slide
up the smooth bar?

A

k

Solution: The deflection of the spring is

S = 100

k
= 0.2 m.

The potential energy of the spring is Vspring = 1
2 kS2. The energy

condition after the collar starts sliding is Vspring = 1
2 mv2 + mgh. At

the maximum height, the velocity is zero, from which

h = Vspring

mg
= k

2mg
S2 = 1.02 m

Problem 15.139 The masses mA = 40 kg and mB =
60 kg. The collar A slides on the smooth horizontal bar.
The system is released from rest. Use conservation of
energy to determine the velocity of the collar A when it
has moved 0.5 m to the right.

A

B

Solution: Placing the datum for B at its initial position,
conservation of energy gives T1 + V1 = T2 + V2: Evaluating, we get

0 + 0 = 1
2 (40)v2 + 1

2 (60)v2 − (60)(9.81)(0.5) or v = 2.43 m/s.
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Problem 15.140 The spring constant is k = 850 N/m,
mA = 40 kg, and mB = 60 kg. The collar A slides on
the smooth horizontal bar. The system is released from
rest in the position shown with the spring unstretched.
Use conservation of energy to determine the velocity of
the collar A when it has moved 0.5 m to the right.

A

k

0.4 m

0.9 m

B

Solution: Let vA and vB be the velocities of A and B when A has
moved 0.5 m. The component of A′s velocity parallel to the cable
equals B ′s velocity: vA cos 45◦ = vB . B′s downward displacement
during A′s motion is

√
(0.4)2 + (0.9)2 −√(0.4)2 + (0.4)2 = 0.419 m.

Conservation of energy is T1 + V2 = T2 + V2:

0 + 0 = 1
2 (40)vA

2 + 1
2 (60)(vA cos 45◦

)2

+ 1
2 (850)(0.5)2 − (60)(9.81)(0.419).

Solving, vA = 2.00 m/s.

Problem 15.141 The y axis is vertical and the curved
bar is smooth. If the magnitude of the velocity of the
4-N slider is 6 m/s at position 1, what is the magnitude
of its velocity when it reaches position 2?

y

x

1

2

2 m

4 m

Solution: Choose the datum at position 2. At position 2, the
energy condition is

1

2

(
W

g

)
v2

1 + Wh = 1

2

(
W

g

)
v2

2,

where h = 2, from which

v2 =
√

v2
1 + 2 gh = √62 + 2 g(2) = /s
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Problem 15.142 In Problem 15.141, determine the
magnitude of the velocity of the slider when it reaches
position 2 if it is subjected to the additional force F =
3xi − 2j ( ) during its motion.

Solution:

U =
∫

F · dr =
∫ 0

2
(−2) dy +

∫ 4

0
3x dx

= [−2y]02 +
[

3

2
x2
]4

0
= 4 + 24 = 28 N-m .

From the solution to Problem 15.141, the energy condition at posi-
tion 2 is

1

2

(
W

g

)
v2

1 + Wh + U = 1

2

(
W

g

)
v2

2,

from which

v2 =
√

v2
1 + 2gh + 2g(28)

W
=
√

62 + 2g(2) + 2g(28)

4

= 4. /s

Problem 15.143 Suppose that an object of mass m is
beneath the surface of the earth. In terms of a polar
coordinate system with its origin at the earth’s center, the
gravitational force on the object is −(mgr/RE)er , where
RE is the radius of the earth. Show that the potential
energy associated with the gravitational force is V =
mgr2/2RE .

Solution: By definition, the potential associated with a force F is

V = −
∫

F · dr.

If dr = er dr + reθ dθ , then

V = −
∫ (

− mgr

RE

)
er · er dr −

∫ (
− mgr

RE

)
er · eθ r dθ

= −
∫ (

− mgr

RE

)
dr =

(
mgr2

2RE

)
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Problem 15.144 It has been pointed out that if tunnels
could be drilled straight through the earth between points
on the surface, trains could travel between these points
using gravitational force for acceleration and decelera-
tion. (The effects of friction and aerodynamic drag could
be minimized by evacuating the tunnels and using mag-
netically levitated trains.) Suppose that such a train travels
from the North Pole to a point on the equator. Determine
the magnitude of the velocity of the train

(a) when it arrives at the equator and
(b) when it is halfway from the North Pole to the equa-

tor. The radius of the earth is RE =

N

(See Problem 15.143.)

Solution: The potential associated with gravity is

Vgravity = mgr2

2RE

.

With an initial velocity at the North Pole of zero, from conservation
of energy, at any point in the path

(
mgr2

2RE

)
NP

= 1

2
mv2 +

(
mgr2

2RE

)
.

(a) At the equator, the conservation of energy condition reduces to

(
mgRE

2

)
= 1

2
mv2

EQ +
(

mgRE

2

)
,

from which vEQ = 0

(b) At the midway point, r = RE sin 45◦ = RE√
2

, and from conserva-

tion of energy

(
mgRE

2

)
= 1

2
mv2

M +
(

mgRE

4

)
,

from which vM =
√

gRE

2
= =

Problem 15.145 In Problem 15.123, what is the max-
imum power transferred to the locomotive during its
acceleration?

Solution: From Problem 15.123, the drive wheel traction force
F = 135,000 lb is a constant, and the final velocity is v = 60 mi/h =
88 ft/s. The power transferred is P = Fv, and since the force is a
constant, by inspection the maximum power transfer occurs at the
maximum velocity, from which P = Fv = (135000)(88) = 11.88 ×
106 ft-lb/ sec = 21,600 hp.
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5590.6 /sm 20126 km/h.
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Problem 15.146 Just before it lifts off, the 10,500-kg
airplane is traveling at 60 m/s. The total horizontal force
exerted by the plane’s engines is 189 kN, and the plane
is accelerating at 15 m/s2.

(a) How much power is being transferred to the plane
by its engines?

(b) What is the total power being transferred to the
plane?

Solution:

(a) The power being transferred by its engines is

P = Fv = (189 × 103)(60) = 1.134 × 107 Joule/s = 11.3 MW.

(b) Part of the thrust of the engines is accelerating the airplane:
From Newton’s second law,

m
dv

dt
= T = (10.5 × 103)(15) = 157.5 kN.

The difference (189 − 157.5) = 31.5 kN is being exerted to
overcome friction and aerodynamic losses.

(b) The total power being transferred to the plane is

Pt = (157.5 × 103)(60) = 9.45 MW

Problem 15.147 The “Paris Gun” used by Germany in
World War I had a range of 120 km, a 37.5-m barrel, a
muzzle velocity of 1550 m/s and fired a 120-kg shell.

(a) If you assume the shell’s acceleration to be
constant, what maximum power was transferred to
the shell as it traveled along the barrel?

(b) What average power was transferred to the shell?

Solution: From Newton’s second law, m
dv

dt
= F , from which, for

a constant acceleration,

v =
(

F

m

)
t + C.

At t = 0, v = 0, from which C = 0. The position is

s = F

2m
t2 + C.

At t = 0, s = 0, from which C = 0. At s = 37.5 m, v = 1550 m/s,
from which F = 3.844 × 106 N and t = 4.84 × 10−2 s is the time
spent in the barrel.

The power is P = Fv, and since F is a constant and v varies
monotonically with time, the maximum power transfer occurs
just before the muzzle exit: P = F(1550) = 5.96 × 109 joule/s =
5.96 GW. (b) From Eq. (15.18) the average power transfer is

Pave =
1
2 mv2

2 − 1
2 mv2

1

t
= 2.98 × 109 W = 2.98 GW
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Problem 16.1 The 20-kg crate is stationary at time
t = 0. It is subjected to a horizontal force given as a
function of time (in newtons) by F = 10 + 2t2.

(a) Determine the magnitude of the linear impulse
exerted on the crate from t = 0 to t = 4 s.

(b) Use the principle of impulse and momentum to
determine how fast the crate is moving at t = 4 s.

F

Solution:

(a) The impulse

I =
∫ t1

t0

F dt =
∫ 4

0
(10 + 2t2) d t = 10(4) + 2

3
(4)3 = 82.7 N-s

I = 82.7 N-s.

(b) Use the principle of impulse and momentum

mv0 + I = mv1

0 + 82.7 N-s = (20 kg)v ⇒ v = 82.7 N-s

20 kg

v = 4.13 m/s.

Problem 16.2 The 100- crate is released from rest
on the inclined surface at time t = 0. The coefficient
of kinetic friction between the crate and the surface is
µk = 0.18.

(a) Determine the magnitude of the linear impulse due
to the forces acting on the crate from t = 0 to
t = 2 s.

(b) Use the principle of impulse and momentum to
determine how fast the crate is moving at t = 2 s.

30�

Solution: We have

�F ↗: N − (100 N) cos 30◦ = 0 ⇒ N = 86.6 N

(a) Then, along the slope the impulse is

I = (W sin 30◦ − µkN)t

I = ([100 N] sin 30◦ − [0.18][86.6N])(2 s)

I = 68.8 -s.

(b) Using the principle of impulse-momentum,

mv1 + I = mv2

0 + 68.8 N-s =
(

100 N
2

)
v2

Solving we find

v2 = /s.
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Problem 16.3 The mass of the helicopter is 9300 kg. It
takes off vertically at time t = 0. The pilot advances the
throttle so that the upward thrust of its engine (in kN) is
given as a function of time in seconds by T = 100 + 2t2.

(a) Determine the magnitude of the linear impulse due
to the forces acting on the helicopter from t = 0 to
t = 3 s.

(b) Use the principle of impulse and momentum to
determine how fast the helicopter is moving at
t = 3 s.

Solution:

(a) The impulse - using the total force (T and the weight).

I =
∫ t2

t1

Fdt =
∫ t2

t1

(T − mg) d t

=
∫ 3

0
(100 + 2t2 − 9.3[9.81]) d t = (8.77)(3) + 2

3
(3)3 = 44.3 kN-s.

I = 44.3 kN-s.

(b) Using the principle of impulse - momentum,

mv1 + I = mv2

0 + 44.3 kN-s = (9300 kg)v2

v2 = 4.76 m/s.

Problem 16.4 A 150 million-kg cargo ship starts from
rest. The total force exerted on it by its engines and
hydrodynamic drag (in newtons) can be approximated
as a function of time in seconds by �Ft = 937,500 −
0.65t2. Use the principle of impulse and momentum to
determine how fast the ship is moving in 16 minutes.

Solution: The impulse is

I =
∫ t2

t1

Fdt =
∫ 16(60)

0
(937,500 − 0.65t2) d t

= (937,500)(960) − 1

3
(0.65)(960)3 = 7.08 × 108 N-s.

Using the principle of impulse and momentum, we have

mv1 + I = mv2

0 + 7.08 × 108 N-s = (150 × 106 kg)v2

Solving, we find

v2 = 4.72 m/s (9.18 knots).
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Problem 16.5 The combined mass of the motorcycle
and rider is 136 kg. The coefficient of kinetic friction
between the motorcycle’s tires and the road is µk = 0.6.
The rider starts from rest and spins the rear (drive) wheel.
The normal force between the rear wheel and road is
790 N.

(a) What impulse does the friction force on the rear
wheel exert in 2 s?

(b) If you neglect other horizontal forces, what velocity
is attained by the motorcycle in 2 s?

Solution:

m = 136 kg

g = 9.81 m/s2

NR = 790 N

∑
Fx = µkNR = m

dvx

dt

Imp =
∫ 2

0
µkNR dt = µkNRt

∣∣∣2
0

(a) Imp = (0.6 × 790 × 2) = 948 N-s

(b)
∫ 2

0
µkNR dt = m

∫ v

0
dv = Imp

948 N-s = mv

v = 948 N-s/136 kg = 6.97 m/s

NFNR

mg

kNRµ
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Problem 16.6 A bioengineer models the force gen-
erated by the wings of the 0.2-kg snow petrel by an
equation of the form F = F0(1 + sin ωt), where F0 and
ω are constants. From video measurements of a bird
taking off, he estimates that ω = 18 and determines that
the bird requires 1.42 s to take off and is moving at
6.1 m/s when it does. Use the principle of impulse and
momentum to determine the constant F0.

Solution:∫ t

0
F0(1 + sin ωt) d t = mv

F0

(
t − 1

ω
cos ωt

)t

0
= F0

(
t + 1

ω
[1 − cos ωt]

)
= mv

F0 = mv

t + 1

ω
(1 − cos ωt)

= (0.2 kg) (6.1 m/s)

(1.42 s) + 1

18 rad/s
(1 − cos[(18)(1.42)])

F0 = 0.856 N.

Problem 16.7 In Active Example 16.1, what is the
average total force acting on the helicopter from t = 0
to t = 10 s?

y

x

Solution: From Active Example 16.1 we know the total impulse
that occurs during the time. Then

F�t = I ⇒ F = I
�t

F = (36,000i + 3600j) N-s

10 s

F = (3600i + 360j) N.

Problem 16.8 At time t = 0, the velocity of the 15-kg
object is v = 2i + 3j − 5k (m/s). The total force acting
on it from t = 0 to t = 4 s is

�F = (2t2 − 3t + 7)i + 5tj + (3t + 7)k (N).

Use the principle of impulse and momentum to deter-
mine its velocity at t = 4 s.

y

x

z

�F

Solution: Working in components we have

(15)(2) +
∫ 4

0
(2t2 − 3t + 7) d t = (15)v2x

(15)(3) +
∫ 4

0
5tdt = (15)v2y

(15)(−5) +
∫ 4

0
(3t + 7) d t = (15)v2z

Solving we find v2x = 5.11 m/s, v2y = 5.67 m/s, v2z = −1.53 m/s.

v2 = (5.11i + 5.67j − 1.53k) m/s.

257

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.9 At time t = 0, the velocity of the 15-kg
object is v = 2i + 3j − 5k (m/s). The total force acting
on it from t = 0 to t = 4 s is

�F = (2t2 − 3t + 7)i + 5tj + (3t + 7)k (N).

What is the average total force on the object during the
interval of time from t = 0 to t = 4 s?

y

x

z

�F

Solution: The components of the impulse are

Ix =
∫ 4

0
(2t2 − 3t + 7) dt = 2

3
(4)3 − 3

2
(4)2 + 7(4) = 46.7 N,

Iy =
∫ 4

0
5t dt = 5

2
(4)2 = 40 N,

Iz =
∫ 4

0
(3t + 7) dt = 3

2
(4)2 + 7(4) = 52 N.

The average force is given by

Fave = I
�t

= (46.7i + 40j + 52k) N

4 s

Fave = (11.7i + 10j + 13k)N.

Problem 16.10 The 1-N collar A is initially at rest
in the position shown on the smooth horizontal bar. At
t = 0, a force

F = (
1
20

)
t2i + (

1
10

)
tj − (

1
30

)
t3k ( )

is applied to the collar, causing it to slide along the bar.
What is the velocity of the collar at t = 2 s?

y

4 

A
F

x

m

Solution: The impulse applied to the collar is
∫ t2

t1

∑
F dt =

mvx2 − mvx1: Evaluating, we get

∫ 2

0

1

20
t2 dt = (1/ )vx2,

or

[
1

60
t3
]2

0
= (1/ )vx2.

Hence, vx2 = /s.
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Problem 16.11 The y axis is vertical and the curved
bar is smooth. The 4-N slider is released from rest in
position 1 and requires 1.2 s to slide to position 2. What
is the magnitude of the average tangential force acting
on the slider as it moves from position 1 to position 2?

y

x

1

2

2 

4 m

m
Solution: We will use the principle of work and energy to find the
velocity at position 2.

T1 + W1→2 = T2

0 + (4 )(2 ) = 1

2

(
4 N

2

)
v2

2 ⇒ v2 = /s.

Now, using the principle of impulse - momentum we can find the
average tangential force

mv1 + Fave�t = mv2

Fave = m
(v2 − v1)

�t
=
(

4 N
2

)
( /s − 0)

1.2 s

Fave = .1 .

Problem 16.12 During the first 5 s of the 14,200-kg
airplane’s takeoff roll, the pilot increases the engine’s
thrust at a constant rate from 22 kN to its full thrust of
112 kN.

(a) What impulse does the thrust exert on the airplane
during the 5 s?

(b) If you neglect other forces, what total time is
required for the airplane to reach its takeoff speed
of 46 m/s?

Solution:

m = 14200 kg

F = (22000 + 18000 t) N

Imp =
∫ 5

0
(22000 + 18000 t) dt(N-s)

Imp = 22000 t + 9000 t2
∣∣∣5
0

(a) Imp = 335000 N-s = 335 kN-s

∫ tf

0
F dt = mvf − mv0

0

∫ 5

0
(22000 + 18000 t) dt +

∫ t

5
(112000) dt = mvf

335000 + 112000 t

∣∣∣t
5

= (14200)(46)

112000(t − 5) + 335000 = (14200)(46)

(b) t = 7.84 s

F
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Problem 16.13 The 10-kg box starts from rest on the
smooth surface and is subjected to the horizontal force
described in the graph. Use the principle of impulse and
momentum to determine how fast the box is moving at
t = 12 s.

F

50 N

0

F (N)

t (s)
4 8 12

Solution: The impulse is equal to the area under the curve in the
graph

I = 1

2
(50 N) (4 s) + (50 N) (4 s) + 1

2
(50 N) (4 s) = 400 N-s.

Using the principle of impulse and momentum we have

mv1 + I = mv2 ⇒ 0 + (400 N-s) = (10 kg)v2

Solving we find v2 = 40 m/s.

Problem 16.14 The 10-kg box starts from rest and is
subjected to the horizontal force described in the graph.
The coefficients of friction between the box and the sur-
face are µs = µk = 0.2. Determine how fast the box is
moving at t = 12 s.

F

50 N

0

F (N)

t (s)
4 8 12

Solution: The box will not move until the force F is able to over-
come friction. We will first find this critical time.

N = W = (10 kg) (9.81 m/s2) = 98.1 N

f = µN = (0.2)(98.1 N) = 19.6 N

F = 50 N

4 s
t = 19.6 N ⇒ tcr = 1.57 s.

The impulse from tcr to 12 s is

I = (50 N + 19.6 N)

2
(4 s − 1.57 s) + (50 N) (4 s) + (50 N)

2
(4 s)

−(19.6 N)(12 s − 1.57 s) = 180 N-s.

The principle of impulse and momentum gives

mv1 + I = mv2 ⇒ 0 + 180 N-s = (10 kg)v2.

Solving we find v2 = 18.0 m/s.
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Problem 16.15 The crate has a mass of 120 kg, and
the coefficients of friction between it and the sloping
dock are µs = 0.6 and µk = 0.5. The crate starts from
rest, and the winch exerts a tension T = 1220 N.

(a) What impulse is applied to the crate during the first
second of motion?

(b) What is the crate’s velocity after 1 s?

30°

Solution: The motion starts only if T − mg sin 30◦
> µsmg

cos 30◦, from which 631.4 > 611.7. The motion indeed starts.

(a) The impulse in the first second is

∫ t2

t1

F dt =
∫ 1

0
(T − mg sin 30◦ − mgµk cos 30◦

) dt

= 121.7 t = 121.7 N-s

(b) The velocity is v = 121.7

120
= 1.01 m/s

T

N

mg

kNµ

Problem 16.16 Solve Problem 16.15 if the crate starts
from rest at t = 0 and the winch exerts a tension T =
1220 + 200t N.

Solution: From the solution to Problem 16.15, motion will start.

(a) The impulse at the end of 1 second is

∫ t2

t1

F dt =
∫ 1

0
(1220 + 200t − mg sin 300 − µkmg cos 300) dt

= [1220t + 100t2 − 1098.3t]10 = 221.7 N-s

(b) The velocity is v = 221.7

m
= 221.7

120
= 1.85 m/s

Problem 16.17 In an assembly-line process, the 20-kg
package A starts from rest and slides down the smooth
ramp. Suppose that you want to design the hydraulic
device B to exert a constant force of magnitude F on
the package and bring it to a stop in 0.15 s. What is the
required force F ?

30°

2 m

B

A

Solution: Use conservation of energy to obtain the velocity of the

crate at point of contact with device B. mgh = 1

2
mv2

B , where h =
2 sin 30◦ = 1 m, from which vB = √

2g = 4.43 m/s. The impulse to

be exerted by B is
∫ t2

t1

F dt = mvB = 88.6 N-s. The constant force to

be applied by device B is F − mg sin 30◦ = 88.6

0.15
= 590.67 N, from

which F = 688.8 N

mg

F

N
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Problem 16.18 The 20-kg package A starts from rest
and slides down the smooth ramp. If the hydraulic
device B exerts a force of magnitude F = 540(1 +
0.4t2) N on the package, where t is in seconds measured
from the time of first contact, what time is required to
bring the package to rest?

Solution: See the solution of Problem 16.17. The velocity at first
contact is 4.43 m/s. Impulse and momentum is

∫ t

0
[mg sin 30◦ − 540(1 + 0.4t2)] dt = 0 − 4.43 m.

Integrating yields

mgt sin 30◦ − 540

(
t + 0.4t3

3

)
+ 4.43 m = 0.

The graph of the left side of this equation as a function of t is shown.
By examining calculated results, we estimate the solution to be
t = 0.199 s. –50

0

50

100

0 0.05 0.1 0.15 0.2 0.25
t, s

0.3 0.35

Problem 16.19 In a cathode-ray tube, an electron
(mass = 9.11 × 10−31 kg) is projected at O with
velocity v = (2.2 × 107)i (m/s). While the electron is
between the charged plates, the electric field generated
by the plates subjects it to a force F = −eEj. The charge
of the electron is e = 1.6 × 10−19 C (coulombs), and the
electric field strength is E = 15 sin(ωt) kN/C, where the
circular frequency ω = 2 × 109 s−1.

(a) What impulse does the electric field exert on the
electron while it is between the plates?

(b) What is the velocity of the electron as it leaves the
region between the plates?

y

O
x

+ + + + + + + +

– – – – – – – –

30 mm

Solution: The x component of the velocity is unchanged. The time

spent between the plates is t = 0.03

2.2 × 107
= 1.36 × 10−9 s.

(a) The impulse is

∫ t2

t1

F dt =
∫ t

0
(−eE) dt =

∫ t

0
− e(15 × 103)(sin ωt) dt

=
[

(15 × 103)e

ω
cos ωt

]1.36×10−9

0

∫ t2

t1

F dt = −2.3 × 10−24 N-s

The y component of the velocity is

vy = −2.3 × 10−24

9.11 × 10−31
= −2.52 × 106 m/s.

(b) The velocity on emerging from the plates is

v = 22 × 106i − 2.5 × 106j m/s.
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Problem 16.20 The two weights are released from
rest at time t = 0. The coefficient of kinetic friction
between the horizontal surface and the 5-N weight is
µk = 0.4. Use the principle of impulse and momentum
to determine the magnitude of the velocity of the 10-
weight at t = 1 s.

Strategy: Apply the principle to each weight indi-
vidually.

10 

5 N

N

Solution:

Impulse = (10 N)(1 s) − 0.4(5)(1 s) = 8 N-s

8 lb-s =
(

15 N
2

)
v ⇒ v = /s

Problem 16.21 The two crates are released from rest.
Their masses are mA = 40 kg and mB = 30 kg, and the
coefficient of kinetic friction between crate A and the
inclined surface is µk = 0.15. What is the magnitude of
the velocity of the crates after 1 s?

A

B

20°

Solution: The force acting to move crate A is

FA = T + mAg(sin 20◦ − µk cos 20◦
)

= T + 78.9 N,

where T is the tension in the cable.

The impulse, since the force is constant, is

(T + 78.9)t = mAv.

For crate B,

FB = −T + mBg = −T + 294.3.

The impulse, since the force is constant, is

(−T + 294.3)t = mBv.

For t = 1 s, add and solve: 78.9 + 294.3 = (40 + 30)v, from which

v = 5.33 m/s

mAg

mAg cos 20°
mBg

kmAg cos 20°µ
T

T
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Problem 16.22 The two crates are released from rest.
Their masses are mA = 20 kg and mB = 80 kg, and the
surfaces are smooth. The angle θ = 20◦. What is the
magnitude of the velocity after 1 s?

Strategy: Apply the principle of impulse and
momentum to each crate individually.

A

B

θ
Solution: The free body diagrams are as shown:

Crate B:
∫ t2

t1

∑
Fx dt = mvx2 − mvx1:

∫ 1

0
[(80)(9.81) sin 20◦ − T ] dt = (80)(v − 0).

Crate A:
∫ t2

t1

∑
Fx dt = mvx2 − mvx1:

∫ 1

0
[(20)(9.81) sin 20◦ − T ] dt = (20)[(−v) − 0]

Subtracting the second equation from the first one,

∫ 1

0
(80 − 20)(9.81) sin 20◦

dt = (80 + 20)v.

Solving, we get v = 2.01 m/s.

y

x

T

T

P

NN

(20)(9.81) N

(80)  (9.81) N
(velocity of B
at t = 1s)v

Problem 16.23 The two crates are released from rest.
Their masses are mA = 20 kg and mB = 80 kg. The
coefficient of kinetic friction between the contacting
surfaces is µk = 0.1. The angle θ = 20◦. What is the
magnitude of the velocity of crate A after 1 s?

Solution: The free body diagrams are as shown:

The sums of the forces in the y direction equal zero:

∑
Fy = N − (20)(9.81) cos 20◦ = 0 N = 184 N,

∑
Fy = P − N − (80)(9.81) cos 20◦ = 0 P = 922 N

Crate B:
∫ t2

t1

∑
Fx dt = mvx2 − mvx1:

∫ 1

0
[(80)(9.81) sin 20◦ − 0.1 P − 0.1 N-T] dt = (80)(v − 0). (1)

Crate A:
∫ t2

t1

∑
Fx dt = mvx2 − mvx1:

∫ 1

0
[(20)(9.81) sin 20◦ + 0.1 N-T] dt = (20)[(−v) − 0]. (2)

Subtracting Equation (2) from Equation (1),

∫ 1

0
[(80 − 20)(9.81) sin 20◦ − 0.1 P − 0.2 N] dt = (80 + 20)v.

Solving, v = 0.723 m/s.

y

x

T

T

0.1 P

N
N

0.1 N

(20)(9.81) N

(80)  (9.81) N
(velocity of B
at t = 1s)P

0.1 N

v
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Problem 16.24 At t = 0, a 20-kg projectile is given
an initial velocity v0 = 20 m/s at θ0 = 60◦ above the
horizontal.

(a) By using Newton’s second law to determine the
acceleration of the projectile, determine its velocity
at t = 3 s.

(b) What impulse is applied to the projectile by its
weight from t = 0 to t = 3 s?

(c) Use the principle of impulse and momentum to
determine the projectile’s velocity at t = 3 s.

θ0

x

y

0

Solution:

a = −gj

ax = 0

ay = −g

vx0 = v0 cos 60◦ = 10 m/s

vy0 = v0 sin 60◦ = 17.32 m/s

x0 = y0 = 0

v0 = 20 m/s

ax = 0 ay = −g

vx = v0 cos 60◦
vy = v0 sin 60◦ − gt

v = (v0 cos 60◦
)i + (v0 sin 60◦ − gt)j (m/s)

At t = 3 s,

(a) v = 10 i − 12.1 j (m/s)

IG = Impulse due to gravity

FG = −mgj

IG = −
∫ 3

0
mg j dt

IG = −mg t |30 j = −3 mg j (N-s)

(b) IG = −589 j (N-s)

IG = mv(3) − mv0

−589j = mvx i + mvy j − mvxo i − mvyo j

x: 0 = mvx − mvxo

vx = vxo = 10 m/s

y: − 589 = mvy − mvyo

20 vy = (20)(17.32) − 589

vy = −12.1 m/s

(c) v = 10 i − 12.1 j (m/s) at t = 3 s

y

x

60°
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Problem 16.25 A soccer player kicks the stationary
0.45-kg ball to a teammate. The ball reaches a maximum
height above the ground of 2 m at a horizontal distance
of 5 m form the point where it was kicked. The
duration of the kick was 0.04 seconds. Neglecting the
effect of aerodynamic drag, determine the magnitude of
the average force the player everted on the ball.

Solution: We will need to find the initial velocity of the ball. In
the y direction we have

vy = √
2gh =

√
2(9.81 m/s2)(2 m)

= 6.26 m/s.

The time of flight is given by

t = vy

g
= (6.26 m/s)

(9.81 m/s2)
= 0.639 s.

In the x direction we have

vx = d

t
= (5 m)

(0.639 s)
= 7.83 m/s.

The total velocity is then

v =
√

v2
x + v2

y =
√

(6.26 m/s)2 + (7.83 m/s)2 = 10.0 m/s.

The principle of impulse and momentum then gives

F�t = mv ⇒ F = mv

�t
= (0.45 kg)(10.0 m/s)

0.04 s
.

F = 113 N.
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Problem 16.26 An object of mass m = 2 kg slides
with constant velocity v0 = 4 m/s on a horizontal table
(seen from above in the figure). The object is connected
by a string of length L = 1 m to the fixed point O and
is in the position shown, with the string parallel to the
x axis, at t = 0.

(a) Determine the x and y components of the force
exerted on the mass by the string as functions of
time.

(b) Use your results from part (a) and the principle of
impulse and momentum to determine the velocity
vector of the mass at t = 1 s.

Strategy: To do part (a), write Newton’s second law
for the mass in terms of polar coordinates.

y

x

O
m

0

L

Solution:

T = mv2/L eN

−eN = cos θ i + sin θj

v0 = rw:

4 = (1)w w = 4 rad/s

dθ

dt
= w = 4 rad/s

θ = 4t rad

T = −(mv2/L) cos(4t)i − (mv2/L) sin(4t)j

T = −32 cos 4t i − 32 sin 4tj (N)

Tx = −32 cos 4t N

Ty = −32 sin 4t N

∫ 1

0
F dt = mvf − mv0

∫ 1

0
T dt = mvx i + mvy j − m(4)j

eN

eN

V0 = 4 m/s

x

y

mTO

L = 1mθ




x:
∫ 1

0
(−32 cos 4t) dt = mvx

y:
∫ 1

0
(−32 sin 4t) dt = mvy − 4 m

m = 2 kg

x:
−32 sin 4t

4

∣∣∣∣
1

0
= 2vx + 32 cos 4t

4

∣∣∣∣
1

0
= 2vy − 8

Solving v = 3.03i − 2.61j (m/s)

Problem 16.27 A rail gun, which uses an electromag-
netic field to accelerate an object, accelerates a 30-g
projectile from zero to 5 km/s in 0.0004 s. What is the
magnitude of the average force exerted on the projectile?

Solution:

Fave = (0.03 kg)(5000 m/s − 0)

0.0004 s
= 375 kN
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Problem 16.28 The mass of the boat and its passenger
is 420 kg. At time t = 0, the boat is moving at 14 m/s
and its motor is turned off. The magnitude of the
hydrodynamic drag force on the boat (in newtons) is
given as a function of time by 830(1 − 0.08t). Determine
how long it takes for the boat’s velocity to decrease to
5 m/s.

Solution: The principle of impulse and momentum gives

mv1 +
∫ t2

t1

F dt = mv2

(420 kg) (14 m/s) −
∫ t

0
830(1 − 0.08t) d t = (420 kg) (5 m/s)

−830(t − 0.04t2) = −3780

t2 − 25t + 114 = 0

t = 25 −√
252 − 4(1)(114)

2
= 5.99 s.

t = 5.99 s.

Problem 16.29 The motorcycle starts from rest at t =
0 and travels along a circular track with 300-m radius.
From t = 0 to t = 10 s, the component of the total force
on the motorcycle tangential to its path is �Ft = 600 N.
The combined mass of the motorcycle and rider is
150 kg. Use the principle of impulse and momentum
to determine the magnitude of the motorcycle’s velocity
at t = 10 s. (See Active Example 16.2.)

Solution:

(600 N)(10 s) = (150 kg)v ⇒ v = 40 m/s

Problem 16.30 Suppose that from t = 0 to t = 10 s,
the component of the total tangential force on the
motorcycle in Problem 16.29 is given as a function of
time by �Ft = 460 + 3t2 N. The combined mass of
the motorcycle and rider is 150 kg. Use the principle
of impulse and momentum to determine the magnitude
of the motorcycle’s velocity at t = 10 s. (See Active
Example 16.2.)

Solution:∫ 10 s

0
(460 + 3t2) N dt = (150 kg)v ⇒ v = 37.3 m/s
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Problem 16.31 The titanium rotor of a Beckman
Coulter ultracentrifuge used in biomedical research
contains 2-gram samples at a distance of 41.9 mm from
the axis of rotation. The rotor reaches its maximum
speed of 130,000 rpm in 12 minutes.

(a) Determine the average tangential force exerted
on a sample during the 12 minutes the rotor is
acceleration.

(b) When the rotor is at its maximum speed, what
normal acceleration are samples subjected to?

Solution:

(a) Using the principle of impulse and momentum we have

0 + Fave�t = mv

Fave = mv

�t

=
(0.002 kg)

(
130, 000

rev

min

)(2π rad

rev

)(
1 min

60 s

)
(0.0419 m)

(12 min)

(
60 s

min

)

Fave = 0.00158 N

(b)

an = v2

ρ
= (rω)2

r
= rω2

= (0.0419 m)

([
130,000

rev

min

] [2π rad

rev

][
1 min

60 s

])2

an = 7.77 × 106 m/s2.

Problem 16.32 The angle θ between the horizontal
and the airplane’s path varies from θ = 0 to θ = 30◦
at a constant rate of 5 degrees per second. During this
maneuver, the airplane’s thrust and aerodynamic drag
are again balanced, so that the only force exerted on
the airplane in the direction tangent to its path is due
to its weight. The magnitude of the airplane’s velocity
when θ = 0 is 120 m/s. Use the principle of impulse and
momentum to determine the magnitude of the velocity
when θ = 30◦.

u

Solution:

w = dθ

dt
= 5◦

/s, constant = 0.0873
rad

s

It takes 6 seconds to go from θ = 0◦ to θ = 30◦. The resisting force is

Ft = −mg sin θet

Ft = m
dv

dt
et − mg sin θet

= m
dv

dt
et − g

∫ 6

0
sin θ dt =

∫ vf

120
dv

− g

∫ 30◦

0
sin θ

dt

dθ
dθ = Vf − 120 m/s

− g

w
(− cos θ)

∣∣∣30◦

0
= Vf − 120 m/s

Vf = 120 + g

w
(cos 30◦ − 1)

Vf = 105 m/s

θ θ mg

et
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Problem 16.33 In Example 16.3, suppose that the
mass of the golf ball is 0.046 kg and its diameter is
43 mm. The club is in contact with the ball for 0.0006 s,
and the distance the ball travels in one 0.001-s interval is
50 mm. What is the magnitude of the average impulsive
force exerted by the club?

Solution: Using the principle of impulse and momentum

0 + Fave�t = mv

Fave = mv

�t
=

(0.046 kg)

(
0.05 m

0.001 s

)
0.0006 s

Fave = 3830 N.

Problem 16.34 In a test of an energy-absorbing
bumper, a car is driven into a barrier at
8 km/h. The duration of the impact is 0.4 seconds. When
the car rebounds from the barrier, the magnitude of its
velocity is 1. m/h.

(a) What is the magnitude of the average horizontal
force exerted on the car during the impact?

(b) What is the average deceleration of the car during
the impact?

Solution: The velocities are

v1 = = v2 = 1.6 km/h = /s.

(a) Using the principle of impulse and momentum we have

− mv1 + Fave�t = mv2

Fave = m
(v1 + v2)

�t
= N

m/s2

(
/s + /s

0.4 s

)

Fave =
(b) The average deceleration of the car during impact is

a = v2 − (−v1)

�t
= ( /s + /s)

0.4 s

a = /s2
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6 k

8 km/h 2.22 m/s, 0.44 m

12700

9.81

2.22 m 0.44 m

8609 N

2.22 m 0.44 m

6.65 m
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Problem 16.35 A bioengineer, using an instrumented
dummy to test a protective mask for a hockey goalie,
launches the 170-g puck so that it strikes the mask
moving horizontally at 40 m/s. From photographs of
the impact, she estimates the duration to be 0.02 s and
observes that the puck rebounds at 5 m/s.

(a) What linear impulse does the puck exert?
(b) What is the average value of the impulsive force

exerted on the mask by the puck?

Solution:

(a) The linear impulse is

∫ t2

t1

F dt = Fave(t2 − t1) = mv2 − mv1.

The velocities are v2 = −5 m/s, and v1 = 40 m/s, from which

∫ t2

t1

F dt = Fave(t2 − t1) = (0.17)(−5 − 40) = −7.65 N-s,

where the negative sign means that the force is directed parallel
to the negative x axis.

(b) The average value of the force is

Fave = −7.65

0.02
= −382.5 N

Problem 16.36 A fragile object dropped onto a hard
surface breaks because it is subjected to a large impul-
sive force. If you drop a 0.56 N watch from 1.22 m
above the floor, the duration of the impact is 0.001 s,
and the watch bounces 51 mm. above the floor, what is
the average value of the impulsive force?

Solution: The impulse is

∫ t2

t1

F dt = Fave(t2 − t1) =
(

W

g

)
(v2 − v1).

The weight of the watch is

W = ,

and its mass is

(
W

g

)
=

The velocities are obtained from energy considerations (the conserva-
tion of energy in free fall):

v1 = √
2gh = √

2( )( ) = /s.

v2 = −√
2gh = −√

2( )( ) = − /s.

The average value of the impulsive force is

Fave = ( × 10−3)(− − )

1 × 10−3
= −
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Problem 16.37 The 0.45-kg soccer ball is given a kick
with a 0.12-s duration that accelerates it from rest to a
velocity of 12 m/s at 60◦ above the horizontal.

(a) What is the magnitude of the average total force
exerted on the ball during the kick?

(b) What is the magnitude of the average force exerted
on the ball by the player’s foot during the kick?

Strategy: Use Eq. (16.2) to determine the average
total force on the ball. To determine the average force
exerted by the player’s foot, you must subtract the ball’s
weight from the average total force.

Solution:
∫

F dt = Favg�t = mVf − mV0

FAV (0.12) = 0.45(12 cos 60◦i + 12 sin 60◦j)

FAV = 22.5i + 39.0j N

(a) |FAV | = 45.0 N mg = (0.45)(9.81) = 4.41 N

FAV = FFOOT + FG

FAV = FFOOT − mgj

FFOOT = FAV + mgj

FFOOT = 22.5i + 39.0j + 4.41j

(b) |FFOOT| = 48.9 N

V0 = 0
Vf

mg

mg

N

(12 m/s)

60°

Problem 16.38 An entomologist measures the motion
of a 3-g locust during its jump and determines that the
insect accelerates from rest to 3.4 m/s in 25 ms (mil-
liseconds). The angle of takeoff is 55◦ above the hori-
zontal. What are the horizontal and vertical components
of the average impulsive force exerted by the locust’s
hind legs during the jump?

Solution: The impulse is

∫ t2

t1

F dt = Fave(t2 − t1) = m(v2) = m(3.4 cos 55◦i + 3.4 sin 55◦j),

from which

Fave(2.5 × 10−2) = (5.85 × 10−3)i + (8.36 × 10−3)j N-s.

The average total force is

Fave = 1

2.5 × 10−2
((5.85 × 10−3)i + (8.36 × 10−3)j)

= 0.234i + 0.334j N.

The impulsive force is

Fimp = Fave − (−mgj) = 0.234i + 0.364j N
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Problem 16.39 A baseball is above the
ground when it is struck by a bat. The horizontal distance
to the point where the ball strikes the ground is 54.9 m.
Photographs studies indicate that the ball was moving
approximately horizontally at 30.5 m/s before it was
struck, the duration of the impact was 0.015 s, and the
ball was traveling at 30◦ above the horizontal after it was
struck. What was the magnitude of the average impulsive
force exerted on the ball by the bat?

30°

Solution: The impulse is

∫ t2

t1

F dt = Fave(t2 − t1) =
(

W

g

)
(v2 − v1).

The velocity v2 is determined from the trajectory. The path is

y = −gt2

2
+ (v2 sin 30◦

)t + y0,

x = (v2 cos 30◦
)t

where v2 is the magnitude of the velocity at the point of leaving the
bat, and y0 = . At x = , t = /(v2 cos 30◦

), and
y = 0. Substitute and reduce to obtain

v2 =
√

g

2 cos2 30◦( ◦+ y0)
= .

From which:

Fave =
(

1

0.015

)(
W

g

)
((v2 cos 30◦

)i + (v2 sin 30◦
)j − (− i))

= i + j.

Subtract the weight of the baseball: Fimp = Fave − (−W j) = i +
j, from which

|Fimp| =

Problem 16.40 Paraphrasing the official rules of rac-
quetball, a standard racquetball is 56 mm in diameter,
weighs 0.4 N, and bounces between 68 and 72 centi-
metres from a 100-cm drop at a temperature between
70 and 74 degrees Fahrenheit. Suppose that a ball
bounces 71 cm when it is dropped from a 100- height.
If the duration of the impact is 0.08 s, what average
force is exerted on the ball by the floor?

Solution: The velocities before and after the impact are

v1 =
√

2( 2)(1 m) = /s,

v2 =
√

2( 2)( ) = /s,

Using the principle of impulse and momentum we have

− mv1 + Fave�t = mv2

Fave = m
v1 + v2

�t
=

(
1

2

)
( + )

0.08 s

Fave = . .
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1.4 N 0.91 m

0.91 m 54.9 m 54.9

54.9
54.9 tan 30

24.6 m/s

30.5

489.3 116.1

489.3
117.5

503.2 N

cm

9.81 m/s . m4 43

9.81 m/s 0.71 3.73 m

(0.4 N)
9.81 m/s

4.43 m/s 3.73 m/s

4 16 N
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Problem 16.41 The masses mA = mB . The surface
is smooth. At t = 0, A is stationary, the spring is
unstretched, and B is given a velocity v0 toward the
right.

(a) In the subsequent motion, what is the velocity of
the common center of mass of A and B?

(b) What are the velocities of A and B when the spring
is unstretched?

Strategy: To do part (b), think about the motions of
the masses relative to their common center of mass.

mA

k
mB

Solution:

(a) The velocity of the center of mass does not change because there
are no external forces on the system

vc = mAv0 + mB0

(mA + mB)
= v0

2
vC = v0

2
.

(b) Looking at the system from a reference frame moving with the
center of mass, we have an oscillatory system with either the
masses moving towards the center or away from the center. Trans-
lating back to the ground reference system, this means

Either vA = v0(to the right), vB = 0
or vA = 0, vB = v0(to the right).

Problem 16.42 In Problem 16.41, mA = 40 kg, mB =
30 kg, and k = 400 N/m. The two masses are released
from rest on the smooth surface with the spring stretched
1 m. What are the magnitudes of the velocities of the
masses when the spring is unstretched?

Solution: From the solution of Problem 16.41, (1) mAvA +
mBvB = 0: or, evaluating, 40vA + 30vB = 0. Energy is conserved,
Thus, (2) 1

2 kS2 = 1
2 mAvA

2 + 1
2 mBvB

2. Evaluating, we get

1

2
(400)(1)2 = 1

2
(40)v2

A + 1

2
(30)v2

B

Solving Equations (1) and (2),

|vA| = 2.07 m/s,

|vB | = 2.76 m/s.
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Problem 16.43 A girl weighing stands at rest on
a floating platform. She starts running at /s
relative to the platform and runs off the end. Neglect the
horizontal force exerted on the platform by the water.

(a) After she starts running, what is her velocity rela-
tive to the water?

(b) While she is running, what is the velocity of the
common center of mass of the girl and the platform
relative to the water? (See Active Example 16.4.)

Solution:

(a) Momentum is conserved.

0 = mgvg + mbvp, vg/p = vg − vp

0 = ( )vg + ( )vp, ( /s) = vg− vp

Solving we find

vg = ( )( ) = /s.

vg = . /s to the right.

(b) Since momentum is conserved, the velocity of the center of mass
is always zero.

vcm = 0.

Problem 16.44 Two railroad cars with weights WA =
WB = collide and become cou-

pled together. Car A is full, and car B is half full, of
carbolic acid. When the cars collide, the acid in B sloshes
back and forth violently.

(a) Immediately after the impact, what is the velocity
of the common center of mass of the two cars?

(b) When the sloshing in B has subsided, what is the
velocity of the two cars?

/sA /sB m0.61 m 0.305 

Solution:

(a)
vcenter of mass = ( )( ) + ( )( )

( + )

= /s

(b) After the sloshing stops vcars = vcenter of mass =

275
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356 N 1446 N 3 05. m

3.05 m/s 1446 N

1802 N
2.45 m

2 45 m

533.8 kN and 311.4 kN

533800 N 0.61 m/s 311400 N 0.305 m/s

533800 N 311400 N

0.497 m/s

0.497 m

. .

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.45 Suppose that the railroad track in Prob-
lem 16.44 has a constant slope of 0.2 degrees upward
toward the right. If the cars are apart at the instant
shown, what is the velocity of their common center of
mass immediately after they become coupled together?

Solution: Time to couple (both accelerate at the same rate) is t =

( − )
= 6 s.

Impulse — momentum is now(
2

)
( /s)+

(
2

)
( /s )

− ( ) sin 0.2◦
(6 s) =

(
/s2

)
vcenter of mass

vcenter of mass = 0. /s

 = 0.2°θ

0.61 m/s
0.305 m/s

Problem 16.46 The 400-kg satellite S traveling at
7 km/s is hit by a 1-kg meteor M traveling at 12 km/s.
The meteor is embedded in the satellite by the impact.
Determine the magnitude of the velocity of their
common center of mass after the impact and the angle β
between the path of the center of mass and the original
path of the satellite. 45�

M

S 7 km/s b

Solution:

(a, b) mAvA + mBvB = (mA + mB)vf

(9600)(2) + (5400)(1) = (15000)vf

vf = 246

150
m/s

vf = 1.64 m/s to the right

Problem 16.47 The 400-kg satellite S traveling at
7 km/s is hit by a 1-kg meteor M . The meteor is
embedded in the satellite by the impact. What would
the magnitude of the velocity of the meteor need to
be to cause the angle β between the original path of
the satellite and the path of the center of mass of the
combined satellite and meteor after the impact to be
0.5◦? What is the magnitude of the velocity of the center
of mass after the impact?

Solution: Conservation of linear momentum yields (400)(7i) +
(1)(−vm sin 45◦i + vm cos 45◦j) = (400 + 1)(v cos 0.5◦

i + v sin 0.5◦j).
Equating i and j components, we get (400)(7) − vm cos 45◦ =
401 v cos 0.5◦; vm sin 45◦ = 401 v sin 0.5◦ and solving, we obtain
vm = 34.26 km/s : v = 6.92 km/s.

S

y

x
7 km/s β = 0.5°

45°

M

v

vM
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1.83 m

1.83 m

0.61 m/s 0.305 m/s

533800 N

9.81 m/s
0.61 m

311400 N
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845200 N
845200 N

9.81 m

292 m
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Problem 16.48 A 68-kg astronaut is initially station-
ary at the left side of an experiment module within an
orbiting space shuttle. The 105,000-kg shuttle’s center of
mass is 4 m to the astronaut’s right. He launches himself
toward the center of mass at 1 m/s relative to the shut-
tle. He travels 8 m relative to the shuttle before bringing
himself to rest at the opposite wall of the experiment
module.

(a) What is the change in the magnitude of the shuttle’s
velocity relative to its original velocity while the
astronaut is in motion?

(b) What is the change in the magnitude of the shuttle’s
velocity relative to its original velocity after his
“flight”?

(c) Where is the shuttle’s center of mass relative to the
astronaut after his “flight”?

Solution: Consider the motion of the astronaut (A) and shuttle (S)
relative to a reference frame that is stationary with respect to their
common center of mass. During the astronaut’s motion,

mAvA + mSvS = 0

and vA − vS = 1.

Solving these two equations, we obtain

(a) vS = −0.000647 m/s.

(b) After his flight vA = vS , so vS = 0.

(c) It is 4 m to his left.
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Problem 16.49 An boy sitting in a stationary

throwing bricks out of the wagon. Neglect horizontal
forces on the wagon’s wheels. If the boy has three bricks
weighing 44.5 N each and throws them with a horizontal
velocity of /s relative to the wagon, determine the
velocity he attains (a) if he throws the bricks one at a
time and (b) if he throws them all at once.

Solution:

(a) The boy (B) in the wagon (w) throws one brick (b) at a time.

First brick:

0 = (mB + mw + 2mb)vw1 + mbvb1,

vb1 − vw1 = − .

Solving, vw1 = 0. .

Second brick:

(mB + mw + 2mb)vw1 = (mB + mw + mb)vw2 + mbvb2,

vb2 − vw2 = − .

Solving, vw2 = .

Third brick :

(mB + mw + mb)vw2 = (mB + mw)vw3 + mbvb3,

vb3 − vw3 = − .

Solving, vw3 = .

(b) All the bricks are thrown at once.

0 = (mB + mw)vw + 3mbvb,

vb − vw = − .

Solving, vw = .

Problem 16.50 A catapult designed to throw a line to
ships in distress throws a 2-kg projectile. The mass of
the catapult is 36 kg, and it rests on a smooth surface.
It the velocity of the projectile relative to the earth as
it leaves the tube is 50 m/s at θ0 = 30◦ relative to the
horizontal, what is the resulting velocity of the catapult
toward the left?

θ
0

Solution:

0 = mcvc + mp(50 cos 30◦
).

Solving,

vc = −(2)(50 cos 30◦
)

36
= −2.41 m/s.
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356 N
89 N wagon wants to simulate rocket propulsion by

3.05 m

0.765 m/s

3.05 m/s

0.704 m/s3.05

234 m/s

3.05
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3.05
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Problem 16.51 The catapult, which has a mass of 36
kg and throws a 2-kg projectile, rests on a smooth sur-
face. The velocity of the projectile relative to the catapult
as it leaves the tube is 50 m/s at θ0 = 30◦ relative to the
horizontal. What is the resulting velocity of the catapult
toward the left?

Solution:

0 = mcvc + mpvpx,

where

vpx − vc = 50 cos 30◦
.

Solving,

vc = −2.28 m/s.

Problem 16.52 A bullet with a mass of 3.6 grams is
moving horizontally with velocity v and strikes a 5-kg
block of wood, becoming embedded in it. After the
impact, the bullet and block slide 24 mm across the floor.
The coefficient of kinetic friction between the block and
the floor is µk = 0.4. Determine the velocity v.

v

Solution: Momentum is conserved through the collision and then
work energy is used to finish the problem

mbv = (M + mb)v2,
1

2
(M + mb)v2

2 − µk(M + mb)gd = 0

Solving we find

v2 = √
2µkgd,

v =
(

M + mb

mb

)√
2µkgd =

(
5.0036 kg

0.0036 kg

)√
2(0.4)(9.81 m/s2)(0.024 m)

v = 603 m/s.

Problem 16.53 A 28-g bullet hits a suspended 5-
block of wood and becomes embedded in it . The angle
through which the wires supporting the block rotate as a
result of the impact is measured and determined to be
7◦. What was the bullet’s velocity?

 7�1 m

Solution: Momentum is conserved through the collision and then
work-energy is used to finish the problem.

mbvb = (M + mb)v2,
1

2
(M + mb)v2

2 = (M + mb)gL(1 − cos θ)

Solving we have

v2 = √
2gL(1 − cos θ) =

√
2( 2)( )(1− cos 7◦ ) = 0. /s,

vb =
(

M + mb

mb

)
v2 =

( + 0.

0

)
(0.382 m/s) =

vb = /s.
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Problem 16.54 The overhead conveyor drops the 12-kg
package A into the 1.6-kg carton B. The package is tacky
and sticks to the bottom of the carton. If the coefficient
of friction between the carton and the horizontal con-
veyor is µk = 0.2, what distance does the carton slide
after impact?

B
0.2 m/s

1 m/s

A

26°

Solution: The horizontal velocity of the package (A) relative to
the carton (B) is

vA = (1) cos 26◦ − 0.2 = 0.699 m/s.

Let v be the velocity of the combined object relative to the belt.

mAvA = (mA + mB)v.

Solving, v = mAvA

mA + mB

= (12)(0.699)

12 + 1.6

= 0.617 m/s.

Use work and energy to determine the sliding distance d:

− µk(mA + mB)gd = 0 − 1
2 (mA + mB)v2,

d = v2

2µkg
= (0.617)2

2(0.2)(9.81)

d = 0.0969 m.

Problem 16.55 A 53376 N bus collides with a 12454

is vB = i (m/s) and the velocity of the car is vC=
j ( /s). The two vehicles become entangled and

remain together after the collision. The coefficient of
kinetic friction between the vehicles’ tires and the road
is µk = 0.6.

(a) What is the velocity of the common center of mass
of the two vehicles immediately after the collision?

(b) Determine the approximate final position of the
common center of mass of the vehicles relative to
its position when the collision occurred. (Assume
that the tires skid, not roll, on the road.)

vC

y

x

vB

Solution:

(a) The collision (impulse - momentum).

(
2

)
( i /s) +

(
2

)
( j ) =

(
2

)
v

v = (4. i + j) , v = , θ = 23.2◦

(b) The skid after the accident (work–energy).

1

2

(
2

)
( )2 − (0.6)( )s ⇒ s =

The final position is

r = ( )(cos 23.2◦i + sin 23.2◦j) = ( i + j)
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N car. The velocity of the bus before the collision
5.5

10 m

53376 N

9.81 m/s
5.5 m

12454 N

9.81 m/s
10 m/s

65830 N

9.81 m/s

45 1.90 m/s 4.84 m/s

65830 N

9.81 m/s
4.84 m/s 65830 N 1.99 m

1.99 m 1.83 0.78 m
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Problem 16.56 The velocity of the 200-kg astronaut
A relative to the space station is 40i + 30j (mm/s). The
velocity of the 300-kg structural member B relative to
the station is −20i + 30j (mm/s). When they approach
each other, the astronaut grasps and clings to the struc-
tural member.

(a) What is the velocity of their common center of
mass when they arrive at the station?

(b) Determine the approximate position at which they
contact the station.

A
B

y

x9 m

6 m

Solution:

(a) The velocity of the center of mass after the collision

(200 kg)(0.04i + 0.03j) m/s + (300 kg)(−0.02i + 0.03j) m/s

= (500 kg) v

v = (0.004i + 0.03j) m/s

(b) The time to arrive at the station is t = 6 m

0.03 m/s
= 200 s.

The center of mass of the two bodies starts at

r0 = (200 kg)(0) + (300 kg)(9i) m

500 kg
= 5.4i m

The position upon arrival is

r = (5.4i) m + [(0.004i + 0.03j) m/s](200 s) = (6.2i + 6j) m

Problem 16.57 The weights of the two objects are
WA = 5 N and W B = 8 N. Object A is moving at vA =
2 /s and undergoes a perfectly elastic impact with the
stationary object B. Determine the velocities of the
objects after the impact.

vA

A B

Solution: Momentum is conserved and the coefficient of restitu-
tion is also used.

mAvA = mAv′
A + mBv′

B, evA = v′
B − v′

A

(5 N) (2 m/s) = (5 N)v ′
A+ (8 N)v′

B, (2 m/s) = v ′
B − v′

A

Solving, we find v′
A = −0.462 m/s, v′

B = 1.54 m/s.

Therefore v′
A = 0.462 m/s to the left, v ′

B = 1.54 m/s to the right.
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Problem 16.58 The weights of the two objects are
WA = 5 N and WB = 8 N. Object A is moving at vA =
2 m/s and undergoes a direct central impact with the sta-
tionary object B. The coefficient of restitution is e = 0.8.
Determine the velocities of the objects after the impact.

vA

A B

Solution: Momentum is conserved and the coefficient of restitu-
tion is also used.

mAvA = mAv′
A + mBv′

B, evA = v′
B − v′

A

(5 N)(2 m/s) = (5 )v′
A + (8 )v′

B, (0.8)(2 ) = v′
B − v′

A

Solving, we find v′
A = −0.215 m/s, v′

B = 1.38 m/s.

Therefore v′
A = 0.462 m/s to the left, v ′

B = 1.54 m/s to the right.

Problem 16.59 The objects A and B with velocities
vA = 20 m/s and vB = 4 m/s undergo a direct central
impact. Their masses are mA = 8 kg and mB = 12 kg.
After the impact, the object B is moving to the right at
16 m/s. What is the coefficient of restitution?

vA

A B

vB

Solution: Momentum is conserved, the coefficient of restitution is
used.

mAvA + mBvB = mAv′
A + mBv′

B, e(vA − vB) = v′
B − v′

A

(8 kg) (20 m/s) + (12 kg) (4 m/s) = (8 kg)v′
A + (12 kg) (16 m/s)

e(20 m/s − 4 m/s) = (16 m/s) − v′
A

Solving we find v′
A = 2.0 m/s, e = 0.875.

Problem 16.60 The 8-kg mass A and the 12-kg mass
B slide on the smooth horizontal bar with the velocities
shown. The coefficient of restitution is e = 0.2. Deter-
mine the velocities of the masses after they collide. (See
Active Example 16.5).

3 m/s 2 m/s

A B

Solution: Momentum is conserved, and the coefficient of restitu-
tion is used.

mAvA + mBvB = mAv′
A + mBv′

B, e(vA − vB) = v′
B − v′

A

Putting in the numbers we have

(8 kg) (3 m/s) + (12 kg)(−3 m/s) = (8 kg)v′
A + (12 kg)v′

B

(0.2)([3 m/s] − [−2 m/s]) = v′
B − v′

A

Solving we find v′
A = −0.6 m/s, v′

B = 0.4 m/s.

Thus v′
A = 0.6 m/s to the left, v′

B = 0.4 m/s to the right.

282

N N m/s

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.61 In a study of the effects of an accident
on simulated occupants, the 1900 N car with velocity
vA = 30 km/h collides with the 2800 N car with velocity
vB = 20 km/h. The coefficient of restitution of the
impact is e = 0.15. What are the velocities of the cars
immediately after the collision?

vA vB

Solution: Momentum is conserved, and the coefficient of restitu-
tion is used.

mAvA + mBvB = mAv′
A + mBv′

B, e(vA − vB) = v′
B − v′

A

(1900 N) (30 km/h) + (2800 N)(−20 km/h) = (1900 N) v ′
A + (2800 )v′

B

(0.15)([30 km/h] − [−20 km/h]) = v ′
B − v′

A

Solving we find v′
A = −4.26 km/h, v′

B = 3.24 m/h.

Converting into ft/s we find v′
A = /s to the left, v′

B = /s to the right.

Problem 16.62 In a study of the effects of an accident
on simulated occupants, the 1900 N car with velocity
vA = 30 km/h collides with the 2800 N car with velocity
vB = 20 km/h. The coefficient of restitution of the impact
is e = 0.15. The duration of the collision is 0.22 s. Deter-
mine the magnitude of the average acceleration to which
the occupants of each car are subjected.

vA vB

Solution: The velocities before the collision are converted into
ft/s. The velocities after the collision were calculated in the preceding
problem. The velocities are

vA = vB = v′
A = − v′

B = s.

The average accelerations are

aA = �v

�t
=
∣∣∣∣ (− ) −( )

0.22 s

∣∣∣∣ = 2

aB = �v

�t
=
∣∣∣∣ ( )

−

(− )

0.22 s

∣∣∣∣ = 2

aA = 2 , aB = 2.
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Problem 16.63 The balls are of equal mass m. Balls
B and C are connected by an unstretched spring and are
stationary. Ball A moves toward ball B with velocity
vA. The impact of A with B is perfectly elastic (e = 1).

(a) What is the velocity of the common center of mass
of B and C immediately after the impact?

(b) What is the velocity of the common center of mass
of B and C at time t after the impact?

A

A B C

k

Solution: Consider the impact of balls A and B. From the
equations

mvA = mv′
A + mv′

B,

e = 1 = v′
B − v′

A

vA

,

we obtain v′
A = 0, v′

B = vA.

(a) The position of the center of mass is

x = mxB + mxC

m + m
= xB + xC

2
,

so

dx
dt

= 1

2

(
dxB

dt
+ dxC

dt

)
.

Immediately after the impact dxB/dt = vA and dxC/dt = 0, so

dx
dt

= 1

2
vA.

B C

y

x

(b) With no external forces,

dx
dt

= const. = 1

2
vA.

Problem 16.64 In Problem 16.63, what is the maxi-
mum compressive force in the spring as a result of the
impact?

Solution: See the solution of Problem 16.63. Just after the col-
lision of A and B, B is moving to the right with velocity vA, C is
stationary, and the center of mass D of B and C is moving to the right
with velocity 1

2 vA (Fig. a). Consider the motion in terms of a reference
frame that is moving with D (Fig. b). Relative to this reference frame,
B is moving to the right with velocity 1

2 vA and C is moving to the
left with velocity 1

2 vA. There total kinetic energy is

1

2
m

(
1

2
vA

)2

+ 1

2
m

(
1

2
vA

)2

= 1

4
mv2

A.

When the spring has brought B and C to rest relative to D, their
kinetic energy has been transformed into potential energy of the spring.
This is when the compressive force in the spring is greatest. Setting
1
4 mv2

A = 1
2 kS2, we find that the compression of the spring is

S = −vA

√
m

2k
.

Therefore the maximum compressive force is

k|S| = vA

√
mk

2
.

B D C

B

y

D C

x

B′ =   A C′ = 0

(a)

(b)

v v vD′ = ½ vAv

 ½ vA  ½ vA
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Problem 16.65* The balls are of equal mass m. Balls
B and C are connected by an unstretched spring and are
stationary. Ball A moves toward ball B with velocity
vA. The impact of A with B is perfectly elastic (e = 1).
Suppose that you interpret this as an impact between ball
A and an “object” D consisting of the connected balls
B and C.

(a) What is the coefficient of restitution of the impact
between A and D?

(b) If you consider the total energy after the impact
to be the sum of the kinetic energies, 1

2m(v′)2
A +

1

2
(2 m)(v′

D)2, where v′
D is the velocity of the center

of mass of D after the impact, how much energy
is “lost” as a result of the impact?

(c) How much energy is actually lost as a result of the
impact? (This problem is an interesting model for
one of the mechanisms for energy loss in impacts
between objects. The energy “loss” calculated in
part (b) is transformed into “internal energy” — the
vibrational motions of B and C relative to their
common center of mass.)

Solution: See the solution of Problem 16.135. Just after the impact
of A and B, A is stationary and the center of mass D of B and C is
moving with velocity 1

2 vA.

(a) The coefficient of restitution is

e = v′
D − v′

A

vA

=
1

2
vA − 0

vA

= 1

2
.

(b) The energy before the impact is 1
2 mv2

A. The energy after is

1

2
m(v′

A)2 + 1

2
(2m)(v′

D)2 = 1

4
mv2

A.

The energy “lost” is 1
4 mv2

A.

(c) No energy is actually lost. The total kinetic energy of A, B, and
C just after the impact is 1

2 mv2
A.

D′ = ½ vAA′ = 0

A B D C

v v
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Problem 16.66 Suppose that you investigate an acci-
dent in which a 1300 kg car A struck a parked 1200 kg
car B. All four of car B’s wheels were locked, and skid
marks indicate that it slid 8 m after the impact. If you
estimate the coefficient of kinetic friction between B’s
tires and the road to be µk = 0.8 and the coefficient of
restitution of the impact to be e = 0. , what was A’s
velocity vA just before the impact? (Assume that only
one impact occurred.)

A B

vA

Solution: We can use work-energy to find the velocity of car B

just after the impact. Then we use conservation of momentum and the
coefficient of restitution to solve for the velocity of A. In general terms
we have

1

2
mBv′

B
2 − µkmBgd = 0 ⇒ v′

B = √
2µkgd

mAvA = mAv′
A + mBv′

B, evA = v′
B − v′

A

Putting in the numbers we have

v′
B =

√
2(0.8)( 2)( ) =

( )vA = ( )

v′
A

+ (1 ) ( /s)

(0.2)vA = ( /s ) −
Solving the last two equations simultaneously we have

v′
A = /s, vA = /s

Problem 16.67 When the player releases the ball from
rest at a height of above the floor, it bounces to a
height of 1.07 m. If he throws the ball downward, releas-
ing it at 0 above the floor, how fast would he need
to throw it so that it would bounce to a height of ?

 1 52 m
Solution: When dropped from 1.52 m, the ball hits the floor
with a speed

vbefore =
√

2( 2)( ) =
In order to rebound to 1.07 m, it must leave the floor with a speed

vafter =
√

2( 2)( ) =

The coefficient of restitution is therefore e = = 0.837

To bounce to a height of 3.66 m we need a rebound velocity of

vrebound =
√

2( 2)( ) =

Therefore, the ball must have a downward velocity of
0.837

=
/s before it hits the floor. To find the original velocity when

it leaves his hands,

1

2
mv2 + m( 2)( ) = 1

2
m( )2 ⇒ v = /s
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9.81 m/s 8 m 11.2 m/s,

1300 kg 1300 kg 200 kg 11.2 m

9.81 m

6.45 m 16.8 m

1.52 m

.91m
3.66 m

9.81 m/s 1.52 m

.

5.47 m/s

9.81 m/s 1.07 m 4.58 m/s

4.58 m/s

5.47 m/s

9.81 m/s 3.66 m 8.47 m/s

8.47 m/s

10.13 m

9.81 m/s 0.91m 10.13 m/s 9.2 m

v′
A

2
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Problem 16.68 The 0.45-kg soccer ball is 1 m above
the ground when it is kicked upward at 12 m/s. If the
coefficient of restitution between the ball and the ground
is e = 0.6, what maximum height above the ground does
the ball reach on its first bounce?

12 m/s

 1 m

Solution: We must first find the velocity with which the ball strikes
the ground. Then we analyze the impact. Finally, we analyze the post
impact bounce.

Kick-to-Bounce Phase:- Use Cons. of Energy Datum is the ground
level.

1
2 mv2

0 + mgh0 = 1
2 mv2

1 + mg(0)

Impact occurs at v1

v0 = 12 m/s, h0 = 1 m,m = 0.45 kg,

g = 9.81 m/s2

Solving, v1 = −12.79 m/s (downward)

Impact:

e = −v′
1

v1
= 0.6

v′
1 = 7.67 m/s upward after impact

Post Impact:

1
2 m(v′

1)
2 + 0 = 0 + mgh2

h2 = (v′
1)

2

2g

h2 = 3.00 m

Problem 16.69 The 0.45-kg soccer ball is stationary
just before it is kicked upward at 12 m/s. If the impact
lasts 0.02 s, what average force is exerted on the ball by
the player’s foot?

Solution: (Neglect gravity during the impact) Details of kick (all
in y direction)

v0 = 0

v1 = 12 m/s

m = 0.45 kg

j :
∫

FAV dt = FAV �t = mv1 − mv0

FAV �t = mv1 = (0.45)(12) = 5.40 N-s

�t = 0.02 s,

Solving FAV = 270 N

FAV
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Problem 16.70 By making measurements directly
from the photograph of the bouncing golf ball, estimate
the coefficient of restitution.

Solution: For impact on a stationary surface, the coefficient of
restitution is defined to be e = −v′

A/vA. (Since the impact and rebound
velocities have opposite signs, e is positive.) (See Eq. (16.19)).
From the conservation of energy, 1

2 mA(v′
A)2 = mAgh, the velocity

is proportional to the square root of the rebound height, so that if
h1, h2, . . . hN , . . . are successive rebound heights, then an estimate
of e is e = √

hi+1/hi . Measurements are h1 = 5.1 cm, h2 = 3.1 cm,
from which

e = √
3.1/5.1 = 0.78

Problem 16.71 If you throw the golf ball in Prob-
lem 16.70 horizontally at /s and release it
above the surface, what is the distance between the
first two bounces?

Solution: The normal velocity at impact is vAn = −√
2g( ) =

− /s (downward). The rebound normal velocity is (from
Eq (16.19)) v′

An = − evAn = −(0.78)(− ) =
From the conservation of energy for free fall the first rebound height
is h = (v′

An)
2/2g =

law for free fall, the time spent between rebounds is twice the time
to fall from the maximum height: t = 2

√
2h/g = 0.778 s from which

the distance between bounces is:

d = v0t = 2t =

Problem 16.72 In a forging operation, the 100-
weight is lifted into position 1 and released from rest. It
falls and strikes a workpiece in position 2. If the weight
is moving at 15 /s immediately before the impact and
the coefficient of restitution is e = 0.3, what is the
velocity of the weight immediately after impact?

 

2

1

k k

Workpiece

305 mm

406 4 mm

Solution: The strategy is to treat the system as an in-line impact
on a rigid, immovable surface. From Eq. (16.16) with B’s velocity
equal to zero: v′

A = −evA, from which

v′
A = −0.3(−15) = 4.5 /s
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0.61m 1.22 m

1.22
4.89 m

4.89 3.81 m/s (upward).

0.74 m

0.48 m

N

m

m

/s. From the solution of Newton’s second

.
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Problem 16.73 The 100-N weight is released from
rest in position 1. The spring constant is k =
and the springs are unstretched in position 2. If the
coefficient of restitution of the impact of the weight
with the workpiece in position 2 is e = 0.6, what is
the magnitude of the velocity of the weight immediately
after the impact?

2

1

k k

Workpiece

406 4 mm

305 mm

Solution: Work-energy will be used to find the velocity just before
the collision. Then the coefficient of restitution will give the velocity
after impact.

2

(
1

2
kx2

)
+ mgh = 1

2
mv2

v =
√

2
k

m
x2 + 2gh

=

√√√√√√√2


 1751 N/m[

100 N
2

]

 − 2 + 2( 2) = /s

v′ = ev = (0.6)(4.73 m/s) =

v′ = /s.

Problem 16.74* A bioengineer studying helmet design
uses an experimental apparatus that launches a 2.4-kg
helmet containing a 2-kg model of the human head
against a rigid surface at 6 m/s. The head, suspended
within the helmet, is not immediately affected by the
impact of the helmet with the surface and continues to
move to the right at 6 m/s, so the head then undergoes
an impact with the helmet. If the coefficient of restitu-
tion of the helmet’s impact with the surface is 0.85 and
the coefficient of restitution of the subsequent impact
of the head with the helmet is 0.15, what is the velocity
of the head after its initial impact with the helmet?

6 m/s

Solution: The helmet’s rebound velocity is

vhelmet = (0.85)(6 m/s) = 5.1 m/s

The collision of the helmet and head

(2 kg)(6 m/s) + (2.4 kg)(−5.1 m/s) = (2 kg)vhead
′ + (2.4 kg)vhelmet

′

0.15(6 − [−5.1]) m/s = vhelmet
′ − vhead

′

Solving we find vhead
′ = −0.963 m/s
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0 .305 m)(0 .51 9.81 m/s (0.406 m) 4.73 m

2.84 m/s.

2.84 m
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m
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Problem 16.75*

(a) If the duration of the impact of the head with the
helmet in Problem 16.74 is 0.004 s, what is the
magnitude of the average force exerted on the head
by the impact?

(b) Suppose that the simulated head alone strikes the
rigid surface at 6 m/s, the coefficient of restitution
is 0.5, and the duration of the impact is 0.0002 s.
What is the magnitude of the average force exerted
on the head by the impact?

Solution: See the solution to Problem 16.74

(a) (2 kg)(6 m/s) − Fave(0.004 s) = (2 kg)(−0.963 m/s)

⇒ Fave = 3.48 kN

(b) The velocity of the head after the collision is

v = 0.5(6 m/s) = 3 m/s

(2 kg)(6 m/s) − Fave(0.0002 s) = (2 kg)(−3 m/s)

⇒ Fave = 90 kN

Problem 16.76 Two small balls, each of 1-N weight,
hang from strings of length L = 3 . The left ball is
released from rest with θ = 35◦. The coefficient of resti-
tution of the impact is e = 0.9. Through what maximum
angle does the right ball swing? L

L

m

m

u

Solution: Using work-energy and conservation of momentum we
have

mgL(1 − cos θ) = 1

2
mvA

2 ⇒ vA = √
2gL(1 − cos θ)

mvA = mv′
A + mv′

B

evA = v′
B − v′

A

}
⇒ v′

B = 1 + e

2
vA

1

2
mv′

B
2 = mgL(1 − cos φ) ⇒ φ = cos−1

(
1 − v′

B
2

2gL

)

Putting in the numbers we find

vA =
√

2( /s2)(3 m)(1 − cos 35◦) =

v′
B = 1.9

2
( ) =

φ = cos−1
(

1 − [3.1 m/s] 2

2[ /s2][3 ]

)
= 33.2◦

.

φ = 33.2◦
.
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Problem 16.77 In Example 16.6, if the Apollo
command-service module approaches the Soyuz space-
craft with velocity 0.25i + 0.04j + 0.01k (m/s) and the
docking is successful, what is the velocity of the center
of mass of the combined vehicles afterward?

x

B

A

vA

z

y

Solution: Momentum is conserved so

mAvA = (mA + mS)vcomb ⇒ vcomb = mA

mA + mS

vA

vcomb = 18

18 + 6.6
(0.25i + 0.04j + 0.01k) m/s.

vcomb = (0.183i + 0.0293j + 0.00732k) m/s.

Problem 16.78 The 3-kg object A and 8-kg object B
undergo an oblique central impact. The coefficient of
restitution is e = 0.8. Before the impact, vA = 10i +
4j + 8k (m/s) and vB = −2i − 6j + 5k (m/s). What are
the velocities of A and B after the impact?

A B

y

x

Solution: Tangent to the impact plane the velocities do not change.
In the impact plane we have

(3 kg)(10 m/s) + (8 kg)(−2 m/s) = (3 kg)vAx
′ + (8 kg)vBx

′

0.8(10 − [−2]) m/s = vBx
′ − vAx

′

Solving we find vAx
′ = −5.71 m/s, vBx

′ = 3.89 m/s

Thus vA
′ = (−5.71i + 4j + 8k) m/s, vB

′ = (3.89i − 6j + 5k) m/s
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Problem 16.79 A baseball bat (shown with the bat’s
axis perpendicular to the page) strikes a thrown base-
ball. Before their impact, the velocity of the baseball is
vb = 132(cos 45◦i + cos 45◦j) (m/s) and the velocity of
the bat is vB = 60(− cos 45◦i − cos 45◦j)(m/s). Neglect
the change in the velocity of the bat due to the direct
central impact. The coefficient of restitution is e = 0.2.
What is the ball’s velocity after the impact? Assume that
the baseball and the bat are moving horizontally. Does
the batter achieve a potential hit or a foul ball?

baseball

Bat

y

x

vb

vB

Solution: Tangent to the impact plane, the velocity does not
change. Since we are neglecting the change in velocity of the bat,
then

0.2([132 cos 45◦] − [−60 cos 45◦]) = (−60 cos 45◦
) − v ballx

′

Solving we find vballx
′ = −69.6 /s

Thus vball
′ = (−69.6i + 132 cos 45◦j) = (−69.6i + 93.3j)

The ball is foul.

Problem 16.80 The cue gives the cue ball A a velocity
parallel to the y axis. The cue ball hits the eight ball
B and knocks it straight into the corner pocket. If the
magnitude of the velocity of the cue ball just before the
impact is 2 m/s and the coefficient of restitution is e = 1,
what are the velocity vectors of the two balls just after
the impact? (The balls are of equal mass.)

x

y

45°

A

B

Solution: Denote the line from the 8-ball to the corner pocket by
BP. This is an oblique central impact about BP. Resolve the cue ball
velocity into components parallel and normal to BP. For a 45◦ angle,
the unit vector parallel to BP is eBP = 1√

2
(−i + j), and the unit vector

normal to BP is eBPn = 1√
2
(i + j). Resolve the cue ball velocity before

impact into components: vA = vAP eBP + vAPneBPn. The magnitudes
vAP and vAPn are determined from

√|vAP eBP |2 + |vAPneBPn|2 = |vA| = 2 m/s

and the condition of equality imposed by the 45◦ angle, from which
vAP = vAPn = √

2 m/s. The cue ball velocity after impact is v′
A =

v′
AP eBP + vAPneBPn, (since the component of vA that is at right

angles to BP will be unchanged by the impact). The velocity of the
8-ball after impact is v′

BP = v′
BP eBP . The unknowns are the magni-

tudes v′
BP and v′

AP . These are determined from the conservation of
linear momentum along BP and the coefficient of restitution.

mAvAP = mAv′
AP + mBv′

BP ,

and

1 = v′
BP − v′

AP

vAP

.

For mA = mB , these have the solution v′
AP = 0, v′

BP = vAP , from
which

v′
A = vAPneBPn = i + j (m/s)

and

v′
B = vAP eBP = −i + j (m/s).
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Problem 16.81 In Problem 16.80, what are the veloc-
ity vectors of the two balls just after impact if the coef-
ficient of restitution is e = 0.9?

Solution: Use the results of the solution to Problem 16.80, where
the problem is solved as an oblique central impact about the line from
the 8-ball to the corner pocket. Denote the line from the 8-ball to
the corner pocket by BP. The unit vector parallel to BP is eBP =

1√
2
(−i + j), and the unit vector normal to BP is eBPn = 1√

2
(i + j).

Resolve the cue ball velocity before impact into components:

vA = vAP eBP + vAPneBPn,

where, from Problem 16.80, vAP = vAPn = √
2 m/s. The velocity of

the 8-ball after impact is v′
BP = v′

BP eBP . The unknowns are the mag-
nitudes v′

BP and v′
AP . These are determined from the conservation of

linear momentum along BP and the coefficient of restitution.

mAvAP = mAv′
AP + mBv′

BP ,

and

e = v′
BP − v′

AP

vAP

.

For mA = mB , these have the solution

v′
AP =

(
1

2

)
(1 − e)vAP = 0.05vAP ,

and

v′
BP =

(
1

2

)
(1 + e)vAP = 0.95vAP .

The result:

v′
A = vAP eBP + vAPneBPn = (−0.05i + 0.05j + i + j)

= 0.95i + 1.05j m/s

v′
B = 0.95(−i + j) (m/s)
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Problem 16.82 If the coefficient of restitution is the
same for both impacts, show that the cue ball’s path
after two banks is parallel to its original path.

Solution: The strategy is to treat the two banks as two successive
oblique central impacts. Denote the path from the cue ball to the first
bank impact as CP1, the path from the first impact to the second as
CP2, and the final path after the second bank as CP3. The cue ball
velocity along CP1 is

vA1 = vA1x i + vA1y j,

and the angle is

α = tan−1

(
vAx1

yAy1

)
.

The component vA1y j is unchanged by the impact. The x component
after the first impact is vA2x = −evA1x , from which the velocity of
the cue ball along path CP2 is

vA2 = −evA1x i + vA1y j.

The angle is

β = tan−1
(−evA1x

vA1y

)
.

The x component of the velocity along path CP2 is unchanged after
the second impact, and the y component after the second impact is
vA3y = −evA1y . The velocity along the path CP3 is

vA3 = −evA1x i − evA1y j,

and the angle is

γ = tan−1
(−evA1x

−evA1y

)
= α.

The sides of the table at the two banks are at right angles; the angles
α = γ show that the paths CP1 and CP3 are parallel.
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Problem 16.83 The velocity of the 170-g hockey puck
is vP = 10i − 4j (m/s). If you neglect the change in the
velocity vS = vSj of the stick resulting from the impact,
and if the coefficient of restitution is e = 0.6, what should
vS be to send the puck toward the goal?

20°

Direction
of goal

x

y

vP

vS

Solution: The strategy is to treat the collision as an oblique cen-
tral impact with a moving object of infinite mass. The horizontal
component of the puck velocity is unchanged by the impact. The
vertical component of the velocity after impact must satisfy the condi-
tion tan−1(v′

Px/v
′
Py) = tan−1(10/v′

Py) = 20◦, from which the velocity
of the puck after impact must be v′

Py = 27.47 m/s. Assume for the
moment that the hockey stick has a finite mass, and consider only the y

component of the puck velocity. The conservation of linear momentum
and the definition of the coefficient of restitution are

mP vPy + mSvS = mpv′
Py + mSv′

S,

and

e = v′
S − v′

Py

vPy − vS

.

These two simultaneous equations have the solution

v′
Py = (1/(mP + mS))(mS(1 + e)vS + (mP − emS)vPy).

Divide numerator and denominator on the right by mS and take the
limit as

mS → ∞, v′
Py = lim

mS→∞

(
1/

(
mP

mS

+ 1

))
((1 + e)vS

+
(

mP

mS

− e

)
vPy

)
= (1 + e)vS − evPy.

Substitute the values: v′
Py = 27.47 m/s, e = 0.6, and vPy = −4 m/s

and solve:

vS = v′
Py + evPy

(1 + e)
= 15.67 m/s
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Problem 16.84 In Problem 16.83, if the stick responds
to the impact the way an object with the same mass as
the puck would, and if the coefficient of restitution is
e = 0.6, what should vS be to send the puck toward
the goal?

Solution: Use the solution to Problem 16.83, where mS has a finite
mass,

v′
Py =

(
1

mP + mS

)
(mS(1 + e)vS + (mP − emS)vPy).

Substitute mP = mS , e = 0.6, v′
Py = 27.47 m/s, and vPy = −4 m/s,

and solve:

vS = 2v′
Py − (1 − e)vPy

(1 + e)
= 35.3 m/s

Problem 16.85 At the instant shown (t1 = 0), the posi-
tion of the 2-kg object’s center of mass is r = 6i + 4j +
2k (m) and its velocity is v = −16i + 8j − 12k (m/s).
No external forces act on the object. What is the object’s
angular momentum about the origin O at t2 = 1 s?

O

r

x

y

z

Solution:

HO = (6i + 4j + 2k) m × (2 kg)(−16i + 8j − 12k) m/s

HO = (−128i + 80j + 224k) kg-m2/s

Problem 16.86 Suppose that the total external force
on the 2-kg object shown in Problem 16.85 is given as
a function of time by �F = 2t i + 4j(N). At time t1 = 0,
the object’s position and velocity are r = 0 and v = 0.

(a) Use Newton’s second law to determine the object’s
velocity v and position r as functions of time.

(b) By integrating r × �F with respect to time from
t1 = 0 to t2 = 6 s, determine the angular impulse
about O exerted on the object during this interval
of time.

(c) Use the results of part (a) to determine the change
in the object’s angular momentum from t1 = 0 to
t2 = 6 s.

Solution:

(a) F = (2t i + 4j)N = (2 kg)a, a = (t i + 2j) m/s2

v =
(

t2

2
i + 2tj

)
m/s, r =

(
t3

6
i + t2j

)
m

(b) Angular Impulse = ∫ 6 s
0 MOdt

=
∫ 6 s

0
r × Fdt =

∫ 6 s

0

[(
t3

6
i + t2j

)
m

]
× [(2t i + 4j)N]dt

=
∫ 6 s

0

(
− 4t3

3
k
)

N-mdt

Angular Impulse = (−432k) kg-m2/s

(c) �HO =
∫ 6 s

0
MOdt = (−432k) kg-m2/s

296

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.87 A satellite is in the elliptic earth orbit
shown. Its velocity at perigee A is 8640 m/s. The radius
of the earth is 6370 km.

(a) Use conservation of angular momentum to deter-
mine the magnitude of the satellite’s velocity at
apogee C.

(b) Use conservation of energy to determine the mag-
nitude of the velocity at C.

(See Example 16.8.)

B

A
C

8000 km8000 km16,000 km

13,900 km

Solution:

(a) rAvA = rCvC = |H0|

(8000)(8640) = (24000)vC

vC = 2880 m/s

(b)
1

2
mv2

A − mgR2
E

rA
= 1

2
mv2

C − mgR2
E

rC

v2
A

2
− gR2

E

rA
= v2

C

2
− gR2

E

rC

where vA = 8640 m/s, g = 9.81 m/s, RE = 6370000 m, rA =
8,000,000 m, rC = 24,000,000 m.

Solving for vC , vC = 2880 m/s

Problem 16.88 For the satellite in Problem 16.87,
determine the magnitudes of the radial velocity vr and
transverse velocity vθ at B. (See Example 16.8.)

Solution: Use conservation of energy to find the velocity
magnitude at B. Then use conservation of angular momentum to
determine the components.

1

2
mV 2

A − mgR2
E

rA
= 1

2
mV 2

B − mgR2
E

rB

where rA = 8 × 106 m, vA = 8640 m/s

rB = √
(8 × 106)2 + (13.9 × 106)2

rB = 16 × 106 m, RE = 6.370 × 106 m

Solving, we get vB = 4990 m/s

From conservation of angular momentum

rAvA = rBvθ

Solving, vθ = 4320 m/s

Finally vr =
√

v2
B − v2

θ = 2500 m/s
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Problem 16.89 The bar rotates in the horizontal plane
about a smooth pin at the origin. The 2-kg sleeve A
slides on the smooth bar, and the mass of the bar is
negligible in comparison to the mass of the sleeve.
The spring constant k = 40 N/m, and the spring is
unstretched when r = 0. At t = 0, the radial position
of the sleeve is r = 0.2 m and the angular velocity of
the bar is w0 = 6 rad/s. What is the angular velocity of
the bar when r = 0.25 m?

r

A

v0

k

Solution: Since the spring force is radial, it does not affect the
angular momentum which is constant.

(0.2 m)(2 kg)[(0.2 m)(6 rad/s)] = (0.25 m)(2 kg)[(0.25 m)ω]

ω = 3.84 rad/s

Problem 16.90 At t = 0, the radial position of the
sleeve A in Problem 16.89 is r = 0.2 m, the radial
velocity of the sleeve is vr = 0 and the angular velocity
of the bar is w0 = 6 rad/s. What are the angular velocity
of the bar and the radial velocity of the sleeve when
r = 0.25 m?

Solution: From problem 16.89 we have ω = 3.84 rad/s

Use work - energy to find the radial velocity

1

2
(2 kg)(02 + [(0.2 m)(6 rad/s)2]) + 1

2
(40 N/m)(0.2 m)2 =

1

2
(2 kg)(vr

2 + [(0.25 m)(3.84 rad/s)2]) + 1

2
(40 N/m)(0.25 m)2

vr = ±0.262 m/s
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Problem 16.91 A 2-kg disk slides on a smooth
horizontal table and is connected to an elastic cord whose
tension is T = 6r N, where r is the radial position of
the disk in meters. If the disk is at r = 1 m and is given
an initial velocity of 4 m/s in the transverse direction,
what are the magnitudes of the radial and transverse
components of its velocity when r = 2 m? (See Active
Example 16.7.)

r

Solution: The strategy is to (a) use the principle of conservation
of angular momentum to find the transverse velocity and (b) use
the conservation of energy to find the radial velocity. The angular
momentum the instant after t = 0 is (r × mv)o = H0ez = (mrvθ )oez,
from which H0 = 8 kg-m2/s. In the absence of external transverse
forces, the angular momentum impulse vanishes:

∫ t2

t1

(r ×
∑

F) dt = 0 = H2 − H1,

so that H1 = H2, that is, the angular momentum is constant. At

r = 2, vθ = H0

mr
= 8

4
= 2 m/s.

From conservation of energy:

1
2 mv2

r0
+ 1

2 mv2
θo

+ 1
2 kS2

o = 1
2 mv2

r + 1
2 mv2

θ + 1
2 kS2.

Solve:

vr =
√

v2
r0

+ v2
θo

− v2
θ +

(
k

m

)
(S2

o − S2).

Substitute numerical values: Noting m = 2 kg, vr0 = 0, vθo = 4 m/s,
k = 6 N/m, r = 2 m, vθ = 2 m/s, So = 1 m, S = 2 m from which

vr = √
3 m/s . The velocity is v = 1.732er + 2eθ (m/s).

Problem 16.92 In Problem 16.91, determine the max-
imum value of r reached by the disk.

Solution: The maximum value is the stretch of the cord when
vr = 0. From the solution to Problem 16.91,

v2
r = v2

r0
+ v2

θo
− v2

θ +
(

k

m

)
(S2

o − S2) = 0,

where vθ = H0

mr
m/s, v2

r0
= 0, vθo = H0

m(1)
m/s, So = r0 = 1 m, S =

rm, and H0 = 8 kg-m2/s. Substitute and reduce:

v2
r = 0 =

(
H 2

0

m2

)(
1 − 1

r2

)
+
(

k

m

)
(1 − r2).

Denote x = r2 and reduce to a quadratic canonical form x2 + 2bx +
c = 0, where

b = −
(

1

2

)(
H 2

0

km
+ 1

)
= −3.167, c = H 2

0

km
= 5.333.

Solve r2
1,2 = −b ± √

b2 − c = 5.333, = 1, from which the greatest

positive root is rmax = 2.31 m

[Check: This value is confirmed by a graph of the value of

f (r) =
(

H 2
0

m2

)(
1 − 1

r2

)
+
(

k

m

)
(1 − r2)

to find the zero crossing. check.]
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Problem 16.93 A 1-kg disk slides on a smooth
horizontal table and is attached to a string that passes
through a hole in the table.

(a) If the mass moves in a circular path of constant
radius r = 1 m with a velocity of 2 m/s, what is
the tension T ?

(b) Starting from the initial condition described in
part (a), the tension T is increased in such a way
that the string is pulled through the hole at a
constant rate until r = 0.5 m. Determine the value
of T as a function of r while this is taking place.

r

T

Solution:

(a) Circular motion

T = −mv2/rer

|T| = (1)(2)2/1 = 4 N

(b) By conservation of angular momentum,

mr0v0 = mrvT , ∴vT = r0v0

r

and from Newton’s second law

|T| = mv2
T /r = m

( r0v0

r

)2
/r

T = (1)

(
(1)(2)

r

)2
/

r = 4/r3 N

r

V

er
m

T

Problem 16.94 In Problem 16.93, how much work is
done on the mass in pulling the string through the hole
as described in part (b)?

Solution: The work done is

U12 =
∫ 0.5

1

(
−mr2

0 r2
0

r3

)
er · drer

= −mr2
0 v2

0

∫ 0.5

1

dr

r3
= −(1)(1)2(2)2

[
1

−2r2

]0.5

= −4

[
− 1

2(0.5)2
+ 1

2

]

U12 = −4[−1.5] = 6 N-m
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Problem 16.95 Two gravity research satellites (mA =
250 kg, mB = 50 kg) are tethered by a cable. The
satellites and cable rotate with angular velocity ω0 =
0.25 revolution per minute. Ground controllers order
satellite A to slowly unreel 6 m of additional cable. What
is the angular velocity afterward?

A
B

0

12 m

ω

Solution: The satellite may be rotating in (a) a vertical plane, or
(b) in the horizontal plane, or (c) in some intermediate plane. The
strategy is to determine the angular velocity for the three possibilities.

Case (a) Assume that the system rotates in the x-y plane, with y

positive upward. Choose the origin of the coordinates at the center of
mass of the system. The distance along the cable from the center of
mass to A is

12mB

mA + mB

= 2 m, from which the distance to B is 10 m.

Assume that both satellites lie on the x axis at t = 0. The radius
position of satellite A is rA = −2(i cos ω0t + j sin ω0t), and the
radius position of satellite B is rB = 10(i cos ω0t + j sin ω0t). The
acceleration due to gravity is

W = −mgR2
E

r2
j = −mg′j,

from which WA = −mAg′j and WB = −mBg′j (or, alternatively).
The angular momentum impulse is

∫ t2

t1

(r ×
∑

F) dt =
∫ t2

t1

(rA × WA + rB × WB) dt.

Carry out the indicated operations:

rA × WA =

 i j k

−2(cos ω0t) −2(sin ω0t) 0
0 −mAg′ 0




= 2 mAg′ cos ω0tk.

rB × WB =

 i j k

10(cos ω0t) 10(sin ω0t)

0 −mBg′ 0




= −10mBg′ cos ω0tk.

Substitute into the angular momentum impulse:

∫ t2

t1

(r ×
∑

F) dt = 0 = H2 − H1,

from which H1 = H2; that is, the angular momentum is conserved.
From Newton’s second law, the center of mass remains unchanged as
the cable is slowly reeled out.

A repeat of the argument above for any additional length of cable
leads to the same result, namely, the angular momentum is constant,
from which the angular momentum is conserved as the cable is reeled
out. The angular momentum of the original system is

rA × mAv + rB × mBv = 4mAω0k + 100mBω0k

= 157.1 kg-m2/s,

in magnitude, where ω0 = 0.026 rad/s. After 6 meters is reeled out,
the distance along the cable from the center of mass to A is

mB(6 + 12)

mA + mB

= 3 m,

from which the distance to B is 15 m. The new angular velocity when
the 6 m is reeled out is

ω = H

32mA + 152mB

= 0.0116 rad/s = 0.1111 rpm

Case (b): Assume that the system rotates in the x-z plane, with
y positive upward. As above, choose the origin of the coordinates
at the center of mass of the system. Assume that both satellites
lie on the x axis at t = 0. The radius position of satellite A is
rA = −2(i cos ω0t + k sin ω0t), and the radius position of satellite B
is rB = 10(i cos ω0t + k sin ω0t). The force due to gravity is WA =
−mAg′j and WB = −mBg′j. The angular momentum impulse is

∫ t2

t1

(r ×
∑

F) dt =
∫ t2

t1

(rA × WA + rB × WB) dt.

Carry out the indicated operations:

rA × WA = 2mAg′ cos ω0t i,

rB × WB = −10mBg′ cos ω0t i.

Substitute into the angular momentum impulse:

∫ t2

t1

(r ×
∑

F) dt = 0 = H2 − H1,

from which H1 = H2; that is, the angular momentum is conserved. By
a repeat of the argument given in Case (a), the new angular velocity
is ω = 0.0116 rad/s = 0.111 rpm.

Case (c): Since the angular momentum is conserved, a repeat of the
above for any orientation of the system relative to the gravity vector
leads to the same result.

c© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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Problem 16.96 The astronaut moves in the x–y plane
at the end of a 10-m tether attached to a large space
station at O. The total mass of the astronaut and his
equipment is 120 kg.

(a) What is the astronaut’s angular momentum about
O before the tether becomes taut?

(b) What is the magnitude of the component of his
velocity perpendicular to the tether immediately
after the tether becomes taut?

y

2i (m /s)

6 m

O
x

Solution:

(a) The angular momentum by definition is

(r × mv) =

 i j k

0 6 0
(120)2 0 0


 = −6(2)(120)k

= −1440k (kg-m2/s).

(b) From conservation of angular momentum,
(b) H = −1440k = −(10)(120)vk, from which

v = 1440

(10)(120)
= 1.2 m/s

6 m

y

10 m

v

Problem 16.97 The astronaut moves in the x–y plane
at the end of a 10-m tether attached to a large space
station at O. The total mass of the astronaut and his
equipment is 120 kg. The coefficient of restitution of the
“impact” that occurs when he comes to the end of the
tether is e = 0.8. What are the x and y components of
his velocity immediately after the tether becomes taut?

Solution: From the solution of Problem 16.96, his velocity
perpendicular to the tether is 1.2 m/s.

Before the tether becomes taught, his component of velocity parallel
to the tether is

vr = 2 cos 36.9◦ = 1.6 m/s.

After it becomes taught,

v′
r = −evr = −(0.8)(1.6) = −1.28 m/s.

The x and y components of his velocity are

v′
x = v′

r cos 36.9◦ + (1.2) sin 36.9◦

= −0.304 m/s

= 36.9°θ

10 m 1.2 m/s

y

x

2 m/s

6 m

vr

and

v′
y = v′

r sin 36.9◦ − (1.2) cos 36.9◦

= −1.728 m/s.
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Problem 16.98 A ball suspended from a string that
goes through a hole in the ceiling at O moves with
velocity vA in a horizontal circular path of radius rA. The
string is then drawn through the hole until the ball moves
with velocity vB in a horizontal circular path of radius
rB . Use the principle of angular impulse and momentum
to show that rAvA = rBvB .

Strategy: Let e be a unit vector that is perpendicular
to the ceiling. Although this is not a central-force
problem — the ball’s weight does not point toward
O — you can show that e · (r ×∑

F) = 0, so that e · HO

is conserved.

O

BrB

rA

A

Solution: Assume that the motion is in the x-y plane, and that the
ball lies on the positive x axis at t = 0. The radius vector

rA = rA(i cos ωAt + j sin ωAt),

where ωA is the angular velocity of the ball in the path. The velocity
is

vA = −jrAωA sin ωAt + jrAωA cos ωAt.

The angular momentum per unit mass about the axis normal to the
ceiling is

(
r × mv

m

)
=

 i j k

rA cos ωAt rA sin ωAt 0
−rAωA sin ωAt rAωA cos ωAt 0


 = k(r2

AωA).

Define the unit vector parallel to this angular momentum vector, e = k.
From the principle of angular impulse and momentum, the external
forces do not act to change this angular momentum. This is shown as
follows:

The external force is the weight, W = −mgk. The momentum
impulse is

∫ t2

t1

(r ×
∑

F) dt =
∫ t2

t1

(rA × W) dt.

Carry out the operation

rA × W =

 i j k

rA cos ωAt rA sin ωAt 0
0 0 −mg


 = rAmg cos ωAtj,

from which

∫ t2

t1

jrAmg cos ωt dt = −j(rAωAmg)(sin ωAt2 − sin ωAt1)

= H2 − H1.

Since this has no component parallel to the unit vector e = k, the
angular momentum along the axis normal to the ceiling is unaffected
by the weight, that is, the projection of the angular momentum impulse
due to the external forces on the unit vector normal to the ceiling is
zero e · H2 = e · H1 = 0, hence the angular momentum normal to the
ceiling is conserved. This result holds true for any length of string,
hence

(r × v)A = kr2
AωA = (r × v)B = kr2

BωB,

from which r2
AωA = r2

BωB . Since vA = rAωA, vB = rBωB , the result

can be expressed vArA = vBrB
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Problem 16.99 The Cheverton fire-fighting and rescue
boat can pump 3.8 kg/s of water from each of its two
pumps at a velocity of 44 m/s. If both pumps point in
the same direction, what total force do they exert on the
boat.

Solution: The magnitude of the total force is

2(3.8 kg/s)(44 m/s) = 334 N.

Problem 16.100 The mass flow rate of water through
the nozzle is 23.3 kg/s. Determine the magnitude of the
horizontal force exerted on the truck by the flow of the
water.

20°

3.66 m

6.1 m

10.67 m

Solution: We must determine the velocity with which the water
exits the nozzle. Relative to the end of the nozzle, the x-coordinate of
a particle of water is x = v0 cos 20◦

t and the y coordinate is

y = v0 sin 20◦
t − 1

2 ( )t2.

Setting x = y = t we obtain

= v0 sin 20◦
(

v0 cos 20◦
)

− 1

2
( )

(
v0 cos 20◦

)2

From this equation, v0 =
flow of water is

dmf

dt
vf cos 20◦ = ( )( ) cos 20◦ = .

304

9.81

10.67 m and 2.44 m and eliminating

10.67
9.81

10.67

20.94 m/s. The horizontal force exerted by
the

23.3 kg/s 20.94 458.1 N

2.44
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Problem 16.101 The front-end loader moves at a
constant speed of 3.2 km/h scooping up iron ore. The
constant horizontal force exerted on the loader by the
road is 1780 N. What weight of iron ore is scooped up
in 3 s?

Solution:

=
(

dmf

dt

)( )
⇒ dmf

dt
= -s/

In 3 s mf = ( )(3 s) = 2/

W = mf g = ( ( 2) =

Problem 16.102 The snowblower moves at 1 m/s and
scoops up 750 kg/s of snow. Determine the force exerted
by the entering flow of snow.

Solution: The mass flow rate is

(
dmf

dt

)
= 750 kg/s.

The velocity is vf = 1 m/s. The force exerted by the entering flow of
snow is

F =
(

dmf

dt

)
vf = 750(1) = 750 N
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3600
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Problem 16.103 The snowblower scoops up 750 kg/s
of snow. It blows the snow out the side at 45◦ above
the horizontal from a port 2 m above the ground and the
snow lands 20 m away. What horizontal force is exerted
on the blower by the departing flow of snow?

Solution: The strategy is to use the solution of Newton’s second
law to determine the exit velocity.

From Newton’s second law (ignoring drag) mf

dvy

dt
= −mf g, from

which vy = −gt + vf sin 45◦
(m/s),

vx = vf cos 45◦
(m/s),

and

y = −g

2
t2 + (

vf sin 45◦)
t + 2 m,

x = (
vf cos 45◦)

t .

At y = 0, the time of impact is t2
imp + 2btimp + c = 0, where b =

− vf sin 45◦

g
, c = − 4

g
.

The solution:

timp = −b ± √
b2 − c

= vf√
2g

(
1 ±

√
1 + 8g

v2
f

)
.

Substitute:

x = 20 =
(

vf√
2

) (
vf√
2g

)(
1 ±

√
1 + 8g

v2
f

)
.

This equation is solved by iteration using TK Solver Plus to yield
vf = 13.36 m/s.

The horizontal force exerted on the blower is

F =
(

dmf

dt

)
vf = 750(13.36) cos 45◦ = 7082.7 kN
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Problem 16.104 A nozzle ejects a stream of water hor-
izontally at 40 m/s with a mass flow rate of 30 kg/s, and
the stream is deflected in the horizontal plane by a plate.
Determine the force exerted on the plate by the stream
in cases (a), (b), and (c). (See Example 16.11.)

x

45°

y

(a)

x

y

(b)

x

y

(c)

Solution: Apply the strategy used in Example 16.7. The exit veloc-
ity is vf e = v0(i cos θ + j sin θ) where θ is the total angle of deflection
of the stream, and v0 is the magnitude of the stream velocity. The inlet
velocity is vf i = v0i. The force on the plate exerted by the exit stream
is in a direction opposite the stream flow, whereas the force exerted
on the plate by the inlet stream is in the direction of stream flow. The
sum of the forces exerted on the plate (see Eq. (16.25)) is

∑
F = (dmf /dt)(vf i − vf e),

from which

∑
F = (dmf /dt)v0(i(1 − cos θ) − j sin θ).

The mass flow is (dmf /dt) = 30 kg/s and the stream velocity is v0 =
40 m/s. For Case(a), θ = 45◦,

∑
F = (30)(40)(0.2929i − 0.7071j) = 351.5i − 848.5j (N).

The force is downward to the right. For Case (b) θ = 90◦,

∑
F = (30)(40)(i − j) = 1200i − 1200j (N)

For Case (c) θ = 180◦,

∑
F = (30)(40)(2i) = 2400i (N)

307

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.105* A stream of water with velocity
80i (m/s) and a mass flow of 6 kg/s strikes a turbine
blade moving with constant velocity 20i (m/s).

(a) What force is exerted on the blade by the water?
(b) What is the magnitude of the velocity of the water

as it leaves the blade?

y

x

70°

20 m/s

80 m/s

Solution: Denote the fixed reference frame as the nozzle frame,
and the moving blade frame as the blade rest frame. Assume that the
discharge angle (70◦

) is referenced to the blade rest frame, so that the
magnitude of the stream velocity and the effective angle of discharge
in the blade rest frame is not modified by the velocity of the blade.
Denote the velocity of the blade by vB . The inlet velocity of the water
relative to the blade is vf i = (v0 − vB)i. The magnitude (v0 − vB) is
the magnitude of the stream velocity as it flows along the contour of the
blade. At exit, the magnitude of the discharge velocity in the blade rest
frame is the inlet velocity in the blade rest frame |vf e| = (v0 − vB) =
60 m/s, and the vector velocity is vf e = vf e(i cos 70◦ + j sin 70◦

) in
the blade rest frame. From Eq. (16.25) the sum of the forces on the
blade is

∑
F = (dmf /dt)((v0 − vB − vf e cos 70◦

)i − j(vf e sin 70◦
)).

(a) Substitute numerical values:

(dmf /dt) = 6 kg/s,

v0 = 80 m/s,

vB = 20 m/s,

from which

∑
F = 236.9i − 338.3j

(b) Assume that the magnitude of the velocity of the water as it
leaves the blade is required in the nozzle frame. The velocity of the
water leaving the blade in the nozzle frame (see vector diagram)
is vref = 20i + 60 cos 70◦i + 60 sin 70◦j = 40.52i + 56.38j (m/s). The
magnitude of the velocity is

|v| = 69.4 m/s.

v0 – vB

vB

θ
θ′
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Problem 16.106 At the instant shown, the nozzle A of
the lawn sprinkler is located at (0.1, 0, 0) m. Water exits
each nozzle at 8 m/s relative to the nozzle with a mass
flow rate of 0.22 kg/s. At the instant shown, the flow
relative to the nozzle at A is in the direction of the unit
vector

e = 1√
3
i − 1√

3
j + 1√

3
k.

Determine the total moment about the z axis exerted on
the sprinkler by the flows from all four nozzles. x

y

A

Solution:

e = 1√
3
(i + j + k), r = 0.1i, v = (8 m/s)e,

dmf

dt
= 0.22 kg/s

M = 4

(
− dmf

dt

)
(r × v) = (0.406 N-m)(j + k)

The moment about the z-axis is Mz = M • k = 0.406 N-m

Problem 16.107 A 45-kg/s flow of gravel exits the
chute at 2 m/s and falls onto a conveyor moving at
0.3 m/s. Determine the components of the force exerted
on the conveyor by the flow of gravel if θ = 0.

θ

45°

2 m

x

y

0.3 m/s

Solution: The horizontal component of the velocity of the gravel
flow is vx = 2 cos 45◦ = √

2 m/s. From Newton’s second law, (using
the chain rule) the vertical component of the velocity is

vy = −√(v sin 45◦)2 + 2gh = −√
2 + 2(9.81)(2) = −6.422 m/s.

The mass flow rate is

(
dmf

dt

)
= 45 kg/s. The force exerted on the

belt is

∑
F =

(
dmf

dt

)
((vx − 0.3)i + vyj) = 50.1i − 289j (N)
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Problem 16.108 Solve Problem 16.107 if θ = 30◦.

Solution: Use the solution to Problem 16.107 as appropriate. From
Problem 16.107:

vx = 2 cos 45◦ = √
2 m/s, vy = −√(v sin 45◦)2 + 2gh

= −√
2 + 2(9.81)(2) = −6.422 m/s.

The velocity of the conveyor belt is

vB = vBx i + vByj

= 0.3(i cos 30◦ − j sin 30◦
) = 0.2598i − 0.15j (m/s).

The magnitude of the velocity of the gravel:

vmag =
√

vx − vBx)2 + (vy − vby)2

= 6.377 (m/s).

The angle of impact:

β = tan−1

(
vy − vbx

vx − vbx

)
= −79.6◦

.

The force on the belt is

∑
F =

(
dmf

dt

)
(vmag)(j cos β + j sin β) = 51.9i − 282.2j (N)

Problem 16.109 Suppose that you are designing a toy
car that will be propelled by water that squirts from
an internal tank at 3.05 m/s relative to the car . The total
weight of the car and its water “fuel” is to be 8.9 N. If
you want the car to achieve a maximum speed of

/s, what part of the total weight must be water?

20°

Solution: See Example 16.10

− 0 = ( /s) cos 20◦ ln

(
W

)
⇒ W =

The water must be Wwater = ( ) − ( ) =

Problem 16.110 The rocket consists of a 1000-kg
payload and a 9000-kg booster. Eighty percent of the
booster’s mass is fuel, and its exhaust velocity is
1200 m/s. If the rocket starts from rest and external
forces are neglected, what velocity will it attain? (See
Example 16.10.) Booster Payload

Solution:

v = (1200 m/s) ln

(
10,000 kg

1,000 kg + 0.2[9,000 kg]

)
= 1530 m/s
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Problem 16.111* The rocket consists of a 1000-kg
payload and a booster. The booster has two stages whose
total mass is 9000 kg. Eighty percent of the mass of
each stage is fuel, and the exhaust velocity of each stage
is 1200 m/s. When the fuel of stage 1 is expended,
it is discarded and the motor of stage 2 is ignited.
Assume that the rocket starts from rest and neglect
external forces. Determine the velocity attained by the
rocket if the masses of the stages are m1 = 6000 kg and
m2 = 3000 kg. Compare your result to the answer to
Problem 16.110.

Payload1 2

Solution:

First burn,

{ Full mass = 10,000 kg

Empty mass = 4,000 kg + 0.2(6,000 kg) = 5,200 kg

Second burn

{Full mass = 4,000 kg

Empty mass = 1,000 kg + 0.2(300 kg) = 1,600 kg

v = (12,000 m/s) ln

(
10,000 kg

5200 kg

)
+ (12,000 m/s) ln

(
4,000 kg

1600 kg

)
= 1880 m/s

Much faster using stages.

Problem 16.112 A rocket of initial mass m0 takes off
straight up. Its exhaust velocity vf and the mass flow rate
of its engine mf = dmf /dt are constant. Show that, dur-
ing the initial part of the flight, when aerodynamic drag
is negligible, the rocket’s upward velocity as a function
of time is

v = vf ln

(
m0

m0 − ṁf t

)
− gt.

Solution: Start by adding a gravity term to the second equation in
Example 16.10. (Newton’s second law). We get

∑
Fx = dmf

dt
vf − mg = m

dvx

dt
.

Substitute

dm

dt
= − dmf

dt

as in the example and divide through by m to get

− vf

(
1

m

)
dmdt − g = dvx

dt
.

Integrate with respect to time gives the relation

− vf

∫ t

0

(
1

m

)
dm

dt
dt

−
∫ t

0
gdt =

∫ t

0

dvx

dt
dt.

Simplifying the integrals and setting appropriate limits when we
change the variable of integration, we get

− vf

∫ m

m0

dm

m
− g

∫ t

0
dt =

∫ v

0
dvx .

Integrating and evaluating at the limits of integration, we get

v = vf ln(m0/m) − gt.

Recalling that m = m0 − mf t and substituting this in, we get the
desired result.
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Problem 16.113 The mass of the rocket sled in
Active Example 16.9 is 440 kg. Assuming that the only
significant force acting on the sled in the direction of its
motion is the force exerted by the flow of water entering
it, what distance is required for the sled to decelerate
from 300 m/s to 100 m/s?

Solution: From Example 16.9, the force in the x direction (the
only force that affects the speed) is

Fx = −ρAv2

From Newton’s Second law

max = −ρAv2

ax = v
dvx

ds
= −

(
ρA

m

)
v2

∫ 100

300

dv

v
= −

(
ρA

m

)∫ sf

0
ds

ln(v)

∣∣∣100

300
= −ρA

m
sf

where

ρ = 1000 kg/m3,

A = 0.01 m2,

m = 440 kg.

Solving

sf = 48.3 m

Fy

Fx

N

v

x

y

z
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Problem 16.114* Suppose that you grasp the end of a
chain that weighs 43.8 N/

floor at a constant speed of /s.

(a) Determine the upward force F you must exert as
a function of the height s.

(b) How much work do you do in lifting the top of the
chain to s = ?

Strategy: Treat the part of the chain you have lifted
as an object that is gaining mass.

s

Solution: The force is the sum of the “mass flow” reaction and
the weight of suspended part of the chain,

F = mg + v

(
dm

dt

)
.

(a) Substitute:

(
dm

dt

)
=
( )

v /s.

The velocity is 0.61 m/s.
The suspended portion of the chain weighs s . The force
required to lift the chain is

s +
(

v

)
v = s + ( 2)

(b) The work done is

∫
0

F ds =
[(

g

)
s +

(
2

)
s2
]

0
= -

Problem 16.115* Solve Problem 16.114, assuming
that you lift the end of the chain straight up off the
floor with a constant acceleration of 2

Solution: Assume that the velocity is zero at s = 0. The mass

of the chain currently suspended is m =
(

3

g

)
s. Use the solution to

Problem 16.114. From Newton’s second law,

m

(
dv

dt

)
= F − v

(
dm

dt

)
− mg.

The velocity is expressed in terms of s as follows: The acceleration is
constant: dv/dt = /s . Use the chain rule2 v(dv/ds) =

v2 = it is assumed that the velocity is zero
at s = 0, from which

F = m

(
dv

dt

)
+ 2

√
s

(
dm

dt

)
+ s

Substitute:

m =
(

g

)
s,

dm

dt
=
(

g

)
v =

(
g

)√
s,

from which

F =
(

g
+

)
s = s

(b) The work done is

∫ 4

0
F ds =

[(
8

g
+

)
s2

2

]
0

=

313

m and lift it straight up off
the 0.61 m

43.8

9.81
kg

43.8 N

4 3 . 8
43.8

9.81
4 3 . 8

43.8 0.61

9.81

1.22 16.3 43.8 1.22

34.6 N m

0.61 m/s .

0.61 m 0.61.
Integrate: 0.37 s, where

43 .8

43.8 43.8 26.6

80
4 3 . 8 11.15

0
1.22

38.664 3 . 8

1.22 m
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Problem 16.116* It has been suggested that a heavy
chain could be used to gradually stop an airplane that
rolls past the end of the runway. A hook attached to
the end of the chain engages the plane’s nose wheel,
and the plane drags an increasing length of the chain as
it rolls. Let m be the airplane’s mass and v0 its initial
velocity, and let ρL be the mass per unit length of the
chain. Neglecting friction and aerodynamic drag, what
is the airplane’s velocity as a function of s?

s

Solution: Assume that the chain is laid out lengthwise along the
runway, such that the aircraft hook seizes the nearest end as the aircraft
proceeds down the runway. As the distance s increases, the length of

chain being dragged is
s

2
(see figure). The mass of the chain being

dragged is
ρLs

2
. The mass “flow” of the chain is

d

(
ρLs

2

)
dt

= ρLv

2
.

From Newton’s second law,

(
ρLs

2
+ m

)
dv

dt
= −ρLv2

2
.

Use the chain rule and integrate:

(
ρLs

2
+ m

)
dv

ds
= −ρLv

2
,
dv

v
= − ρL

2

(
ρLs

2
+ m

) ds,

ln(v) = − ln

(
m + ρLs

2

)
+ C.

s

For v = v0 at s = 0, C = ln(mv0), and

v = mv0

m + ρLs

2

.

Problem 16.117* In Problem 16.116, the frictional
force exerted on the chain by the ground would actually
dominate other forces as the distance s increases. If the
coefficient of kinetic friction between the chain and the
ground is µk and you neglect all other forces except
the frictional force, what is the airplane’s velocity as a
function of s?

Solution: Assume that the chain layout is configured as shown in
Problem 16.116. From Problem 16.116, the weight of the chain being

dragged at distance s is
ρLgs

2
. From Newton’s second law

(
m + ρLs

2

)
dv

dt
= −µkρLgs

2
,

where only the friction force is considered. Use the chain rule and
integrate:

(
m + ρLs

2

)
v

dv

ds
= −µkρLgs

2
, v dv = −µkg

ρLs

2

(
m + ρLs

2

) ds,

from which

v2

2
= −2µkg

ρL

(
m + ρLs

2
− m ln

(
m + ρLs

m

))
+ C.

For v = v0 at s = 0,

C = v2
0

2
+ 2µkgm

ρL
(1 − ln(m)),

from which, after reduction

v2 = v2
0 − 2gµk

(
s − 2m

ρL
ln
(
1 + ρLs

2m

))
.
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Problem 16.118 A turbojet engine is being operated
on a test stand. The mass flow rate of air entering the
compressor is 13.5 kg/s, and the mass flow rate of fuel
is 0.13 kg/s. The effective velocity of air entering the
compressor is zero, and the exhaust velocity is 500 m/s.
What is the thrust of the engine? (See Example 16.12.)

dmc
dt



dmf
dt

dmc
dt

Compressor


Combustion
chamber


Turbine



Solution: The sum of the mass flows is

(
dm

dt

)
=
(

dmc

dt

)
+
(

dmf

dt

)
= 13.5 + 0.13 = 13.63 kg/s.

The inlet velocity is zero, and the exit velocity is 500 m/s. The thrust is

T = 13.63(500) = 6820 N

Problem 16.119 A turbojet engine is in an airplane
flying at 400 km/h. The mass flow rate of air entering the
compressor is 13.5 kg/s and the mass flow rate of fuel is
0.13 kg/s. The effective velocity of the air entering the
inlet is equal to the airplane’s velocity, and the exhaust
velocity (relative to the airplane) is 500 m/s. What is the
thrust of the engine? (See Example 16.12.)

Solution: Use the “rest frame” of the engine to determine the
thrust. Use the solution to Problem 16.118. The inlet velocity is

vi = 400

(
103

3600

)
= 111.11 m/s.

The thrust is

T =
(

dmc

dt
+ dmf

dt

)
500 −

(
dmc

dt

)
111.11,

T = 13.63(500) − (111.11)13.5 = 5315 N

Problem 16.120 A turbojet engine’s thrust reverser
causes the exhaust to exit the engine at 20◦ from the
engine centerline. The mass flow rate of air entering
the compressor is 44 kg/s, and the air enters at 60 m/s.
The mass flow rate of fuel is 1.5 kg/s, and the exhaust
velocity is 370 m/s. What braking force does the engine
exert on the airplane? (See Example 16.12.)

20°

20°Solution:

T =
[(

dmcdt

+
dmf

dt

)
ve − dmc

dt
vi

]
x

(−i)

where

dmc

dt
= 44 kg/s

dmf

dt
= 1.5 kg/s

vex = −370 cos(20◦
) m/s

vi = +60 m/s

Solving,

T = −18500 N = −18.5 KN (to the Right)

|T | = 18.5 KN

20°

20°

T

x

y

x
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Problem 16.121 The total external force on a 10-kg
object is constant and equal to 90i − 60j + 20k (N). At
t = 2 s, the object’s velocity is −8i + 6j (m/s).

(a) What impulse is applied to the object from t = 2 s
to t = 4 s?

(b) What is the object’s velocity at t = 4 s?

Solution:

(a) The impulse is

∫ t2

t1

F dt = 90(4 − 2)i − 60(4 − 2)j + 20(4 − 2)k

= 180i − 120j + 40k (N-s).

(b) The velocity is

mv2 − mv1 =
∫ t2

t1

F dt,

from which

v2 = v1 +
(

1

m

)∫ t2

t1

F dt =
(

−8 + 180

10

)
i +

(
6 − 120

10

)
j

+
(

40

10

)
k = 10i − 6j + 4k (m/s)

Problem 16.122 The total external force on an object
is F = 10t i + 60j (N). At t = 0, the object’s velocity
is v = 20j ( ). At t = 12 s, the x component of its
velocity is 48 /s.

(a) What impulse is applied to the object from t = 0
to t = 6 s?

(b) What is the object’s velocity at t = 6 s?

Solution:

(a) The impulse is

∫ t2

t1

F dt = [5t2]6
0i + [60t]60j = 180i + 360j ( -s)

(b) The mass of the object is found from the x component of the
velocity at 12 s.

m =

∫ t2

t1

F dt

48 − 0
= 5(122)

48
= 15 g.

The velocity at 6 s is

mv2 − mv1 =
∫ t2

t1

F dt,

from which

v2 = 20j + 180

15
i + 360

15
j = 12i + 44j ( /s).
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Problem 16.123 An aircraft arresting system is used to
stop airplanes whose braking systems fail. The system
stops a 47.5-Mg airplane moving at 80 m/s in 9.15 s.

(a) What impulse is applied to the airplane during the
9.15 s?

(b) What is the average deceleration to which the
passengers are subjected?

Solution:

(a) The impulse is

∫ t2

t1

F dt = mv2 − mv1 = 47500(80) = 3.8 × 106 N-s.

(b) The average force is

Fave =

∫ t2

t1

F dt

t2 − t1
= 3.8 × 106

9.15
= 4.153 × 105 N.

From Newton’s second law

(
dv

dt

)
ave

= Fave

47500
= 8.743 m/s2

Problem 16.124 The 1895 Austrain 150-mm howitzer
had a 1.94-m-long barrel, possessed a muzzle velocity
of 300 m/s, and fired a 38-kg shell. If the shell took
0.013 s to travel the length of the barrel, what average
force was exerted on the shell?

Solution: The average force is

Fave =

∫ t2

t1

F dt

t2 − t1
= (38)(300)

0.013
= 877,000 N
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Problem 16.125 An athlete throws a shot put weighing

ground and its components of velocity are vx =
and vy = /s.

(a) Suppose the athlete accelerates the shot from rest in
0.8 s, and assume as a first approximation that the
force F he exerts on the shot is constant. Use the
principle of impulse and momentum to determine
the x and y components of F.

(b) What is the horizontal distance from the point
where he releases the shot to the point where it
strikes the ground?

x

y

Solution:

(a) Let Fx , Fy be the components of the force exerted by the athlete.
The impulse is

∫ t2

t1

F dt = i(Fx)(t2 − t1) + j(Fy − W)(t2 − t1)

= i
(

W

g

)
( ) + j

(
W

g

)
( )

from which

Fx =
(

W

g

)(
0.8

)
= .

Fy =
(

W

g

)(
0.8

)
+ W = .

(b) From the conservation of energy for the vertical component of
the motion, the maximum height reached is

h =
(

1

2g

)
v2
y + = .

From the solution of Newton’s second law for free fall, the time
of flight is

tf =
√

2(h − )

g
+
√

2h

g
= 1.85 s

and the horizontal distance is D = tf =

318

71.2 N. When he releases it, the shot is 2.13 m above
the
9.45 m/s 7.92 m

9.45 7.92

9.45
85.8 N

7.92
143.2 N

2.13 5.33 m

2.13

9 . 4 5 17.5 m
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Problem 16.126 The pickup truck A moving
at /s collides with the car B moving
at /s.

(a) What is the magnitude of the velocity of their
common center of mass after the impact?

(b) Treat the collision as a perfectly plastic impact.
How much kinetic energy is lost?

A

B

30°

Solution:

(a) From the conservation of linear momentum,

(
WA

g

)
vA +

(
WB

g

)
vB cos θ =

(
WA + WB

g

)
vx,

(
WB

g

)
vB sin θ =

(
WA + WB

g

)
vy .

Substitute numerical values, with θ = 30◦ to obtain vx =
/s, vy= /s, from which v =

√
v2
x + v2

y = /s

(b) The kinetic energy before the collision minus the kinetic energy
after the collision is the loss in kinetic energy:

1

2

(
WA

g

)
v2
A + 1

2

(
WB

g

)
v2
B − 1

2

(
WA + WB

g

)
v2

= -

Problem 16.127 Two hockey players (mA = 80 kg,
mB = 90 kg) converging on the puck at x = 0, y =
0 become entangled and fall. Before the collision,
vA = 9i + 4j (m/s) and vB = −3i + 6j (m/s). If the
coefficient of kinetic friction between the players and
the ice is µk = 0.1, what is their approximate position
when they stop sliding?

A

x

y

B

Solution: The strategy is to determine the velocity of their
combined center of mass immediately after the collision using the
conservation of linear momentum, and determine the distance using
the conservation of energy. The conservation of linear momentum
is 9mA − 3mB = (mA + mB)vx , and 4mA + 6mB = (mA + mB)vy ,
from which vx = 2.65 m/s, and vy = 5.06 m/s, from which v =√

v2
x + v2

y = 5.71 m/s, and the angle of the path is

θ = tan−1

(
vy

vx

)
= 62.4◦

.

The work done by friction is

∫ s

0
− µkg(mA + mB) ds = −µkg(mA + mB)s,

where s is the distance the players slide after collision. From the con-
servation of work and energy 1

2 (mA + mB)v2 − µkg(mA + mB)s = 0,
from which

s = v2

2µkg
= 16.6 m.

The position of the players after they stop sliding is

r = s(i cos θ + j sin θ) = 7.7i + 14.7j (m)
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26688 N
12.2 m 17792 N
9.1m

10.48 m 1.83 m

21 2853 N m

10.64 m

,
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Problem 16.128 The cannon weighed 1780 N, fired a
cannonball weighing 44. N, and had a muzzle velocity
of /s. For the 10 ◦ elevation angle shown, determine
(a) the velocity of the cannon after it was fired and
(b) the distance the cannonball traveled. (Neglect drag.)

10°

Solution: Assume that the height of the cannon mouth above the
ground is negligible. (a) Relative to a reference frame moving with the
cannon, the cannonball’s velocity is /s at. The conservation of
linear momentum condition is −mCvC + mB(vB cos 10◦ − vC) = 0,
from which

vC = mBvB cos 10◦

mB + mC

= /s.

The velocity of the cannon ball relative to the ground is

vB = (
◦ − vC )i + sin 10◦j = i + j /s,

from which v0x = /s, v0y = /s. The maximum height
is (from the conservation of energy for free fall) hmax = v2

0y/(2g) =
height of the cannon mouth above the ground is

negligible. The time of flight (from the solution of Newton’s second
law for free fall) is twice the time required to fall from the maximum
height,

tflight = 2

√
2hmax

g
= 2.16 s.

From which the range is ximpact = v0x tflight = since v0x

is constant during the flight.

10°

vC
vB

Problem 16.129 A 1-kg ball moving horizontally
at 12 m/s strikes a 10-kg block. The coefficient of
restitution of the impact is e = 0.6, and the coefficient
of kinetic friction between the block and the inclined
surface is µk = 0.4. What distance does the block slide
before stopping?

25°

Solution: First we analyze the impact between the ball (b) and the
block (B). The component of the ball’s velocity parallel to the inclined
surface is vb = (12) cos 25◦ = 10.9 m/s. Solving the equations

mbvb = mbv
′
b + mBv′

B,

e = v′
B − v′

b

vb

,

we obtain v′
B = 1.58 m/s. We use work and energy to determine the

distance d the block slides:

(−mBg sin 25◦ − µkmBg cos 25◦
)d = 0 − 1

2
mB(v′

B)2.

Solving yields d = 0.162 m.

320

61 m

61 m

1.464 m

61cos 10 61 58.57 10.59 m

58.57 m 10.59 m

5.72 m

126.5 m

/s, where the

5
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Problem 16.130 A Peace Corps volunteer designs the
simple device shown for drilling water wells in remote
areas. A 70-kg “hammer,” such as a section of log or
a steel drum partially filled with concrete, is hoisted to
h = 1 m and allowed to drop onto a protective cap on
the section of pipe being pushed into the ground. The
combined mass of the cap and section of pipe is 20 kg.
Assume that the coefficient of restitution is nearly zero.

(a) What is the velocity of the cap and pipe
immediately after the impact?

(b) If the pipe moves 30 mm downward when the
hammer is dropped, what resistive force was
exerted on the pipe by the ground? (Assume that
the resistive force is constant during the motion of
the pipe.)

Hammer

h

Solution: The conservation of momentum principle for the
hammer, pipe and cap is mH vH + mpvp = (mH + mp)v, where
vH , vp are the velocity of the hammer and pipe, respectively, before
impact, and v is the velocity of their combined center of mass
immediately after impact. The velocity of the hammer before impact
(from the conservation of energy for a free fall from height h) is
vH = √

2gh = √
2(9.81)(1) = 4.43 m/s. Since vP = 0,

v = mH

mH + mP

vH = 70

90
(4.43) = 3.45 m/s.

(b) The work done by the resistive force exerted on the pipe
by the cap is

∫ s

0 −Fds = −Fs N-m, where s = 0.03 m. The
work and energy principle for the hammer, pipe and cap is
−Fs + (mH + mP )gs = 1

2 (mH + mP )v2, from which

F = (mH + mP )(v2 + 2gs)

2s
= (90)(3.452 + 2(9.81)(0.03))

2(0.03)

= 18,700 N

Problem 16.131 A tugboat (mass = 40 Mg) and a
barge (mass = 160 Mg) are stationary with a slack
hawser connecting them. The tugboat accelerates to
2 knots (1 knot = 1852 m/h) before the hawser becomes
taut. Determine the velocities of the tugboat and
the barge just after the hawser becomes taut (a) if
the “impact” is perfectly plastic (e = 0) and (b) if the
“impact” is perfectly elastic (e = 1). Neglect the forces
exerted by the water and the tugboat’s engines.

Solution: The tugboat’s initial velocity is vT = 2
(
1852

m

h

)
(

1 h

3600 s

)
= 1.03 m/s. The equations governing the “impact” are

mT vT = mT v′
T + mBv′

B,

e = v′
B − v′

T

vT

.

(a) With e = 0, we obtain

v′
T = v′

B = 0.206 m/s (0.4 knots).

(b) With e = 1, we obtain

v′
T = −0.617 m/s (−1.2 knots),

v′
B = 0.412 m/s (0.8 knots).
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Problem 16.132 In Problem 16.131, determine the
magnitude of the impulsive force exerted on the tugboat
in the two cases if the duration of the “impact” is 4 s.
Neglect the forces exerted by the water and the tugboat’s
engines during this period.

Solution: Since the tugboat is stationary at t = t1, the linear
impulse is

∫ t2

t1

Fdt = Fave(t2 − t1) = mBv′
B,

from which Fave = mBv′
B/4 = (4 × 104)v′

B . For Case (a) v′
B =

0.206 m/s, from which Fave = 8230 N . Case (b). v′
B = 0.412 m/s,

Fave = 16,500 N

Problem 16.133 The 10-kg mass A is moving at 5 m/s
when it is 1 m from the stationary 10-kg mass B. The
coefficient of kinetic friction between the floor and the
two masses is µk = 0.6, and the coefficient of restitution
of the impact is e = 0.5. Determine how far B moves
from its initial position as a result of the impact.

1 m

A B

5 m/s

Solution: Use work and energy to determine A’s velocity just
before impact:

−µkmg(1) = 1
2 mv2

A − 1
2 m(5)2.

Solving, vA = 3.64 m/s. Now analyze the impact:

mvA = mv′
A + mv′

B,

e = v′
B − v′

A

vA

.

Solving these two equations, we obtain v′
B = 2.73 m/s. We use work

and energy to determine how far B slides:

−µkmgd = 0 − 1
2 m(v′

B)2.

Solving, d = 0.632 m.
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Problem 16.134 The kinetic coefficients of friction
between the 5-kg crates A and B and the inclined
surface are 0.1 and 0.4, respectively. The coefficient of
restitution between the crates is e = 0.8. If the crates
are released from rest in the positions shown, what are
the magnitudes of their velocities immediately after they
collide?

0.1 m

60°

A

B

Solution: The free body diagrams of A and B are shown. From
the diagram of A, we have NA = mAg cos 60◦ = (5)(9.81) cos 60◦ =
24.5 N

∑
Fx = mAg sin 60◦ − 0.1 NA = mAaA.

Solving, (5)(9.81) sin 60◦ − 0.1(24.5) = (5)aA, aA = 8.01 m/s2. The
velocity of A is vA = aAt and its position is xA = 1

2 aAt2. From the
free body diagram of B, we have NB = NA = 24.5 N and

∑
Fx =

mAg sin 60◦ − 0.4NB = mBaB . Solving we have (5)(9.81) sin 60◦ −
0.4(24.5) = (5)aB , or aB = 6.53 m/s2. The velocity of B is vB = aB t

and its position is xB = aBt2/2. To find the time of impact, set

xA = xB + 0.1: 1
2 aAt2 = 1

2 aB t2 + 0.1

Solving for t

t =
√

2(0.1)

aA − aB

=
√

2(0.1)

8.01 − 6.53
= 0.369 s.

The velocities at impact are

vA = aAt = (8.01)(0.369) = 2.95 m/s vB = aBt = (6.53)(0.369)

= 2.41 m/s

Conservation of linear momentum yields

mAvA + mBvB = mAv′
A + mBv′

B :

(5)(2.95) + (5)(2.41) = (5)v′
A + (5)v′

B (1)

The coefficient of restitution is

e = v′
B − v′

A

vA − vB

:

Evaluating, we have

0.8 = v′
B − v′

A

2.95 − 2.41
(2).

Solving equations (1) and (2), v′
A = 2.46 m/s, v′

B = 2.90 m/s.

0.4 NB

NB

mBg

aB

y

x

0.1 NA

NA

mAg

aA

y

x
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Problem 16.135 Solve Problem 16.134 if crate A has
a velocity of 0.2 m/s down the inclined surface and
crate B is at rest when the crates are in the positions
shown.

Solution: From the solution of Problem 16.134, A’s acceleration
is aA = 8.01 m/s2 so A’s velocity is

∫ v

0.2
dv =

∫ t

0
aA dtvA = 0.2 + aAt

and its position is xA = 0.2t + 1
2 aAt2. From the solution of Problem

16.136, the acceleration, velocity, and position of B are aB =
6.53 m/s2 vB = aBt xB = 1

2 aBt2, At impact, xA = xB + 0.1; 0.2t +
1
2 aAt2 = 1

2 aBt2 + 0.1. Solving for t , we obtain t = 0.257 s so, vA =
0.2 + (8.01)(0.257) = 2.26 m/s; vB = (6.53)(0.257) = 1.68 m/s

mAvA + mBvB = mAv′
A + mBv′

B :

(5)(2.26) + (5)(1.68) = (5)v′
A + (5)v′

B (1);

e = v′
B − v′

A

vA − vB

: 0.8 = v′
B − v′

A

2.26 − 1.68
(2).

Solving Equations (1) and (2), v′
A = 1.74 m/s v′

B = 2.20 m/s.
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Problem 16.136 A small object starts from rest at A
and slides down the smooth ramp. The coefficient of
restitution of the impact of the object with the floor is
e = 0.8. At what height above the floor does the object
hit the wall? 60°

 

A

0.91 m

0.305 m

1.83 m

Solution: The impact with the floor is an oblique central impact
in which the horizontal component of the velocity is unchanged. The
strategy is

(a) determine the time between leaving the ramp and impact with
the wall,

(b) determine the time between the first bounce and impact with the
wall

(c) from the velocity and height after the first bounce, determine
the height at the time of impact with the wall. The steps in this
process are:

(1) The velocities on leaving the ramp. The velocity at the
bottom edge of the ramp is (from the conservation
of energy) v = √

2gh = √
2( )( − ) = /s.

The horizontal component of the velocity is vx = v cos 60◦ =

edge of the ramp is vy = v sin 60◦ = /s.

(2) The maximum height after leaving the ramp: From the conserva-
tion of energy, the maximum height reached is

hmax = v2
y

2g
+ = .

(3) The velocity and maximum height after the first bounce: The
velocity of the first impact (from the conservation of energy
for a free fall) is vyimpact = −√

2ghmax = − /s. The
vertical velocity after the first bounce (see equation following
Eq. (16.17)) is v′

y = −evyimpact = 0.8( ) = /s. The
maximum height after the first bounce is

h′
y = (v′

y)
2

2g
= .

(4) The time of impact with the wall, the time at the first bounce, and
the time between the first bounce and impact with the wall. The
time required to reach the wall is

tw =
vx

= 1.058 s.

The time at the first bounce (from a solution to Newton’s second
law for a free fall) is

tb =
√

2(hmax − )

g
+
√

(2)hmax

g
= 0.7 s.

The time between the first bounce and wall impact is tw−b =
tw − tb = 0.3582 s.

(5) Is the ball on an upward or downward part of its path when it
strikes the wall? The time required to reach maximum height
after the first bounce is

t ′bh =
√

2h′
y

g
= 0.3154 s.

Since tw−b > t ′bh, the ball is on a downward part of its trajectory
when it impacts the wall.

(6) The height at impact with the wall: The height of impact is (from
a solution to Newton’s second law for free fall)

hw = h′
y − g

2
(tw−b − t ′bh)2 =

325

0.48 m/s

9.81 0.91 0.305 3.46 m

1.73 m/s. The vertical component of the velocity at the bottom
3 m

0.305 0.762 m

3.86 m

3.86 3.09 m

0.49 m

1.83

0 .305
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Problem 16.137 The cue gives the cue ball A a veloc-
ity of magnitude 3 m/s. The angle β = 0 and the coef-
ficient of restitution of the impact of the cue ball and
the eight ball B is e = 1. If the magnitude of the eight
ball’s velocity after the impact is 0.9 m/s, what was the
coefficient of restitution of the cue ball’s impact with
the cushion? (The balls are of equal mass.)

30°

A B

β

Solution: The strategy is to treat the two impacts as oblique central
impacts. Denote the paths of the cue ball as P 1 before the bank impact,
P 2 after the bank impact, and P 3 after the impact with the 8-ball. The
velocity of the cue ball is

vAP 1 = 3(i cos 30◦ + j sin 30◦
) = 2.6i + 1.5j (m/s).

The x component is unchanged by the bank impact. The y component
after impact is vAP 2y = −evAP 1y = −1.5e, from which the velocity
of the cue ball after the bank impact is vAP 2 = 2.6i − 1.5ej. At impact
with the 8-ball, the x component is unchanged. The y component after
impact is obtained from the conservation of linear momentum and the
coefficient of restitution. The two equations are

mAvAP 2y = mAvAP 3y + mBvBP 3y

and 1 = vBP 3y − vAP 3y

vAP 2y

.

For mA = mB , these equations have the solution vAP 3y = 0 and
vBP 3y = vAP 2y , from which the velocities of the cue ball and the
8-ball after the second impact are vAP 3 = 2.6i (m/s), and vBP 3 =
−1.5ej (m/s). The magnitude of the 8-ball velocity is vBP 3 = 0.9 m/s,
from which

e = 0.9

1.5
= 0.6

Problem 16.138 What is the solution to Prob-
lem 16.137 if the angle β = 10◦?

Solution: Use the results of the solution to Problem 16.137. The
strategy is to treat the second collision as an oblique central impact
about the line P when β = 10◦. The unit vector parallel to the line
P is

eP = (i sin 10◦ − j cos 10◦
) = 0.1736i − 0.9848j.

The vector normal to the line P is ePn = 0.9848i + 0.1736j. The
projection of the velocity vAP 2 = vAP 3eP + vAP 3nePn. From the
solution to Problem 16.13, vAP 2 = 2.6i − 1.5ej, from which the two
simultaneous equations for the new components: 2.6 = 0.173 vAP 3 +
0.9848vAP 3n, and −1.5e = −0.9848vAP 3 + 0.1736vAP 3n. Solve:
vAP 3 = 0.4512 + 1.477e, vAP 3n = 2.561 − 0.2605e. The component
of the velocity normal to the line P is unchanged by impact. The
change in the component parallel to P is found from the conservation
of linear momentum and the coefficient of restitution:

mAvAP 3 = mAv′
AP 3 + mBv′

BP 3,

and 1 = v′
BP 3 − v′

AP 3

vAP 3
.

For mA = mB , these equations have the solution v′
AP 3 = 0

and v′
BP 3 = vAP 3. From the value of v′

BP 3 = 0.9 m/s, 0.9 = 0.4512 +
1.477e, from which

e = 0.9 − 0.4512

1.477
= 0.304
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Problem 16.139 What is the solution to Prob-
lem 16.137 if the angle β = 15◦ and the coefficient
of restitution of the impact between the two balls is
e = 0.9?

Solution: Use the solution to Problem 16.137. The strategy is to
treat the second collision as an oblique central impact about P when
β = 15◦. The unit vector parallel to the line P is

eP = (i sin 15◦ − j cos 15◦
) = 0.2588i − 0.9659j.

The vector normal to the line P is

ePn = 0.9659i + 0.2588j.

The projection of the velocity vAP 2 = vAP 3eP + vAP 3nePn. From the
solution to Problem 16.139, vAP 2 = 2.6i − 1.5ej, from which the two
simultaneous equations for the new components: 2.6 = 0.2588vAP 3 +
0.9659vAP 3n, and −1.5e = −0.9659vAP 3 + 0.2588vAP 3n.

Solve: vAP 3 = 0.6724 + 1.449e, vAP 3n = 2.51 − 0.3882e. The com-
ponent of the velocity normal to the line P is unchanged by impact.
The velocity of the 8-ball after impact is found from the conservation
of linear momentum and the coefficient of restitution:

mAvAP 3 = mAv′
AP 3 + mBv′

BP 3,

and eB = v′
BP 3 − v′

AP 3

vAP 3
,

where eB = 0.9. For mA = mB , these equations have the solution

v′
BP 3 =

(
1

2

)
(1 + eB)vAP 3 = 0.95vAP 3.

From the value of v′
BP 3 = 0.9 m/s, 0.9 = 0.95(0.6724 + 1.449e), from

which e = 0.189

Problem 16.140 A ball is given a horizontal velocity
of 3 m/s at 2 m above the smooth floor. Determine the
distance D between the ball’s first and second bounces
if the coefficient of restitution is e = 0.6. 2 m

3 m/s

D

Solution: The strategy is to treat the impact as an oblique
central impact with a rigid surface. The horizontal component of
the velocity is unchanged by the impact. The vertical velocity
after impact is v′

Ay = −evAy . The vertical velocity before impact

is vAy = −√
2 gh = −√

2(9.81)2 = −6.264 m/s, from which v′
Ay =

−0.6(−6.264) = 3.759 m/s. From the conservation of energy for a
free fall, the height of the second bounce is

h′ = (v′
Ay)

2

2g
= 0.720 m.

From the solution of Newton’s second law for free fall, the time
between the impacts is twice the time required to fall from height

h, t = 2

√
2h′

g
= 0.7663 s, and the distance D is

D = v0t = (3)(0.7663) = 2.30 m
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Problem 16.141* A basketball dropped from a height
of rebounds to a height of . In the layup
shot shown, the magnitude of the ball’s velocity is

the angles between its velocity vector and
the positive coordinate axes are θx = 42◦, θy = 68◦, and
θz = 124◦ just before it hits the backboard. What are the
magnitude of its velocity and the angles between its
velocity vector and the positive coordinate axes just
after the ball hits the backboard?

x

y

z

Solution: Using work and energy to determine the dropped ball’s
velocity just before and just after it hits the floor,

mg( ) = 1

2
mv2,

mg( ) = 1

2
m(v′)2,

we obtain v = v ′ = − ficient of restitu-
tion is

e = − v′

v
= 0.866.

The ball’s velocity just before it hits the backboard is

v = (cos 42◦i + cos 68◦j + cos 124◦k)

= i + j − k ( ).

The z component of velocity just after the impact is

v′
z = −evz = −(0.866)(− )

= /s.

The ball’s velocity after impact is v′ = i + j + k ( ).
Its magnitude is |v′| =

θx = arccos

( )
= 39.5◦

,

θy = arccos

( )
= 67.1◦

,

θz = arccos

( )
= 59.8◦

.
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1.22 m 0.91 m

1.52m/s, and

1.22 m

0.91 m

4.9 m/s and 4.24 m/s. The coef

1.52

1.13 0.57 0.85 m/s

0.85

0.74 m

1.13 0.57 0.74 m/s
1.47 m/s, and

1.13

1.47

0.57

1.47

0.74

1.47
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Problem 16.142* In Problem 16.141, the basketball’s
diameter is 241.3 mm., the coordinates of the center of
basket rim are x = 0, y = 0, and z = ., and the
backboard lies in the x-y plane. Determine the x and y

coordinates of the point where the ball must hit the
backboard so that the center of the ball passes through
the center of the basket rim.

Solution: See the solution of Problem 16.141. The ball’s velocity
after impact in m/s is

v′ = i + j + k

From impact to the center of the rim, the distance the center of the ball
moves in the z direction is 305− 1

2 ( ) =

t = = 0.250 s.

Setting

x = 0 = x0 + vxot

= x0 + ( )(0.250)

and y = 0 = y0 + vy0t − 1

2
gt2

= y0 + ( )(0.250) − 1

2
( )( )(0.250)2,

we obtain x0 = − y0 = .

Problem 16.143 A satellite at r0 =
the center of the earth is given an initial velocity
v0 =
magnitude of the transverse component of the satellite’s
velocity when r =
is m.)

r

45°
θ

0

r0RE

Solution: By definition,

H0 = |r × mv| = mr0v0 sin 45◦

= m( )( )( ) sin 45◦

H0 = m × 1010 2/s.

The gravitational force

F = −mgR2
E

r2
er ,

where er is a unit vector parallel to the radius vector r. Since (r ×
er ) = 0, it follows that the angular momentum impulse is

∫ t2

t1

(
r ×

∑
F
)

dt = 0 = H1 − H0,

from which H0 = H1, and the angular momentum is conserved.
Thus the angular momentum at the distance is H0 =
mr1vθ1 sin 90◦. From which

vθ1 = × 1010

× 10
=

is the magnitude of the transverse velocity.
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305 mm
1.13 0.57 0.74 m/s

241.3 184.4 mm. The time
required is

0.1844 m

0.74 m/s

1.13

0.57 9.81 0.305

282.7 mm., 163.1 mm

16090 km from

6096 m/s in the direction shown. Determine the

32180 km. (The radius of the earth
6372 k

16090 1000 6096

6.93 kg-m

32180 km

6.93

3.21 7
2155 m/s
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Problem 16.144 In Problem 16.143, determine the
magnitudes of the radial and transverse components of
the satellite’s velocity when r =
Solution: From the solution to Problem 16.143, the constant angu-
lar momentum of the satellite is H0 = m × 1010 2/s. The
transverse velocity at r = m is

vθ = H

m( )( )
=

From conservation of energy:

(
1

2
mv2

0

)
r=

− mgR2
E

r0
=
(

1

2
mv2

1

)
r=

− mgR2
E

r1
,

from which

v2
1 = v2

0 + 2gR2
E

(
1

r
− 1

r0

)

= ( )
2+ 2( )( )

2
(

1 − 1
)

= × 108 ( )2 .

The radial velocity is

vr =
√

v2
1 − v2

θ = /s

Problem 16.145 The snow is 0.61m deep and weighs
3

els at 8 km/h. What force does the snow
exert on the truck?

Solution: The velocity of the truck is

v = = .

The mass flow is the product of the depth of the snow, the width of
the plow, the mass density of the snow, and the velocity of the truck,
from which

(
dmf

dt

)
= ( )

(
g

)
( )( ) = g/s.

The force is

F =
(

dmf

dt

)
v =

330

24135 km.

6. 93 kg-m
24135 k

24135 1000
2569.5 m/s

16090 24135

6096 9.81 6372000
24135000 16090000

0.207 m/s

3520.4 m

3142 N/m , the snowplow is 2.44 m wide, and the
truck trav

8 km/h 2.22 m/s

1058.3 k2.222.44
3142

0.61

2375.2 N
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Problem 16.146 An empty 244.6 N drum, 0.91 m in
diameter, stands on a set of scales. Water begins pouring
into the drum at 5338 N/min from 2.44 m above the
bottom of the drum. The weight density of water is app-
roximately / 3 . What do the scales read 40 s
after the water starts pouring? 2.44 m

Solution: The mass flow rate is

(
dmf

dt

)
=
(

g

)(
1

60

)
=

After 40 seconds, the volume of water in the drum is

volume =
(

40

60

)
= 3.

The height of water in the drum is

hwater = volume

π( 2)
= .

The velocity of the water stream at point of impact is (from the conser-
vation of energy for free fall) v = √

2g( − hwater) = /s.
The scale reading is

W = (volume)( ) + +
(

dmf

dt

)
v = ( ) + + ( ) =

Problem 16.147 The ski boat’s jet propulsive system
draws water in at A and expels it at B at 24.4 m/s relative
to the boat. Assume that the water drawn in enters
with no horizontal velocity relative to the surrounding
water. The maximum mass flow rate of water through the
engine is 36.5 kg/s. Hydrodynamic drag exerts a force
on the boat of magnitude 1.5v v is the boat’s
velocity in feet per second. Neglecting aerodynamic
drag, what is the ski boat’s maximum velocity?

AB

Solution: Use the boat’s “rest” frame of reference. The force
exerted by the inlet mass flow on the boat is

Finlet = −
(

dmf

dt

)
v = − v.

The force exerted by the exiting mass flow on the boat is

Fexit =
(

dmf

dt

)
( ) = ( )

The hydrodynamic drag is Fdrag = −1.5 v. At top speed the sum of
the forces vanishes:

∑
F = Finlet + Fexit + Fdrag = 0

= − v + ( ) − 1.5v = − v + ( ) = 0,

from which

v = ( ) = /s
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9802 N m

5338
9.07 kg/s

5338

9802
0.363 m

0.455
0.553 m

2.44 6.081 m

9802 244.6

0.363 9802 244.6 9.07 6.081 3856.4 N

N, where

36 . 5

24.4 36.5 24.4

36.5 36.5 24.4 38 36.5 24.4

36.5 24.4
23.4 m

38

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 16.148 The ski boat of Problem 16.147
weighs 12454 N. The mass flow rate of water through
the engine is 36 kg/s, and the craft starts from rest at
t = 0. Determine the boat’s velocity (a) at t = 20 s and
(b) t = 60 s.

Solution: Use the solution to Problem 16.147: the sum of the
forces on the boat is

∑
F = − v + ( ) .

From Newton’s second law

W

g

(
dv

dt

)
= − v + .

Separate variables and integrate:

dv

− v
= g

W
dt,

from which

ln( − v) = − g

W
t + C.

At t = 0, v = 0, from which C = ln( ), from which

ln
(
1 − v )

= − g

W
t.

Invert:

v(t) =

1 − e

−
g

W
t


 .

Substitute numerical values:

W = ,

g = 2.

(a) At t = 20 s, v = ,

(b) At t = 60 s, v =

Problem 16.149* A crate of mass m slides across a
smooth floor pulling a chain from a stationary pile. The
mass per unit length of the chain is ρL. If the velocity
of the crate is v0 when s = 0, what is its velocity as a
function of s?

s

Solution: The “mass flow” of the chain is

(
dmf

dt

)
= ρLv.

The force exerted by the “mass flow” is F = ρLv2. From Newton’s
second law

(ρLs + m)

(
dv

dt

)
= −ρLv2.

Use the chain rule:

(ρLs + m)v
dv

ds
= −ρLv2.

Separate variables and integrate:

ln(v) = − ln

(
s + m

ρL

)
+ C,

from which

C = ln

(
mv0

ρL

)
.

Reduce and solve: v = mv0

(ρLs + m)
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12454 N
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Problem 17.1 In Active Example 17.1, suppose that
at a given instant the hook H is moving downward at
2 m/s. What is the angular velocity of gear A at that
instant?

A

H

50 mm

B

200 mm

100
mm

Solution: The angular velocity of gear B is

ωB = vH

rH
= 2 m/s

0.1 m
= 20 rad/s.

The gears are connected through the common velocity of the contact
points

rBωB = rAωA ⇒ ωA = rB

rA
ωB = 0.2 m

0.05 m
(20 rad/s) = 80 rad/s.

ωA = 80 rad/s counterclockwise.

Problem 17.2 The angle θ (in radians) is given as a
function of time by θ = 0.2πt2. At t = 4 s, determine
the magnitudes of (a) the velocity of point A and (b) the
tangential and normal components of acceleration of
point A.

A
2 m

θ

Solution: We have

θ = 0.2πt2, ω = dθ

dt
= 0.4πt, α = dω

dt
= 0.4π.

Then

(a) v = rω = (2)(0.4π)(4) = 10.1 m/s. v = 10.1 m/s.

(b)
an = rω2 = (2)[(0.4π)(4)]2 = 50.5 m/s2,

at = rα = (2)(0.4π) = 2.51 m/s2.

an = 50.5 m/s2,

at = 2.51 m/s2.

Problem 17.3 The mass A starts from rest at t = 0 and
falls with a constant acceleration of 8 m/s2. When the
mass has fallen one meter, determine the magnitudes of
(a) the angular velocity of the pulley and (b) the tangen-
tial and normal components of acceleration of a point at
the outer edge of the pulley.

100 mm

A
Solution: We have

a = 8 m/s2, v = √
2as =

√
2(8 m/s2)(1 m) = 4 m/s,

ω = v

r
= 4 m/s

0.1 m
= 40 rad/s,

α = a

r
= 8 m/s2

0.1 m
= 80 rad/s2.

(a) ω = 40 rad/s.

(b)
at = rα = (0.1 m)(80 rad/s2) = 8 m/s2,

an = rω2 = (0.1 m)(40 rad/s)2 = 160 m/s2.

at = 8 m/s2,

an = 160 m/s2.
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Problem 17.4 At the instant shown, the left disk has
an angular velocity of 3 rad/s counterclockwise and an
angular acceleration of 1 rad/s2 clockwise.

(a) What are the angular velocity and angular accel-
eration of the right disk? (Assume that there is
no relative motion between the disks at their point
of contact.)

(b) What are the magnitudes of the velocity and accel-
eration of point A?

2.5 m
1 m

A

2 m

3 rad/s
1 rad/s2

Solution:

(a)

rLωL = rRωR ⇒ ωR = rR

rL
ωL = 1 m

2.5 m
(3 rad/s) = 1.2 rad/s

rLαL = rRαR ⇒ αR = rR

rL
αL = 1 m

2.5 m
(1 rad/s2) = 0.4 rad/s2

(b) vA = (2 m)(1.2 rad/s) = 2.4 m/s

aAt = (2 m)(0.4 rad/s2) = 0.8 m/s2

aAn = (2 m)(1.2 rad/s)2 = 2.88 m/s2

⇒ vA = 2.4 m/s

aA = √(0.8)2 + (2.88)2 m/s2 = 2.99 m/s2

Problem 17.5 The angular velocity of the left disk is
given as a function of time by ωA = 4 + 0.2t rad/s.

(a) What are the angular velocities ωB and ωC at
t = 5 s?

(b) Through what angle does the right disk turn from
t = 0 to t = 5 s?

100 mm

100 mm

200 mm
200 mm

ωA ωB ωC

Solution:

ωA = (4 + 0.2t) rad/s

rAωA = rBωB ⇒ ωB = 0.1 m

0.2 m
ωA = 0.5 ωA

rBωB = rCωC ⇒ ωC = 0.1 m

0.2 m
ωB = 0.25 ωA

(a) At t = 5 s ωA = (4 + 0.2[5]) rad/s = 5 rad/s

ωB = 0.5(5 rad/s) = 2.5 rad/s

ωC = 0.25(5 rad/s) = 1.25 rad/s

(b) ωC = 0.25 ωA = 0.25(4 + 0.2t) rad/s = (1 + 0.05t) rad/s

θC =
∫ 5 s

0
ωCdt = [t + 0.025t2]5 s

0 = 5.625 rad
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Problem 17.6 (a) If the bicycle’s 120-mm sprocket
wheel rotates through one revolution, through how many
revolutions does the 45-mm gear turn? (b) If the angu-
lar velocity of the sprocket wheel is 1 rad/s, what is the
angular velocity of the gear? 45

mm

120
mm

Solution: The key is that the tangential accelerations and tangen-
tial velocities along the chain are of constant magnitude

(a) θB = 2.67 rev

(b) vB = rωB vA = rAωA

vA = vB

vB = (0.045)ωB vA = (0.120)(1)

ωB =
(

120

45

)
rad/s = 2.67 rad/s

rB
dθB

dt
= rA

dθA

dt

Integrating, we get

rBθB = rAθA rA = 0.120 m

rB = 0.045 m

θB =
(

120

45

)
(1) rev θA = 1 rev.

rA

vA

atAvB

atB

rB

A B

Problem 17.7 The rear wheel of the bicycle in Prob-
lem 17.6 has a 330-mm radius and is rigidly attached to
the 45-mm gear. It the rider turns the pedals, which are
rigidly attached to the 120-mm sprocket wheel, at one
revolution per second, what is the bicycle’s velocity?

Solution: The angular velocity of the 120 mm sprocket wheel is
ω = 1 rev/s = 2π rad/s. Use the solution to Problem 17.6. The angular
velocity of the 45 mm gear is

ω45 = 2π

(
120

45

)
= 16.76 rad/s.

This is also the angular velocity of the rear wheel, from which the
velocity of the bicycle is

v = ω45(330) = 5.53 m/s.
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Problem 17.8 The disk is rotating about the origin
with a constant clockwise angular velocity of 100 rpm.
Determine the x and y components of velocity of points
A and B (in cm/s).

B

16 

A

x

y

8 cm

8 cm cm

Solution:

ω = 100 rpm

(
2π rad

rev

)(
1 min

60 s

)
= 10.5 rad/s.

Working with point A

rA =
√

(8 cm)2 + (8 cm)2 = 11.3 cm, θA = tan−1
(

8 cm

8 cm

)
= 45◦

vA = rAω = (11.3 cm)(10.5 rad/s) = 118 cm/s

vA = vA(cos θAi + sin θAj) = (118 cm/s)(cos 45◦ i + sin 45◦j)

vA = (83.8i + 83.8j)

Working with point B

rB = 16 in, vB = rBω = (16 cm)(10.5 rad/s) = 168 cm/s

vB = −(168j)

Problem 17.9 The disk is rotating about the origin
with a constant clockwise angular velocity of 100 rpm.
Determine the x and y components of acceleration of
points A and B (in cm/s ).2

B

16 cm

A

x

y

8 cm

8 cm

Solution:

ω = 100 rpm

(
2π rad

rev

)(
1 min

60 s

)
= 10.5 rad/s.

Working with point A

rA =
√

(8 cm)2+ (8 cm)2= 11.3 cm, θA = tan−1
(

8 cm

8 cm

)
= 45◦

aA = rAω2 = (11.3 cm)(10.5 rad/)2= 1240 cm/s2

aA = aA(cos θAi − sin θAj) = (1240 cm/s2)(cos 45◦ i − sin 45◦j)

aA = (877i − 877j) 2.

Working with point B

rB = 16 in, aB = rBω2 = (16 cm)(10.5 rad/s)2= 1750 cm/s2

aB = −(1750i) 2.
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Problem 17.10 The radius of the Corvette’s tires is

the brakes, subjecting the car to a deceleration of 25 m/s .2

Assume that the tires continue to roll, not skid, on the
road surface. At that instant, what are the magnitudes
of the tangential and normal components of acceleration
(in m/s ) of a point at the outer edge of a tire relative2

to a nonrotating coordinate system with its origin at the
center of the tire?

y

x

Solution: We have

ω = v

r
=

(
80 1000

)
=

α = a

r
= 25 m/s2

= rad/s2.

Relative to the given coordinate system (which is not an inertial coor-
dinate system)

at = rα = ( rad/s2) = 25 m/s2

an = rω2 = ( )2 = 16 2 .

at = 25 m/s2,

an = 1647 2.

Problem 17.11 If the bar has a counterclockwise
angular velocity of 8 rad/s and a clockwise angular
acceleration of 40 rad/s2, what are the magnitudes of
the accelerations of points A and B?

0.4 m

0.4 m 0.4 m

0.2 m

A

B

Solution:

aA = α × rA/O − ω2rA/O

= (−40 rad/s2k) × (−0.4i + 0.4j) m − (8 rad/s)2(−0.4i + 0.4j) m

= (41.6i − 9.6j) m/s2

aB = α × rB/O − ω2rB/O

= (−40 rad/s2k) × (0.4i − 0.2j) m − (8 rad/s)2(0.4i − 0.2j) m

= (−33.6i − 3.2j) m/s2

aA = √(41.6)2 + (−9.6)2 m/s2 = 42.7 m/s2

aB = √(−33.6)2 + (−3.2)2 m/s2 = 33.8 m/s2
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Problem 17.12 Consider the bar shown in Problem
17.11. If |vA| = 3 m/s and |aA| = 28 m/s2, what are |vB |
and |aB |?
Solution:

vA = ωr ⇒ 3 m/s = ω
√

(0.4)2 + (0.4)2 m ⇒ ω = 5.30 rad/s

aAn = ω2r = (5.3 rad/s)2
√

(0.4)2 + (0.4)2 m = 15.9 m/s2

aAt =
√

aA
2 − aAn

2 =
√

(28)2 − (15.9)2 m/s2 = 23.0 m/s2

aAt = αr ⇒ 23.0 m/s2 = α
√

(0.4)2 + (0.4)2 m ⇒ α = 40.7 rad/s

vB = ω
√

(0.4)2 + (−0.2)2 m = 2.37 m/s

aBt = α
√

(0.4)2 + (−0.2)2 = 18.2 m/s2

aBn = ω2
√

(0.4)2 + (−0.2)2 = 12.6 m/s2

aB = √(18.2)2 + (12.6)2 m/s2 = 22.1 m/s2

Problem 17.13 A disk of radius R = 0.5 m rolls on
a horizontal surface. The relationship between the
horizontal distance x the center of the disk moves and
the angle β through which the disk rotates is x = Rβ.
Suppose that the center of the disk is moving to the right
with a constant velocity of 2 m/s.

(a) What is the disk’s angular velocity?
(b) Relative to a nonrotating reference frame with

its origin at the center of the disk, what are the
magnitudes of the velocity and acceleration of a
point on the edge of the disk?

x

R
β

R

Solution:

(a) x = Rβ ⇒ ẋ = Rβ̇ ⇒ v = Rω ⇒ ω = v

R
= 2 m/s

0.5 m
= 4 rad/s

(b)
v = Rω = (0.5 m)(4 rad/s) = 2 m/s

a = an = Rω2 = (0.5 m)(4 rad/s)2 = 8 m/s2

Problem 17.14 The turbine rotates relative to the coor-
dinate system at 30 rad/s about a fixed axis coincident
with the x axis. What is its angular velocity vector?

y

z

x

30 rad/sSolution: The angular velocity vector is parallel to the x axis,
with magnitude 30 rad/s. By the right hand rule, the positive direction
coincides with the positive direction of the x axis.

ω = 30i (rad/s).
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Problem 17.15 The rectangular plate swings in the x–y
plane from arms of equal length. What is the angular
velocity of (a) the rectangular plate and (b) the bar AB?

y

xA

B

10 rad/s

Solution: Denote the upper corners of the plate by B and B′, and
denote the distance between these points (the length of the plate) by
L. Denote the suspension points by A and A′, the distance separating
them by L′. By inspection, since the arms are of equal length, and
since L = L′, the figure AA′B ′B is a parallelogram. By definition, the
opposite sides of a parallelogram remain parallel, and since the fixed
side AA′ does not rotate, then BB′ cannot rotate, so that the plate does
not rotate and

ωBB ′ = 0 .

Similarly, by inspection the angular velocity of the bar AB is

ωAB = 10k (rad/s),

where by the right hand rule the direction is along the positive z axis
(out of the paper).

B

A

B ′

L′

L

A′

Problem 17.16 Bar OQ is rotating in the clockwise
direction at 4 rad/s. What are the angular velocity vectors
of the bars OQ and PQ?

Strategy: Notice that if you know the angular velocity
of bar OQ, you also know the angular velocity of bar
PQ.

1.2 m

O

Q

P

1.2 m

y

x

4 rad / s

Solution: The magnitudes of the angular velocities are the same.
The directions are opposite

ωOQ = −(4 rad/s)k, ωPQ = (4 rad/s)k,
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Problem 17.17 A disk of radius R = 0.5 m rolls on
a horizontal surface. The relationship between the hor-
izontal distance x the center of the disk moves and the
angle β through which the disk rotates is x = Rβ. Sup-
pose that the center of the disk is moving to the right
with a constant velocity of 2 m/s.

(a) What is the disk’s angular velocity?
(b) What is the disk’s angular velocity vector?

x

R
β

R

x

y

Solution:

(a) x = Rβ ⇒ ẋ = Rβ̇ ⇒ v = Rω

⇒ ω = v

R
= 2 m/s

0.5 m
= 4 rad/s CW

(b) ω = −(4 rad/s)k

Problem 17.18 The rigid body rotates with angular
velocity ω = 12 rad/s. The distance rA/B = 0.4 m.

(a) Determine the x and y components of the velocity
of A relative to B by representing the velocity as
shown in Fig. 17.10b.

(b) What is the angular velocity vector of the
rigid body?

(c) Use Eq. (17.5) to determine the velocity of A rel-
ative to B.

x

y

B A

ω

rA/B

Solution:

(a)
vAx = 0

vAy = (12 rad/s)(0.4 m) = 4.8 m/s

(b) ω = (12 rad/s)k

(c) vA = ω × rA/B = (12 rad/s)k × (0.4 m)i

vA = (4.8 m/s)j

B

y

VA

A
xrA/B = 0.4 m

12 rad/s
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Problem 17.19 The bar is rotating in the counterclock-
wise direction with angular velocity ω. The magnitude of
the velocity of point A is 6 m/s. Determine the velocity
of point B.

0.4 m

0.4 m

�

0.4 m

0.2 m

A

B

y

x

Solution:

ω = v

r
= 6 m/s√

2(0.4 m)
= 10.6 rad/s.

vB = ω × rB = (10.6 rad/s)k × (0.4i − 0.2j) m

vB = (2.12i + 4.24j) m/s.

Problem 17.20 The bar is rotating in the counterclock-
wise direction with angular velocity ω. The magnitude
of the velocity of point A relative to point B is 6 m/s.
Determine the velocity of point B.

0.4 m

0.4 m

�

0.4 m

0.2 m

A

B

y

x

Solution:

rA/B =
√

(0.8 m)2 + (0.6 m)2 = 1 m

ω = v

rA/B

= 6 m/s

1 m
= 6 rad/s.

vB = ω × rB = (6 rad/s)k × (0.4i − 0.2j) m

vB = (1.2i + 2.4j) m/s.

Problem 17.21 The bracket is rotating about point O
with counterclockwise angular velocity ω. The magni-
tude of the velocity of point A relative to point B is
4 m/s. Determine ω.

A

B

180 mm48�

120 mm

y

xOSolution:

rB/A =
√

(0.18 + 0.12 cos 48◦)2 + (0.12 sin 48◦)2 = 0.275 m

ω = vB/A

rB/A

= 4 m/s

0.275 m
= 14.5 rad/s.

ω = 14.5 rad/s.
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Problem 17.22 Determine the x and y components of
the velocity of point A. y

x

A

5 rad/s

O

2 m

30°

Solution: The velocity of point A is given by:

vA = v0 + ω × rA/O.

Hence, vA = 0 +
∣∣∣∣∣∣

i j k
0 0 5

2 cos 30◦ 2 sin 30◦ 0

∣∣∣∣∣∣
= −10 sin 30◦i + 10 cos 30◦j,

or vA = −5i + 8.66j (m/s).

Problem 17.23 If the angular velocity of the bar in
Problem 17.22 is constant, what are the x and y com-
ponents of the velocity of Point A 0.1 s after the instant
shown?

Solution: The angular velocity is given by

ω = dθ

dt
= 5 rad/s,

∫ θ

0
dθ =

∫ t

0
5 dt,

and θ = 5t rad.

At t = 0.1 s, θ = 0.5 rad = 28.6◦.

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
0 0 5

2 cos 28.6◦ 2 sin 28.6◦ 0

∣∣∣∣∣∣ .

Hence, vA = −10 sin 28.6◦i + 10 cos 28.6◦j = −4.78i + 8.78j.
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Problem 17.24 The disk is rotating about the z axis at
50 rad/s in the clockwise direction. Determine the x and
y components of the velocities of points A, B, and C.

x

y

100 mm

C

A

B

45� 45�

Solution: The velocity of A is given by vA = v0 + ω × rA/O , or
vA = 0 + (−50k) × (0.1j) = 5i (m/s).

For B, we have

vB = v0 + ω × rB/O = 0 +
∣∣∣∣∣∣

i j k
0 0 −50

0.1 cos 45◦ −0.1 sin 45◦ 0

∣∣∣∣∣∣
= −3.54i − 3.54j (m/s),

For C, we have

vc = v0 + ω × rC/O = 0 +
∣∣∣∣∣∣

i j k
0 0 −50

−0.1 cos 45◦ −0.1 sin 45◦ 0

∣∣∣∣∣∣
= −3.54i + 3.54j (m/s).

y

x

BC

45° 45°

100 mm

A

Problem 17.25 Consider the rotating disk shown in
Problem 17.24. If the magnitude of the velocity of
point A relative to point B is 4 m/s, what is the
magnitude of the disk’s angular velocity?

Solution:

v0 = 0 ω = ωk r = 0.1 m

vB = v0 + ωk × rOB

= ωk × (r cos 45◦i − r sin 45◦j)

= (rω cos 45◦
)j + (rω sin 45◦

)i.

vA = v0 + ωk × rOA = ωk × rj

= −rωi.

vA = vB + vA/B,

vA/B = vA − vB,

vA/B = (−rω − rω sin 45◦
)i − rω cos 45◦j

= rω(−1 − sin 45◦
)i − rω cos 45◦j.

We know

|vA/B | = 4 m/s, r = 0.1 m

|vA/B | = √[rω(−1 − sin 45◦)]2 + [−rω cos 45◦]2

Solving for ω, ω = 21.6 rad/s (direction undetermined).
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Problem 17.26 The radius of the Corvette’s tires is

roll, not skid, on the road surface.

(a) What is the angular velocity of its wheels?
(b) In terms of the earth-fixed coordinate system shown,

determine the velocity (in m/s) of the point of the
tire with coordinates (−

y

x

Solution:

(a) ω = v

r
=

( )
= rad/s. ω =

(b)

vP = vO + ω × r

vP = −
( )

i + ( )k ×
(

−[ ]
i
)

vP = (− i − j)

Problem 17.27 Point A of the rolling disk is moving
toward the right. The magnitude of the velocity of point
C is 5 m/s. determine the velocities of points B and D.

x

y

A

45�

C

D

B

0.6 m

Solution: Point B is the center of rotation (zero velocity).

rC/B = √
2(0.6 m) = 0.849 m,

ω = vC

rC/B

= 5 m/s

0.849 m
= 5.89 rad/s

Therefore

vD = ω × rD/B = −(5.89 rad/s)k × [−0.6 cos 45◦i + (0.6 + 0.6 sin 45◦
)j]

vD = (6.04i + 2.5j) m/s, vB = 0.

Problem 17.28 The helicopter is in planar motion in
the x –y plane. At the instant shown, the position
of its center of mass, G, is x = 2 m, y = 2.5 m,
and its velocity is vG = 12i + 4j (m/s). The position
of point T , where the tail rotor is mounted, is x =
−3.5 m, y = 4.5 m. The helicopter’s angular velocity is
0.2 (rad/s) clockwise. What is the velocity of point T ?

y

x

T

G

Solution: The position of T relative to G is

rT /G = (−3.5 − 2)i + (4.5 − 2.5)j = −5.5i + 2j (m).

The velocity of T is

vT = vG + ω × rT /G = 12i + 4j +
∣∣∣∣∣∣

i j k
0 0 −0.2

−5.5 2 0

∣∣∣∣∣∣
= 12.4i + 5.1j (m/s)

344

30 cm. It is traveling at 100 km/h. Assume that the tires

30 cm, 0,0).

100 1000×
3600

(0.3)
92.6 92.6 rad/s.

100 1000×
3600

m/s rad/s92.6 0.3 m

27.8 27. 8 m/s.
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Problem 17.29 The bar is moving in the x–y plane
and is rotating in the counterclockwise direction. The
velocity of point A relative to the reference frame is
vA = 12i − 2j (m/s). The magnitude of the velocity of
point A relative to point B is 8 m/s. what is the velocity
of point B relative to the reference frame?

x

y

B

A

2 m

30�

Solution:

ω = v

r
= 8 m/s

2 m
= 4 rad/s,

vB = vA + ω × rB/A = (12i − 2j) m/s + (4 rad/s)k × (2 m)(cos 30◦i + sin 30◦j)

vB = (8i + 4.93j) m/s.

Problem 17.30 Points A and B of the 2-m bar slide
on the plane surfaces. Point B is moving to the right at
3 m/s. What is the velocity of the midpoint G of the bar?

Strategy: First apply Eq. (17.6) to points A and B
to determine the bar’s angular velocity. Then apply
Eq. (17.6) to points B and G.

x

y

A

B

G

70°

Solution: Take advantage of the constraints (B stays on the floor,
A stays on the wall)

vA = vB + ω × rA/B

vAj = (3 m/s)i + ωk × (2 m)(− cos 70◦i + sin 70◦j)

= (3 − 1.88 ω)i + (−0.684 ω)j

Equating i components we find 3 − 1.88 ω = 0 ⇒ ω = 1.60 rad/s
Now find the velocity of point G

vG = vB + ω × rG/B

= (3 m/s)i + (1.60 rad/s)k × (1 m)(− cos 70◦i + sin 70◦j)

vG = (1.5i − 0.546j) m/s

Problem 17.31 Bar AB rotates at 6 rad/s in the clock-
wise direction. Determine the velocity (in cm/s) of the
slider C.

6 rad/s
A

B

C

4 cm

4  cm 10  cm

3 cm

Solution:

vB = vA + ωAB × rB/A

vB = 0 − (6 rad/s)k × (4i + 4j)

vB = (24i − 24j)

vC = vB + ωBC × rC/B

vC = (24i − 24j) + ωBCk × (10i − 7j)

vC = (24 + 7 ωBC)i + (−24 + 10 ωBC)j

Slider C cannot move in the j direction, therefore

ωBC = 24

10
= 2.4 rad/s.

vC = (24 + 7(2.4))i = (43.8 cm/s)i vC = 43.8 cm/s to the right.
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Problem 17.32 If θ = 45◦ and the sleeve P is moving
to the right at 2 m/s, what are the angular velocities of
the bars OQ and PQ?

1.2 m

O

Q

P

θ

1.2 m

Solution: From the figure, v0 = 0, vP = vP i = 2 i (m/s)

vQ = v0 + ωOQk × (L cos θ i + L sin θj)

{
i: vQx = −ωOQL sin θ (1)

j: vQy = ωOQL cos θ (2)

vP = vQ + ωQP k × (L cos θ i − L sin θj)

i: 2 = vQx + ωQP L sin θ (3)

j: 0 = vQy + ωQP L cos θ (4)

Eqns (1)–(4) are 4 eqns in the 4 unknowns ωOQ, ωQP , vQx , vQy

Solving, we get

vQx = 1 m/s, vQy = −1 m/s

ωOQ = −1.18k (rad/s),

ωQP = 1.18k (rad/s).

Problem 17.33 In Active Example 17.2, consider the
instant when bar AB is vertical and rotating in the clock-
wise direction at 10 rad/s. Draw a sketch showing the
positions of the two bars at that instant. Determine the
angular velocity of bar BC and the velocity of point C.

0.4 m

10 rad/sA

B

C

0.4 m 0.8 m

Solution: The sketch is shown. We have

vB = vA + ωAB × rB/A

= 0 − (10 rad/s)k × (0.566 m)j

= (5.66 m/s)i

vC = vB + ωBC × rBC

= (5.66 m/s)i

+ ωBCk × (0.693i − 0.566j) m

= (5.66 + 0.566 ωBC)i + (0.693 ωBC)j

Point C cannot move in the j direction, therefore

ωBC = 0, vC = (5.66 m/s)i
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Problem 17.34 Bar AB rotates in the counterclockwise
direction at 6 rad/s. Determine the angular velocity of
bar BD and the velocity of point D.

y

0.32 m

0.48 m

0.16 m0.24 m0.32 m

6 rad/s

A
B

x

D

CSolution:

vA = 0 ωAB = 6 k

vB = vA + ωABk × rB/A = 6k × 0.32i = 1.92j m/s.

vC = vC i = vB + ωBDk × rC/B :

vci = 1.92j + ωBDk × (0.24i + 0.48j).

{
i: vC = −0.48ωBD

j: 0 = 1.92 + 0.24ωBD

Solving, ωBD = −8,

ωBD = −8k
(

rad

s

)
,

vC = 3.84i (m/s).

Now for the velocity of point D

vD = vB + ωBD × rD/B

= 1.92j + (−8k) × (0.4i + 0.8j)

vD = 6.40i − 1.28j (m/s).

Problem 17.35 At the instant shown, the piston’s velo-
city is vC = −14i(m/s). What is the angular velocity of
the crank AB?

B

A
50 mm

50 mm

175 mm

y

x
C

Solution:

vB = vA + ωAB × rB/A

= 0 + ωABk × (0.05i + 0.05j) m

= −0.05ωAB i + 0.05ωAB j

vC = vB + ωBC × r

= (−0.05ωAB i + 0.05ωAB j)

+ ωBCk × (0.175i − 0.05j)

= (−0.05ωAB + 0.05ωBC)i + (0.05ωAB + 0.175ωBC)j

We can now separate components and produce two equations in two
unknowns

−14 = −0.05ωAB + 0.05ωBC, 0 = 0.05ωAB + 0.175ωBC

Solving we find

ωBC = −62.2 rad/s, ωAB = 218 rad/s.

Thus ωAB = 218 rad/s counterclockwise.
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Problem 17.36 In Example 17.3, determine the angu-
lar velocity fo the bar AB that would be necessary so
that the downward velocity of the rack VR = 120 cm/s
at the instant shown.

D vR

6 cm

B

C

A

12 cm

10 rad/s

16 cm6 cm 6 cm

10 cm

Solution: We have

ωCD = vR

r

= 120 cm/s

cm
= 20 rad/s.

Then

VB = VA + ωAB × rB/A

= 0 + ωABk × (6i + 12j) = −12ωAB i + 6ωAB j

VC = VB + ωBC × rC/B

= (−12ωAB i + 6ωAB j) + ωBCk × (16i − 2j)

= (−12ωAB + 2ωBC)i + (6ωAB + 16ωBC)j

VD = VC + ωCD × rD/C

= [(−12ωAB + 2ωBC)i + (6ωAB + 16ωBC)j] − (20)k × (6i − 10j)

= (−12ωAB + 2ωBC − 200)i + (6ωAB + 16ωBC − 120)j

Point D cannot move, therefore

−12ωAB + 2ωBC − 200 = 0, 6ωAB + 16ωBC − 120 = 0.

Solving, we find

ωAB = −14.5 rad/s, ωBC = 12.9 rad/s.

ωAB = 14.5 rad/s counterclockwise.
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Problem 17.37 Bar AB rotates at 12 rad/s in the
clockwise direction. Determine the angular velocities of
bars BC and CD.

A

C

B

D

350
mm

200
mm

300 mm 350 mm

12 rad/s

Solution: The strategy is analogous to that used in Problem 17.36.
The radius vector AB is rB/A = 200j (mm). The angular velocity of
AB is ω = −12k (rad/s). The velocity of point B is

vB = vA + ω × rB/A = 0 +

 i j k

0 0 −12
0 200 0


 = 2400i (mm/s).

The radius vector BC is rC/B = 300i + (350 − 200)j = 300i + 150j
(mm). The velocity of point C is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

300 150 0




= (2400 − 150ωBC)i + ωBC300j (mm/s).

The radius vector DC is rC/D = −350i + 350j (mm). The velocity of
point C is

vC = vD + ωCD × rC/D = 0 +

 i j k

0 0 ωCD

−350 350 0




= −350ωCD(i + j).

Equate the two expressions for vC , and separate components:

(2400 − 150ωBC + 350ωCD)i = 0,

and (300ωBC + 350ωCD)j = 0.

Solve: ωBC = 5.33 rad/s,

ωBC = 5.33k (rad/s) .

ωCD = −4.57 rad/s,

ωCD = −4.57k (rad/s) .
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Problem 17.38 Bar AB is rotating at 10 rad/s in the
counterclockwise direction. The disk rolls on the circular
surface. Determine the angular velocities of bar BC and
the disk at the instant shown.

2 m

A

B

C

3 m

3 m

1 m

Solution: The point “D” at the bottom of the wheel has zero veloc-
ity.

vB = vA + ωAB × rB/A

= 0 + (10)k × (1i − 2j) = (20i + 10j) m/s.

vC = vB + ωBC × rC/B

= (20i + 10j) + ωBCk × (3i) = (20)i + (10 + 3ωBC)j

vD = vC + ωCD × rD/C

= (20)i + (10 + 3ωBC)j + ωCDk × (−1j) = (20 + ωCD)i + (10 + 3ωBC)j

Since the velocity of D is zero, we can set the components of velocity
equal to zero and solve to find

ωdisk = ωCD = −20 rad/s, ωBC = 3.33 rad/s.

ωdisk = 20 rad/s clockwise, ωBC = 3.33 rad/s clockwise.

Problem 17.39 Bar AB rotates at 2 rad/s in the coun-
terclockwise direction. Determine the velocity of the
midpoint G of bar BC.

A

CB

D

2 rad/s
45� 30�

G

y

x

305  mm

254 mm

Solution: We first need to find the angular velocities of BC

and CD

vB = vA + ωAB × rB/A = (2 rad/s)k × ( )(cos 45◦i + sin 45◦j)

= (− i + j)

vC = vB +ωBC × rC/B = (− i+ j) + ωBCk × ( )i

= [(− )i + ( + { }ω BC)j]

vD = vC + ωCD × rD/C

+ ωCDk × ( )[sin 45◦ cot 30◦i − sin 45◦j]

= [(− + { }ωCD)i + (

+ { m} ωBC + { }ωCD)j]

Since D is fixed, we set both components to zero and solve for the
angular velocities

− + { }ωCD =0

+ { }ωBC + { }ωCD =0
⇒ ωBC =−3.22 rad/s

ωCD =2.00 rad/s

Now we can find the velocity of point G.

vG = vB + ωBC × rG/B

= (− 4i + j) + (−3.22 rad/s)k × ( ) i

vG = (− i− .132 j)

350

0.254 m

0.354 0.354 m/s

0.354 0.354 m/s 0 .305 m

0.354 m/s 0.354 m/s 0.305 m

= [(− )i + ( + { }ω BC)j]0.354 m/s 0.354 m/s 0.305 m

0.254 m

0.354 m/s 0.18 m 0.354 m/s

0.305 0.31 m

0.354 m/s 0.18 m

0.354 m/s 0.305 m 0.31 m

0.35 0.354 m/s 0.152 mm

0.354 0 m/s
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Problem 17.40 Bar AB rotates at 10 rad/s in the
counterclockwise direction. Determine the velocity of
point E.

x

y

A

B

C
10 rad/s

ED
400 mm

700 mm 700 mm400
mm

Solution: The radius vector AB is rB/A = 400j (mm). The angu-
lar velocity of bar AB is ωAB = 10k (rad/s). The velocity of point B

is

vB = ωAB × rAB =

 i j k

0 0 10
0 400 0


 = −4000i (mm/s).

The radius vector BC is rC/B = 700i − 400j (mm). The velocity of
point C is

vC = vB + ωBC × rC/B = −4000i +

 i j k

0 0 ωBC

700 −400 0




= (−4000 + 400ωBC)i + 700ωBC j.

The radius vector CD is rC/D = −400i (mm). The point D is fixed
(cannot translate). The velocity at point C is

vC = ωCD × rC/D = (ωCD(k) × (−400i)) =

 i j k

0 0 ωCD

−400 0 0




= −400ωCDj.

Equate the two expressions for the velocity at point C, and separate
components: 0 = (−4000 + 400ωBC)i, 0 = (700ωBC + 400ωCD)j.
Solve: ωBC = 10 rad/s, ωCD = −17.5 rad/s. The radius vector DE

is rD/E = 700i (mm). The velocity of point E is

vE = ωCD × rD/E =

 i j k

0 0 −17.5
700 0 0




vE = −12250j (mm/s) .
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Problem 17.41 Bar AB rotates at 4 rad/s in the
counterclockwise direction. Determine the velocity of
point C.

A

B

C

D

E
x

y

600 mm

600 mm

400 mm

500 mm

300
mm

300
mm

200
mm

Solution: The angular velocity of bar AB is ω = 4k (rad/s). The
radius vector AB is rB/A = 300i + 600j (mm). The velocity of point B

is

vB = ωAB × rB/A =

 i j k

0 0 4
300 600 0


 ,

from which vB = −2400i + 1200j (mm/s). The vector radius from B

to C is rC/B = 600i + (900 − 600)j = 600i + 300j (mm). The veloc-
ity of point C is

vC = vB +

 i j k

0 0 ωBC

600 300 0




= (−2400 − 300ωBC)i + (1200 + 600ωBC)j (mm/s).

The radius vector from C to D is rD/C = 200i − 400j (mm). The
velocity of point D is

vD = vC +

 i j k

0 0 ωBC

200 −400 0




= vC + 400ωBC i + 200ωBC j (mm/s).

The radius vector from E to D is rD/E = −300i + 500j (mm). The
velocity of point D is

vD = ωDE × rD/E =

 i j k

0 0 ωDE

−300 500 0




= −500ωDE i − 300ωDE j (mm/s).

Equate the expressions for the velocity of point D; solve for vC , to
obtain one of two expressions for the velocity of point C. Equate the
two expressions for vC , and separate components: 0 = (−500ωDE −
100ωBC + 2400)i, 0 = (1200 + 300ωDE + 800ωBC)j. Solve ωDE =
5.51 rad/s, ωBC = −3.57 rad/s. Substitute into the expression for the
velocity of point C to obtain

vC = −1330i − 941j (mm/s).
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Problem 17.42 The upper grip and jaw of the pli-
ers ABC is stationary. The lower grip DEF is rotating
at 0.2 rad/s in the clockwise direction. At the instant
shown, what is the angular velocity of the lower jaw
CFG?

G

70 mm

BA

D

C

30 mm

30 mm

E F

30 mm

Stationary

Solution:

vE = vB + ωBE × rE/B = 0 + ωBEk × (0.07i − 0.03j) m

= ωBE(0.03i + 0.07j) m

vF = vE + ωDEF × rF/E = ωBE(0.03i + 0.07j) m

+ (−0.2 rad/s)k × (0.03 m)i

= [(0.03 m)ωBE i + (−0.006 m/s + {0.07 m}ωBE)j]

vC = vF + ωCFG × rC/G

= [(0.03 m)ωBE i + (−0.006 m/s + {0.07 m}ωBE)j]

+ ωCFGk × (0.03 m)j

= [(0.03 m)(ωBE − ωCFG)i + (−0.006 m/s + {0.07 m}ωBE)j]

Since C is fixed we have

(0.03 m)(ωBE − ωCFG) = 0

−0.006 m/s + {0.07 m}ωBE = 0
⇒ ωBE = 0.0857 rad/s

ωCFG = 0.0857 rad/s

So we have ωCFG = 0.0857 rad/s CCW

Problem 17.43 The horizontal member ADE support-
ing the scoop is stationary. If the link BD is rotating in
the clockwise direction at 1 rad/s, what is the angular
velocity of the scoop?

C
B

D EA

Scoop

0.61 m 0.46 m

1.52 mm 0.31  mm 0.76 m

Solution: The velocity of B is vB = vD + ωBD × rB/D . Expand-
ing, we get

vB = 0 +
∣∣∣∣∣∣

i j k
0 0 −

0

∣∣∣∣∣∣= i− j ( ).

The velocity of C is

vC = vB + ωBC × rC/B = i− j +
∣∣∣∣∣∣

i j k
0 0 +ωBC

. −0. 0

∣∣∣∣∣∣ (1).

We can also express the velocity of C as vC = vE + ωCE × rC/E or

vC = 0 +
∣∣∣∣∣∣

i j k
0 0 +ωCE

0 0.

∣∣∣∣∣∣ (2).

Equating i and j components in Equations (1) and (2) and solving, we
obtain ωBC = 0.4 rad/s and ωCE = −1.47 rad/s.

1 rad/s

B

D

C

E

y

x

ωCE

ωBC
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0.31 0.61
0.3.1 0.61 0.31 m/s

0.61 0.31
0 76 15

46 0
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Problem 17.44 The diameter of the disk is 1 m, and
the length of the bar AB is 1 m. The disk is rolling, and
point B slides on the plane surface. Determine the angu-
lar velocity of the bar AB and the velocity of point B.

4 rad/s

A

B

Solution: Choose a coordinate system with the origin at O, the
center of the disk, with x axis parallel to the horizontal surface. The
point P of contact with the surface is stationary, from which

vP = 0 = v0 + ω0 × −R = v0 +

 i j k

0 0 ω0

0 −0.5 0


 = v0 + 2i,

from which v0 = −2i (m/s). The velocity at A is vA = v0 + ω0 ×
rA/O .

vA = −2i +

 i j k

0 0 ω0

0.5 0 0


 = −2i + 2j (m/s).

The vector from B to A is rA/B = −i cos θ + j sin θ (m), where θ =
sin−1 0.5 = 30◦. The motion at point B is parallel to the x axis. The
velocity at A is

vA = vB i + ω × rA/B =

 i j k

0 0 ωAB

−0.866 0.5 0




= (vB − 0.5ωAB)i − 0.866ωAB j (m/s).

Equate and solve: (−2 − 0.866ωAB)j = 0, (vB − 0.5ωAB + 2)i = 0,
from which ωAB = −2.31k (rad/s), vB = −3.15i (m/s).

y

x

B

P

A

O
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Problem 17.45 A motor rotates the circular disk
mounted at A, moving the saw back and forth. (The saw
is supported by a horizontal slot so that point C moves
horizontally). The radiusAB is 101.6 mm, and the link BC is

θ = 45◦ and the
link BC is horizo. ntal. If the angular velocity of the disk
is one revolution per second counterclockwise, what is
the velocity of the saw?

x

y

B

A

C θ

Solution: The radius vector from A to B is

rB/A = (i cos 45◦ + j sin 45◦
) = √

2(i + j) (m).

The angular velocity of B is

vB = vA + ωAB × rB/A,

vB = 0 + 2π(
√

2)


 i j k

0 0 1
1 1 0


 = π

√
2(−i + j) ( /s).

The radius vector from B to C is rC/B = ( cos 45◦− )i.
The velocity of point C is

vC = vB + ωBC × rC/B = vB


 i j k

0 0 ωBC

− 14 0 0




= −

The saw is constrained to move parallel to the x axis, hence
ωBC = 0, and the saw velocity is

vS = − i (m/s) .

Problem 17.46 In Problem 17.45, if the angular
velocity of the disk is one revolution per second counter-
clockwise and θ = 270◦, what is the velocity of the saw?

Solution: The radius vector from A to B is rB/A = −4j (m).
The velocity of B is

vB = ω × rB/A = 2π(− )


 i j k

0 0 1
0 1 0


= π i (m/s).

The coordinates of point C are

(− β,+ sin 45◦
) = (− , ) ,

where β = sin−1
(

(1 + sin 45◦
)
)

= 29.19◦
.

The coordinates of point B are (0,− ) in.The vector from C to B is

rC/B = (− . − 0) i + ( − (− ))j = − i + . j (m)

The velocity at point C is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

− . .




= ( π − . ωBC)i − ωBC j.

Since the saw is constrained to move parallel to the x axis,
− ωBC j = 0 , from which ωBC = 0, and the velocity of the saw is

vC = π i = i (m/s)

[Note: Since the vertical velocity at B reverses direction at θ = 270◦,
the angular velocity ωBC = 0 can be determined on physical grounds
by inspection, simplifying the solution.]

C

R

Rsin45° A

B
β

355

355.6 mm long. In the position shown,

0.1016 0.051

0.051 0.102 m

0.1016 0.356= ( cos 45◦− )i.0.1016 0.356 = − i0.284

+
0.284−

0.453 i + 0.453 j + j − .( 0 284 )ωBC

= − 0.453 i + 0.453 j− .( 0 284 )ωBC

0.453 − .0 284

0.453

0.1016 0.203

0.356 cos 0.1016 0.31 0.072 m

0.1016

0.356

0.1016

0 31 0.072 0.1016 0.31 0 173

0 31 0 173 0

0.203 0 173 0.31

0.31

0.203 0.638
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Problem 17.47 The disks roll on a plane surface.
The angular velocity of the left disk is 2 rad/s in the
clockwise direction. What is the angular velocity of the
right disk?

2 rad/s
0.91 m

0.31 m 0.31 m

Solution: The velocity at the point of contact P of the left disk
is zero. The vector from this point of contact to the center of the left
disk is rO/P = j (m). The velocity of the center of the left disk is

vO = ω × rO/P =

 i j k

0 0 −2
0 0


 = i (m/s).

The vector from the center of the left disk to the point of attachment
of the rod is rL/O = i (m). The velocity of the point of attachment
of the rod to the left disk is

vL = vO + ω × rL/O = i +

 i j k

0 0 −2
0 0




= i − j (m/s),

The vector from the point of attachment of the left disk to the point
of attachment of the right disk is

rR/L = (i cos θ + j sin θ) (m),

where θ = sin−1
( )

= 19.47◦
.

The velocity of the point on attachment on the right disk is

vR = vL + ωrod × rR/L = vL +

 i j k

0 0 ωrod

.863 1 0




= ( − ωrod)i + (− + ωrod)j (m/s).

The velocity of point R is also expressed in terms of the contact
point Q,

vR = ωRO × rR/O = ωRO(2)


 i j k

0 0 1
0 0




= − ωRO i (m/s).

Equate the two expressions for the velocity vR and separate
components:

( − ωrod + 2ωRO)i = 0,

(− + .863ωrod)j = 0,

from which ωRO = −0.65k (rad/s)

and ωrod = 0.707 rad/s.

2 rad/s

y

x
O L

Q

R
rodω

Rω

P

356

0.31

0.61
0.31

0.31

0.61
0.31

0.61 0.61

0.91

0.31

0.91

0

0.61 0.61 .8630

0.31

0.61

0.61

0.61 0
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Problem 17.48 The disk rolls on the curved surface.
The bar rotates at 10 rad/s in the counterclockwise
direction. Determine the velocity of point A.

10 rad/s
40 mm

A

x

y

120 mm

Solution: The radius vector from the left point of attachment of
the bar to the center of the disk is rbar = 120i (mm). The velocity of
the center of the disk is

vO = ωbar × rbar = 10(120)


 i j k

0 0 1
1 0 0


 = 1200j (mm/s).

The radius vector from the point of contact with the disk and the curved
surface to the center of the disk is rO/P = −40i (m). The velocity of
the point of contact of the disk with the curved surface is zero, from
which

vO = ωO × rO/P =

 i j k

0 0 ωO

−40 0 0


 = −40ωO j.

Equate the two expressions for the velocity of the center of the disk
and solve: ωO = −30 rad/s. The radius vector from the center of the
disk to point A is rA/O = 40j (mm). The velocity of point A is

vA = vO + ωO × rA/O = 1200j − (30)(40)


 i j k

0 0 1
0 1 0




= 1200i + 1200j (mm/s)

y

x
PO

10 rad/s

Problem 17.49 If ωAB = 2 rad/s and ωBC = 4 rad/s,
what is the velocity of point C, where the excavator’s
bucket is attached?

x

y

B
C

5 m
5.5 m

1.6 m

A

4 m 3 m 2.3 m

BC
ABv

v

Solution: The radius vector AB is

rB/A = 3i + (5.5 − 1.6)j = 3i + 3.9j (m).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 2
3 3.9 0


 = −7.8i + 6j (m/s).

The radius vector BC is rC/B = 2.3i + (5 − 5.5)j = 2.3i − 0.5j (m).
The velocity at point C is

vC = vB + ωBC × rC/B = −7.8i + 6j +

 i j k

0 0 −4
2.3 −0.5 0




= −9.8i − 3.2j (m/s)
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Problem 17.50 In Problem 17.49, if ωAB = 2 rad/s,
what clockwise angular velocity ωBC will cause the
vertical component of the velocity of point C to be zero?
What is the resulting velocity of point C?

x

y

B
C

5 m
5.5 m

1.6 m

A

4 m 3 m 2.3 m

BC
ABv

v

Solution: Use the solution to Problem 17.49. The velocity of
point B is

vB = −7.8i + 6j (m/s).

The velocity of point C is

vC = vB + ωBC × rC/B

= −7.8i + 6j +

 i j k

0 0 −ωBC

2.3 −0.5 0


 ,

vC = (−7.8 − 0.5ωBC)i + (6 − 2.3ωBC)j (m/s).

For the vertical component to be zero,

ωBC = 6

2.3
= 2.61 rad/s clockwise.

The velocity of point C is

vC = −9.1i (m/s)

Problem 17.51 The steering linkage of a car is shown.
Member DE rotates about fixed pin E. The right brake
disk is rigidly attached to member DE. The tie rod CD is
pinned at C and D. At the instant shown, the Pitman arm
AB has a counterclockwise angular velocity of 1 rad/s.
What is the angular velocity of the right brake disk?

180 mm
220 mm

100 mm

460
mm

340
mm

70
mm

200
mm

Steering link

Brake disks

B
A

C
D

E

Solution: Note that the steering link moves in translation only.
Thus vB = vC .

vC = vB = vA + ωAB × rB/A = 0 + (1k) × (−0.18j) = 0.18i

vD = vC + ωCD × rD/C = 0.18i + ωCDk × (0.34i − 0.08j)

= (0.18 + 0.08ωCD)i + (0.34ωCD)j

vE = vD + ωDE × rE/D

= (0.18 + 0.08ωCD)i + (0.34ωCD)j + ωDEk × (0.07i + 0.2j)

= (0.18 + 0.08ωCD − 0.2ωDE)i + (0.34ωCD + 0.07ωDE)j

Point E is not moving. Equating the components of the velocity of
point E to zero, we have

0.18 + 0.08ωCD − 0.2ωDE = 0, 0.34ωCD + 0.07ωDE = 0.

Solving these equations simultaneously, we find that

ωCD = −0.171 rad/s, ωDE = 0.832 rad/s.

The angular velocity of the right brake disk is then

ωdisk = ωDE = 0.832 rad/s counterclockwise.
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Problem 17.52 An athlete exercises his arm by raising
the mass m. The shoulder joint A is stationary. The
distance AB is 300 mm, and the distance BC is 400 mm.
At the instant shown, ωAB = 1 rad/s and ωBC = 2 rad/s.
How fast is the mass m rising?

A
B

m

C

ωAB

ωBC
30°

60°

Solution: The magnitude of the velocity of the point C parallel to
the cable at C is also the magnitude of the velocity of the mass m. The
radius vector AB is rB/A = 300i (mm). The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

300 0 0


 = 300j (mm/s).

The radius vector BC is rC/B = 400(i cos 60◦ + j sin 60◦
) = 200i +

346.4j (mm). The velocity of point C is

vC = vB + ωBC × rC/B = 300j +

 i j k

0 0 2
200 346.4 0




= −692.8i + 700j (mm/s).

The unit vector parallel to the cable at C is eC = −i cos 30◦ +
j sin 30◦ = −0.866i + 0.5j. The component of the velocity parallel to
the cable at C is

vC · eC = 950 mm/s ,

which is the velocity of the mass m.

Problem 17.53 The distance AB is305mm, the distance
BC is 406.4 mm, ωAB = 0.6 rad/s , and the mass m is
rising at 610 mm/s. What is the angular velocity ωBC?

Solution: The radius vector AB is rB/A = i (m). The velocity
at point B is

vB = ωAB × rB/A =

 i j k

0 0 0.6
0 0


 = . j ( /s).

The radius vector BC is

rC/B = (i cos 60 + j sin 60) = i + . j (m)

The velocity at C is

vC = vB + ωBC × rC/B = 7.2j +

 i j k

0 0 ωBC

0




= − ωBC i + ( + ωBC)j.

The unit vector parallel to the cable at C is

eC = −i cos 30◦ + j sin 60◦ = −0.866i + 0.5j.

The component of the velocity at C parallel to the cable is

|vCP | = vC · eC = + . ωBC + ωBC + (m/s).

This is also the velocity of the rising mass, from which

. ωBC + = ,

ωBC = 1.28 rad/s
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0.305

0.305
2 19 m

0.4064 0.2032 0 3531

0.2032 0.3531

0.3531 2.19 0.2032

3 67 1.22 1.1

4 89 1.1 0.61
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Problem 17.54 Points B and C are in the x–y plane.
The angular velocity vectors of the arms AB and BC are
ωAB = −0.2k (rad/s), and ωBC = 0.4k (rad/s). What is
the velocity of point C.

A

y

x

z

30°

40°

B

C

920 mm760 m
m

Solution: Locations of Points:

A: (0, 0, 0) m

B: (0.76 cos 40◦
, 0.76 sin 40◦

, 0) m

C: (xB + 0.92 cos 30◦
, yB − 0.92 sin 30◦

, 0) m

or B: (0.582, 0.489, 0),

C: (1.379, 0.0285, 0) m

rB/A = 0.582i + 0.489j (m)

rC/B = 0.797i − 0.460j (m)

vA = 0, ωAB = −0.2k
(

rad

s

)
, ωBC = 0.4k

(
rad

s

)

vB = vA + ωAB × rB/A

vC = vB + ωBC × rC/B

vB = (−0.2k) × (0.582i + 0.489j)

vB = 0.0977i − 0.116j (m/s).

vC = vB + ωBC × rC/B

vC = vB + 0.184i + 0.319j (m/s)

vC = 0.282i + 0.202j (m/s).
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Problem 17.55 If the velocity at point C of the
robotic arm shown in Problem 17.54 is vC = 0.15i +
0.42j (m/s), what are the angular velocities of the arms
AB and BC?

Solution: From the solution to Problem 17.54,

rB/A = 0.582i + 0.489j (m)

rC/B = 0.797i − 0.460j (m)

vB = ωABk × rB/A (vA = 0)

vC = vB + ωBCk × rC/B

We are given

vC = −0.15i + 0.42j + 0k (m/s).

Thus, we know everything in the vC equation except ωAB and ωBC .

vC = ωABk × rB/A + ωBCk × rC/B

This yields two scalar equations in two unknowns i and j components.
Solving, we get

ωAB = 0.476k (rad/s),

ωBC = 0.179k (rad/s).

Problem 17.56 The link AB of the robot’s arm is rotat-
ing at 2 rad/s in the counterclockwise direction, the link
BC is rotating at 3 rad/s in the clockwise direction, and
the link CD is rotating at 4 rad/s in the counterclockwise
direction. What is the velocity of point D?

x

D
C

y

B30°
20°

A

250 mm

300 mm

250 mm

Solution: The velocity of B is

vB = vA + ωAB × rB/A,

or vB = 0 +
∣∣∣∣∣∣

i j k
0 0 2

0.3 cos 30◦ 0.3 sin 30◦ 0

∣∣∣∣∣∣
= −0.3i + 0.520j (m/s).

The velocity of C is

vC = vB + ωBC × rC/B

or vC = −0.3i + 0.520j +
∣∣∣∣∣∣

i j k
0 0 −3

0.25 cos 20◦ −0.25 sin 20◦ 0

∣∣∣∣∣∣
= −0.557i − 0.185j (m/s).

The velocity of D is

vD = vC + ωCD × rD/C = −0.557i − 0.185j +
∣∣∣∣∣∣

i j k
0 0 4

0.25 0 0

∣∣∣∣∣∣ ,

or vD = −0.557i + 0.815j (m/s).
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Problem 17.57 The person squeezes the grips of the
shears, causing the angular velocities shown. What is
the resulting angular velocity of the jaw BD?

0.12 rad/s

0.12 rad/s

B
C

D

E

25 mm

18 mm

25 mm

Solution:

vD = vC + ωCD × rD/C = 0 − (0.12 rad/s)k × (0.025i + 0.018j) m

= (0.00216i − 0.003j) m/s

vB = vD + ωBD × rB/D

= (0.00216i − 0.003j) m/s + ωBDk × (−0.05i − 0.018j) m

= (0.00216 m/s+{0.018 m}ωBD)i+(−0.003 m/s−{0.05 m}ωBD)j

From symmetry we know that C and B do not move vertically

−0.003 m/s − {0.05 m}ωBD = 0 ⇒ ωBD = −0.06 rad/s
ωBD = 0.06 rad/s CW

Problem 17.58 Determine the velocity vW and the
angular velocity of the small pulley. 50 mm

0.6 m/s

vW

100 mm

Solution: Since the radius of the bottom pulley is not given, we
cannot use Eq (17.6) (or the equivalent). The strategy is to use the fact
(derived from elementary principles) that the velocity of the center of
a pulley is the mean of the velocities of the extreme edges, where
the edges lie on a line normal to the motion, taking into account the
directions of the velocities at the extreme edges. The center rope from
the bottom pulley to the upper pulley moves upward at a velocity
of vW . Since the small pulley is fixed, the velocity of the center is
zero, and the rope to the left moves downward at a velocity vW ,
from which the left edge of the bottom pulley is moving at a velocity
vW downward. The right edge of the bottom pulley moves upward
at a velocity of 0.6 m/s. The velocity of the center of the bottom
pulley is the mean of the velocities at the extreme edges, from which

vW = 0.6 − vW

2
.

Solve: vW = 0.6

3
= 0.2 m/s .

The angular velocity of the small pulley is

ω = vW

r
= 0.2

0.05
= 4 rad/s
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Problem 17.59 Determine the velocity of the block
and the angular velocity of the small pulley.

 

51 mm 228.6 mm/s

76.2 mm

Solution: Denote the velocity of the block by vB . The strategy
is to determine the velocities of the extreme edges of a pulley by
determining the velocity of the element of rope in contact with the
pulley. The upper rope is fixed to the block, so that it moves to the right
at the velocity of the block, from which the upper edge of the small
pulley moves to the right at the velocity of the block. The fixed end
of the rope at the bottom is stationary, so that the bottom edge of
the large pulley is stationary. The center of the large pulley moves at
the velocity of the block, from which the upper edge of the bottom
pulley moves at twice the velocity of the block (since the velocity of
the center is equal to the mean of the velocities of the extreme edges,
one of which is stationary) from which the bottom edge of the small
pulley moves at twice the velocity of the block. The center of the small
pulley moves to the right at 9 in/s. The velocity of the center of the
small pulley is the mean of the velocities at the extreme edges, from
which

= vB + vB = vB,

from which

vB = = .

The angular velocity of small pulley is given by

i = vB i + ω × j =

 i j k

0 0 ω

0 0


= vB i − ωi,

from which ω = − = 1.5 rad/s
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0.2286
0.051

0.051

0.025 0.076

0.051

0.051
0.076

0.2286 0.152 m/s

0.2286 0.051 0.051
0.051

0.051 0.051

0.305 0.2286

0.051
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Problem 17.60 The device shown is used in the semi-
conductor industry to polish silicon wafers. The wafers
are placed on the faces of the carriers. The outer and
inner rings are then rotated, causing the wafers to move
and rotate against an abrasive surface. If the outer ring
rotates in the clockwise direction at 7 rpm and the inner
ring rotates in the counterclockwise direction at 12 rpm,
what is the angular velocity of the carriers?

0.6 m

Inner ring

1.0 m

Carriers (3)

Outer ring

12 rpm

7 rpm

Solution: The velocity of pt. B is vB = (1 m)ω0i = ω0i. The
velocity of pt. A is vA = −(0.6 m)ωi i. Then

vB = vA + ωC × rB/A : ω0i = −0.6ωi i +
∣∣∣∣∣∣

i j k
0 0 ωC

0 0.4 0

∣∣∣∣∣∣ .

The i component of this equation is ω0 = −0.6ωi − 0.4ωC ,

so ωC = −0.6ωi − ω0

0.4

= −0.6(12 rpm) − 7 rpm

0.4

= −35.5 rpm.

x

C

y

B

A

0ω

cω

iω

Problem 17.61 In Problem 17.60, suppose that the
outer ring rotates in the clockwise direction at 5 rpm
and you want the centerpoints of the carriers to remain
stationary during the polishing process. What is the
necessary angular velocity of the inner ring? 0.6 m

Inner ring

1.0 m

Carriers (3)

Outer ring

12 rpm

7 rpm

Solution: See the solution of Problem 17.60. The velocity of pt. B

is vB = ω0i and the angular velocity of the carrier is

ωC = −0.6ωi − ω0

0.4
.

We want the velocity of pt. C to be zero:

vC = 0 = vB + ωC × rC/B = ω0i +
∣∣∣∣∣∣

i j k
0 0 ωC

0 −0.2 0

∣∣∣∣∣∣ .

From this equation we see that ωC = −5ω0. Therefore the velocity of
pt. A is

vA = vC + ωC × rA/C

= 0 + (−5ω0k) × (−0.2j)

= −ω0i

We also know that vA = −(0.6 m)ωi i,

so ωi = ω0

0.6
= 5 rpm

0.6
= 8.33 rpm.
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Problem 17.62 The ring gear is fixed and the hub
and planet gears are bonded together. The connecting
rod rotates in the counterclockwise direction at 60 rpm.
Determine the angular velocity of the sun gear and the
magnitude of the velocity of point A.

A

240 mm

720 mm

340
mm

Planet gear

Connecting
rod

Hub gear

140
    mm

Sun gear

Ring gear

Solution: Denote the centers of the sun, hub and planet gears by
the subscripts Sun, Hub, and Planet, respectively. Denote the contact
points between the sun gear and the planet gear by the subscript SP

and the point of contact between the hub gear and the ring gear by the
subscript HR. The angular velocity of the connecting rod is ωCR =
6.28 rad/s. The vector distance from the center of the sun gear to the
center of the hub gear is rHub/Sun = (720 − 140)j = 580j (mm). The
velocity of the center of the hub gear is

vHub = ωCR × rHub/Sun =

 i j k

0 0 2π

0 580 0


 = −3644i (mm/s)

The angular velocity of the hub gear is found from

vHR = 0 = vHub + ωHub × 140j =

 i j k

0 0 ωHub

0 140 0


+ vHub

= −3644i − 140ωHubi,

from which

ωHub = − 3644

140
= −26.03 rad/s.

This is also the angular velocity of the planet gear. The linear velocity
of point A is

vA = ωHub × (340 − 140)j =

 i j k

0 0 −26.03
0 200 0




= 5206i (mm/s)

The velocity of the point of contact with the sun gear is

vPS = ωHub × (−480j) =

 i j k

0 0 −26.03
0 −480 0




= −12494.6i (mm/s).

The angular velocity of the sun gear is found from

vPS = −12494.6i = ωSun × (240j) =

 i j k

0 0 ωSun

0 240 0




= −240ωSuni,

from which ωSun = 12494.6

240
= 52.06 rad/s

A

HR

Hub

Sun

ωCR

ωHub

365

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.63 The large gear is fixed. Bar AB has a
counterclockwise angular velocity of 2 rad/s. What are
the angular velocities of bars CD and DE?

4 cm

2 rad/s

16 cm

A

B C D

E

10 cm

4 cm

10 cm

Solution: The strategy is to express vector velocity of point D in
terms of the unknown angular velocities of CD and DE, and then
to solve the resulting vector equations for the unknowns. The vector
distance AB is rB/A = 14j (cm) The linear velocity of point B is

vB = ω × rB/A =

 i j k

0 0 2
0 14 0


 = −28i (cm/s).

The lower edge of gear B is stationary. The radius vector from the
lower edge to B is rB = 4j (cm), The angular velocity of B is

vB = ωB × rB =

 i j k

0 0 ωB

0 4 0


 = −4ωB i (cm/s),

from which ωB = − vB

4
= 7 rad/s. The vector distance from B to C

is rC/B = 4i (cm). The velocity of point C is

vC = vB + ωB × rC/B = −28i +

 i j k

0 0 7
4 0 0




= −28i + 28j (cm/s).

The vector distance from C to D is rD/C = 16i (cm), and from E to
D is rD/E = −10i + 14j (cm). The linear velocity of point D is

vD = vC + ωCD × rD/C = −28i + 28j +

 i j k

0 0 ωCD

16 0 0




= −28i + (16ωCD + 28)j (cm/s).

The velocity of point D is also given by

vD = ωDE × rD/E =

 i j k

0 0 ωDE

−10 14 0




= −14ωDE i − 10ωDE j (cm/s).

Equate components:

(−28 + 14ωDE)i = 0,

(16ωCD + 28 + 10ωDE)j = 0.

Solve: ωDE = 2 rad/s , ωCD = −3 rad/s .

The negative sign means a clockwise rotation.
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Problem 17.64 If the bar has a clockwise angular
velocity of 10 rad/s and vA = 20 m/s, what are the
coordinates of its instantaneous center of the bar, and
what is the value of vB?

1 m 1 m
A B

y

x

A Bv v

Solution: Assume that the coordinates of the instantaneous center
are (xC , yC), ω = −ωk = −10k. The distance to point A is rA/C =
(1 − xC)i + yC j. The velocity at A is

vA = 20j = ω × rA/C =

 i j k

0 0 −ω

1 − xC yC 0




= yCωi − ω(1 − xC)j,

from which yCωi = 0, and (20 + ω(1 − xC))j = 0.

Substitute ω = 10 rad/s to obtain yC = 0 and xC = 3 m. The coordi-

nates of the instantaneous center are (3, 0) (m) . The vector distance

from C to B is rB/C = (2 − 3)i = −i (m). The velocity of point B is

vB = ω × rB/C =

 i j k

0 0 −10
−1 0 0


 = −10(−j) = 10j (m/s)

Problem 17.65 In Problem 17.64, if vA = 24 m/s
and vB = 36 m/s, what are the coordinates of the
instantaneous center of the bar, and what is its angular
velocity?

1 m 1 m
A B

y

x

A Bv v

Solution: Let (xC, yC) be the coordinates of the instantaneous cen-
ter. The vectors from the instantaneous center and the points A and
B are rA/C = (1 − xC)i + yC j (m) and rB/C = (2 − xC)i + yC j. The
velocity of A is given by

vA = 24j = ωAB × rA/C =

 i j k

0 0 ωAB

1 − xC yC 0




= −ωAByC i + ωAB(1 − xC)j (m/s)

The velocity of B is

vB = 36j = ωAB × rB/C =

 i j k

0 0 ωAB

2 − xC yC 0




= −yCωAB i + ωAB(2 − xC)j (m/s).

Separate components:

24 − ωAB(1 − xC) = 0,

36 − ωAB(2 − xC) = 0,

ωAByC = 0.

Solve: xC = −1, yC = 0,

and ωAB = 12 rad/s counter clockwise.
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Problem 17.66 The velocity of point O of the bat is
vO = − i− j (m/s), and the bat rotates about the z
axis with a counterclockwise angular velocity of 4 rad/s.
What are the x and y coordinates of the bat’s instanta-
neous center?

y

x
O

Solution: Let (xC, yC) be the coordinates of the instantaneous cen-
ter. The vector from the instantaneous center to point O is rO/C =
−xC i − yC j (m). The velocity of point O is

v0 = − i − . j = ω × rO/C =

 i j k

0 0 ω

−xC −yC 0




= yCωi − xCωj (m/s).

Equate terms and solve:

yC = −
ω

= −
4

= − ,

xC = .

ω
= .

4
= . ,

from which the coordinates are ( . ,− . )
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1.83 1.83
0.46 m

4 27 4 27
1 07 m

1 07 0 46 m
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Problem 17.67 Points A and B of the 1-m bar slide on
the plane surfaces. The velocity of B is vB = 2i (m/s).

(a) What are the coordinates of the instantaneous cen-
ter of the bar?

(b) Use the instantaneous center to determine the
velocity at A.

x

y

A

B

G

70°

Solution:

(a) A is constrained to move parallel to the y axis, and B is con-
strained to move parallel to the x axis. Draw perpendiculars to the
velocity vectors at A and B. From geometry, the perpendiculars
intersect at

(cos 70◦
, sin 70◦

) = (0.3420, 0.9397) m .

(b) The vector from the instantaneous center to point B is

rB/C = rB − rC = 0.3420i − (0.3420i + 0.9397j) = −0.9397j

The angular velocity of bar AB is obtained from

vB = 2i = ωAB × rB/C =

 i j k

0 0 ωAB

0 −0.9397 0




= ωAB(0.9397)i,

from which ωAB = 2

0.9397
= 2.13 rad/s.

The vector from the instantaneous center to point A is rA/C =
rA − rC = −0.3420i (m). The velocity at A is

vA = ωAB × rA/C =

 i j k

0 0 2.13
−0.3420 0 0




= −0.7279j (m/s).

70°

y

A C

x
B
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Problem 17.68 The bar is in two-dimensional motion
in the x –y plane. The velocity of point A is vA =
8i (m/s), and B is moving in the direction parallel to the
bar. Determine the velocity of B (a) by using Eq. (17.6)
and (b) by using the instantaneous center of the bar.

x

y

B

A

4 m

30°

Solution:

(a) The unit vector parallel to the bar is

eAB = (i cos 30◦ + j sin 30◦
) = 0.866i + 0.5j.

The vector from A to B is rB/A = 4eAB = 3.46i + 2j ( ). The
velocity of point B is

vB = vA + ωAB × rB/A = 8i +

 i j k

0 0 ωAB

3.46 2 0




vB = (8 − 2ωAB)i + 3.46ωAB j.

But vB is also moving parallel to the bar,

vB = vBeAB = vB(0.866i + 0.5j).

Equate, and separate components:

(8 − 2ωAB − 0.866vB)i = 0,

(3.46ωAB − 0.5vB)j = 0.

Solve: ωAB = 1 rad/s, vB = 6.93 m/s, from which

vB = vBeAB = 6i + 3.46j (m/s)

(b) Let (xC, yC) be the coordinates of the instantaneous center. The
vector from the center to A is

rA/C = rA − rC = −rC = −xC i − yC j (m).

The vector from the instantaneous center to B is

rB/C = rB − rC = (3.46 − xC)i + (2 − yC)j.

The velocity of point A is

vA = 8i = ωAB × rA/C =

 i j k

0 0 ωAB

−xC −yC 0




= ωAByC i − ωABxC j (m/s).

From which xC = 0 , and ωAByC = 8. The velocity of

point B is

vB = vBeAB = ωAB × rB/C =

 i j k

0 0 ωAB

3.46 − xC 2 − yC 0




= −ωAB(2 − yC)i + ωAB(3.46 − xC)j.

Equate terms and substitute

ωAByC = 8, and xC = 0, to obtain: (0.866vB + 2ωAB − 8)i = 0,
and (0.5vC − 3.46ωAB)j = 0. These equations are algebraically
identical with those obtained in Part (a) above (as can be shown
by multiplying all terms by −1). Thus ωAB = 1 rad/s, vB =
6.93 (m/s), and the velocity of B is that obtained in Part (a)

vB = vBeAB = 6i + 3.46j ( /s) .
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Problem 17.69 Point A of the bar is moving at 8 m/s
in the direction of the unit vector 0.966i − 0.259j, and
point B is moving in the direction of the unit vector
0.766i + 0.643j.

(a) What are the coordinates of the bar’s instanta-
neous center?

(b) What is the bar’s angular velocity?

x

y

B

A

2 m

30�

Solution: Assume the instantaneous center Q is located at (x, y).

Then

vA = ω × rA/Q, vB = ω × rB/Q

(8 m/s)(0.966i − 0.259j) = ωk × (−xi − yj)

vB(0.766i + 0.643j) = ωk × ([{2 m} cos 30◦ − x]i

+ [{2 m/s} sin 30◦ − y]j)

Expanding we have the four equations

7.73 m/s = ωy

−2.07 m/s = −ωx

0.766vB = ω(y − 1 m)

0.643vB = ω(1.73 m − x)


⇒ x = 0.623 m

y = 2.32 m
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Problem 17.70 Bar AB rotates with a counterclock-
wise angular velocity of 10 rad/s. At the instant shown,
what are the angular velocities of bars BC and CD? (See
Active Example 17.4.)

A

10 rad/s

D

B C

2 m 1 m

2 m

Solution: The location of the instantaneous center for BC is shown,
along with the relevant distances. Using the concept of the instanta-
neous centers we have

vB = (10)(2) = ωBC(4)

ωBC = 5 rad/s

vC = (4.472)(5) = 2.236(ωCD)

ωCD = 10 rad/s

We determine the directions by inspection

ωBC = 5 rad/s clockwise.
ωCD = 10 rad/s counterclockwise.

Problem 17.71 Use instantaneous centers to determine
the horizontal velocity of B.

6 cm

12 cm

A

B

1 rad/s

O

Solution: The instantaneous center of OA lies at O, by definition,
since O is the point of zero velocity, and the velocity at point A is
parallel to the x-axis:

vA = ωOA × rA/O =

 i j k

0 0 −ωOA

0 6 0


 = 6i ( ).

A line perpendicular to this motion is parallel to the y axis. The point B

is constrained to move on the x axis, and a line perpendicular to this
motion is also parallel to the y axis. These two lines will not intersect
at any finite distance from the origin, hence at the instant shown the
instantaneous center of bar AB is at infinity and the angular velocity of
bar AB is zero. At the instant shown, the bar AB translates only, from
which the horizontal velocity of B is the horizontal velocity at A:

vB = vA = 6i ( ) .
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Problem 17.72 When the mechanism in Problem
17.71 is in the position shown here, use instantaneous
centers to determine the horizontal velocity of B.

A

B

1 rad/s

O

Solution: The strategy is to determine the intersection of lines
perpendicular to the motions at A and B. The velocity of A is parallel
to the bar AB. A line perpendicular to the motion at A will be parallel
to the bar OA. From the dimensions given in Problem 17.71, the length
of bar AB is rAB = √

62 + 122 = 13.42 cm. Consider the triangle OAB.
The interior angle at B is

β = tan−1
(

6

rAB

)
= 24.1◦

,

and the interior angle at O is θ = 90◦ − β = 65.9◦. The unit vector
parallel to the handle OA is eOA = i cos θ + j sin θ , and a point on the
line is LOA = LOAeOA, where LOA is the magnitude of the distance
of the point from the origin. A line perpendicular to the motion at B

is parallel to the y axis. At the intersection of the two lines

LOA cos θ = rAB

cos β
,

from which LOA = 36 cm. The coordinates of the instantaneous center
are (14.7, 32.9) (in.).

Check: From geometry, the triangle OAB and the triangle formed by
the intersecting lines and the base are similar, and thus the interior
angles are known for the larger triangle. From the law of sines

LOA

sin 90◦ = rOB

sin β
= rAB

sin β cos β
= 36 cm ,

and the coordinates follow immediately from LOA = LOAeOA. check.
The vector distance from O to A is rA/O = 6(i cos θ + j sin θ) =
2.450i + 5.478j ( ). The angular velocity of the bar AB is determined
from the known linear velocity at A.

vA = ωOA × rA/O =

 i j k

0 0 −1
2.450 5.477 0




= 5.48i − 2.45j (cm/s).

The vector from the instantaneous center to point A is

rA/C = rOA − rC = 6eOA − (14.7i + 32.86j)

= −12.25i − 27.39j ( )

The velocity at point A is

vA = ωAB × rA/C =

 i j k

0 0 ωAB

−12.25 −27.39 0




= ωAB(27.39i − 12.25j) ( ).

C

B

A

Equate the two expressions for the velocity at point A and separate
components, 5.48i = 27.39ωAB , −2.45j = −12.25ωAB j (one of these
conditions is superfluous) and solve to obtain ωAB = 0.2 rad/s, coun-
terclockwise.

[Check: The distance OA is 6 cm. The magnitude of the velocity at A

is ωOA(6) = (1)(6) = 6 cm/s. The distance to the instantaneous cen-
ter from O is

√
14.72 + 32.92 = 36 cm, and from C to A is (36 −

6) = 30 cm from which 30 ωAB = 6 cm/s, from which ωAB = 0.2 rad/s.
check.]. The vector from the instantaneous center to point B is

rB/C = rB − rC = 14.7i − (14.7i + 32.86j = −32.86j) ( )

The velocity at point B is

vB = ωAB × rB/C =

 i j k

0 0 0.2
0 −32.86 0


 = 6.57i ( )

373

cm

cm/s

cm

cm/scm

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.73 The angle θ = 45◦, and the bar OQ is
rotating in the counterclockwise direction at 0.2 rad/s.
Use instantaneous centers to determine the velocity of
the sleeve P .

2 m

O

Q

P

θ

2 m

Solution: The velocity of Q is

vQ = 2ω0Q = 2(0.2) = 0.4 m/s.

Therefore

|ωPQ| = vQ

2 m
= 0.4

2
= 0.2 rad/s

(clockwise) and |vP | = 2
√

2ωPQ = 0.566 m/s (vP is to the left).

P

2√2 

PQω

OQω

O

Q

C
Instantaneous

center of
bar PQ

p

Q m

Problem 17.74 Bar AB is rotating in the counterclock-
wise direction at 5 rad/s. The disk rolls on the horizontal
surface. Determine the angular velocity of bar BC. C

0.2 m

0.4 m 0.2 m 0.2 m

D

A

B

5 rad/s

Solution: First locate the instantaneous center

From the geometry we have

BC

AE
= QB

QA

0.6 m

0.4 m
= QB

QB − √
0.22 + 0.42 m

Solving we find BQ = 1.342 m

Now

vB = ωAB(AB) = ωBC(QB)

ωBC = AB

QB
(5 rad/s)=

√
0.22+0.42 m

1.342 m
(5 rad/s)=1.67 rad/s CCW

A

B

C

E

Q

374

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.75 Bar AB rotates at 6 rad/s in the clock-
wise direction. Use instantaneous centers to determine
the angular velocity of bar BC.

6 rad/s
A

B

C

4 cm

4 cm 10 cm

3 cm

Solution: Choose a coordinate system with origin at A and y axis
vertical. Let C′ denote the instantaneous center. The instantaneous
center for bar AB is the point A, by definition, since A is the point of
zero velocity. The vector AB is rB/A = 4i + 4j (cm). The velocity at
B is

vB = ωAB × rB/A =

 i j k

0 0 −6
4 4 0


 = 24i − 24j (cm/s).

The unit vector parallel to AB is also the unit vector perpendicular to
the velocity at B,

eAB = 1√
2
(i + j).

The vector location of a point on a line perpendicular to the velocity
at B is LAB = LABeAB , where LAB is the magnitude of the distance
from point A to the point on the line. The vector location of a point
on a perpendicular to the velocity at C is LC = (14i + yj) where y is
the y-coordinate of the point referenced to an origin at A. When the
two lines intersect,

LAB√
2

i = 14i,

and y = LAB√
2

= 14

from which LAB = 19.8 , and the coordinates of the instantaneous
center are (14, 14) (cm).

[Check: The line AC′ is the hypotenuse of a right triangle with a base
of 14 cm and interior angles of 45◦, from which the coordinates of C ′
are (14, 14) cm check.]. The angular velocity of bar BC is determined
from the known velocity at B. The vector from the instantaneous center
to point B is

rB/C = rB − rC = 4i + 4j − 14i − 14j = −10i − 10j.

The velocity of point B is

vB = ωBC × rB/C =

 i j k

0 0 ωBC

−10 −10 0




= ωBC(10i − 10j) (cm/s).

Equate the two expressions for the velocity: 24 = 10ωBC , from which

ωBC = 2.4 rad/s ,

A

B

C

C ′
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Problem 17.76 The crank AB is rotating in the clock-
wise direction at 2000 rpm (revolutions per minute).

(a) At the instant shown, what are the coordinates of
the instantaneous center of the connecting rod BC ?

(b) Use instantaneous centers to determine the angular
velocity of the connecting rod BC at the
instant shown.

B

A
50 mm

50 mm

175 mm

y

x
C

Solution:

ωAB = 2000 rpm

(
2π rad

rev

)(
min

60 s

)
= 209 rad/s

(a) The instantaneous center of BC is located at point Q

Q = (225, 225) mm

(b) vB = ωAB(AB) = ωBC(QB)

ωBC = AB

QB
ωAB = 50

√
2 mm

(225 − 50)
√

2 mm
(209 rad/s) = 59.8 rad/s

vC = ωBC(QC) = (59.8 rad/s)(0.225 m) = 13.5 m/s

vC = (13.5 m/s)i

A

B

C

Q

225 mm

225 mm
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Problem 17.77 The disks roll on the plane surface.
The left disk rotates at 2 rad/s in the clockwise direction.
Use the instantaneous centers to determine the angular
velocities of the bar and the right disk.

2 rad/s

1 1 m

3 m

m

Solution: Choose a coordinate system with the origin at the point
of contact of the left disk with the surface, and the x axis parallel to
the plane surface. Denote the point of attachment of the bar to the left
disk by A, and the point of attachment to the right disk by B. The
instantaneous center of the left disk is the point of contact with the
surface. The vector distance from the point of contact to the point A is
rA/P = i + j (m). The velocity of point A is

vA = ωLD × rA/P =

 i j k

0 0 −2
1 1 0


 = 2i − 2j (m/s).

The point on a line perpendicular to the velocity at A is LA = LA(i +
j), where LA is the distance of the point from the origin. The point B

is at the top of the right disk, and the velocity is constrained to be
parallel to the x axis. A point on a line perpendicular to the velocity
at B is LB = (1 + 3 cos θ)i + yj ( ), where

θ = sin−1
(

1

3

)
= 19.5◦

.

At the intersection of these two lines LA = 1 + 3 cos θ = 3.83 ft,
and the coordinates of the instantaneous center of the bar are (3.83,
3.83) (m). The angular velocity of the bar is determined from the
known velocity of point A. The vector from the instantaneous center
to point A is

rA/C = rA − rC = i + j − 3.83i − 3.83j = −2.83i − 2.83j (m).

The velocity of point A is

vA = ωAB × rA/C =

 i j k

0 0 ωAB

−2.83 −2.83 0




= ωAB(2.83i − 2.83j) (m/s).

Equate the two expressions and solve:

ωAB = 2

2.83
= 0.7071 (rad/s) counterclockwise.

The vector from the instantaneous center to point B is

rB/C = rB − rC = (1 + 3 cos θ)i + 2j − 3.83i − 3.83j = −1.83j.

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 0.7071
0 −1.83 0


 = 1.294i (m/s).

Using the fixed center at point of contact:

vB = ωRD × rB/P =

 i j k

0 0 ωRD

0 2 0


 = −2ωRD i (m/s).

Equate the two expressions for vB and solve:

ωRD = −0.647 rad/s, clockwise.

A

B

PP

C

377

m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.78 Bar AB rotates at 12 rad/s in the clock-
wise direction. Use instantaneous centers to determine
the angular velocities of bars BC and CD .

A

C

B

D

350
mm

200
mm

300 mm 350 mm

12 rad/s

Solution: Choose a coordinate system with the origin at A and the
x axis parallel to AD. The instantaneous center of bar AB is point A,
by definition. The velocity of point B is normal to the bar AB. Using
the instantaneous center A and the known angular velocity of bar AB
the velocity of B is

vB = ω × rB/A =

 i j k

0 0 −12
0 200 0


 = 2400i (mm/s).

The unit vector perpendicular to the velocity of B is eAB = j, and
a point on a line perpendicular to the velocity at B is LAB = LAB j
(mm). The instantaneous center of bar CD is point D, by definition.
The velocity of point C is constrained to be normal to bar CD. The
interior angle at D is 45◦, by inspection. The unit vector parallel to
DC (and perpendicular to the velocity at C) is

eDC = −i cos 45◦ + j sin 45◦ =
(

1√
2

)
(−i + j).

The point on a line parallel to DC is

LDC =
(

650 − LDC√
2

)
i + LDC√

2
j (mm).

At the intersection of these lines LAB = LDC , from which

(
650 − LDC√

2

)
= 0

and LAB = LDC√
2

,

from which LDC = 919.2 mm, and LAB = 650 mm. The coordinates
of the instantaneous center of bar BC are (0, 650) (mm). Denote this
center by C′. The vector from C′ to point B is

rB/C′ = rB − rC′ = 200j − 650j = −450j.

The vector from C′ to point C is

rC/C′ = 300i + 350j − 650j = 300i − 300j (mm).

The velocity of point B is

vB = ωBC × rB/C′ =

 i j k

0 0 ωBC

0 −450 0


 = 450ωBC i (mm/s).

Equate and solve: 2400 = 450ωBC , from which

ωBC = 2400

450
= 5.33 (rad/s) .

The angular velocity of bar CD is determined from the known velocity
at point C. The velocity at C is

vC = ωBC × rC/C′ =

 i j k

0 0 5.33
300 −300 0




= 1600i + 1600j (mm/s).

The vector from D to point C is rC/D = −350i + 350j (mm). The
velocity at C is

vC = ωCD × rC/D =

 i j k

0 0 ωCD

−350 350 0




= −350ωCD i − 350ωCD j (mm/s).

Equate and solve: ωCD = −4.57 rad/s clockwise.

C

B

DA

C ′
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Problem 17.79 The horizontal member ADE support-
ing the scoop is stationary. The link BD is rotating in the
clockwise direction at 1 rad/s. Use instantaneous centers
to determine the angular velocity of the scoop.

C
B

D EA

Scoop

0.61 m 0.45 m

1.52 m
0.31 m

0.76 m

Solution: The distance from D to B is rBD = √
2+ 2= .

The distance from B to H is

rBH =
cos 63.4◦ − rBD = . ,

and the distance from C to H is rCH = . tan 63.4◦ − rCE = .

The velocity of B is vB = rBDωBD = ( )(1) = .

ωBC = vB

rBH

= .

.
= 0.4 rad/s.

The velocity of C is vc = rCH ωBC = ( )(0.4) = .

angular velocity of the scoop is

ωCE = vC

rCE

= . = 1.47 rad/s

Instantaneous
center of
bar BC

BC

CE

BD = 1rad/s
C

E

rCH

vC

rBH

H

vB

D

B

 

63.4°

ω

ω

ω

1.07 m

379

0.31 0.61 0 68 m.

1.07
1 7 m

1 07 1 68 m.
0.68 0 68 m/s. Therefore

0 68

1 7

1.68 0 67, so the

0 67

0.46
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Problem 17.80 The disk is in planar motion. The
directions of the velocities of points A and B are shown.
The velocity of point A is vA = 2 m/s.

(a) What are the coordinates of the disk’s instanta-
neous center?

(b) Determine the velocity vB and the disk’s angular
velocity. B

A
x

y

(0.5, 0.4)m

30 

70°

B

A

Solution:

ω = ωk

rc/A = xci + ycj

rc/B = (xc − xB)i + (yc − yB)j

The velocity of C, the instantaneous center, is zero.

vc = 0 = vA + ωk × rc/A

{
0 = vAx − ωyc (1)

0 = vAy + ωxc (2)

where vAx = vA cos 30◦ = 2 cos 30◦ m/s

vAy = vA sin 30◦ = 1 m/s

vBx = vB cos 70◦

vBy = vB sin 70◦

Also vc = 0 = vB + ωk × rc/B

0 = vB cos 70◦ − ω(yc − yB) (3)

0 = vB sin 70◦ + ω(xc − xB) (4)

Eqns (1) → (4) are 4 eqns in the four unknowns ω, vB , xc , and yc .

Solving,

ω = 2.351 rad/s,

ω = 2.351k rad/s,

vB = 2.31 m/s,

xc = −0.425 m,

yc = 0.737 m.

A

B

C

vA

vB

rC/A rC/B

y

x

70°

30°

(0.5, 0.4) m
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Problem 17.81 The rigid body rotates about the z axis
with counterclockwise angular velocity ω = 4 rad/s and
counterclockwise angular acceleration α = 2 rad/s2. The
distance rA/B = 0.6 m.

(a) What are the rigid body’s angular velocity and
angular acceleration vectors?

(b) Determine the acceleration of point A relative to
point B, first by using Eq. (17.9) and then by using
Eq. (17.10).

x

y

B A

ω

rA/B

α

Solution:

(a) By definition,

ω = 4k,

α = 6k.

(b) aA/B = ω × (ω × rA/B) + α × rA/B

aA/B = 4k × (4k × 0.6i) + 2k × 0.6i

aA/B = −9.6i + 1.2j (m/s2).

Using Eq. (17.10),

aA/B = α × rA/B − ω2rA/B

= 2k × 0.6i − 16(0.6)i

aA/B = −9.6i + 1.2j (m/s2).

y

x

+
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Problem 17.82 The bar rotates with a counterclock-
wise angular velocity of 5 rad/s and a counterclockwise
angular acceleration of 30 rad/s2. Determine the accel-
eration of A (a) by using Eq. (17.9) and (b) by using
Eq. (17.10).

x

y

A

2 m

30 rad/s2

5 rad/s

30°

Solution:

(a) Eq. (17.9): aA = aB + α × rA/B + ω × (ω × rA/B).

Substitute values:

aB = 0. α = 30k (rad/s2),

rA/B = 2(i cos 30◦ + j sin 30◦
) = 1.732i + j (m).

ω = 5k (rad/s).

Expand the cross products:

α × rA/B =

 i j k

0 0 30
1.732 1 0


 = −30i + 52j (m/s2).

ω × rA/B =

 i j k

0 0 5
1.732 1 0


 = −5i + 8.66j (m/s).

ω × (ω × rA/B) =

 i j k

0 0 5
−5 8.66 0


 = −43.3i − 25j (m/s2).

Collect terms: aA = −73.3i + 27j (m/s2) .

(b) Eq. (17.10): aA = aB + α × rA/B − ω2rA/B .

Substitute values, and expand the cross product as in Part (b) to
obtain

aA = −30i + 52j − (52)(1.732i + j) = −73.3i + 27j (m/s2)
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Problem 17.83 The bar rotates with a counterclock-
wise angular velocity of 20 rad/s and a counterclockwise
angular acceleration of 6 rad/s2.

(a) By applying Eq. (17.10) to point A and the fixed
point O, determine the acceleration of A.

(b) By using the result of part (a) and Eq. (17.10),
to points A and B, determine the acceleration
point B.

x

y

A B
O

1 m 1 m

20 rad/s 6 rad/s2

Solution:

(a) aA = a0 + α × rA/O − ω2rA/O

where

ω = 20k rad/s

α = 6k rad/s2

rA/O = 1i, and aA = 0

aA = O + 6k × 1i − 400(1i)

aA = −400i + 6j (m/s2).

(b) aB = aA + α × rB/A − ω2rB/A

where

rB/A = 1i

aB = −400i + 6j + 6k × 1i − 400(1i)

aB = −800i + 12j (m/s2).

Problem 17.84 The helicopter is in planar motion in
the x –y plane. At the instant shown, the position of its
center of mass G is x = 2 m, y = 2.5 m, its velocity is
vG = 12i + 4j (m/s), and its acceleration is aG = 2i +
3j (m/s2). The position of point T where the tail rotor
is mounted is x = −3.5 m, y = 4.5 m. The helicopter’s
angular velocity is 0.2 rad/s clockwise, and its angular
acceleration is 0.1 rad/s2 counterclockwise. What is the
acceleration of point T ?

y

x

T

G

Solution: The acceleration of T is

aT = aG + α × rT /G − ω2rT /G;

aT = 2i + 3j +
∣∣∣∣∣∣

i j k
0 0 0.1

−5.5 2 0

∣∣∣∣∣∣− (0.2)2(−5.5i + 2j)

= 2.02i + 2.37j (m/s2).
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Problem 17.85 Point A of the rolling disk is moving
toward the right and accelerating toward the right. The
magnitude of the velocity of point C is 2 m/s, and the
magnitude of the acceleration of point C is 14 m/s2.
Determine the acceleration of points B and D. (See
Active Example 17.5.)

x

y

A

45�

C

D

B

300 mm

Solution: First the velocity analysis

vC = vA + ω × rC/A

= rωi − ωk × (−r i) = rωi + rωj

vc =
√

(rω)2 + (rω)2 = √
2rω ⇒ ω = v√

2r
= 2 m/s√

2(0.3 m)
= 4.71 rad/s.

Now the acceleration analysis

aC = aA + α × rC/A − ω2rC/A

= rαi − αk × (−r i) − ω2(−r i) = (rα + ω2r)i + (αr)j

aC =
√

(αr + ω2r)2 + (αr)2 = r
√

(α + ω2)2 + α2

(14 m/s2)2 = (0.3 m)2[(α + [4.71]2)2 + α2]

Solving this quadratic equation for α we find α = 20.0 rad/s2.

Now

aB = rω2j = (0.3 m)(4.71 rad/s)2j aB = 6.67j (m/s2)

aD = aA + α × rD/A − ω2rD/A

= rαi − αk × (−r cos 45◦i + 4 sin 45◦j) − ω2(−r cos 45◦i + 4 sin 45◦j)

= (r[1 + sin 45◦]α + rω2 cos 45◦
)i + (rα cos 45◦ − rω2 sin 45◦

)j

Putting in the numbers we find aD = 14.9i − 0.480j (m/s2).
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Problem 17.86 The disk rolls on the circular surface
with a constant clockwise angular velocity of 1 rad/s.
What are the accelerations of points A and B?

Strategy: Begin by determining the acceleration of the
center of the disk. Notice that the center moves in a cir-
cular path and the magnitude of its velocity is constant. 0.4 m

A

B 

1.2 m

y

x

Solution:

vB = 0

v0 = vB + ωk × rO/B = (−1k) × (0.4j)

v0 = 0.4 i m/s

Point O moves in a circle at constant speed. The acceleration of O is

a0 = −v2
0/(R + r)j = (−0.16)/(1.2 + 0.4)j

a0 = −0.1j (m/s2).

aB = a0 − ω2rB/O = −0.1j − (1)2(−0.4)j

aB = 0.3j (m/s2).

aA = a0 − ω2rA/O = −0.1j − (1)2(0.4)j

aA = −0.5j (m/s2).

Problem 17.87 The length of the bar is L = 4 m and
the angle θ = 30◦. The bar’s angular velocity is ω =
1.8 rad/s and its angular acceleration is α = 6 rad/s2.
The endpoints of the bar slide on the plane surfaces.
Determine the acceleration of the midpoint G.

Strategy: Begin by applying Eq. (17.10) to the end-
points of the bar to determine their accelerations.

L

G

v
a

u

y

x

Solution: Call the top point D and the bottom point B.

aD = aB + α × rD/B − ω2rD/B

Put in the known constraints

aDj = aB i + αk × L(− sin θ i + cos θj) − ω2L(− sin θ i + cos θj)

aDj = (aB − αL cos θ + ω2L sin θ)i + (−αL sin θ − ω2L cos θ)j

Equating components we have

aB = αL cos θ − ω2L sin θ = (6)(4) cos 30◦ − (1.8)2(4) sin 30◦

= 14.3 m/s2

aD = αL sin θ − ω2L cos θ = (6)(4) sin 30◦ − (1.8)2(4) cos 30◦

= −23.2 m/s2

Now we can use either point as a base point to find the acceleration
of point G. We will use B as the base point.

aG = aB + α × rG/B − ω2rGB

= 14.3i + 6k × (2)(− sin 30◦i + cos 30◦j)

− (1.8)2(2)(− sin 30◦i + cos 30◦j)

aG = 7.15i − 11.6j( 2.)
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Problem 17.88 The angular velocity and angular
acceleration of bar AB are ωAB = 2 rad/s and αAB =
10 rad/s2. The dimensions of the rectangular plate are
1 m × 2 m. What are the angular velocity and angular
acceleration of the rectangular plate? 1 m

A

B

C

D

45°
45°αAB

ωAB

 1.67 m

Solution: The instantaneous center for bar AB is point B, by def-
inition. The instantaneous center for bar CD is point D, by definition.
The velocities at points A and C are normal to the bars AB and
CD, respectively. However, by inspection these bars are parallel at
the instant shown, so that lines perpendicular to the velocities at A

and C will never intersect — the instantaneous center of the plate AC

is at infinity, hence the plate only translates at the instant shown, and

ωAC = 0 . If the plate is not rotating, the velocity at every point on

the plate must be the same, and in particular, the vector velocity at A

and C must be identical. The vector A/B is

rA/B = −i cos 45◦ − j sin 45◦ =
(−1√

2

)
(i + j) (m).

The velocity at point A is

vA = ωAB × rA/B = −ωAB√
2


 i j k

0 0 1
1 1 0


 = √

2(i − j) (m/s).

The vector C/D is

rC/D = (−i cos 45◦ − j sin 45◦
) = −1.179(i + j) (m).

The velocity at point C is

vC = −1.179ωCD


 i j k

0 0 1
1 1 0


 = 1.179ωCD(i − j) (m/s).

Equate the velocities vC = vA, separate components and solve: ωCD =
1.2 rad/s. Use Eq. (17.10) to determine the accelerations. The accel-
eration of point A is

aA = αAB × rA/B − ω2
ABrA/B = − 10√

2


 i j k

0 0 1
1 1 0


+

(
22

√
2

)
(i + j)

= 9.9i − 4.24j ( 2 ).

The acceleration of point C relative to point A is

aC = aA + αAC × rC/A = aA +

 i j k

0 0 αAC

2 0 0




= 9.9i + (2αAC − 4.24)j ( 2 ).

The acceleration of point C relative to point D is aC = aD + αCD ×
rC/D − ω2

CDrC/D . Noting aD = 0,

aC = −1.179αCD


 i j k

0 0 1
1 1 0


+ 1.179ω2

CD(i + j)

= (1.179αCD + 1.697)i + (−1.179αCD + 1.697)j ( 2).

Equate the two expressions for the acceleration at point C and separate
components:

(−9.9 + 1.179αCD + 1.697)i = 0,

(2αAC − 4.24 + 1.179αCD − 1.697)j = 0.

Solve: αAC = −1.13 (rad/s2) (clockwise), αCD = 6.96 (rad/s2)

(counterclockwise).
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Problem 17.89 The ring gear is stationary, and the
sun gear has an angular acceleration of 10 rad/s2 in the
counterclockwise direction. Determine the angular accel-
eration of the planet gears.

20 cm

Sun gear

34 cm

Planet gears (3)

Ring gear
7 cm

Solution: The strategy is to use the tangential acceleration at the
point of contact of the sun and planet gears, together with the constraint
that the point of contact of the planet gear and ring gear is stationary,
to determine the angular acceleration of the planet gear. The tangential
acceleration of the sun gear at the point of contact with the top planet
gear is

aST = α × rS =

 i j k

0 0 10
0 20 0


 = −200i ( 2).

This is also the tangential acceleration of the planet gear at the point
of contact. At the contact with the ring gear, the planet gears are
stationary, hence the angular acceleration of the planet gear satisfies

αP × (−2rP ) =

 i j k

0 0 αP

0 −14 0


 = −200i

from which

αP = − 200

14
= −14.29 (rad/s2) (clockwise).

aST

RS

Problem 17.90 In Example 17.6, what is the acceler-
ation of the midpoint of bar BC?

10 rad/s

300 rad/s2

B
C

y

2 m 2 m

2 m

A D
x

Solution: From Example 17.6 we know that

ωBC = −10 rad/s,

αBC = 100 rad/s2,

ωCD = 10 rad/s,

αCD = −100 rad/s2.

To find the acceleration of the midpoint “G” of bar BC, we have

aB = a + αAB × rB/A − ωAB
2rB/A

= 0 − (300 rad/s2) k × (2 m)j − (10 rad/s)2(2 m)j

= (600i − 200j) m/s2

aG = aB + αBC × rG/B − ωBC
2rG/B

= (600i − 200j) + (100k) × (1i) − (−10)2(1i)

aG = (500i − 100j) m/s2.
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Problem 17.91 The 1-m-diameter disk rolls, and point
B of the 1-m-long bar slides, on the plane surface. Deter-
mine the angular acceleration of the bar and the accel-
eration of point B.

A

O

B

4 rad/s

10 rad/s2

Solution: Choose a coordinate system with the origin at O, the
center of the disk, with x axis parallel to the horizontal surface. The
point P of contact with the surface is stationary, from which

vP = 0 = vO + ωO × −R = vO +

 i j k

0 0 ωO

0 −0.5 0


 = vO + 2i,

from which vO = −2i (m/s). The velocity at A is

vA = vO + ωO × rA/O = −2i +

 i j k

0 0 ωO

0.5 0 0


 = −2i + 2j (m/s)

The motion at point B is constrained to be parallel to the x axis. The
line perpendicular to the velocity of B is parallel to the y axis. The line
perpendicular to the velocity at A forms an angle at 45◦ with the x axis.
From geometry, the line from A to the fixed center is the hypotenuse
of a right triangle with base cos 30◦ = 0.866 and interior angles 45◦.
The coordinates of the fixed center are (0.5 + 0.866, 0.866) = (1.366,

0.866) in. The vector from the instantaneous center to the point A is
rA/C = rA − rC = −0.866i − 0.866j (m). The angular velocity of the
bar AB is obtained from

vA = ωAB × rA/C =

 i j k

0 0 ωAB

−0.866 −0.866 0




= 0.866ωAB i − 0.866ωAB j (m/s),

from which

ωAB = − 2

0.866
= −2.31 (rad/s).

The acceleration of the center of the rolling disk is aO = −αRi =
−10(0.5)i = −5i (m/s2). The acceleration of point A is

aA = aO + αO × rA/O − ω2
OrA/O

= −5i +

 i j k

0 0 α

0.5 0 0


− 16(0.5)i

= −13i + 5j (m/s2).

The vector B/A is

rB/A = rB − rA = (0.5 + cos θ)i − 0.5j − 0.5i

= 0.866i − 0.5j (m).

The acceleration of point B is

aB = aA + αAB × rA/B − ω2
ABrA/B

= −13i + 5j +

 i j k

0 0 αAB

− cos θ sin θ 0




− ω2
AB(−i cos θ + j sin θ).

The constraint on B insures that the acceleration of B will be parallel
to the x axis. Separate components:

aB = −13 + 0.5αAB − ω2
AB(0.866),

0 = 5 + 0.866αAB + 0.5ω2
AB.

Solve: αAB = −8.85 (rad/s2) , where the negative sign means a

clockwise rotation. aB = −22.04i (m/s2)
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Problem 17.92 If θ = 45◦ and sleeve P is moving to
the right with a constant velocity of 2 m/s, what are the
angular accelerations of the bars OQ and PQ?

1.2 m

O

Q

P

θ

1.2 m

Solution:

v0 = a0 = 0, vp = 2i, ap = 0

rQ/o = 1.2 cos 45◦i + 1.2 sin 45◦j m

rp/Q = 1.2 cos 45◦i − 1.2 sin 45◦j m

vQ = ωoQk × rQ/o = ωoQk × (0.848i + 0.848j)

{
vQx = −0.848ωoQ (1)

vQy = 0.848ωoQ (2)

vp = vQ + ωpQk × (0.848i − 0.848j)

{
2 = vQx + 0.848ωpQ (3)

O = vQy + 0.848ωpQ (4)

Solving eqns. (1)–(4),

ωoQ = −1.179 rad/s, ωpQ = 1.179 rad/s

vQx = 1 m/s vQy = −1 m/s

aQ = αoQ × rQ/o − ω2
oQrQ/o




aQx = −0.848αoQ − 0.848ω2
oQ (5)

aQy = 0.848αoQ − 0.848ω2
oQ (6)

Also,

ap = 0 = aQ + αpQk × rp/Q − ω2
pQrp/Q




0 = aQx + 0.848αpQ − 0.848ω2
pQ (7)

0 = aQy + 0.848αpQ + 0.848ω2
pQ (8)

Solving eqns. (5)–(8), we get

aQx = 0, aQy = 0

αoQ = 1.39 rad/s2 (clockwise)

αpQ = 1.39 rad/s2 (counterclockwise)
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Problem 17.93 Consider the system shown in Prob-
lem 17.92. If θ = 50◦ and bar OQ has a constant clock-
wise angular velocity of 1 rad/s, what is the acceleration
of sleeve P ? 1.2 m

O

Q

P

θ

1.2 m

Solution:

ωoQ = −1k rad/s,αoQ = 0, a0 = 0

aQ = a0 + αoQ × rQ/o − ω2rQ/o

aQ = 0 + 0 − (1)2(1.2 cos 50◦i + 1.2 sin 50◦j)

aQ = −0.771i − 0.919j m/s2

ap = aQ + αQpk × rp/Q − ω2
Qprp/Q

where ap = ap i

rp/Q = 1.2 cos 50◦i − 1.2 sin 50◦j

i : ap = −0.771 + 1.2αQp sin 50◦ − ω2
Qp(1.2) cos 50◦

(1)

j : 0 = −0.919 + 1.2αQp cos 50◦ + ω2
Qp(1.2) sin 50◦

(2)

We have two eqns in three unknowns ap , αQp , ωQp .

We need another eqn. To get it, we use the velocity relationships and
determine ωQP . Note vp = vp i.

vQ = v0 + ωoQ × rQ/o v0 = 0

= (−1k) × [(1.2 cos 50◦
)i + (1.2 sin 50)j]

= .919i − 0.771j (m/s).

vP = vQ + ωQP × rP/Q

= vQ + ωQP k × (1.2 cos 50◦i − 1.2 sin 50◦j).

i : vP = 0.919 + 1.2ωQP sin 50◦

j : O = −0.771 + 1.2ωQP cos 50◦

Solving, vP = 1.839 m/s, ωQP = 1 rad/s. Now going back to eqns. (1)
and (2), we solve to get

aP = −1.54 m/s2

αQP = 0, (to the left)
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Problem 17.94 The angle θ = 60◦, and bar OQ has
a constant counterclockwise angular velocity of 2 rad/s.
What is the angular acceleration of the bar PQ?

O
P

Q

θ

200 mm 400 mm

Solution: By applying the law of sines, the angle β = 25.7◦
The velocity of Q is vQ = v0 + ω0Q × rQ/O

vQ = 0 +
∣∣∣∣∣∣

i j k
0 0 2

0.2 cos 60◦ 0.2 sin 60◦ 0

∣∣∣∣∣∣
= −0.4 sin 60◦i + 0.4 cos 60◦j.

The velocity of P is

vP i = vQ + ωPQ × rP/Q

= −0.4 sin 60◦i + 0.4 cos 60◦j +
∣∣∣∣∣∣

i j k
0 0 ωPQ

0.4 cos β −0.4 sin β 0

∣∣∣∣∣∣ .

Equating j components, we get 0 = 0.4 cos 60◦ + 0.4ωPQ cos β, and
obtain ωPQ = −0.555 rad/s. The acceleration of Q is

aQ = a0 + α0Q × rQ/0 − ω2
0QrQ/0,

or aQ = 0 + 0 − (2)2(0.2 cos 60◦i + 0.2 sin 60◦j)

= −0.8 cos 60◦i − 0.8 sin 60◦j.

The acceleration of P is

aP i = aQ + αPQ × rP/Q − ω2
PQrP/Q

= −0.8 cos 60◦i − 0.8 sin 60◦j +
∣∣∣∣∣∣

i j k
0 0 αPQ

0.4 cos β −0.4 sin β 0

∣∣∣∣∣∣
− (−0.555)2(0.4 cos βi − 0.4 sin βj).

Equating j components

0 = −0.8 sin 60◦ + 0.4αPQ cos β + (0.555)20.4 sin β.

Solving, we obtain αPQ = 1.77 rad/s2.

y

xO 60°

Q

P

PQω
PQα

β

2 rad/s

vp
ap

391

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.95 At the instant shown, the piston’s velo-
city and acceleration are vC = −14i (m/s) and aC =
−2200i (m/s2). What is the angular acceleration of the
crank AB?

B

A
50 mm

50 mm

175 mm

y

x
C

Solution: The velocity analysis:

vB = VA + ωAB × rB/A

= 0 + ωABk × (0.05i + 0.05j)

= (−0.05ωAB i + 0.05ωAB j)

vC = vB + ωBC × rC/B

= (−0.05ωAB i + 0.05ωAB j) + ωBCk × (0.175i − 0.05j)

= (−0.05ωAB + 0.05ωAB)i + (0.05ωAB + 0.175ωBC)j = −14i

Equating components and solving we find that ωAB = 218 rad/s,
ωBC = −62.2 rad/s. The acceleration analysis:

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + αABk × (0.05i + 0.05j) − (218)2(0.05i + 0.05j)

= (−0.05αAB − 2370)i + (0.05αAB − 2370)j

aC = aB + αBC × rC/B − ωBC
2rC/B

= (−0.05αAB − 2370)i + (0.05αAB − 2370)j + αBCk × (0.175i − 0.05j)

− (−62.2)2(0.175i − 0.05j)

= (−0.05αAB − 2370 + 0.05αBC − 678)i

+ (0.05αAB − 2370 + 0.175αBC + 194)j

= −2200i

Equating components and solving, we find

αAB = −3530 rad/s2, αBC = 13,500 rad/s2

Thus αAB = 3530 rad/s2 clockwise.
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Problem 17.96 The angular velocity and angular
acceleration of bar AB are ωAB = 4 rad/s and αAB =
−6 rad/s2. Determine the angular accelerations of bars
BC and CD.

C

1 m

2 m

A B

D

1 m

1 m 2 m

y

x

vAB aAB

Solution: From 17.38 we know ωBC = 2.67 rad/s CCW, ωCD =
2.67 rad/s CW

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + (−6 rad/s2)k × (2 m)i − (4 rad/s)2(2 m)i = (−32i − 12j) m/s2

aC = aB + αBC × rC/B − ωBC
2rC/B

= (−32i − 12j) m/s2 + αk × (−i − j) m − (2.67 rad/s)2(−i − j) m

= [−24.9 m/s2 + {1 m}αBC ]i + [−4.89 m/s2 − {1 m}αBC ]j

aD = aC + αCD × rD/C − ωCD
2rD/C

= [−24.9 m/s2 + {1 m}αBC ]i + [−4.89 m/s2 − {1 m}αBC ]j

+ αCDk × (2i − j) m − (2.67 rad/s)2(2i − j) m

= [−39.1 m/s2 + {1 m}(αBC + αCD)]i

+ [2.22 m/s2 − {1 m}αBC + {2 m}αCD]j

Since point D is fixed we have

2.22 m/s2 − {1 m}αBC + {2 m}αCD = 0
−39.1 m/s2 + {1 m}(αBC + αCD) = 0

}

⇒ αBC = 26.8 rad/s2 CCW
αCD = 12.30 rad/s2 CCW
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Problem 17.97 The angular velocity and angular
acceleration of bar AB are ωAB = 2 rad/s and αAB =
8 rad/s2. What is the acceleration of point D?

y

0.32 m

0.48 m

0.16 m0.24 m0.32 m

A B x

D

C

vAB aAB

Solution: First we must do a velocity analysis to find the angular
velocity of BCD

vB = vA + ωAB × rB/A = 0 + (2 rad/s)k × (0.32 m)i = (0.64 m/s)j

vC = vB +ωBCD × rC/B = (0.64 m/s)j + ωBCDk × (0.24i + 0.48j) m

= (−0.48 m)ωBCD i + (0.64 m/s + {0.24 m}ωBCD)j

Since C cannot move in the j direction we know

0.64 m/s + {0.24 m}ωBCD = 0 ⇒ ωBCD = −2.67 rad/s

Now we do the acceleration analysis

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + (8 rad/s2)k × (0.32 m)i − (2 rad/s)2(0.32 m)i

= (−1.28i + 2.56j) m/s2

aC = aB + αBC × rC/B − ωBC
2rC/B

= (−1.28i + 2.56j) m/s2 + αBCDk × (0.24i + 0.48j) m

− (−2.67 rad/s)2(0.24i + 0.48j) m

= (−2.99 m/s2 − {0.48 m}αBCD)i

+ (−0.853 m/s2 + {0.24 m}αBCD)j

Since C cannot move in the j direction we know

−0.853 m/s2 + {0.24 m}αBCD = 0 ⇒ αBCD = 3.56 rad/s2

Now we can find the acceleration of point D

aD = aB + αBCD × rD/B − ωBCD
2rD/B

= (−1.28i + 2.56j) m/s2 + (3.56 rad/s2)k × (0.4i + 0.8j) m

− (−2.67 rad/s)2(0.4i + 0.8j) m

aD = (−.697i − 1.71j) m/s2

394

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.98 The angular velocity ωAB = 6 rad/s. If
the acceleration of the slider C is zero at the instant
shown, what is the angular acceleration αAB?

A

B

C

4 cm

4 cm 10 cm

3 cm

x

y

C

vAB

aAB

Solution: The velocity analysis:

vB = vA + ωAB × rB/A

= 0 + (−6)k × (4i + 4j)

= (24i − 24j)

vc = vB + ωBC + rC/B

= (24i − 24j) + ωBCk × (10i − 7j) = (24 + 7ωBC)i + (24 + 10ωBC)j

Since C cannot move in the j direction, we set the j component to
zero and find that

ωBC = −2.4 rad/s.

The acceleration analysis:

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 − αABk × (4i + 4j) − (6)2(4i + 4j) = (4αAB − 144)i + (−4αAB − 144)j

aC = aB + αBC × rC/B − ωBC
2rC/B

= (4αAB − 144)i + (−4αAB − 144)j + αBCk × (10i − 7j) − (−2.4)2(10i − 7j)

= (4αAB − 144 + 7αBC − 57.6)i + (−4αAB − 144 + 10αBC + 40.3)j

The acceleration of C is zero. Equating both components to zero and
solving, we find that

αAB = 19.0 rad/s2, αBC = 18.0 rad/s2

Thus αAB = 19.0 rad/s2 clockwise.
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Problem 17.99 The angular velocity and angular
acceleration of bar AB are ωAB = 5 rad/s and αAB =
10 rad/s2. Determine the angular acceleration of bar BC. C

0.2 m

0.4 m 0.2 m 0.2 m

D

A

B

vAB

aAB

Solution: Do a velocity analysis first to find all of the angular
velocities. Let point E be the point on the wheel that is in contact with
the ground.

vB = vA + ωAB × rB/A = 0 + (5 rad/s)k × (−0.4i + 0.2j) m

= (−i − 2j) m/s

vC = vB + ωBC × rC/B = (−i − 2j) m/s + ωBCk × (0.6 m)i

= (−1 m/s)i + (−2 m/s + {0.6 m}ωBC)j

vE = vC +ωwheel×rE/C = (−1 m/s)i + (−2 m/s + {0.6 m}ωBC)j

+ ωwheelk × (0.2i − 0.2j) m

= (−1 m/s + {0.2 m}ωwheel)i

+ (−2 m/s + {0.6 m}ωBC + {0.2 m}ωwheel)j

Point E is the instantaneous center of the wheel. Therefore

−1 m/s + {0.2 m}ωwheel = 0
−2 m/s + {0.6 m}ωBC + {0.2 m}ωwheel = 0

}

⇒ ωBC = 1.67 rad/s
ωwheel = 5 rad/s

Now we do the acceleration analysis

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + (10 rad/s2)k × (−0.4i + 0.2j) m

− (5 rad/s)2(−0.4i + 0.2j) m = (8i − 9j) m/s2

aC = aB + αBC × rC/B − ωBC
2rC/B

= (8i − 9j) m/s2 + αBCk × (0.6 m)i − (1.67 rad/s)2(0.6 m)i

= (6.33 m/s2)i + (−9 m/s2 + {0.6 m}αBC)j

aD = aC + αwheel × rD/C − ωwheel
2rD/C

= (6.33 m/s2)i + (−9 m/s2 + {0.6 m}αBC)j + αwheelk × (0.2 m)i

− (5 rad/s)2(0.2 m)i

= (1.33 m/s2)i + (−9 m/s2 + {0.6 m}αBC + {0.2 m}αwheel)j

Finally we work down to point E

aE = aD + αwheel × rE/D − ωwheel
2rE/D

= (1.33 m/s2)i + (−9 m/s2 + {0.6 m}αBC + {0.2 m}αwheel)j

+ αwheelk × (−0.2 m)j − (5 rad/s)2(−0.2 m)j

= (1.33 m/s2 + {0.2 m}αwheel)i

+ (−4 m/s2 + {0.6 m}αBC + {0.2 m}αwheel)j

D moves horizontally therefore aD · j = 0
The wheel does not slip therefore aE · i = 0
We have

−9 m/s2 + {0.6 m}αBC + {0.2 m}αwheel = 0
1.33 m/s2 + {0.2 m}αwheel = 0

}

⇒ αwheel = −6.67 rad/s2

αBC = 17.2 rad/s2 αBC = 17.2 rad/s2 CCW
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Problem 17.100 At the instant shown, bar AB is rotat-
ing at 10 rad/s in the counterclockwise direction and
has a counterclockwise angular acceleration of 20 rad/s2.
The disk rolls on the circular surface. Determine the
angular accelerations of bar BC and the disk.

2 m

A

B

C

3 m

3 m

1 m

Solution: The velocity analysis:

vB = vA + ωAB × rB/A = 0 + (10k) × (1i − 2j) = 20i + 10j

vC = vB + ωBC × rC/B = (20i + 10j) + ωBCk × (3i) = (20)i + (10 + 3ωBC)j

vC = ωdisk × r = ωdiskk × (1j) = −ωdisk (1)i

Equating the components of these two expressions for vC and solving,
we find

ωBC = −3.33 rad/s, ωdisk = −20 rad/s, vC = 20 m/s.

The acceleration analysis (note that point C is moving in a circle of
radius 2 m):

aB = aA + αAB × rB/A − ωAB
2r

= 0 + (20k) × (1i − 2j) − (10)2(1i − 2j) = (−60i + 220j)

aC = aB + αBC × rC/B − ωBC
2rC/B

= (−60i + 220j) + αBCk × (3i) − (−3.33)2(3i) = (−93.3)i + (220 + 3αBC)j

aC = αdisk × r + v2
C

2 m
j = αdiskk × (1j) + (20)2

2
j = −αdisk(1)i + 200j

Equating the components of these two expressions for aC and solving,
we find

αBC = −6.67 rad/s2, αdisk = 93.3 rad/s2.

αBC = 6.67 rad/s2 clockwise, αdisk = 93.3 rad/s2 counterclockwise.
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Problem 17.101 If ωAB = 2 rad/s, αAB = 2 rad/s2,
ωBC = −1 rad/s, and αBC = −4 rad/s2, what is the
acceleration of point C where the scoop of the excavator
is attached?

x

y

B
C

5 m
5.5 m

1.6 m

A

4 m 3 m 2.3 m

BC
BC

AB

ABa a

v
v

Solution: The vector locations of points A, B, C are

rA = 4i + 1.6j (m),

rB = 7i + 5.5j (m).

rC = 9.3i + 5j (m).

The vectors

rB/A = rB − rA = 3i + 3.9j (m),

rC/B = rC − rB = 2.3i − 0.5j (m).

The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A.

aB =

 i j k

0 0 2
3 3.9 0


− (22)(3.0i + 3.9j),

aB = +2(−3.9i + 3j) − (4)(3i + 3.9j)

= −19.8i − 9.6j (m/s2).

The acceleration of point C in terms of the acceleration at point B is

aC = aB + αBC × rC/B − ω2
BC(rC/B)

= −19.8i − 9.6j +

 i j k

0 0 −4
2.3 −0.5 0


− 12(2.3i − 0.5j),

aC = −19.8i − 9.6j − 2i − 9.2j − 2.3i + 0.5j

= −24.1i − 18.3j (m/s2)
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Problem 17.102 If the velocity of point C of the exca-
vator in Problem 17.101 is vC = 4i (m/s) and is con-
stant, what are ωAB , αAB , ωBC , αBC?

x

y

B
C

5 m
5.5 m

1.6 m

A

4 m 3 m 2.3 m

BC
BC

AB

ABa a

v
v

Solution: The strategy is to determine the angular velocities ωAB ,
ωBC from the known velocity at point C, and the angular velocities
αAB , αBC from the data that the linear acceleration at point C is
constant.

The angular velocities: The vector locations of points A, B, C are

rA = 4i + 1.6j (m),

rB = 7i + 5.5j (m),

rC = 9.3i + 5j (m).

The vectors

rB/A = rB − rA = 3i + 3.9j (m),

rC/B = rC − rB = 2.3i − 0.5j (m).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

3 3.9 0


 = −3.9ωAB i + 3ωAB j.

The velocity of C in terms of the velocity of B

vC = vB + ωBC × rC/B

= −3.9ωAB i + 3ωAB j +

 i j k

0 0 −ωBC

2.3 −0.5 0


 ,

vC = −3.9ωAB i + 3ωAB j − 0.5ωBC i − 2.3ωBC j (m/s).

Substitute vC = 4i (m/s), and separate components:

4 = −3.9ωAB − 0.5ωBC,

0 = 3ωAB − 2.3ωBC.

Solve: ωAB = −0.8787 rad/s , ωBC = −1.146 rad/s .

The angular accelerations: The acceleration of point B is

aB = aAB × rB/A − ω2
ABrB/A

=

 i j k

0 0 αAB

3 3.9 0


− (ω2

AB

)
(3i + 3.9j) ,

aB = −3.9αAB i + 3αAB j − 3ω2
AB i − 3.9ω2

AB j (m/s2).

The acceleration of C in terms of the acceleration of B is

aC = aB + aBC × rC/B − ω2
BCrC/B

= aB +

 i j k

0 0 −αBC

2.3 −0.5 0


− ω2

BC (2.3i − 0.5j)

aC = (−3.9αAB − 3ω2
AB

)
i + (3αAB − 3.9ω2

AB

)
j

+ (−0.5αBC − 2.3ω2
BC)i + (−2.3αBC + 0.5ω2

BC

)
j.

Substitute aC = 0 from the conditions of the problem, and separate
components:

0 = −3.9αAB − 0.5αBC − 3ω2
AB − 2.3ω2

BC,

0 = 3αAB − 2.3αBC − 3.9ω2
AB + 0.5ω2

BC.

Solve: αBC = −2.406 rad/s2 , αAB = −1.06 rad/s2.
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Problem 17.103 The steering linkage of a car is shown.
Member DE rotates about the fixed pin E. The right
brake disk is rigidly attached to member DE. The tie
rod CD is pinned at C and D. At the instant shown, the
Pitman arm AB has a counterclockwise angular veloc-
ity of 1 rad/s and a clockwise angular acceleration of
2 rad/s2. What is the angular acceleration of the right
brake disk?

180 mm
220 mm

100 mm

460
mm

340
mm

70
mm

200
mm

Steering link

Brake disks

B
A

C
D

E

Solution: Note that the steering link translates, but does not rotate.
The velocity analysis:

vC = vB = vA + ωAB × rB/A = 0 + (1k) × (−0.18j) = 0.18i

vD = vC + ωCD × rD/C = 0.18i + ωCDk × (0.34i − 0.08j)

= (0.18 + 0.08ωCD)i + (0.34ωCD)j

vE = vD + ωDE × rE/D

= (0.18 + 0.08ωCD)i + (0.34ωCD)j + ωDEk × (0.07i + 0.2j)

= (0.18 + 0.08ωCD − 0.2ωDE)i + (0.34ωCD + 0.07ωDE)j

Since point E is fixed, we can set both components to zero and solve.
We find

ωCD = −0.171 rad/s, ωDE = 0.832 rad/s.

The acceleration analysis:

aC = aB = aA + αAB × rC/B − ωAB
2rB/A

= 0 + (−2k) × (−0.18j) − (1)2(−0.18j) = (−0.36i + 0.18j)

aD = aC + αCD × rD/C − ωCD
2rD/C

= (−0.36i + 0.18j) + αCDk × (0.34i − 0.08j) − (−0.171)2(0.34i − 0.08j)

= (−0.370 + 0.08αCD)i + (0.182 + 0.34αCD)j

aE = aD + αDE × rE/D − ωDE
2rE/D

= (−0.370 + 0.08αCD)i + (0.182 + 0.34αCD)j

+ αDEk × (0.07i + 0.2j) − (0.832)2(0.07i + 0.2j)

= (−.418 + 0.08αCD − 0.2αDE)i + (0.0436 + 0.34αCD + 0.07αDE)j

Since point E cannot move, we set both components of aE to zero
and solve. We find:

αCD = 0.278 rad/s2, αDE = −1.98 rad/s2.

The angular acceleration of the right brake is the same as the angular
acceleration of DE.

αright brake = 1.98 rad/s2 clockwise.
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Problem 17.104 At the instant shown, bar AB has
no angular velocity but has a counterclockwise angular
acceleration of 10 rad/s2. Determine the acceleration of
point E.

x

y

A

B

C ED
400 mm

700 mm 700 mm400
mm

Solution: The vector locations of A, B, C and D are:
rA = 0, rB = 400j (mm), rC = 700i (mm), rD = 1100i (mm). rE =
1800i (mm) The vectors

rB/A = rB − rA = 400j (mm).

rC/B = rC − rB = 700i − 400j (mm),

rC/D = rC − rD = −400i (mm)

(a) Get the angular velocities ωBC , ωCD . The velocity of point B is
zero. The velocity of C in terms of the velocity of B is

vC = vB + ωBC × rC/B =

 i j k

0 0 ωBC

700 −400 0




= +400ωBC i + 700ωBC j (mm/s).

The velocity of C in terms of the velocity of point D

vC = ωCD × rC/D =

 i j k

0 0 ωCD

−400 0 0




= −400ωCD j (mm/s).

Equate the expressions for vC and separate components:
400ωBC = 0, 700ωBC = −400ωCD . Solve: ωBC = 0 rad/s,
ωCD = 0 rad/s.

(b) Get the angular accelerations. The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A =


 i j k

0 0 10
0 400 0




= −4000i (mm/s2).

The acceleration of point C in terms of the acceleration of
point B:

aC = aB + αBC × rC/B − ω2
BCrC/B

= −4000i +

 i j k

0 0 αBC

700 −400 0


 .

aC = −4000i + 400αBC i + 700αBC j (mm/s2).

The acceleration of point C in terms of the acceleration of
point D:

aC = αCD × rC/D − ω2
CDrC/D =


 i j k

0 0 αCD

−400 0 0




= −400αCD j (mm/s2).

Equate the expressions and separate components: −4000 +
400αBC = 0, 700αBC = −400αCD .
Solve: αBC = 10 rad/s2, αCD = −17.5 rad/s2, The acceleration
of point E in terms of the acceleration of point D is

aE = αCD × rE/D =

 i j k

0 0 −17.5
700 0 0




= −12250j (mm/s2) (clockwise)
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Problem 17.105 If ωAB = 12 rad/s and αAB = 100
rad/s2, what are the angular accelerations of bars BC
and CD?

A

C

B

D

350
mm

200
mm

300 mm 350 mm

ωAB

αABSolution: The vector locations of A, B, C and D are: rA =
0, rB = 200j (mm), rC = 300i + 350j (mm), rD = 650i (mm). The
vectors

rB/A = rB − rA = 200j (mm).

rC/B = rC − rB = 300i + 150j (mm),

rC/D = rC − rD = −350i + 350j (mm)

(a) Get the angular velocities ωBC , ωCD . The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 −12
0 200 0


 = 2400i (mm/s).

The velocity of C in terms of the velocity of B is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

300 150 0




= 2400i − 150ωBC i + 300ωBC j (mm/s).

The velocity of C in terms of the velocity of point D

vC = ωCD × rC/D =

 i j k

0 0 ωCD

−350 350 0




= −350ωCD i − 350ωCD j (mm/s).

Equate the expressions for vC and separate components: 2400 −
150ωBC = −350ωCD , 300ωBC = −350ωCD . Solve: ωBC =
5.33 rad/s, ωCD = −4.57 rad/s.

(b) Get the angular accelerations. The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A =


 i j k

0 0 100
0 200 0




− ω2
AB(200j)

= −20,000i − 28,800j (mm/s2).

The acceleration of point C in terms of the acceleration of
point B:

aC = aB + αBC × rC/B − ω2
BCrC/B

= aB +

 i j k

0 0 αBC

300 150 0


− ω2

BC(300i + 150j).

aC = (−20,000 − 150αBC − 300ω2
BC)i

+ (−28,800 + 300αBC − 150ω2
BC)j (mm/s2).

The acceleration of point C in terms of the acceleration of
point D:

aC = αCD × rC/D − ω2
CDrC/D

=

 i j k

0 0 αCD

−350 350 0


− ω2

CD(−350i + 350j)

aC = −350αCD i − 350αCD j + 350ω2
CD i − 350ω2

CD j (mm/s2).

Equate the expressions and separate components:

−20,000 − 150αBC − 300ω2
BC = −350αCD + 350ω2

CD,

−28,800 + 300αBC − 150ω2
BC = −350αCD − 350ω2

CD.

Solve: αBC = −22.43 rad/s2 ,

αCD = 92.8 rad/s2 ,

where the negative sign means a clockwise acceleration.
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Problem 17.106 If ωAB = 4 rad/s counterclockwise
and αAB = 12 rad/s2 counterclockwise, what is the
acceleration of point C?

A

B

C

D

E
x

y

600 mm

600 mm

400 mm

500 mm

300
mm

300
mm

200
mm

Solution: The velocity of B is

vB = vA + ωAB × rB/A

= O +
∣∣∣∣∣∣

i j k
0 0 ωAB

0.3 0.6 0

∣∣∣∣∣∣
= −0.6ωAB i + 0.3ωAB j.

The velocity of D is

vD = vB + ωBD × rD/B

= −0.6ωAB i + 0.3ωAB j +
∣∣∣∣∣∣

i j k
0 0 ωBD

0.8 −0.1 0

∣∣∣∣∣∣ . (1)

We can also express the velocity of D as

vD = vE + ωDE × rD/E = O +
∣∣∣∣∣∣

i j k
0 0 ωDE

−0.3 0.5 0

∣∣∣∣∣∣ . (2)

Equating i and j components in Eqns. (1) and (2), we obtain

− 0.6ωAB + 0.1ωBD = −0.5ωDE, (3)

0.3ωAB + 0.8ωBD = −0.3ωDE. (4)

Solving these two eqns with ωAB = 4 rad/s, we obtain

ωBD = −3.57 rad/s, ωDE = 5.51 rad/s.

The acceleration of B is

aB = aA + αAB × rB/A − ω2
ABrB/A

= O +
∣∣∣∣∣∣

i j k
0 0 αAB

0.3 0.6 0

∣∣∣∣∣∣− ω2
AB(0.3i + 0.6j)

= (−0.6αAB − 0.3ω2
AB)i + (0.3αAB − 0.6ω2

AB)j.

The acceleration of D is

aD = aB + αBD × rD/B − ω2
BDrD/B

= (−0.6αAB − 0.3ω2
AB)i + (0.3αAB − 0.6ω2

AB)j

+
∣∣∣∣∣∣

i j k
0 0 αBD

0.8 −0.1 0

∣∣∣∣∣∣− ω2
BD(0.8i − 0.1j). (5)

We can also express the acceleration of D as

aD = aE + αDE × rD/E − ω2
DErD/E

= O +
∣∣∣∣∣∣

i j k
0 0 αDE

−0.3 0.5 0

∣∣∣∣∣∣− ω2
DE(−0.3i + 0.5j). (6)

Equating i and j components in Eqns. (5) and (6), we obtain

− 0.6αAB − 0.3ω2
AB + 0.1αBD − 0.8ω2

BD

= −0.5αDE + 0.3ω2
DE, (7)

0.3αAB − 0.6ω2
AB + 0.8αBD + 0.1ω2

BD

= −0.3αDE − 0.5ω2
DE. (8)

Solving these two eqns with αAB = 12 rad/s2, we obtain

αBD = −39.5 rad/s2.

The acceleration of C is

aC = aB + αBD × rC/B − ω2
BDrC/B

= (−0.6αAB − 0.3ω2
AB)i + (0.3αAB − 0.6ω2

AB)j

+
∣∣∣∣∣∣

i j k
0 0 αBD

0.6 0.3 0

∣∣∣∣∣∣− ω2
BD(0.6i + 0.3j). (9)

aC = −7.78i − 33.5j (m/s2).
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Problem 17.107 The angular velocities and angular
accelerations of the grips of the shears are shown. What
is the resulting angular acceleration of the jaw BD?

0.08 rad/s2

0.12 rad/s

0.08 rad/s2
0.12 rad/s

B
C

D

E

25 mm

18 mm

25 mm

Solution: From 17.57 we know that ωBD = −0.06 rad/s

aD = aC + αCD × rD/C − ωCD
2rD/C

= 0 − (0.08 rad/s2)k × (0.025i + 0.018j) m

− (0.12 rad/s)2(0.025i + 0.018j) m

= (0.00108i − 0.00226j) m/s2

aB = aD + αBD × rB/D − ωBD
2rB/D

= (0.00108i − 0.00226j) m/s2 + αBDk × (−0.05i − 0.018j) m

− (−0.06 rad/s)2(−0.05i − 0.018j) m

= (0.00126 m/s2 + {0.018 m}αBD)i

+ (−0.00219 m/s2 − {0.05 m}αBD)j

From symmetry, B cannot accelerate in the j direction. Therefore

− 0.00219 m/s2 − {0.05 m}αBD = 0 ⇒ αBD = −0.0439 rad/s2

αBD = 0.0439 rad/s2 CW
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Problem 17.108 If arm AB has a constant clockwise
angular velocity of 0.8 rad/s, arm BC has a constant
angular velocity of 0.2 rad/s, and arm CD remains ver-
tical, what is the acceleration of part D?

y

50�
x

D

B

C

A

15�

170 mm

300 mm

30
0 m

m

Solution: The constraint that the arm CD remain vertical means
that the angular velocity of arm CD is zero. This implies that arm CD
translates only, and in a translating, non-rotating element the velocity
and acceleration at any point is the same, and the velocity and accel-
eration of arm CD is the velocity and acceleration of point C. The
vectors:

rB/A = 300(i cos 50◦ + j sin 50◦
) = 192.8i + 229.8j (mm).

rC/B = 300(i cos 15◦ − j sin 15◦
) = 289.78i − 77.6j (mm).

The acceleration of point B is

aB = αAB × rA/B − ω2
ABrA/B = −ω2

AB(192.8i + 229.8j) (mm/s2),

since αAB = 0. aB = −123.4i − 147.1j (mm/s). The acceleration of C

in terms of the acceleration of B is

aC = aB + αBC × rC/B − ω2
BCrC/B

= −123.4i − 147.1j − ω2
BC(289.8i − 77.6j),

since αBC = 0. aC = −135i − 144j (mm/s2). Since CD is translating:

aD = aC = −135i − 144j (mm/s2)
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Problem 17.109 In Problem 17.108, if arm AB has a
constant clockwise angular velocity of 0.8 rad/s and you
want D to have zero velocity and acceleration, what are
the necessary angular velocities and angular accelera-
tions of arms BC and CD?

y

50�
x

D

B

C

A

15�

170 mm

300 mm

30
0 m

m

Solution: Except for numerical values, the solution follows the
same strategy as the solution strategy for Problem 17.105. The vectors:

rB/A = 300(i cos 50◦ + j sin 50◦
) = 192.8i + 229.8j (mm).

rC/B = 300(i cos 15◦ − j sin 15◦
) = 289.78i − 77.6j (mm),

rC/D = 170j (mm).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 −0.8
192.8 229.8 0




= 183.8i − 154.3j (mm/s).

The velocity of C in terms of the velocity of B is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

289.8 −77.6 0


 .

vC = 183.9i − 154.3j + ωBC(77.6i + 289.8j) (mm/s).

The velocity of C in terms of the velocity of point D:

vC = ωCD × rC/D =

 i j k

0 0 ωCD

0 170 0


 = −170ωCD i (mm/s).

Equate the expressions for vC and separate components:

183.9 + 77.6ωBC = −170ωCD,

− 154.3 + 289.8ωBC = 0.

Solve: ωBC = 0.532 rad/s , ωCD = −1.325 rad/s .

Get the angular accelerations. The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A = −ω2

AB(192.8i + 229.8j)

= −123.4i − 147.1j (mm/s2).

The acceleration of point C in terms of the acceleration of point B:

aC = aB + αBC × rC/B − ω2
BCrC/B = aB − ω2

BCrC/B.

aC = −123.4i − 147.1j + 77.6αBC i + 289.8αBC j − 289.8ω2
BC i

+ 77.6ω2
BC j (mm/s2).

The acceleration of point C in terms of the acceleration of point D:

aC = αCD × rC/D − ω2
CDrC/D =


 i j k

0 0 αCD

0 170 0


− ω2

CD(170j).

aC = −170αCD i − 170ω2
CD j (mm/s2).

Equate the expressions and separate components:

− 123.4 + 77.6αBC − 289.8ω2
BC = −170αCD,

− 147.1 + 289.8αBC + 77.6ω2
BC = −170ω2

CD.

Solve:

αBC = −0.598 rad/s2 , αCD = 1.482 rad/s2 ,

where the negative sign means a clockwise angular acceleration.
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Problem 17.110 In Problem 17.108, if you want arm
CD to remain vertical and you want part D to have
velocity vD = 1.0i (m/s) and zero acceleration, what are
the necessary angular velocities and angular accelera-
tions of arms AB and BC ?

y

50�
x

D

B

C

A

15�

170 mm

300 mm

30
0 m

m

Solution: The constraint that CD remain vertical with zero accel-
eration means that every point on arm CD is translating, without
rotation, at a velocity of 1 m/s. This means that the velocity of point C

is vC = 1.0i (m/s), and the acceleration of point C is zero. The vectors:

rB/A = 300(i cos 50◦ + j sin 50◦
) = 192.8i + 229.8j (mm).

rC/B = 300(i cos 15◦ − j sin 15◦
) = 289.78i − 77.6j (mm).

The angular velocities of AB and BC: The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

192.8 229.8 0




= ωAB(−229.8i + 192.8j) (mm/s).

The velocity of C in terms of the velocity of B is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

289.8 −77.6 0


 .

vC = −229.8ωAB i + 192.8ωAB j + ωBC(77.6i + 289.8j) (mm/s).

The velocity of C is known, vC = 1000i (mm/s). Equate the
expressions for vC and separate components: 1000 = −229.8ωAB +
77.6ωBC , 0 = 192.8ωAB + 289.8ωBC . Solve:

ωAB = −3.55 rad/s , ωBC = 2.36 rad/s ,

where the negative sign means a clockwise angular velocity.

The accelerations of AB and BC: The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A =


 i j k

0 0 αAB

192.8 229.8 0




− ω2
AB(192.8i + 229.8j (mm/s2).

aB = αAB(−229.8i + 192.8j) − ω2
AB(192.8i + 229.8j) (mm/s2)

The acceleration of C in terms of the acceleration of B is

aC = aB + αBC × rC/B − ω2
BCrC/B

= aB +

 i j k

0 0 αBC

289.8 −77.6 0


− ω2

BC(289.8i − 77.6j),

aC = aB + αBC(77.6i + 289.8j) − ω2
BC(289.8i − 77.6j) (mm/s2).

The acceleration of point C is known to be zero. Substitute this value
for aC , and separate components:

−229.8αAB − 192.8ω2
AB + 77.6αBC − 289.8ω2

BC = 0,

192.8αAB − 229.8ω2
AB + 289.8αBC + 77.6ω2

BC = 0.

Solve:

αAB = −12.1 rad/s2 , αBC = 16.5 rad/s2 ,

where the negative sign means a clockwise angular acceleration.
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Problem 17.111 Link AB of the robot’s arm is rotat-
ing with a constant counterclockwise angular velocity of
2 rad/s, and link BC is rotating with a constant clock-
wise angular velocity of 3 rad/s. Link CD is rotating
at 4 rad/s in the counterclockwise direction and has a
counterclockwise angular acceleration of 6 rad/s2. What
is the acceleration of point D?

x

D
C

y

B30°
20°

A

250 mm

300 mm

250 mm

Solution: The acceleration of B is aB = aA + αAB × rB/A −
ω2

ABrB/A. Evaluating, we get

aB = 0 + 0 − (2)2(0.3 cos 30◦i + 0.3 sin 30◦j)

= −1.039i − 0.600j (m/s2).

The acceleration of C is aC = aB + αBC × rC/B − ω2
BCrC/B . Evalu-

ating, we get

aC = −1.039i − 0.600j − (3)2(0.25 cos 20◦i − 0.25 sin 20◦j)

= −3.154i + 0.170j (m/s2).

The acceleration of D is aD = aC + αCD × rD/C − ω2
CDrD/C . Eval-

uating, we get

aD = −3.154i + 0.170j +
∣∣∣∣∣∣

i j k
0 0 6

0.25 0 0

∣∣∣∣∣∣− (4)2(0.25i)

= −7.154i + 1.67j (m/s2)
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Problem 17.112 The upper grip and jaw of the pliers
ABC is stationary. The lower grip DEF is rotating in
the clockwise direction with a constant angular velocity
of 0.2 rad/s. At the instant shown, what is the angular
acceleration of the lower jaw CFG?

G

70 mm

BA

D

C

30 mm

30 mm

E F

30 mm

Stationary

Solution: From 17.42 we know that ωBE =ωCFG =0.0857 rad/s.

aE = aB + αBE × rE/B − ωBE
2rE/B

= 0+αBEk×(0.07i − 0.03j) m − (0.0857 rad/s)2(0.07i − 0.03j) m

= (−0.000514 m/s2 + {0.03 m}αBE)i

+ (0.0002204 m/s2 + {0.07 m}αBE)j

aF = aE + αEF × rF/E − ωEF
2rF/E

= (−0.000514 m/s2 + {0.03 m}αBE)i

+ (0.0002204 m/s2 + {0.07 m}αBE)j + 0

− (0.0857 rad/s)2(0.03 m)i

= (−0.00171 m/s2 + {0.03 m}αBE)i

+ (0.0002204 m/s2 + {0.07 m}αBE)j

aC = aF + αCFG × rC/F − ωCFG
2rC/F

= (−0.00171 m/s2 + {0.03 m}αBE)i

+ (0.0002204 m/s2 + {0.07 m}αBE)j + αCFGk × (0.03 m)j

− (0.0857 rad/s)2(0.03 m)j

= (−0.00171 m/s2 + {0.03 m}[αBE − αCFG])i + (0.07 m)αBEj

Since C is fixed we have

−0.00171 m/s2 + {0.03 m}[αBE − αCFG] = 0
(0.07 m)αBE = 0

}

⇒ αBE = 0
αCFG = −0.0571 rad/s2

αBE = 0
αCFG = 0.0571 rad/s2 CW
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Problem 17.113 The horizontal member ADE sup-
porting the scoop is stationary. If the link BD has a
clockwise angular velocity of 1 rad/s and a counterclock-
wise angular acceleration of 2 rad/s2, what is the angular
acceleration of the scoop?

C
B

D EA

Scoop

0.61 m

1.52 m
0.31 m

0.76 m 

0.46 m

Solution: The velocity of B is

vB = vD + ωBD × rB/D = 0 +
∣∣∣∣∣∣

i j k
0 0 −1

0

∣∣∣∣∣∣
= i − j (m/s0.31 ).

The velocity of C is

vc = vB + ωBC × rC/B = i− j + 0 +
∣∣∣∣∣∣

i j k
0 0 ωBC

− 0

∣∣∣∣∣∣ (1)

We can also express vc as

vc = vE + ωCE × rC/E = 0 + (ωCEk) × ( . j) = − . ωCE i. (2)

Equating i and j components in Equations (1) and (2) we get
+ 0. ωBC = − . ωCE , and − + . ωBC = 0. Solving,

we obtain ωBC = 0.400 rad/s and ωCE = −1.467 rad/s.

The acceleration of B is

aB = aD + αBD × rB/D − ω2
BDrB/D,

or aB = 0 +
∣∣∣∣∣∣

i j k
0 0 2

0

∣∣∣∣∣∣− (1)2 ( i + j)

= − i ( 2).

The acceleration of C is

aC = aB + αBC × rC/B − ω2
BCrC/B

aC = − i +
∣∣∣∣∣∣

i j k
0 0 αBC

−0. 0

∣∣∣∣∣∣− (0.4)2( i − 0. j). (3)

We can also express aC as

aC = aE + αCE × rC/E − ω2
CErC/E = 0 + (αCEk)

× ( . j) − (−1.467)2( j)

= − αCE i − . j. (4)

Equating i and j components in Equations (3) and (4), we get

− + 0. αBC − (0.4)2( ) = − αCE,

and 0.76αBC + (0.4)2 (0. )= − .

Solving, we obtain

αBC = −1.32 rad/s2

αCE = 4.04 rad/s2.

2 rad/s2

1 rad/s

y

D E
x

B
C

αBC
ωBC

ωCE

αCE

410

0.31 0.61

0.61

0.61 0.31
0.76 0.15

0 46 0 46

0.61 15 0 46 0.31 0 76

0.31 0.61
0.31 0.61

1.52 m/s

1.52
0.76 15

0.76 15

0 46 0.46

0.46 0 98

1.52 15 0.76 0.46

15 0.98
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Problem 17.114 The ring gear is fixed, and the hub
and planet gears are bonded together. The connecting rod
has a counterclockwise angular acceleration of 10 rad/s2.
Determine the angular acceleration of the planet and sun
gears.

A

240 mm

720 mm

340
mm

140
    mm

Planet gear

Connecting
rod

Sun gear

Hub gear

Ring gear

Solution: The x components of the accelerations of pts B and
C are

aBx = 0,

aCx = −(10 rad/s2)(0.58 m)

= −5.8 m/s2.

Let αP and αS be the angular accelerations of the planet and sun gears.

aB = aC + αP × rB/C − w2
P rB/C

= aC +
∣∣∣∣∣∣

i j k
0 0 αP

0 0.14 0

∣∣∣∣∣∣− w2
P (0.14j).

The i component of this equation is

0 = −5.8 − 0.14αP .

We obtain

αP = −41.4 rad/s2.

Also, aD = aC + αP × rD/C − ω2
P rD/C

= aC +
∣∣∣∣∣∣

i j k
0 0 −41.4
0 −0.34 0

∣∣∣∣∣∣− ω2
P (−0.34j).

The i component of this equation is

aDx = −5.8 − (41.4)(0.34) = −19.9 m/s2.

Therefore

αS = 19.9

0.24
= 82.9 rad/s2.

y

x

A

B

C

D

E

411

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.115 The connecting rod in Problem
17.114 has a counterclockwise angular velocity of
4 rad/s and a clockwise angular acceleration of
12 rad/s2. Determine the magnitude of the acceleration
at point A.

A

240 mm

720 mm

340
mm

140
    mm

Planet gear

Connecting
rod

Sun gear

Hub gear

Ring gear

Solution: See the solution of Problem 17.114. The velocities of
pts B and C are

vB = O, vC = −(4)(0.58)i = −2.32i (m/s).

Let ωP and ωS be the angular velocities of the planet and sun gears.

vB = vC + ωP × rB/C :

O = −2.32i + (ωP k) × (0.14j)

= (−2.32 − 0.14ωP )i.

We see that ωP = −16.6 rad/s. Also,

vD = vC + ωP × rD/C

= −2.32i + (−16.6k) × (−0.34j)

= −7.95i (m/s),

So ωS = 7.95

0.24
= 33.1 rad/s.

The x components of the accelerations of pts B and C are

aBx = 0,

aCx = (12 rad/s2)(0.58 m)

= 6.96 m/s2.

aB = aC + αP × rB/C − ω2
P rB/C

= aC +
∣∣∣∣∣∣

i j k
0 0 αP

0 0.14 0

∣∣∣∣∣∣− ω2
P (0.14j).

The i component is

0 = 6.96 − 0.14αP ,

so αP = 49.7 rad/s2.

The acceleration of C is

aC = aE + (−12k) × rC/E − (4)2rC/E

= 0 +
∣∣∣∣∣∣

i j k
0 0 −12
0 0.58 0

∣∣∣∣∣∣− (4)2(0.58j)

= 6.96i − 9.28j (m/s2).

Then the acceleration of A is

aA = aC + αP × rA/C − ω2
P rA/C

= 6.96i − 9.28j +
∣∣∣∣∣∣

i j k
0 0 49.7
0 0.34 0

∣∣∣∣∣∣− (−16.6)2(0.34j)

= −9.94i − 102.65j (m/s2).

|aA| = 103 m/s2.
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Problem 17.116 The large gear is fixed. The angu-
lar velocity and angular acceleration of the bar AB are
ωAB = 2 rad/s and αAB = 4 rad/s2. Determine the angu-
lar acceleration of the bars CD and DE.

4 in 16 in

A

B C D

E

10 in

4 in

10 in

α
ω

AB

ABSolution: The strategy is to express vector velocity of point D in
terms of the unknown angular velocities and accelerations of CD and
DE, and then to solve the resulting vector equations for the unknowns.
The angular velocities ωCD and ωDE . (See solution to Problem 17.51).
The linear velocity of point B is

vB = ωAB × rAB =

 i j k

0 0 2
0 14 0


 = −28i (in/s).

The lower edge of gear B is stationary. The velocity of B is also

vB = ωB × rB =

 i j k

0 0 ωB

0 4 0


 = −4ωB i (in/s).

Equate the velocities vB to obtain the angular velocity of B:

ωB = − vB

4
= 7 rad/s.

The velocity of point C is

vC = vB + ωB × rBC = −28i +

 i j k

0 0 7
4 0 0


 = −28i + 28j (in/s).

The velocity of point D is

vD = vC + ωCD × rCD = −28i + 28j +

 i j k

0 0 ωCD

16 0 0




= −28i + (16ωCD + 28)j (in/s).

The velocity of point D is also given by

vD = ωDE × rED =

 i j k

0 0 ωDE

−10 14 0




= −14ωDE i − 10ωDE j (in/s).

Equate and separate components:

(−28 + 14ωDE)i = 0, (16ωCD + 28 + 10ωDE)j = 0.

Solve: ωDE = 2 rad/s,

ωCD = −3 rad/s.

The negative sign means a clockwise rotation. The angular accelera-
tions. The tangential acceleration of point B is

aB = αAB × rB/A =

 i j k

0 0 4
0 14 0


 = −56i (in/s2).

The tangential acceleration at the point of contact between the gears A

and B is zero, from which

aB = αBC × 4j =

 i j k

0 0 αBC

0 4 0


 = −4αBC i (in/s2),

from which αBC = 14 rad/s2. The acceleration of point C in terms of
the acceleration of point B is

aC = aB + αBC × 4i − ω2
B(4i) = −56i +


 i j k

0 0 14
4 0 0


− 49(4i)

= −252i + 56j (in/s2).

The acceleration of point D in terms of the acceleration of point C is

aD = aC + αCD × 16i − ω2
CD(16i)

= aC +

 i j k

0 0 αCD

16 0 0


− ω2

CD(16i),

aD = −396i + (16αCD + 56)j (in/s2).

The acceleration of point D in terms of the acceleration of point E is

aD =

 i j k

0 0 αDE

−10 14 0


− ω2

DE(−10i + 14j)

= (40 − 14αDE)i − (10αDE + 56)j (in/s2)

Equate the expressions for aD and separate components:

− 396 = 40 − 14αDE, 16αCD + 56 = −10αDE − 56.

Solve: αDE = 31.1 rad/s2 ,

αCD = −26.5 rad/s2 ,

where the negative sign means a clockwise angular acceleration.
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Problem 17.117 In Active Example 17.7, suppose that
the distance from point C to the pin A on the vertical bar
AC is 300 mm instead of 400 mm. Draw a sketch of the
linkage with its new geometry. Determine the angular
velocity of the bar AC and the velocity of the pin A
relative to the slot in bar AB.

800 mm

400 mm
2 rad/s

10 rad/s2

A

B C
Solution: In the new position θ = tan−1

(
300

800

)
= 20.6◦

.

The velocity analysis:

VA = VC + ωAC × rA/C

= 0 + ωACk × (0.3j) = −0.3ωAC i

VA = VB + VArel + ω × rA/B

= 0 + vArel (cos θ i + sin θj)

+ (2k) × (0.8i + 0.3j)

= (vArel cos θ − 0.6)i + (vArel sin θ + 1.6)j

Equating the components of the two expressions for vA we have

−0.3ωAC = vArel cos θ − 0.6, 0 = vArel sin θ + 1.6.

Solving these two equations, we find

vArel = −4.56 m/s, ωAC = 16.2 rad/s.

Thus
A is moving at 4.56 m/s from B toward A,

ωAC = 16.2 rad/s counterclockwise.

Problem 17.118 The bar rotates with a constant
counterclockwise angular velocity of 10 rad/s and sleeve
A slides at a constant velocity of 4 m/s relative to the
bar. Use Eq. (17.15) to determine the acceleration of A.

Solution: Eq. (17.15) is

aA = aB + aArel + 2ω × vArel + α × rA/B − ω2rA/B.

Substitute: aA = 0 + 0 + 2


 i j k

0 0 10
4 0 0


+ 0 − 100(2i)

= −200i + 80j ( 2)

Problem 17.119 Sleeve C slides at 1 m/s relative to
bar BD. Use the body-fixed coordinate system shown to
determine the velocity of C.

1 m/s

C

2 rad/s

A

DB

400
mm

600
mm

600
mm

4 rad/s

y

x

Solution: The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 2
600 600 0


 = −1200(i − j) (mm/s).

Use Eq. (17.11). The velocity of sleeve C is

vC = vB + vArel + ωBD × rC/B .

vC = −1200i + 1200j + 1000i +

 i j k

0 0 4
400 0 0


 .

vC = −200i + 2800j (mm/s) .
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Problem 17.120 In Problem 17.119, the angular accel-
erations of the two bars are zero and the sleeve C slides
at a constant velocity of 1 m/s relative to bar BD . What
is the acceleration of C?

1 m/s

C

2 rad/s

A

DB

400
mm

600
mm

600
mm

4 rad/s

y

x

Solution: From Problem 17.119, ωAB = 2 rad/s, ωBC = 4 rad/s.
The acceleration of point B is

aB = −ω2
ABrB/A = −4(600i + 600j)

= −2400i − 2400j (mm/s2).

Use Eq. (17.15). The acceleration of C is

aC = aB + aCrel + 2ωBD × vCrel + αBD × rC/B − ω2
BDrC/B .

aC = −2400i − 2400j + 2


 i j k

0 0 ωBD

1000 0 0


− ω2

BD(400i),

aC = −8800i + 5600j (mm/s2)

Problem 17.121 Bar AC has an angular velocity
of 2 rad/s in the counterclockwise direction that is
decreasing at 4 rad/s2. The pin at C slides in the slot
in bar BD.

(a) Determine the angular velocity of bar BD and the
velocity of the pin relative to the slot.

(b) Determine the angular acceleration of bar BD and
the acceleration of the pin relative to the slot.

7 cm

4 cm

D

C

BA
Solution: The coordinate system is fixed with respect to the ver-
tical bar.

(a) vC = vA + ωAC × rC/A = 0 +
∣∣∣∣∣∣

i j k
0 0 ωAC

7 4 0

∣∣∣∣∣∣ . (1)

vC = vB + vCrel + ωBD × rC/B

= 0 + vCrelj +
∣∣∣∣∣∣

i j k
0 0 ωBD

0 4 0

∣∣∣∣∣∣ . (2)

Equating i and j components in Eqs. (1) and (2),

−4ωAC = −4ωBD, (3)

7ωAC = vCrel, (4)

We obtain ωBD = 2 rad/s, vCrel = 14 cm/s.

(b) aC = aA + αAC × rC/A − ω2
ACrC/A

= 0 +
∣∣∣∣∣∣

i j k
0 0 αAC

7 4 0

∣∣∣∣∣∣− ω2
AC(7i + 4j). (5)

aC = aB + aCrel + 2ωBD × vCrel + αBD × rC/B − ω2
BDrC/B

= 0 + aCrelj + 2

∣∣∣∣∣∣
i j k
0 0 ωBD

0 vCrel 0

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
0 0 αBD

0 4 0

∣∣∣∣∣∣− ω2
BD(4j).(6)

Equating i and j components in Eqs. (5) and (6),

−4αAC − 7ω2
AC = −2ωBDvCrel − 4αBD, (7)

7αAC − 4ω2
AC = aCrel − 4ω2

BD, (8)

We obtain αBD = −11 rad/s2, aCrel = −28 cm/s .2

y

x

C

A B

D

4 cm

7 cm
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Problem 17.122 In the system shown in Prob-
lem 17.121, the velocity of the pin C relative to the slot
is 21cm/s upward and is decreasing at 42 cm/s2. What are
the angular velocity and acceleration of bar AC?

7 cm

4 cm

D

C

BA

Solution: See the solution of Problem 17.121. Solving Eqs. (3),
(4), (7), and (8) with vCrel = 21 cm/s and aCrel =−42 cm/s , we obtain2

ωAC = 3 rad/s,

αAC = −6 rad/s2.

Problem 17.123 In the system shown in Prob-
lem 17.121, what should the angular velocity and accel-
eration of bar AC be if you want the angular velocity and
acceleration of bar BD to be 4 rad/s counterclockwise
and 24 rad/s2 counterclockwise, respectively?

Solution: See the solution of Problem 17.121. Solving Eqs. (3),
(4), (7), and (8) with ωBD = 4 rad/s2 and αBD = 24 rad/s2, we obtain

ωAC = 4 rad/s,

αAC = 52 rad/s2.

Problem 17.124 Bar AB has an angular velocity of
4 rad/s in the clockwise direction. What is the velocity
of pin B relative to the slot?

A

B

C

80 mm 35 mm

60 mm

Solution: The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 −ωAB

115 60 0


 = 240i − 460j (mm/s).

The velocity of point B is also determined from bar CB

vB = vBrel + ωCB × (35i + 60j),

vB = vBrel +

 i j k

0 0 ωCB

35 60 0




vB = vBreli − 60ωCB i + 35ωCB j (mm/s).

Equate like terms: 240 = vBrel − 60ωCB , −460 = 35ωCB from which

ωBC = −13.14 rad/s, vBrel = −548.6 mm/s

y

xA C

B
vBrel
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Problem 17.125 In the system shown in Prob-
lem 17.124, the bar AB has an angular velocity of
4 rad/s in the clockwise direction and an angular accel-
eration of 10 rad/s2 in the counterclockwise direction.
What is the acceleration of pin B relative to the slot?

A

B

C

80 mm 35 mm

60 mm

Solution: Use the solution to Problem 17.124, from which ωBC =
−13.14 rad/s, vBrel = −548.6 mm/s. The angular acceleration and the
relative acceleration. The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A

=

 i j k

0 0 10
115 60 0


− (16)(115i + 60j) (mm/s2),

aB = −600i + 1150j − 1840i − 960j = −2440i + 190j (mm/s2).

The acceleration of pin B in terms of bar BC is

aB = aBreli + 2ωBC × vBrel + αBC × rB/C − ω2
BCrB/C,

aB = aBreli + 2


 i j k

0 0 −13.14
−548.6 0 0




+

 i j k

0 0 αBC

35 60 0


− (13.142)(35i + 60j).

aB = aBreli + 14,419.5j + 35αBC j − 60αBC i

− 6045.7i − 10, 364.1j.

Equate expressions for aB and separate components: −2440 = aBrel −
60αBC − 6045.7, 190 = 14,419.6 + 35αBC − 10364.1. Solve:

aBrel = −3021i (mm/s2) , αBC = −110.4 rad/s2.

Problem 17.126 The hydraulic actuator BC of the
crane is extending (increasing in length) at a constant
rate of 0.2 m/s. At the instant shown, what is the angular
velocity of the crane’s boom AD?

Strategy: Use Eq. (17.8) to write the velocity of point
C in terms of the velocity of point A, and use Eq. (17.11)
to write the velocity of point C in terms of the velocity
of point B. Then equate your two expressions for the
velocity of point C.

1.8 m 1.2 m

B

C

2.4 m

1 m

A

D

Solution: Using Bar ACD

vC = vA + ωAD × rC/A = 0 + ωADk × (3i + 1.4j) m

= ωAD(−1.4i + 3j) m

Using cylinder BC

vC = vB + vBrel + ωBC × rC/B

= 0 + (0.2 m/s)

(
1.2i + 2.4j√
1.22 + 2.42

)
+ ωBCk × (1.2i + 2.4j) m

= (0.0894 m/s − {2.4 m}ωBC)i + (0.1789 m/s + {1.2 m}ωBC)j

Equating the components of the two expressions we have

(−1.4 m)ωAD =0.0894 m/s − (2.4 m)ωBC

(3 m)ωAD =0.1789 m/s + (1.2 m)ωBC

}
⇒ ωBC =0.0940 rad/s

ωAD =0.0972 rad/s

ωAD = 0.0972 rad/s CCW
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Problem 17.127 In Problem 17.126, what is the
angular acceleration of the crane’s boom AD at the
instant shown?

1.8 m 1.2 m

B

C

2.4 m

1 m

A

D

Solution: Use the angular velocities from 17.126

Bar ACD

aC = aA + αACD × rC/A − ωACD
2rC/A

= 0 + αACDk × (3i + 1.4j) m − ωACD
2(3i + 1.4j) m

= (−{1.4 m}αACD − {3 m}ωACD
2)i + ({3 m}αACD

− {1.4 m}ωACD
2)j

Cylinder BC

aC = aB + aBrel + αBC × rC/B − ωBC
2rC/B + 2ωBC × vBrel

= 0 + 0 + αBCk × (1.2i + 2.4j) m − ωBC
2(1.2i + 2.4j) m

+ 2 ωBCk × (0.2 m/s)

(
1.2i + 2.4j√
1.22 + 2.42

)

= (−{2.4 m}αBC − {1.79 m/s}ωBC − {1.2 m}ωBC
2)i

+ ({1.2 m}αBC + {0.894 m/s}ωBC − {2.4 m}ωBC
2)j

Equating the two expressions for the acceleration of C we have

− {1.4 m}αAD − {3 m}ωAD
2 = −{2.4 m}αBC

− {1.79 m/s}ωBC − {1.2 m}ωBC
2

{3 m}αAD − {1.4 m}ωAD
2 = {1.2 m}αBC

+ {0.894 m/s}ωBC − {2.4 m}ωBC
2

Solving (using the angular velocities from 17.126) we find

αBC = −0.0624 rad/s, αAD = 0.000397 rad/s

αAD = 0.000397 rad/s CCW
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Problem 17.128 The angular velocity ωAC = 5◦ per
second. Determine the angular velocity of the hydraulic
actuator BC and the rate at which the actuator is
extending.

2.4 m

1.2 m1.4 m

A B

C

aAC

vAC

Solution: The point C effectively slides in a slot in the arm BC.
The angular velocity of

ωAC = 5
( π

180

)
= 0.0873 rad/s.

The velocity of point C with respect to arm AC is

vC = ωAC × rC/A =

 i j k

0 0 ωAC

2.6 2.4 0




= −0.2094i + 0.2269j (m/s),

The unit vector parallel to the actuator BC is

e = 1.2i + 2.4j√
1.22 + 2.42

= 0.4472i + 0.8944j.

The velocity of point C in terms of the velocity of the actuator is

vC = vCrele + ωBC × rC/B.

vC = vCrel(0.4472i + 0.8944j) +

 i j k

0 0 ωBC

1.2 2.4 0




vC = vCrel(0.4472i + 0.8944j) + ωBC(−2.4i + 1.2j).

Equate like terms in the two expressions:

−0.2094 = 0.4472vCrel − 2.4ωBC,

0.2269 = 0.8944vCrel + 1.2ωBC.

ωBC = 0.1076 rad/s = 6.17 deg/s ,

vCrel = 0.109 (m/s) ,

which is also the velocity of extension of the actuator.

x

y

vCrel

A B

C
5°/s
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Problem 17.129 In Problem 17.128, if the angular
velocity ωAC = 5◦ per second and the angular
acceleration αAC = −2◦ per second squared, determine
the angular acceleration of the hydraulic actuator BC
and the rate of change of the actuator’s rate of extension.

2.4 m

1.2 m1.4 m

A B

C

aAC

vAC

Solution: Use the solution to Problem 17.128 for the velocities:

ωBC = 0.1076 rad/s,

ωAC = 0.0873 rad/s

vCrel = 0.1093 (m/s).

The angular acceleration

αAC = −2
( π

180

)
= −0.03491 rad/s2.

The acceleration of point C is

aC = αAC × rC/A − ω2
ACrC/A

=

 i j k

0 0 αAC

2.6 2.4 0


− ω2

AC(2.6i + 2.4j),

aC = αAC(−2.4i + 2.6j) − ω2
AC(2.6i + 2.4j)

= 0.064i − 0.109j (m/s2).

The acceleration of point C in terms of the hydraulic actuator is

aC = aCrele + 2ωBC × vCrel + αBC × rC/B − ω2
BCrC/B,

aC = aCrele + 2


 i j k

0 0 ωBC

0.4472vCrel 0.8944vCrel 0




+

 i j k

0 0 αBC

1.2 2.4 0


− ω2

BC(1.2i + 2.4j)

aC = aCrel(0.4472i + 0.8944j) + 2ωBC(−0.0977i + 0.0489j)

+ αBC(−2.4i + 1.2j) − ω2
BC(1.2i + 2.4j).

Equate like terms in the two expressions for aC .

0.0640 = 0.4472aCrel − 0.0139 − 2.4αBC − 0.0210,

−0.1090 = 0.8944aCrel − 0.0278 + 1.2αBC + 0.0105.

Solve: aCrel = −0.0378 (m/s2) ,

which is the rate of change of the rate of extension of the actuator,
and

αBC = −0.0483 (rad/s2) = −2.77 deg/s2
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Problem 17.130 The sleeve at A slides upward at a
constant velocity of 10 m/s. Bar AC slides through the
sleeve at B. Determine the angular velocity of bar AC
and the velocity at which the bar slides relative to the
sleeve at B. (See Example 17.8.)

10 m/s
A

C

B

30�

1 m

Solution: The velocity of the sleeve at A is given to be vA =
10j (m/s). The unit vector parallel to the bar (toward A) is

e = 1(cos 30◦i + sin 30◦j) = 0.866i + 0.5j.

Choose a coordinate system with origin at B that rotates with the bar.
The velocity at A is

vA = vB + vArele + ωAC × rA/B

= 0 + vArele +

 i j k

0 0 ωAB

0.866 0.5 0




vA = (0.866i + 0.5j)vArel + ωAC(−0.5i + 0.866j) (m/s).

The given velocity is vA = 10j (m/s). Equate like components in the
two expressions for vA:

0 = 0.866vArel − 0.5ωAC,

10 = 0.5vArel + 0.866ωAC.

Solve: ωAC = 8.66 rad/s (counterclockwise),

vArel = 5 m/s from B toward A.

C

B

Ay

x

vA

vArel

Problem 17.131 In Problem 17.130, the sleeve at A
slides upward at a constant velocity of 10 m/s. Deter-
mine the angular acceleration of bar AC and the rate of
change of the velocity at which the bar slides relative to
the sleeve at B. (See Example 17.8.)

10 m/s
A

C

B

30�

1 mSolution: Use the solution of Problem 17.130:

e = 0.866i + 0.5j,

ωAB = 8.66 rad/s,

vArel = 5 m/s.

The acceleration of the sleeve at A is given to be zero. The acceleration
in terms of the motion of the arm is

aA = 0 = aArele + 2ωAB × vArele + αAB × rA/B − ω2
ABrA/B .

aA = 0 = aArele + 2vArel


 i j k

0 0 ωAB

0.866 0.5 0




+

 i j k

0 0 αAB

0.866 0.5 0


− ω2

AB(0.866i + 0.5j)

0 = (0.866i + 0.5j)aArel − 43.3i + 75j

+ αAB(−0.5i + 0.866j) − 64.95i − 37.5j.

Separate components:

0 = 0.866aArel − 43.3 − 0.5αAB − 64.95,

0 = 0.5aArel + 75 + 0.866αAB − 37.5.

Solve: aArel = 75 (m/s2) (toward A).

αAB = −86.6 rad/s2 , (clockwise).
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Problem 17.132 Block A slides up the inclined surface
at 2 m/s. Determine the angular velocity of bar AC and
the velocity of point C.

B

x

2 .5  m

y

2.5 m4.5 m

20�

A

C

Solution: The velocity at A is given to be

vA = 2(−i cos 20◦ + j sin 20◦
) = −1.879i + 0.6840j (m/s).

From geometry, the coordinates of point C are

(
7, 2.5

(
7

4.5

))
= (7, 3.89) (m).

The unit vector parallel to the bar (toward A) is

e = (72 + 3.892)−1/2(−7i − 3.89j) = −0.8742i − 0.4856j.

The velocity at A in terms of the motion of the bar is

vA = vArele + ωAB × rA/B = vArele +

 i j k

0 0 ωAC

−4.5 −2.5 0


 ,

vA = −0.8742vAreli − 0.4856vArelj + 2.5ωAC i − 4.5ωAC j (m/s).

Equate the two expressions for vA and separate components:

−1.879 = −0.8742vArel + 2.5ωAC,

0.6840 = −0.4856vArel − 4.5ωAC.

Solve: vArel = 1.311 m/s,

ωAC = −0.293 rad/s (clockwise).

Noting that vA = 2 m/s, the velocity at point C is

vC = vA(−0.8742i − 0.4856j) +

 i j k

0 0 −0.293
2.5 3.89 − 2.5 0


 ,

vC = −0.738i − 1.37j (m/s) .

A

B

y
C

x

vA

vArel
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Problem 17.133 In Problem 17.132, block A slides up
the inclined surface at a constant velocity of 2 m/s.
Determine the angular acceleration of bar AC and the
acceleration of point C.

B

x

2.5 m

y

20�

A

C

Solution: The velocities: The velocity at A is given to be

vA = 2(−i cos 20◦ + j sin 20◦
) = −1.879i + 0.6840j (m/s).

From geometry, the coordinates of point C are

(
7, 2.5

(
7

4.5

))
= (7, 3.89) (m).

The unit vector parallel to the bar (toward A) is

e = −7i − 3.89j√
72 + 3.892

= −0.8742i − 0.4856j.

The velocity at A in terms of the motion of the bar is

vA = vArele + ωAC × rA/B = vArele +

 i j k

0 0 ωAC

−4.5 −2.5 0


 ,

vA = −0.8742vAreli − 0.4856vArelj + 2.5ωAC i − 4.5ωAC j (m/s).

Equate the two expressions and separate components:

−1.879 = −0.8742vArel + 2.5ωAC,

0.6842 = −0.4856vBrel − 4.5ωAC.

Solve: vArel = 1.311 m/s, ωAC = −0.293 rad/s (clockwise).

The accelerations: The acceleration of block A is given to be zero. In
terms of the bar AC, the acceleration of A is

aA = 0 = aArele + 2ωAC × vArele + αAC × rA/B − ω2
ACrA/B .

0 = aArele + 2ωACvArel


 i j k

0 0 1
−0.8742 −0.4856 0




+

 i j k

0 0 αAC

−4.5 −2.5 0


− ω2

AC(−4.5i − 2.5j).

0 = aArele + 2ωACvArel(−ey i + ex j) + αAC(2.5i − 4.5j)

− ω2
AC(−4.5i − 2.5j).

Separate components to obtain:

0 = −0.8742aArel − 0.3736 + 2.5αAC + 0.3875,

0 = −0.4856aArel + 0.6742 − 4.5αAC + 0.2153.

Solve: aArel = 0.4433 ( 2) (toward A).

αAC = 0.1494 rad/s2 (counterclockwise).

The acceleration of point C is

aC = aArele + 2ωAC × vArel + αAC × rC/B − ω2
ACrC/B

aC = aArele + 2ωACvArel


 i j k

0 0 1
ex ey 0




+

 i j k

0 0 αAC

2.5 3.89 − 2.5 0


− ω2

AC(2.5i + (3.89 − 2.5)j).

Substitute numerical values: aC = −1.184i + 0.711j ( 2)

423
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Problem 17.134 The angular velocity of the scoop is
1 rad/s clockwise. Determine the rate at which the hy-
draulic actuator AB is extending.

C
B

D EA

Scoop

0.61 m 0.46 m

1.52 m 0.31 m 0.76 m

Solution: The point B slides in the arm AB. The velocity of point
C is

vC = ωscoop × ( . j) =

 i j k

0 0 1
0 0


 = . i ( ).

Point B is constrained to move normally to the arm DB: The unit
vector parallel to DB is

eDB = i + j√
2 + 2

= 0.4472i + 0.8944j.

The unit vector normal to eDB is eNDB = 0.8944i − 0.4472j, from
which the velocity of C in terms of BC is

vC = vBeNBD + ωBC × rC/B

= vB(0.8944i − 0.4472j) +

 i j k

0 0 ωBC

−0. 0


 .

vC = vB(0.8944i − 0.4472j) + ωBC(0. i + j).

Equate terms in vC , 0. = 0.8944vB + 0. ωBC , O = −0.4472vB +
. ωBC . Solve: ωBC = 0.2727 rad/s, vB = .

vB = vBeNDB = 1.364i − 0.6818j (m/s).

The unit vector parallel to the arm AB is

eAB = i+ j√
2+ 2

= 0.9487i + 0.3162j

Choose a coordinate system with origin at A rotating with arm AB.
The velocity of point B is

vB = vBreleAB + ωAB × rB/A

= vBrel(0.9487i + 0.3162j) +

 i j k

0 0 ωAB

0


 .

vB = vBrel(0.9487i + 0.3162j) + ωAB(− i + j).

Equate the expressions and separate components:

. = 0.9487vBrel − ωAB,

− 0. = 0.3162vBrel + ωAB.

Solve: ωAB = −0.1704 rad/s, vBrel = . which is the rate

of extension of the actuator.

y

x
A

B
vB rel

424

0 46
0.46

0 46 m/s

0.31 0.61

0.31 0.61

0.76 15

15 0.76

46 15
0 76 0 465 m/s, from which

1.83 0.61

1.83 0.61

1.83 0.61

0.61 1.83

0 416 0.61

208 1.83

0 329 m/s
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Problem 17.135 The angular velocity of the scoop is
1 rad/s clockwise and its angular acceleration is zero.
Determine the rate of change of the rate at which the
hydraulic actuator AB is extending.

C
B

D EA

Scoop

0.61 m
0.46 m

1.52 m 0.31 m 0.76 m

Solution: Choose a coordinate system with the origin at D and the
x axis parallel to ADE. The vector locations of points A, B, C, and
E are rA = − i rB = i + j rC = i + j
rE = . i The vector AB is

rB/A = rB − rA = i + j (ft),

rB/D = rB − rD = i + j (m).

Assume that the scoop rotates at 1 rad/s about point E. The accelera-
tion of point C is

aC = αScoop × j − ω2
scoop( . j) = − . j ( 2),

since αscoop = 0. The vector from C to B is rB/C = rB − rC =
− . i+ 0. j (m). The acceleration of point B in terms of point C is

aB = aC + αBC × rB/C − ω2
BCrB/C

= j +

 i j k

0 0 αBC

− 0. 0


− ω2

BC (− i + 0. j),

from which

aB = −(0. αBC − . ω2
BC)i − ( . + . αBC + 0.5ω2

BC)j.

The acceleration of B in terms of D is

aB = aD + αBD × rB/D − ω2
BDrB/D

= aD +

 i j k

0 0 αBD

0


− ω2

BD ( i+ j).

The acceleration of point D is zero, from which aB = −( αBD +
ω2

BD)i + ( αBD − ω2
BD)j. Equate like terms in the two

expressions for aB, −(0. αBC− ω2
BC)=−( αBD + ω2

BD) ,
−( .

0.31
+ αBC + 0. ω 2

BC) = ( αBD − ω2
BD). From the

solution to Problem 17.134, ωBC = 0.2727 rad/s, and vB = .

The velocity of point B is normal to the link BD, from which

ωBD = vB√
12 + 22

= 0.6818 rad/s.

Substitute and solve for the angular accelerations: αBC =
−0.1026 rad/s2, αBD = −0.3511 rad/s2. From which the acceleration
of point B is

aB = −(2αBD + ω2
BD)i + (αBD − 2ω2

BD)j

= 0. i − . j ( 2).

The acceleration of point B in terms of the arm AB is

aB = aBreleB/A + ωAB × vBreleB/A + αAB × rB/A − ω2
ABrB/A.

From the solution to Problem 17.134: eB/A = 0.9487i + 0.3162j,
vBrel] = . ωAB = −0.1705 rad/s. From which

aB = aBrel(0.9487i + 0.3162j) + 0.1162i − 0.3487j

+ αAB(− i + j)− 0.1743i − 0.0581j.

Equate the accelerations of point B and separate components:

0. = 0.9487aBrel − αAB − ,

− = 0.3162aBrel + αAB − 0. .

Solve: aBrel = 0.00116 m/s2 , which is the rate of change of the rate

at which the actuator is extending.

425

1.52 m, 0.31 0.61 m, 1.07 0.46 m,
1 07 m.

1.83 0.61

0.31 0.61

4.57 0 46 0 46 m/s

0 76 15

0.46
0.76 15

0.76 15

15 0 76 0 46 0 76

0.31 0.61
0.31 0.61

0.6.1
0.31 0.31 0.61

15 0.76 0.61
0 46 0.76 15 0. .31 0.61

0 465 m/s.

072 0 39 m/s

0.61

0 33 m/s,

0.61 1.83

072 0.61 0.018

0.39 1.83 124
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Problem 17.136 Suppose that the curved bar in
Example 17.9 rotates with a counterclockwise angular
velocity of 2 rad/s.

(a) What is the angular velocity of bar AB?
(b) What is the velocity of block B relative to the slot?

350 mm

500
mm

1000 mm

500
mmA C

B

1 rad/s

D

Solution: The angle defining the position of B in the circular
slot is

β = sin−1
(

350

500

)
= 44.4◦

.

The vectors are

rB/A = (500 + 500 cos β)i + 350j = 857i + 350j (mm).

rB/C = (−500 + 500 cos β)i + 350j (mm).

The unit vector tangent to the slot at B is given by

eB = − sin βi + cos βj = −0.7i + 0.714j.

The velocity of B in terms of AB is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

857 350 0




= ωAB(−350i + 857j) (mm/s).

The velocity of B in terms of BC is

vB = vBreleB + ωBC × rB/C

= vBrel(−0.7i + 0.714j) +

 i j k

0 0 ωBC

−142.9 350 0


 ,

vB = vBrel(−0.7i + 0.714j) + (−700i − 285.8j) (mm/s)

Equate the expressions for the velocity of B and separate components:

− 350ωAB = −0.7vBrel − 700,

− 857ωAB = 0.714vBrel − 285.8.

Solve:

(a) ωAB = −2 rad/s (clockwise).

(b) vBrel = −2000 mm/s (toward C).

A

B

C

1000 mm

500
mm

500
mm

350
mm

ω
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Problem 17.137 Suppose that the curved bar in
Example 17.9 has a clockwise angular velocity of
4 rad/s and a counterclockwise angular acceleration of
10 rad/s2. What is the angular acceleration of bar AB? 350 mm

500
mm

1000 mm

500
mmA C

B

1 rad/s

D

Solution: Use the solution to Problem 17.118 with new data.

Get the velocities: The angle defining the position of B in the circular
slot is

β = sin−1
(

350

500

)
= 44.4◦

.

The vectors

rB/A = (500 + 500 cos β)i + 350j = 857i + 350j (mm).

rB/C = (−500 + 500 cos β)i + 350j (mm).

The unit vector tangent to the slot at B

eB = − sin βi + cos βj = −0.7i + 0.714j.

The component normal to the slot at B is

eNB = cos βi + sin βj = 0.7141i + 0.7j.

The velocity of B in terms of AB

vB = ωAB × rB/A =

 i j k

0 0 ωAB

857 350 0




= ωAB(−350i + 857j) (mm/s).

The velocity of B in terms of BC is

vB = vBreleB + ωBC × rB/C

= vBrel(−0.7i + 0.714j) +

 i j k

0 0 −ωBC

−142.9 350 0


 ,

vB = vBrel(−0.7i + 0.714j) + (1400i + 571.6j) (mm/s).

Equate the expressions for the velocity of B and separate compo-
nents: −350ωAB = −0.7vBrel + 1400, 857ωAB = 0.714vBrel + 571.6.
Solve: ωAB = 4 rad/s (counterclockwise). vBrel = 4000 mm/s (away
from C).

Get the accelerations: The acceleration of point B in terms of the
AB is

aB = αAB × rB/A − ω2
ABrB/A

=

 i j k

0 0 αAB

857 350 0


− ω2

AB(857i + 350j),

aB = αAB(−350i + 857j) − 138713i − 5665j (mm/s2).

The acceleration in terms of the arm BC is

aB = aBrel + 2ωBC × vBreleB + αBC × rB/C − ω2
BCrB/C.

Expanding term by term:

aBrel = aBreleB −
(

v2
Brel

500

)
eNB

= aBrel(−0.7i + 0.7141j) − 22,852.6i − 22,400j.

Other terms:

2ωBC × vBreleB = 22852i + 22,400j,

αBC × rB/C = −3500i − 1429.3j,

− ω2
BCrB/C = 2286.8i − 5600j.

Collect terms:

aB = aBrel(−0.7i + 0.7141j) − 22852.6i − 22400j + 22852.6i

+ 22400j − 3500i − 1429.3j + 2286.9i − 5600j

aB = aBrel(−0.7i + 0.7141j) − 1213i − 7029.3j.

Equate the two expressions for the acceleration of B to obtain the two
equations:

− 350αAB − 13,871 = −0.7aBrel − 1213.1,

857αAB − 5665 = 0.7141aBrel − 7029.3.

Solve:

aBrel = 29180 (mm/s2),

αAB = 22.65 rad/s2 (counterclockwise).
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Problem 17.138* The disk rolls on the plane surface
with a counterclockwise angular velocity of 10 rad/s.
Bar AB slides on the surface of the disk at A. Determine
the angular velocity of bar AB.

A

BC

2 m

10 rad/s

1 m

45�

Solution: Choose a coordinate system with the origin at the point
of contact between the disk and the plane surface, with the x axis
parallel to the plane surface. Let A be the point of the bar in contact
with the disk. The vector location of point A on the disk is

rA = i cos 45◦ + j(1 + sin 45◦
) = 0.707i + 1.707j (m).

The unit vector parallel to the radius of the disk is

eA = cos 45◦i + sin 45◦j = 0.707i + 0.707j.

The unit vector tangent to the surface of the disk at A is

eNA = i sin 45◦ − j cos 45◦ = 0.707i − 0.707j.

The angle formed by the bar AB with the horizontal is

β = sin−1
(

sin 45◦

2

)
= 20.7◦

.

The velocity of point A in terms of the motion of bar AB is

vA = ωAB × rA/B =

 i j k

0 0 ωAB

−2 cos β 2 sin β 0


 ·

vA = ωAB(−0.707i − 1.871j) ( ).

The velocity of point A in terms of the point of the disk in contact
with the plane surface is

vA = vAreleNA + ωdisk × rA

= vArel(0.707i − 0.707j) +

 i j k

0 0 ωdisk

0.707 1.707 0


 ,

vA = vArel(0.707i − 0.707j) + (−17.07i + 7.07j).

Equate the expressions and separate components:

−0.707ωAB = 0.707vArel − 17.07,

−1.871ωAB = −0.707vArel + 7.07.

Solve:

vArel = 20.3 m/s,

ωAB = 3.88 rad/s (counterclockwise).

y

x

B

A

vArel
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Problem 17.139* In Problem 17.138, the disk rolls on
the plane surface with a constant counterclockwise angu-
lar velocity of 10 rad/s. Determine the angular acceler-
ation of bar AB.

A

BC

2 m

10 rad/s

1 m

45�

Solution: Use the results of the solution to Problem 17.138.
Choose a coordinate system with the origin at the point of contact
between the disk and the plane surface, with the x axis parallel to the
plane surface. The vector location of point A on the disk is

rA = i cos 45◦ + j(1 + sin 45◦
) = 0.707i + 1.707j (m).

The unit vector tangent to the surface of the disk at A is

eNA = i sin 45◦ − j cos 45◦ = 0.707i − 0.707j.

The angle formed by the bar AB with the horizontal is

β = sin−1(sin 45◦
/2) = 20.7◦

.

Get the velocities: The velocity of point A in terms of the motion of
bar AB is

vA = ωAB × rA/B =

 i j k

0 0 ωAB

−2 cos β 2 sin β 0




= ωAB(−0.707i − 1.871j) (m/s).

The acceleration of the center of the disk is zero. The velocity of point
A in terms of the center of the disk is

vA = vAreleNA + ωdisk × rA

= vArel(0.707i − 0.707j) +

 i j k

0 0 ωdisk

0.707 1.707 0


 ,

vA = vArel(0.707i − 0.707j) + (−17.07i + 7.07j).

Equate the expressions and separate components:

−0.707ωAB = 0.707vArel − 17.07, −1.871ωAB = −0.707vArel + 7.07.

Solve:

vArel = 20.3 m/s,

ωAB = 3.88 rad/s (counterclockwise).

Get the accelerations: The acceleration of point A in terms of the arm
AB is

aA = αAB × rA/B − ω2
ABrA/B

=

 i j k

0 0 αAB

−1.87 0.707 0


+ 28.15i − 10.64j ( 2),

aA = αAB(−0.707i − 1.87j) + 28.15i − 10.64j ( 2).

The acceleration of point A in terms of the disk is

aA = aArel + 2ωdisk × vAreleNA + αdisk × rA/C − ω2
diskrA/C .

Expanding term by term: The acceleration aArel is composed of a
tangential component and a radial component:

aArel = aAreleNA −
(

v2
Arel

1

)
eA

= aArel(0.707i − 0.707j) − 290.3i − 290.3j.

2ωdisk × vAreleNB = 286.6i + 286.6j, αdisk × rA = 0,

since the acceleration of the disk is zero.

−ω2
diskrA/C = −70.7i − 70.7j.

Collect terms and separate components to obtain:

−0.707αAB + 28.15 = 0.707aArel − 290.3 + 286.6 − 70.7,

−1.87αAB − 10.64 = −0.707aArel − 290.3 + 286.6 − 70.7.

Solve:

aArel = 80.6 m/s2,

αAB = 64.6 rad/s2 (counterclockwise).

y

C

R

x

A

B

aArel

v2
Arel
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Problem 17.140* Bar BC rotates with a counterclock-
wise angular velocity of 2 rad/s. A pin at B slides in a
circular slot in the rectangular plate. Determine the angu-
lar velocity of the plate and the velocity at which the pin
slides relative to the circular slot.

A B

40 mm

40 mm

30 mm

C

60 mm

Solution: Choose a coordinate system with the origin O at the
lower left pin and the x axis parallel to the plane surface. The unit
vector parallel to AB is eAB = i. The unit vector tangent to the slot at
B is eNAB = j. The velocity of the pin in terms of the motion of BC
is vB = ωBC × rB/C .

vB =

 i j k

0 0 ωBC

−60 30 0


 = 2(−30i − 60j) = −60i − 120j (mm/s).

The velocity of the pin in terms of the plate is

vB = vBrelj + ωAB × rB/A =

 i j k

0 0 ωAB

40 30 0




= vBrelj + ωAB(−30i + 40j) (mm/s).

Equate the expressions and separate components to obtain

−60 = −30ωAB,

−120 = vBrel + 40ωAB.

Solve:

vBrel = −200j mm/s,

ωAB = 2 rad/s (counterclockwise).
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Problem 17.141* Bar BC in Problem 17.140 rotates
with a constant counterclockwise angular velocity of
2 rad/s. Determine the angular acceleration of the plate.

A B

40 mm

40 mm

30 mm

C

60 mm

Solution: Choose the same coordinate system as in Problem
17.140. Get the velocities: The unit vector parallel to AB is eAB = i.
The unit vector tangent to the slot at B is eNAB = j. The velocity of
the pin in terms of the motion of BC is

vB = ωBC × rB/C

=

 i j k

0 0 ωBC

−60 30 0




= (−60i − 120j) (mm/s).

The velocity of the pin in terms of the plate is

vB = vBrelj +

 i j k

0 0 ωAB

40 30 0




= vBreleNAB + ωAB × rB/O

= vBrelj + ωAB(−30i + 40j) (mm/s).

Equate the expressions and separate components to obtain

−60 = −30ωAB,

−120 = vBrel + 40ωAB.

Solve:

vBrel = −200j mm/s,

ωAB = 2 rad/s (counterclockwise).

Get the accelerations: The acceleration of the pin in terms of the arm
BC is

aB = αBC × rB/C − ω2
BCrB/C

= 0 − 4(−60i + 30j)

= 240i − 120j (mm/s2).

The acceleration of the pin in terms of the plate AB is

aB = aBrel + 2ωAB × vBreleNAB + αAB × rB/O − ω2
ABrB/O.

Expand term by term:

aBrel = aBreleNAB −
(

v2
Brel

40

)
eAB

= aBrelj − 1000i (mm/s2),

2ωAB × vBreleNAB = 800i (mm/s2).

αAB × rB/O =

 i j k

0 0 αAB

40 30 0




= αBA(−30i + 40j) (mm/s2),

−ω2
AB(40i + 30j) = −160i − 120j (mm/s2).

Collect terms and separate components to obtain:

240 = −1000 + 800 − 30αBA − 160,

−120 = aBrel + 40αBA − 120.

Solve:

aBrel = 800 mm/s2 (upward),

αAB = −20 rad/s2 , (clockwise).
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Problem 17.142* By taking the derivative of
Eq. (17.11) with respect to time and using Eq. (17.12),
derive Eq. (17.13).

Solution: Eq (17.11) is

vA = vB + vArel + ω × rA/B .

Eq (17.12) is

vArel =
(

dx

dt

)
i +
(

dy

dt

)
j + k

(
dz

dt

)
k.

Assume that the coordinate system is body fixed and that B is a point
on the rigid body, (A is not necessarily a point on the rigid body),
such that rA = rB + rA/B , where rA/B = xi + yj + zk, and x, y, z are
the coordinates of A in body fixed coordinates. Take the derivative of
both sides of Eq (17.11):

dvA

dt
= dvB

dt
+ dvArel

dt
+ dω

dt
× rA/B + ω × drA/B

dt
.

By definition,

dvA

dt
= aA,

dvB

dt
= aB, and

dω

dt
= α.

The derivative:

dvArel

dt
= d2x

dt2 i + d2y

dt2 j + d2z

dt2 k + dx

dt

di
dt

+ dy

dt

dj
dt

+ dz

dt

dk
dt

.

Using the fact that the derivative of a unit vector represents a rotation
of the unit vector,

di
dt

= ω × i,
dj
dt

= ω × j,
dk
dt

= ω × k.

Substitute into the derivative:

dvArel

dt
= aArel + ω × vArel.

Noting ω × drA/B

dt
= ω ×

(
dx

dt
i + dy

dt
j + dz

dt
k
)

+ ω ×
(

x
di
dt

+ y
dj
dt

+ z
dk
dt

)

= ω × vArel + ω × (ω × rA/B).

Collect and combine terms: the derivative of Eq (17.11) is

aA = aB + arel + 2ω × vArel + α × rA/B + ω × (ω × rA/B) ,

which is Eq (17.13).
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Problem 17.143 In Active Example 17.10, suppose
that the merry-go-round has counterclockwise angular
velocity ω and counterclockwise angular acceleration α.
The person A is standing still on the ground. Determine
her acceleration relative to your reference frame at the
instant shown.

B
x

y

v

O
A

R

A
B

Solution: First the velocity analysis

vA = vB + vArel + ω × rA/B

0 = 0 + vArel + ωk × (Ri)

vArel = −ωRj

Now the acceleration analysis

aA = aB + aArel + a × rA/B − ω2rA/B + 2ω × vArel

0 = 0 + aArel + αk × (Ri) − ω2(Ri) + 2(ωk) × (−ωRi)

aArel = −αRj + ω2Ri + 2ω2Ri

aArel = −ω2Ri − αRj

Problem 17.144 The x –y coordinate system is body
fixed with respect to the bar. The angle θ (in radians) is
give as a function of time by θ = 0.2 + 0.04t2. The x
coordinate of the sleeveA (in metre) is given as a function
of time by x = 1 + 0.03t3. Use Eq. (17.16) to determine
the velocity of the sleeve at t = 4 s relative to a nonrotat-
ing reference frame with its origin at B. (Although you
are determining the velocity of A relative to a nonrotat-
ing reference frame, your answer will be expressed in
components in terms of the body-fixed reference frame.)

y

x

x

B

A

u

Solution: We have

θ = 0.2 + 0.04t2, θ̇ = 0.08t

x = 1 + 0.03t3, ẋ = 0.09t2

At the instant t = 4s, θ̇ = 0.32, x = 2.92, ẋ = 1.44

Thus

vA = vB + vArel + ω × rA/B

= 0 + ẋi + θ̇k × (xi) = ẋi + xθ̇ j

= (1.44)i + (2.92)(0.32)j

vA = (1.44i + 0.934j) /s.
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Problem 17.145 The metal plate is attached to a fixed
ball-and-socket support at O. The pin A slides in a slot
in the plate. At the instant shown, xA = 1 m, dxA/dt =
2 m/s, and d2xA/dt2 = 0, and the plate’s angular
velocity and angular acceleration are ω = 2k (rad/s) and
α = 0. What are the x, y, and z components of the
velocity and acceleration of A relative to a nonrotating
reference frame with its origin at O?

y

x

y � 0.25x2 m
O

A

Solution: The velocity is vA = vO + vArel + ω × rA/O . The rela-
tive velocity is

vArel =
(

dx

dt

)
i +
(

dy

dt

)
j +
(

dz

dt

)
k,

where
dx

dt
= 2 m/s,

dy

dt
= d

dt
0.25x2 = 0.5x

dx

dt
= 1 m/s,

dz

dt
= 0,

and rA/O = xi + yj + zj = i + 0.25j + 0, from which

vA = 2i + j + ω(k × (i + 0.25j)) = 2i + j + 2(−0.25i + j)
= 1.5i + 3j (m/s).

The acceleration is

aA = aO + aArel + 2ω × vArel + α × rA/O + ω × (ω × rA/O).

Noting

aArel =
(

d2x

dt2

)
i +
(

d2y

dt2

)
j +
(

d2z

dt2

)
k,

where

(
d2x

dt2

)
= 0,

d2y

dt2 = d2

dt2 0.25x2 = 0.5

(
dx

dt

)2

= 2,

(
d2z

dt2

)
= 0.

Substitute:

aA = 2j + 2ω(k × (2i + j)) + ω2(k × (k × (i + 0.25j)))

=

 i j k

0 0 4
2 1 0


+ 4k ×


 i j k

0 0 1
1 0.25 0




aA = 2j − 4i + 4ωj + 4


 i j k

0 0 1
−0.25 1 0


 = −8i + 9j (m/s2)
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Problem 17.146 Suppose that at the instant shown in
Problem 17.145, xA = 1 m, dxA/dt = −3 m/s,
d2xA/dt2 = 4 m/s2, and the plate’s angular velocity and
angular acceleration are ω = −4j + 2k (rad/s), and α =
3i − 6j (rad/s2). What are the x, y, z components of the
velocity and acceleration of A relative to a nonrotating
reference frame that is stationary with respect to O?

y

x

y � 0.25x2 m
O

A

Solution: The velocity is vA = vO + vArel + ω × rA/O . The rela-
tive velocity is

vArel =
(

dx

dt

)
i +
(

dy

dt

)
j +
(

dz

dt

)
k,

where
dx

dt
= −3 m/s,

dy

dt
= d

dt
0.25x2 = 0.5x

dx

dt
= −15 m/s,

dz

dt
=

0, and rA/O = xi + yj + zj = i + 0.25j + 0, from which vA = −3i −
1.5j + ω × (i + 0.25j).

vA = −3i − 1.5j +

 i j k

0 −4 2
1 0.25 0


 = −3i − 1.5j − 0.5i + 2j + 4k

= −3.5i + 0.5j + 4k (m/s)

The acceleration is aA = aO + aArel + 2ω × vArel + α × rA/O + ω ×
(ω × rA/O). Noting

aArel =
(

d2x

dt2

)
i +
(

d2y

dt2

)
j +
(

d2z

dt2

)
k,

where

(
d2x

dt2

)
= 4 m/s2,

d2y

dt2
= d2

dt2
0.25x2 = 0.5

(
dx

dt

)2

+ 0.5x

(
d2x

dt2

)
= 6.5 (m/s2),

(
d2z

dt2

)
= 0,α = 3i − 6j (rad/s2), vArel = −3i − 1.5j,

and from above: ω × rA/O = −0.5i + 2j + 4k. Substitute:

aA = 4i + 6.5j + 2


 i j k

0 −4 2
−3 −1.5 0


+


 i j k

3 −6 0
1 0.25 0




+

 i j k

0 −4 2
−0.5 2 4


 .

aA = 4i + 6.5j + 2(3i + 6j − 12k) + (6.75k) + (−20i − j − 2k)

aA = −10i − 6.5j − 19.25k (m/s2)
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Problem 17.147 The coordinate system is fixed
relative to the ship B. At the instant shown, the ship
is sailing north at 5 m/s relative to the earth, and its
angular velocity is 0.26 rad/s counterclockwise. Using
radar, it is determined that the position of the airplane is
1080i + 1220j + 6300k (m) and its velocity relative to
the ship’s coordinate system is 870i − 45j − 21k (m/s).
What is the airplane’s velocity relative to the earth? (See
Example 17.11.)

x

y

A

B

N

Solution:

vA = vB + vArel + ω × rA/B

= 5j + (870i − 45j − 21k) + (0.26k) × (1080i + 1220j + 6300k)

= (870i − 40j − 21k) +
∣∣∣∣∣∣

i j k
0 0 0.26

1080 1220 6300

∣∣∣∣∣∣
vA = (553i + 241j − 21k) m/s.

Problem 17.148 The space shuttle is attempting to
recover a satellite for repair. At the current time, the
satellite’s position relative to a coordinate system fixed
to the shuttle is 50i (m). The rate gyros on the shuttle
indicate that its current angular velocity is 0.05j +
0.03k (rad/s). The Shuttle pilot measures the velocity of
the satellite relative to the body-fixed coordinate system
and determines it to be −2i − 1.5j + 2.5k (rad/s). What
are the x, y, and z components of the satellite’s velocity
relative to a nonrotating coordinate system with its origin
fixed to the shuttle’s center of mass?

50 m

x

y

Solution: The velocity of the satellite is

vA = vB + vArel + ω × rA/B

= 0 − 2i − 1.5j + 2.5k +

 i j k

0 0.05 0.03
50 0 0




= −2i + 1.5j + 2.5k − 1.5j − 2.5k = −2i (m/s)
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Problem 17.149 The train on the circular track is
traveling at a constant speed of 50 m/s in the direction
shown. The train on the straight track is traveling at
20 m/s in the direction shown and is increasing its speed
at 2 m/s . Determine the velocity of passenger2 A that
passenger B observes relative to the given coordinate
system, which is fixed to the car in which B is riding.

A
x

y

20 m/s
50 m/s

500 m

50
0 

m

B

Solution:

The angular velocity of B is ω = 50

500
= 0.1 rad/s.

The velocity of A is vA = vB + vArel + ω × rA/B .

At the instant shown, vA = −20j (m/s), vB = +50j (m/s),

and rA/B = 500i (m), from which

vArel = −20j − 50j −

 i j k

0 0 0.1
500 0 0


 = −20j − 50j − 50j,

vArel = −120j (m/s)

Problem 17.150 In Problem 17.149, determine the
acceleration of passenger A that passenger B observes
relative to the coordinate system fixed to the car in which
B is riding.

Solution:
Use the solution to Problem 17.149:

vArel = −120j (m/s),

ω = 50

500
= 0.1 rad/s,

rA/B = 500i (m).

The acceleration of A is aA = −2j (m/s),

The acceleration of B is

aB = −500(ω2)i = −5i 2,

and α = 0, from which

aA = aB + aArel + 2ω × vArel + ω × (ω × rA/B).

Rearrange:

aArel = aA − aB − 2ω × vArel − ω × (ω × rA/B).

aRel = −2j + 5i − 2


 i j k

0 0 ω

0 −120 0


− ω2


k ×


 i j k

0 0 1
500 0 0




 .

aRel = −2j + 5i − 2(120ω)i − ω2


 i j k

0 0 1
0 500 0


 ,

aArel = −14i − 2j ( 2) .
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Problem 17.151 The satellite A is in a circular polar
orbit (a circular orbit that intersects the earth’s axis of
rotation). The radius of the orbit is R, and the magnitude
of the satellite’s velocity relative to a non-rotating refer-
ence frame with its origin at the center of the earth is vA.
At the instant shown, the satellite is above the equator.
An observer B on the earth directly below the satellite
measures its motion using the earth-fixed coordinate sys-
tem shown. What are the velocity and acceleration of the
satellite relative to B’s earth-fixed coordinate system?
The radius of the earth is RE and the angular velocity of
the earth is ωE. (See Example 17.12.)

N

A

B A
x

y

R

RE

Solution: From the sketch, in the coordinate system shown, the
location of the satellite in this system is rA = (R − RE)i, from which
rA/B = rA − 0 = (R − RE)i. The angular velocity of the observer is
ωE = −ωEk. The velocity of the observer is vB = −ωEREk. The
velocity of the satellite is vA = vAj.
The relative velocity is

vArel = vA − vB − ωE × rA/B,

vArel = vAj + ωEREk − (ωE)


 i j k

0 1 0
R − RE 0 0




= vAj + RωEk .

From Eqs (17.26) and (17.27)

aArel = aA − aB − 2ωE × vArel − α × rA/B − ωE × (ωE × rA/B).

The accelerations:

aA = −ω2
ARi = −

(
v2
A

R

)
i, aB = −ω2

ERE i,α = 0, from which

aArel = −
(

v2
A

R

)
+ iω2

ERE − 2


 i j k

0 ωE 0
0 vA RωE




− ωE ×

 i j k

0 ωE 0
R − RE 0 0


 .

aArel = −ω2
ARi + ω2

ERE i

− 2ω2
ERi −


 i j k

0 ωE 0
0 0 −ωE(R − RE)




= −
(

v2
A

R

)
i + ω2

ERE i − 2ω2
ERi + ω2

E(R − RE)i

aArel = −
((

v2
A

R

)
+ ω2

ER

)
i
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Problem 17.152 A car A at north latitude L drives
north on a north–south highway with constant speed v.
The earth’s radius is RE, and the earth’s angular velocity
is ωE. (The earth’s angular velocity vector points north.)
The coordinate system is earth fixed, and the x axis
passes through the car’s position at the instant shown.
Determine the car’s velocity and acceleration (a) relative
to the earth-fixed coordinate system and (b) relative to a
nonrotating reference frame with its origin at the center
of the earth.

N

L

y

x

B

A

RE

Solution:

(a) In earth fixed coords,

vrel = vj,

arel = −v2/RE i. (motion in a circle)

(b) vA = vArel + ωE × rA/B + vB(vB = 0)

= vj + (ωE sin Li + ωE cos Lj) × RE i

vA = vj − ωERE cos Lk

aA = aB + aArel + 2ωE × vArel + α × rA/B

+ ωE × (ωE × rA/B)

where ωE = ωE sin Li + ωE cos Lj

and rA/B = RE i

aA = 0 − v2

RE

i + 2vωE sin Lk

+ (ωE sin Li + ωE cos Lj) × (−ωERE cos Lk)

aA = −
(

v2

RE

+ ω2
ERE cos2 L

)
i

+ (ω2
ERE sin L cos L)j

+ 2vωE sin Lk

x

y

A

L

B

L

N

RE

E
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Problem 17.153 The airplane B conducts flight tests
of a missile. At the instant shown, the airplane is trav-
eling at 200 m/s relative to the earth in a circular path
of 2000-m radius in the horizontal plane. The coordinate
system is fixed relative to the airplane. The x axis is tan-
gent to the plane’s path and points forward. The y axis
points out the plane’s right side, and the z axis points
out the bottom of the plane. The plane’s bank angle (the
inclination of the z axis from the vertical) is constant
and equal to 20◦. Relative to the airplane’s coordinate
system, the pilot measures the missile’s position and
velocity and determines them to be rA/B = 1000i (m)
and vA/B = 100.0i + 94.0j + 34.2k (m/s).

(a) What are the x,y, and z components of the air-
plane’s angular velocity vector?

(b) What are the x, y, and z components of the mis-
sile’s velocity relative to the earth?

x

z

y

20°

2000 m

A

B

Solution:

(a) The bank angle is a rotation about the x axis; assume that the
rotation is counterclockwise, so that the z axis is rotated toward
the positive y axis. The magnitude of the angular velocity is

ω = 200

2000
= 0.1 rad/s.

In terms of airplane fixed coordinates,

ω = 0.1(i sin 20◦ − j cos 20◦
) (rad/s).

ω = 0.03242j − 0.0940k rad/s

(b) The velocity of the airplane in earth fixed coordinates is

vA = vB + vArel + ω × rA/B

= 200i + 100i + 94.0j + 34.2k

+

 i j k

0 0.0342 −0.0940
1000 0 0




vA = 300i + 94.0j + 34.2k − 94.0j − 34.2k = 300i (m/s)
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Problem 17.154 To conduct experiments related to
long-term spaceflight, engineers construct a laboratory
on earth that rotates about the vertical axis at B with
a constant angular velocity ω of one revolution every
6 s. They establish a laboratory-fixed coordinate system
with its origin at B and the z axis pointing upward.
An engineer holds an object stationary relative to the
laboratory at point A, 3 m from the axis of rotation, and
releases it. At the instant he drops the object, determine
its acceleration relative to the laboratory-fixed coordinate
system,

(a) assuming that the laboratory-fixed coordinate sys-
tem is inertial and

(b) not assuming that the laboratory-fixed coordinate
system is inertial, but assuming that an earth-fixed
coordinate system with its origin at B is inertial.

(See Example 17.13.)

A x

y

x

y

B

A
B

3 m

ω

Solution: (a) If the laboratory system is inertial, Newton’s second
law is F = ma. The only force is the force of gravity; so that as the
object free falls the acceleration is

−gk = −9.81k (m/s2) .

If the earth fixed system is inertial, the acceleration observed is the
centripetal acceleration and the acceleration of gravity:

ω × (ω × rB) − g,

where the angular velocity is the angular velocity of the coordinate
system relative to the inertial frame.

ω × (ω × rA/B) − g = −
(

2π

6

)2

k ×


 i j k

0 0 1
3 0 0




− 9.81k

=
(

π2

3

)
i − 9.81k

= 3.29i − 9.81k (m/s2)
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Problem 17.155 The disk rotates in the horizontal
plane about a fixed shaft at the origin with constant
angular velocity w = 10 rad/s. The 2-kg slider A
moves in a smooth slot in the disk. The spring
is unstretched when x = 0 and its constant is k =
400 N/m. Determine the acceleration of A relative to
the body-fixed coordinate system when x = 0.4 m.

Strategy: Use Eq. (17.30) to express Newton’s second
law for the slider in terms of the body-fixed coordinate
system.

x

x

k A

ω

y

Solution:

T = −kx = (−400)(0.4)

T = −160i Newtons

∑
F = −160i = maArel + m[a0

B + 2ω0 × vrel

+ α0 × rA/B + ω × (ω × rA/B)]

where ω = −10k, rA/B = 0.4i, m = 2

− 160i = 2aArel − 80i

aArel = −40i (m/s2).

y

y

x

x

T

B

A
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Problem 17.156* Engineers conduct flight tests of a
rocket at 30◦ north latitude. They measure the rocket’s
motion using an earth-fixed coordinate system with
the x axis pointing upward and the y axis directed
northward. At a particular instant, the mass of the rocket
is 4000 kg, the velocity of the rocket relative to the
engineers’ coordinate system is 2000i + 2000j (m/s),
and the sum of the forces exerted on the rocket by its
thrust, weight, and aerodynamic forces is 400i + 400j
(N). Determine the rocket’s acceleration relative to the
engineers’ coordinate system,

(a) assuming that their earth-fixed coordinate system
is inertial and

(b) not assuming that their earth-fixed coordinate
system is inertial.

N

30°

y

x

Solution: Use Eq. (17.22):

∑
F − m[aB + 2ω × vArel + α × rA/B + ω × (ω × rA/B)]

= maArel.

(a) If the earth fixed coordinate system is assumed to be inertial, this
reduces to

∑
F = maArel, from which

aArel = 1

m

∑
F = 1

4000
(400i + 400j)

= 0.1i + 0.1j (m/s2)

(b) If the earth fixed system is not assumed to be inertial, aB =
−REω2

E cos2 λi + REω2
E cos λ sin λj, the angular velocity of the

rotating coordinate system is ω = ωE sin λi + ωE cos λj (rad/s).
The relative velocity in the earth fixed system is vArel = 2000i +
2000j (m/s), and rA/B = RE i (m).

2ω × vArel = 2ωE


 i j k

sin λ cos λ 0
2000 2000 0




= 4000ωE(sin λ − cos λ)k

ω × (ω × rA/B) = ω ×

 i j k

ωE sin λ ωE cos λ 0
RE 0 0




= ω × (−REωE cos λ)k

ω × (−REωE cos λ)k = REω2
E cos λ


 i j k

sin λ cos λ 0
0 0 −1




= (−REω2
E cos2 λ)i + (REω2

E cos λ sin λ)j.

Collect terms,

aArel = +(REω2
E cos2 λ)i − (REω2

E cos λ sin λ)j

− 4000ωE(sin λ − cos λ)k + 0.1i + 0.1j.

Substitute values:

RE = 6336 × 103 m, ωE = 0.73 × 10−4 rad/s, λ = 30◦
,

aArel = 0.125i + 0.0854j + 0.1069k (m/s2)

Note: The last two terms in the parenthetic expression for aA in

∑
F − m[aB + 2ω × vArel + α × rA/B + ω × (ω × rA/B)]

= maArel

can be neglected without significant change in the answers.
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Problem 17.157* Consider a point A on the surface of
the earth at north latitude L. The radius of the earth is RE
and its angular velocity is ωE. A plumb bob suspended
just above the ground at point A will hang at a small
angle β relative to the vertical because of the earth’s
rotation. Show that β is related to the latitude by

tan β = ω2
ERE sin L cos L

g − ω2
ERE cos2 L

.

Strategy: Using the earth-fixed coordinate system
shown, express Newton’s second law in the form given
by Eq. (17.22).

N

xy

B
RE

A

L

x

A

β

Solution: Use Eq. (17.25).
∑

F − m[aB + 2ω × vArel + α × rA/B

+ ω × (ω × rA/B)] = maArel. The bob is stationary, so that vArel = 0.
The origin of the coordinate system is stationary, so that aB = 0. The
external force is the weight of the bob

∑
F = mg. The relative acceler-

ation is the apparent acceleration due to gravity, maArel = mgApparent.
Substitute:

gApparent = g − ω × (ω × rA/B)

= gi − ω ×

 i j k

ωE sin L ωE cos L 0
RE 0 0




gApparent = gi − ω × (−REωE cos L)k

= gi + REω2
E cos L


 i j k

sin L cos L 0
0 0 −1




gApparent = gi − (REω2
E cos2 L)i + (REω2

E cos L sin L)j.

The vertical component of the apparent acceleration due to gravity
is gvertical = g − REω2

E cos2 L. The horizontal component of the
apparent acceleration due to gravity is ghorizontal = REω2

E cos L sin L.
From equation of angular motion, the moments about the
bob suspension are Mvertical = (λ sin β)mgvertical and Mhorizontal =
(λ cos β)mghorizontal, where λ is the length of the bob, and m is the
mass of the bob. In equilibrium, Mvertical = Mhorizontal, from which
gvertical sin β = ghorizontal cos β. Substitute and rearrange:

tan β = ghorizontal

gvertical
= REω2

E cos L sin L

g − REω2
E cos2 L

.

β

m
C

Fg
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Problem 17.158* Suppose that a space station is in
orbit around the earth and two astronauts on the station
toss a ball back and forth. They observe that the ball
appears to travel between them in a straight line at
constant velocity.

(a) Write Newton’s second law for the ball as it travels
between the astronauts in terms of a nonrotating
coordinate system with its origin fixed to the
station. What is the term

∑
F ? Use the equation

you wrote to explain the behavior of the ball
observed by the astronauts.

(b) Write Newton’s second law for the ball as it travels
between the astronauts in terms of a nonrotating
coordinate system with its origin fixed to the center
of the earth. What is the term

∑
F? Explain the

difference between this equation and the one you
obtained in part (a).

Solution: An earth-centered, non-rotating coordinate system can
be treated as inertial for analyzing the motions of objects near the
earth (See Section 17.2.) Let O be the reference point of this refer-
ence frame, and let B be the origin of the non-rotating reference frame
fixed to the space station, and let A denote the ball. The orbiting sta-
tion and its contents and the station-fixed non-rotating frame are in
free fall about the earth (they accelerate relative to the earth due to
the earth’s gravitational attraction), so that the forces on the ball in
the fixed reference frame exclude the earth’s gravitational attraction.
Let gB be the station’s acceleration, and let gA be the ball’s accelera-
tion relative to the earth due to the earth’s gravitational attraction. Let∑

F be the sum of all forces on the ball, not including the earth’s
gravitational attraction. Newton’s second law for the ball of mass m

is
∑

F + mgA = maA = m(aB + aA/B) = mgB + maA/B . Since the
ball is within a space station whose dimensions are small compared to
the distance from the earth, gA is equal to gB within a close approxi-
mation, from which

∑
F = maA/B . The sum of the forces on the ball

not including the force exerted by the earth’s gravitational attraction
equals the mass times the ball’s acceleration relative to a reference
frame fixed with respect to the station. As the astronauts toss the ball
back and forth, the only other force on it is aerodynamic drag. Neglect-
ing aerodynamic drag, aA/B = 0, from which the ball will travel in a
straight line with constant velocity.

(b) Relative to the earth-centered non-rotating reference frame, New-
ton’s second law for the ball is

∑
F = maA where

∑
F is the sum

of all forces on the ball, including aerodynamic drag and the force
due to the earth’s gravitational attraction. Neglect drag, from which
aA = gA; the ball’s acceleration is its acceleration due to the earth’s
gravitational attraction, because in this case we are determining the
ball’s motion relative to the earth.

Note: An obvious unstated assumption is that the time of flight of the
ball as it is tossed between the astronauts is much less than the period
of an orbit. Thus the very small acceleration differences gA − gB will
have a negligible effect on the path of the ball over the short time
interval.

B
A/B A

gA
gB
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Problem 17.159 If θ = 60◦ and bar OQ rotates in the
counterclockwise direction at 5 rad/s, what is the angular
velocity of bar PQ?

O
P

Q

200 mm 400 mm

u

Solution: By applying the law of sines, β = 25.7◦. The velocity
of Q is

vQ = v0 + ωOQ × rQ/O or

vQ = 0 +
∣∣∣∣∣∣

i j k
0 0 5

0.2 cos 60◦ 0.2 sin 60◦ 0

∣∣∣∣∣∣ = − sin 60◦i + cos 60◦j.

The velocity of P is

vpi = vQ + ωPQ × rP/Q

= − sin 60◦i + cos 60◦j +
∣∣∣∣∣∣

i j k
0 0 ωPQ

0.4 cos β −0.4 sin β 0

∣∣∣∣∣∣ .

Equating i and j components vP = − sin 60◦ + 0.4ωPQ sin β, and
0 = cos 60◦ + 0.4ωPQ cos β. Solving, we obtain vP = −1.11 m/s and
ωPQ = −1.39 rad/s.

y

O
β

Q

5 rad/s

60°

ωPQ

P
x

P

Problem 17.160 Consider the system shown in Prob-
lem 17.159. If θ = 55◦ and the sleeve P is moving to
the left at 2 m/s, what are the angular velocities of bars
OQ and PQ?

O
P

Q

200 mm 400 mm

u

Solution: By applying the law of sines, β = 24.2◦ The velocity
of Q is

vQ = v0 + ωOQ × rQ/O = 0 +
∣∣∣∣∣∣

i j k
0 0 ωOQ

0.2 cos 55◦ 0.2 sin 55◦ 0

∣∣∣∣∣∣
= −0.2ωOQ sin 55◦i + 0.2ωOQ cos 55◦j (1)

We can also express vQ as

vQ = vP + ωPQ × rQ/P

= −2i +
∣∣∣∣∣∣

i j k
0 0 ωPQ

−0.4 cos β 0.4 sin β 0

∣∣∣∣∣∣ .

Equating i and j components in Equations (1) and (2), we
get −0.2ωOQ sin 55◦ = −2 − 0.4ωPQ sin β, and 0.2ωOQ cos 55◦ =
−0.4ωPQ cos β. Solving, we obtain

ωOQ = 9.29 rad/sωPQ = −2.92 rad/s.
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Problem 17.161 Determine the vertical velocity vH of
the hook and the angular velocity of the small pulley.

H

120 mm/s

40 mm

Solution: The upper pulley is fixed so that it cannot move, from
which the upward velocity of the rope on the right is equal to the
downward velocity on the left, and the upward velocity of the rope on
the right of the lower pulley is 120 mm/s. The small pulley is fixed so
that it does not move. The upward velocity on the right of the small
pulley is vH mm/s, from which the downward velocity on the left is
vH mm/s. The upward velocity of the center of the bottom pulley is
the mean of the difference of the velocities on the right and left, from
which

vH = 120 − vH

2
.

Solve, vH = 40 mm/s .

The angular velocity of the small pulley is

ω = vH

R
= 40

40
= 1 rad/s .

447

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.162 If the crankshaft AB is turning in the
counterclockwise direction at 2000 rpm, what is the ve-
locity of the piston?

CC

y

x

B

A

5 cm

45°

2 c
m

Solution: The angle of the crank with the vertical is 45◦. The
angular velocity of the crankshaft is

ω = 2000

(
2π

60

)
= 209.44 rad/s.

The vector location of point B (the main rod bearing) rB =
2(−i sin 45◦ + j cos 45◦

)= 1.414(−i + j) B

(the main rod bearing) is

vB = ω × rB/A = 1.414ω


 i j k

0 0 1
−1 1 0




= −296.2(i + j) ( ).

From the law if sines the interior angle between the connecting rod

and the vertical at the piston is obtained from
2

sin θ
= 5

sin 45◦ , from

which

θ = sin−1
(

2 sin 45◦

5

)
= 16.43◦

.

The location of the piston is rC = (2 sin 45◦ + 5 cos θ)j = 6.21j (cm).
The vector rB/C = rB − rC = −1.414i − 4.796j (cm). The piston is
constrained to move along the y axis. In terms of the connecting rod
the velocity of the point B is

vB = vC + ωBC × rB/C = vC j +

 i j k

0 0 ωBC

1.414 −4.796 0




= vCj + 4.796ωBC i − 1.414ωBC j ( ).

Equate expressions for vB and separate components:

−296.2 = 4.796ωBC,

−296.2 = vC − 1.414ωBC.

Solve: vC =−383.5j ( ) = −3.835j ( ) ,

ωBC = −61.8 rad/s.

448
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Problem 17.163 In Problem 17.162, if the piston is
moving with velocity vC=240j (cm/s), what are the angu-
lar velocities of the crankshaft AB and the connecting
rod BC?

CC

y

x

B

A

5 cm

45�

2 c
m

Solution: Use the solution to Problem 17.162. The vector location
of point B (the main rod bearing) rB = 1.414(−i + j)
if sines the interior angle between the connecting rod and the vertical
at the piston is

θ = sin−1
(

2 sin 45◦

5

)
= 16.43◦

.

The location of the piston is rC = (2 sin 45◦ + 5 cos θ)j = 6.21j (cm).
The piston is constrained to move along the y axis. In terms of the
connecting rod the velocity of the point B is

vB = vC + ωBC × rB/C = 240j +

 i j k

0 0 ωBC

−1.414 −4.796 0




vB = 240j + 4.796ωBC i − 1.414ωBC j ( ).

In terms of the crank angular velocity, the velocity of point B is

vB = ωAB × rB/A = 1.414ωAB


 i j k

0 0 1
−1 1 0




= −1.414ωAB(i + j) ( ).

Equate expressions and separate components:

4.796ωBC = −1.414ωBC = −1.414ωAB.

Solve:

ωBC = 38.65 rad/s (counterclockwise).

ωAB = 131.1 rad/s = −12515 rpm (clockwise).

Problem 17.164 In Problem 17.162, if the piston
is moving with velocity vC = 240j (cm/s), and its
acceleration is zero, what are the angular accelerations
of crankshaft AB and the connecting rod BC?

CC

y

x

B

A

5 cm

45�

2 c
m

Solution: Use the solution to Problem 17.163. rB/A = 1.414(−i +
j ωAB = −131.1 rad/s, rB/C =rB − rC =−1.414i − 4.796j (cm),
ωBC = 38.65 rad/s. For point B,

aB = aA + αAB × rB/A − ω2
ABrB/A

= 1.414αAB


 i j k

0 0 1
−1 1 0


− 1.414ω2

AB(−i + j),

aB = −1.414αAB(i + j) + 24291(i − j) ( 2).

In terms of the angular velocity of the connecting rod,

aB = aC + αBC × rB/C − ω2
BCrB/C,

aB = αBC


 i j k

0 0 1
−1.414 −4.796 0


− ω2

BC(−1.414i − 4.795j) ( 2),

aB = 4.796αBC i − 1.414αBC j + 2112.3i + 71630j ( 2).

Equate expressions and separate components:

−1.414αAB + 24291 = 4.796αBC + 2112.3,

−1414αAB − 24291 = 1.414αBC + 7163.

Solve: αAB = −13,605 rad/s2 (clockwise).

αBC = 8636.5 rad/s2 (counterclockwise).

449

cm . From the law

cm/s

cm/s

cm,

cm/s

cm/s

cm/s

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.165 Bar AB rotates at 6 rad/s in the
counterclockwise direction. Use instantaneous centers
to determine the angular velocity of bar BCD and the
velocity of point D.

y

6 rad/s

A
B

x

D

C

8 cm

12 cm

4 cm6 cm8 cm

Solution: The strategy is to determine the angular velocity of bar
BC from the instantaneous center; using the constraint on the motion
of C. The vector rB/A = rB − rA = (8i + 4j) −4j = 8i (cm). The
velocity of point B is vB = ωAB × rB/A = ωAB(k × 8i) = 48j (cm/s).
The velocity of point B is normal to the x axis, and the velocity of C

is parallel to the x axis. The instantaneous center of bar BC has the
coordinates (14, 0). The vector

rB/IC = rB − rIC = (8i + 4j) − (14i − 4j) = −6i ( ).

The velocity of point B is

vB = ωBC × rB/IC =

 i j k

0 0 ωBC

−6 0 0


 = −6ωBC j = 48j,

from which

ωBC = − 48

6
= −8 rad/s .

The velocity of point C is

vC = ωBC × rC/IC =

 i j k

0 0 ωBC

0 12 0


 = 96i ( ).

The velocity of point D is normal to the unit vector parallel to BCD

e = 6i + 12j√
62 + 1212

= 0.4472i + 0.8944j.

The intersection of the projection of this unit vector with the projection
of the unit vector normal to velocity of C is occurs at point C, from
which the coordinates of the instantaneous center for the part of the
bar CD are (14, 12). The instantaneous center is translating at velocity
vC , from which the velocity of point D is

vD = vC + ωBC × rD/ICD = 96i − 8(k × (4i + 8j))

= 160i − 32j ( ).
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Problem 17.166 In Problem 17.165, bar AB rotates
with a constant angular velocity of 6 rad/s in the
counterclockwise direction. Determine the acceleration
of point D.

y

6 rad/s

A
B

x

D

C

8 cm

12 cm

4 cm6 cm8 cm

Solution: Use the solution to Problem 17.165. The accelerations
are determined from the angular velocity, the known accelerations of
B, and the constraint on the motion of C. The vector rB/A = rB −
rA = 8i (cm). The acceleration of point B is

aB = αAB × rB/A − ω2rA/B = 0 − 36(8i) = −288i ( 2).

From the solution to Problem 17.165, ωBC = −8 rad/s. (clockwise).

rC/B = rC − vB = (14i + 12j) − (8i) = 6i + 12j ( ).

The vector rB/C = −rC/B . The acceleration of point B in terms of the
angular acceleration of point C is

aB = aC + αBC × rBC − ω2
BCrB/C

= aC i +

 i j k

0 0 αBC

−6 −12 0


− 64(−6i − 12j).

aB = aC i + 12αBC i − 6αBC j + 384i + 768j.

Equate the expressions and separate components:

− 288 = aC + 12αBC + 384, 0 = −6αBC + 768.

Solve αBC = 128 rad/s2 (counterclockwise), aC = −2208 cm/s . The2

acceleration of point D is

aD = aC + αBC × rD/C − ω2
BCrD/C

= −2208i +

 i j k

0 0 αBC

4 8 0


− ω2

BC(4i + 8j).

aD = −2208i + (128)(−8i + 4j) − (64)(4i + 8j)
= −3490i ( 2)

.
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Problem 17.167 Point C is moving to the right at
20 cm/s. What is the velocity of the midpoint G of bar
BC?

A

B

C

4 cm

4  cm 10 cm

3 cm

x

y

C

G

Solution:

vB = vA + wAB × rB/A = 0 +
∣∣∣∣∣∣

i j k
0 0 ωAB

4 4 0

∣∣∣∣∣∣ .

Also,

vB = vC + wBC × rB/C = 20i +
∣∣∣∣∣∣

i j k
0 0 ωBC

−10 7 0

∣∣∣∣∣∣ .

Equating i and j components in these two expressions, −4ωAB = 20 −
7ωBC , 4ωAB = −10ωBC , and solving, we obtain ωAB = −2.94 rad/s,
ωBC = 1.18 rad/s. Then the velocity of G is

vG = vC + ωBC × rG/C = 20i +
∣∣∣∣∣∣

i j k
0 0 ωBC

−5 3.5 0

∣∣∣∣∣∣
= 15.88 i − 5.88 j ( ).

Problem 17.168 In Problem 17.167, point C is mov-
ing to the right with a constant velocity of 20 cm/s .What
is the acceleration of the midpoint G of bar BC?

A

B

C

4 cm

4 cm 10 cm

3 cm

x

y

C

G
Solution: See the solution of Problem 17.167.

aB = aA + αAB × rB/A − ω2
ABrB/A

= O +
∣∣∣∣∣∣

i j k
0 0 αAB

4 4 0

∣∣∣∣∣∣− ω2
AB(4i + 4j).

Also, aB = aC + αBC × rB/C − ω2
BCrB/C

= O +
∣∣∣∣∣∣

i j k
0 0 αBC

−10 7 0

∣∣∣∣∣∣− ω2
BC(−10i + 7j).

Equating i and j components in these two expressions,

−4αAB − 4ω2
AB = −7αBC + 10ω2

BC,

4αAB − 4ω2
AB = −10αBC − 7ω2

BC,

and solving yields αAB = −4.56 rad/s2, αBC = 4.32 rad/s2.

Then aG = aC + αBC × rG/C − ω2
BCrG/C

= O +
∣∣∣∣∣∣

i j k
0 0 αBC

−5 3.5 0

∣∣∣∣∣∣− ω2
BC(−5i + 3.5j)

= −8.18i − 26.4j ( /s2).
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Problem 17.169 In Problem 17.167, if the velocity of
point C is vC = 1.0i (cm/s), what are the angular veloc-
ity vectors of arms AB and BC?

A

B

C

4 cm

4 cm 10 cm

3 cm

x

y

C

G

Solution: Use the solution to Problem 17.167: The velocity of the
point B is determined from the known velocity of point C and the
known velocity of C:

vB = vC + ωBC × rB/C = 1.0i +

 i j k

0 0 ωBC

−10 7 0




= 1.0i − 7ωBC i − 10ωBC j.

The angular velocity of bar AB is determined from the velocity of B.

vB = ωAB × rB/A =

 i j k

0 0 ωAB

4 4 0


 = −4ωAB(i − j) ( /s)

Equate expressions, separate components,

1.0 − 7ωBC = −4ωAB,−10ωBC = 4ωAB.

Solve: ωAB = −0.147 rad/s, ωBC = 0.0588 rad/s, from which

ωAB = −0.147k (rad/s) , ωBC = 0.0588k (rad/s)

Problem 17.170 Points B and C are in the x–y
plane. The angular velocity vectors of arms AB and
BC are ωAB = −0.5k (rad/s) and ωBC = −2.0k (rad/s).
Determine the velocity of point C.

A 15�

760 mm

90
0 m

m

y

x

z B

50�

C

Solution: The vector

rB/A = 760(i cos 15◦ − j sin 15◦
) = 734.1i − 196.7j (mm).

The vector

rC/B = 900(i cos 50◦ + j sin 50◦
) = 578.5i + 689.4j (mm).

The velocity of point B is

vB = ωAB × rB/A = −0.5


 i j k

0 0 1
734.1 −196.7 0




vB = −98.35i − 367.1j (mm/s).

The velocity of point C

vC = vB + ωBC × rC/B

= −98.35i − 367.1j + (2)(k × (578.5i + 689.4j)),

vC = −98.35i − 367.1j − 1378.9i + 1157.0j
= −1477.2i + 790j (mm/s)
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Problem 17.171 In Problem 17.170, if the velocity
vector of point C is vC = 1.0i (m/s), what are the
angular velocity vectors of arms AB and BC?

A 15�

760 mm

90
0 m

m

y

x

z B

50�

C
Solution: Use the solution to Problem 17.170.

The vector

rB/A = 760(i cos 15◦ − j sin 15◦
) = 734.1i − 196.7j (mm).

The vector

rC/B = 900(i cos 50◦ + j sin 50◦
) = 578.5i + 689.4j (mm).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

734.1 −196.7 0




= 196.7ωAB i + 734.1ωAB j (mm/s).

The velocity of point C is

vC = vB + ωBC × rC/B

= 196.7ωAB i + 734.1ωAB j +

 i j k

0 0 ωBC

578.5 687.4 0


 ,

1000i = 196.7ωAB i + 734.1ωAB j − 687.4ωBC i + 578.5ωBC j (mm/s).

Separate components:

1000 = 196.7ωAB − 687.4ωBC, 0 = 734.1ωAB + 578.5ωBC.

Solve: ωAB = 0.933k (rad/s) , ωBC = −1.184k (rad/s)

Problem 17.172 The angular velocity vectors of arms
AB and BC are ωAB = −0.5k (rad/s) and ωBC =
2.0k (rad/s), and their angular accelerations are αAB =
1.0k (rad/s2), and αBC = 1.0k (rad/s2). What is the
acceleration of point C?

A 15�

760 mm

90
0 m

m

y

x

z B

50�

C

Solution: Use the solution to Problem 17.170.

The vector

rB/A = 760(i cos 15◦ − j sin 15◦
) = 734.1i − 196.7j (mm).

The vector

rC/B = 900(i cos 50◦ + j sin 50◦
) = 578.5i + 689.4j (mm).

The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A


 i j k

0 0 1
734.1 −196.7 0




− (0.52)(734.1i − 196.7j) (mm/s2).

aB = 196.7i + 734.1j − 183.5i + 49.7j = 13.2i + 783.28j (mm/s2).

The acceleration of point C is

aC = aB + αBC × rC/B − ω2
BCrC/B

= aB +

 i j k

0 0 1
578.5 689.4 0


− (22)(578.5i + 689.4j)

aC = 13.2i + 783.3j − 689.4i + 578.5j − 2314i − 2757.8j (mm/s2).

aC = −2990i − 1396j (mm/s2)
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Problem 17.173 The velocity of point C is vC =
1.0i (m/s) and aC = 0. What are the angular velocity
and angular acceleration vectors of arm BC?

A 15�

760 mm

90
0 m

m

y

x

z B

50�

C

Solution: Use the solution to Problem 17.171. The vector rB/A =
760(i cos 15◦ − j sin 15◦

) = 734.1i − 196.7j (mm). The vector rC/B =
900(i cos 50◦ + j sin 50◦

) = 578.5i + 689.4j (mm). The velocity of
point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

734.1 −196.7 0




= 196.7ωAB i + 734.1ωAB j (mm/s).

The velocity of point C is

vC = vB + ωBC × rC/B

= 196.7ωAB i + 734.1ωAB j +

 i j k

0 0 ωBC

578.5 689.4 0




1000i = 196.7ωAB i + 734.1ωAB j − 689.4ωBC i

+ 578.5ωBC j (mm/s).

Separate components:

1000 = 196.7ωAB − 689.4ωBC,

0 = 734.1ωAB + 578.5ωBC.

Solve: ωAB = 0.933k (rad/s), ωBC = −1.184k (rad/s) .

The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A =


 i j k

0 0 αAB

734.1 −196.7 0




− (ω2
AB)(734.1i − 196.7j) (mm/s)2.

aB = 196.7αAB i + 734.1αAB j − 639.0i + 171.3j (mm/s2)

The acceleration of point C is

aC = aB + αBC × rC/B − ω2
BCrC/B

= aB +

 i j k

0 0 αBC

578.5 689.4 0


− (ω2

BC)(578.5i + 689.4)

aC = 0 = αAB(196.7i + 734.1j) + αBC(−689.4i + 578.5j)

− 811.0i − 966.5j − 639.0i + 171.3j (mm/s2)

Separate components:

196.7αAB − 689.4αBC − 811.3 − 639.0 = 0,

734.1αAB + 578.5αBC − 966.5 + 171.3 = 0.

Solve: αAB = 2.24 rad/s2, αBC = −1.465 (rad/s2)
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Problem 17.174 The crank AB has a constant
clockwise angular velocity of 200 rpm. What are the
velocity and acceleration of the piston P ?

6 cm2 cm

2 cm A

B

P

Solution:

200 rpm = 200(2π)/60 = 20.9 rad/s.

vB = vA + ωAB × rB/A = 0 +
∣∣∣∣∣∣

i j k
0 0 −20.9
2 2 0

∣∣∣∣∣∣ .

Also, vB = vP + ωBP × rB/P = vP i +
∣∣∣∣∣∣

i j k
0 0 ωBP

−6 2 0

∣∣∣∣∣∣ .

Equating i and j components in these two expressions,

−(−20.9)(2) = vP − 2ωBP , (−20.9)(2) = −6ωBP ,

we obtain ωBP = 6.98 rad/s and vP = 55.9 cm/s.

aB = aA + αAB × rB/A − ω2
ABrB/A

= 0 + 0 − (−20.9)2(2i + 2j).

Also, aB = aP + αBP × rB/P − ω2
BP rB/P

= aP i +
∣∣∣∣∣∣

i j k
0 0 αBP

−6 2 0

∣∣∣∣∣∣− ω2
BP (−6i + 2j).

Equating i and j components,

−2(20.9)2 = aP − 2αBP + 6ω2
BP ,

−2(20.9)2 = −6αBP − 2ω2
BP ,

and solving, we obtain aP = −910 cm/s .2
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Problem 17.175 Bar AB has a counterclockwise
angular velocity of 10 rad/s and a clockwise angular
acceleration of 20 rad/s2. Determine the angular
acceleration of bar BC and the acceleration of point C.

y

6 cm

4 

x

8 cm

10 rad/s

A B

C
20 rad/s2 cm

Solution: Choose a coordinate system with the origin at the left
end of the horizontal rod and the x axis parallel to the horizontal rod.
The strategy is to determine the angular velocity of bar BC from the
instantaneous center; using the angular velocity and the constraint on
the motion of C, the accelerations are determined.

The vector rB/A = rB − rA = (8i + 4j) − 4j = 8i (cm).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 10
8 0 0


 = 80j (cm/s).

The acceleration of point B is

aB = αAB × rB/A − ω2rA/B =

 i j k

0 0 −20
8 0 0


− 100(8i)

= −800i − 160j ( 2).

The velocity of point B is normal to the x axis, and the velocity of
C is parallel to the x axis. The line perpendicular to the velocity at
B is parallel to the x-axis, and the line perpendicular to the velocity
at C is parallel to the y axis. The intercept is at (14, 4), which is
the instantaneous center of bar BC. Denote the instantaneous center
by C′′.

The vector rB/C′′ = rB − rC′′ = (8i + 4j) − (14i − 4j) = −6i (cm).

The velocity of point B is

vB = ωBC × rB/IC =

 i j k

0 0 ωBC

−6 0 0


 = −6ωBCj = 80j,

from which ωBC = − 80

6
= −13.33 rad/s.

The vector rC/B = rC − rB = (14i) − (8i + 4j) = 6i − 4j (cm).

The acceleration of point C is

aC = aB + αBC × rC/B − ω2
BCrC/B

= −800i − 160j +

 i j k

0 0 αBC

6 −4 0


− 1066.7i + 711.1j ( 2).

The acceleration of point C is constrained to be parallel to the x axis.
Separate components:

aC = −800 + 4αBC − 1066.7, 0 = −160 + 6αBC + 711.1.

Solve:

aC = −2234i ( 2) , αBC = −91.9 rad/s2 (clockwise).

457

cm/s

cm/s

cm/s

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 17.176 The angular velocity of arm AC is
1 rad/s counterclockwise. What is the angular velocity
of the scoop?

1 m

0.6 m Scoop

A B

D

C

0.15 m

0.6 m

1 m

Solution: Choose a coordinate system with the origin at A and
the y axis vertical. The vector locations of B, C and D are rB =
0.6i (m), rC = −0.15i + 0.6j (m), rD = (1 − 0.15)i + 1j = 0.85i +
j (m), from which rD/C = rD − rC = 1i + 0.4j (m), and rD/B =
rD − rB = 0.25i + j (m). The velocity of point C is

vC = ωAC × rC/A =

 i j k

0 0 ωAC

−0.15 0.6 0




= −0.6i − 0.15j (m/s).

The velocity of D in terms of the velocity of C is

vD = vC + ωCD × rD/C = −0.6i − 0.15j +

 i j k

0 0 ωCD

1 0.4 0




= −0.6i − 0.15j + ωCD(−0.4i + j).

The velocity of point D in terms of the angular velocity of the scoop is

vD = ωDB × rD/B =

 i j k

0 0 ωDB

0.25 1 0


 = ωDB(−i + 0.25j).

Equate expressions and separate components:

−0.6 − 0.4ωCD = −ωDB , −0.15 + ωCD = 0.25ωDB.

Solve:

ωCD = 0.333 rad/s, ωDB = 0.733 rad/s (counterclockwise).
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Problem 17.177 The angular velocity of arm AC in
Problem 17.176 is 2 rad/s counterclockwise, and its
angular acceleration is 4 rad/s2 clockwise. What is the
angular acceleration of the scoop?

1 m

0.6 m Scoop

A B

D

C

0.15 m

0.6 m

1 m

Solution: Use the solution to Problem 17.176. Choose a
coordinate system with the origin at A and the y axis vertical. The
vector locations of B, C and D are rB = 0.6i (m), rC = −0.15i +
0.6j (m), rD = (1 − 0.15)i + 1j = 0.85i + j (m), from which rD/C =
rD − rC = 1i + 0.4j (m), and rD/B = rD − rB = 0.25i + j (m). The
velocity of point C is

vC = ωAC × rC/A =

 i j k

0 0 ωAC

−0.15 0.6 0


 = −1.2i − 0.3j (m/s).

The velocity of D in terms of the velocity of C is

vD = vC + ωCD × rD/C = −1.2i − 0.3j +

 i j k

0 0 ωCD

1 0.4 0




= −1.2i − 0.3j + ωCD(−0.4i + j).

The velocity of point D in terms of the angular velocity of the scoop
is

vD = ωDB × rD/B =

 i j k

0 0 ωDB

0.25 1 0


 = ωDB(−i + 0.25j).

Equate expressions and separate components:

−1.2 − 0.4ωCD = −ωDB,−0.3 + ωCD = 0.25ωDB.

Solve: ωCD = 0.667 rad/s, ωDB = 1.47 rad/s. The angular accelera-
tion of the point C is

aC = αAC × rC/A − ω2
ACrC/A

=

 i j k

0 0 αAC

−0.15 0.6 0


− ω2

AC(−0.15i + 0.6j),

aC = 2.4i + 0.6j + 0.6i − 2.4j = 3i − 1.8j (m/s2).

The acceleration of point D in terms of the acceleration of point C is

aD = aC + αCD × rD/C − ω2
CDrD/C

= 3i − 1.8j +

 i j k

0 0 αCD

1 0.4 0


− ω2

CD(i + 0.4j).

aC = αCD(−0.4i + j) + 2.56i − 1.98j (m/s2).

The acceleration of point D in terms of the angular acceleration of
point B is

aD = αBD × rD/B − ω2
BDrD/B

=

 i j k

0 0 αCD

0.25 1 0


− ω2

BD(0.25i + j).

aD = αBD(−i + 0.25j) − 0.538i − 2.15j.

Equate expressions for aD and separate components:

−0.4αCD + 2.56 = −αBD − 0.538,

αCD − 1.98 = 0.25αBD − 2.15.

Solve:

αCD = −1.052 rad/s2, αBD = −3.51 rad/s2 ,

where the negative sign means a clockwise acceleration.
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Problem 17.178 If you want to program the robot so
that, at the instant shown, the velocity of point D is
vD = 0.2i + 0.8j (m/s) and the angular velocity of arm
CD is 0.3 rad/s counterclockwise, what are the neces-
sary angular velocities of arms AB and BC?

x

D
C

y

B30°
20°

A

250 mm

300 mm

250 mm

Solution: The position vectors are:

rB/A = 300(i cos 30◦ + j sin 30◦
) = 259.8i + 150j (mm),

rC/B = 250(i cos 20◦ − j sin 20◦
) = 234.9i − 85.5j (mm),

rC/D = −250i (mm).

The velocity of the point B is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

259.8 150 0




vB = −150ωAB i + 259.8ωAB j.

The velocity of point C in terms of the velocity of B is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

234.9 −85.5 0




= −150ωAB i + 259.8ωAB j + 85.5ωBC i + 234.9ωBC j (mm/s).

The velocity of point C in terms of the velocity of point D is

vC = vD + ωCD × rC/D = 200i + 800j + 0.3


 i j k

0 0 1
−250 0 0




= 200i + 725j (mm/s).

Equate the expressions for vC and separate components:

−150ωAB + 85.5ωBC = 200, and 259.8ωAB + 234.9ωBC = 725.

Solve: ωAB = 0.261 rad/s , ωBC = 2.80 rad/s .
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Problem 17.179 The ring gear is stationary, and the
sun gear rotates at 120 rpm (revolutions per minute) in
the counterclockwise direction. Determine the angular
velocity of the planet gears and the magnitude of the
velocity of their centerpoints.

20 cm

Sun gear

34 cm

Planet gears (3)

Ring gear7 cm

Solution: Denote the point O be the center of the sun gear, point
S to be the point of contact between the upper planet gear and the sun
gear, point P be the center of the upper planet gear, and point C be
the point of contact between the upper planet gear and the ring gear.
The angular velocity of the sun gear is

ωS = 120(2π)

60
= 4π rad/s,

from which ωS = 4πk (rad/s). At the point of contact between the sun
gear and the upper planet gear the velocities are equal. The vectors
are: from center of sun gear to S is rP/S = 20j ( ), and from center
of planet gear to S is rS/P = −7j (cm). The velocities are:

vS/O = vO + ωS × (20j) = 0 + ωS(20)(k × j)

vS/O = 20ωS


 i j k

0 0 1
0 1 0


 = −20(ωS)

i = −251.3i (cm/s).

From equality of the velocities, vS/P = vS/O = −251.3i (cm/s). The
point of contact C between the upper planet gear and the ring gear is
stationary, from which

vS/P = −251.3i = vC + ωP × rC/S

= 0 +

 i j k

0 0 ωP

−14 0 0


 = 14ωP i = −251.3i

from which ωP = 17.95 rad/s.

The velocity of the centerpoint of the top most planet gear is

vP = vS/P + ωP × rP/S = −251.3i + (−17.95)(−7)(k × j)

= −251.3i + 125.65


 i j k

0 0 1
0 1 0




vP = −125.7i (cm/s)

The magnitude is vPO = 125.7 cm/s

By symmetry, the magnitudes of the velocities of the centerpoints of
the other planetary gears is the same.

y

C

P

S

xO

Pω

Sω
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Problem 17.180 Arm AB is rotating at 10 rad/s in the
clockwise direction. Determine the angular velocity of
the arm BC and the velocity at which the arm slides
relative to the sleeve at C.

30�

A

B

C

2 m

1.8 m

Solution: The position vectors are

rB/A = 1.8(i cos 30◦ + j sin 30◦
) = 1.56i + 0.9j (m).

rB/C = rB/A − 2i = −0.441i + 0.9j (m).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 −10
1.56 0.9 0


 = 9i − 15.6j (m/s)

The unit vector from B to C is

eBC = −rB/C

|rB/C | = 0.4401i − 0.8979j.

The relative velocity is parallel to this vector:

vCrel = vCreleBC = vCrel(0.4401i − 0.8979j) (m/s)

The velocity of B in terms of the velocity of C is

vB = vrel + ωBC × rB/C = vrel +

 i j k

0 0 ωBC

−0.441 0.9 0


 ,

vB = 0.4401vCreli − 0.8979vCrelj − 0.9ωBC i − 0.441ωBC j (m/s).

Equate the expressions for vB and separate components:

9 = 0.4401vCrel − 0.9ωBC, and

−15.6 = −0.8979vCrel − 0.441ωBC.

Solve:

vCrel = 17.96 m/s (toward C).

ωBC = −1.22 rad/s (clockwise)
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Problem 17.181 In Problem 17.180, arm AB is rotat-
ing with an angular velocity of 10 rad/s and an angular
acceleration of 20 rad/s2, both in the clockwise direction.
Determine the angular acceleration of arm BC.

30�

A

B

C

2 m

1.8 m

Solution: Use the solution to 17.180. The vector

rB/A = 1.8(i cos 30◦ + j sin 30◦
) = 1.56i + 0.9j (m).

rB/C = rB/A − 2i = −0.441i + 0.9j (m).

The angular velocity:

ωBC = −1.22 rad/s,

and the relative velocity is vCrel = 17.96 m/s.

The unit vector parallel to bar BC is e = 0.4401i − 0.8979j

The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A

=

 i j k

0 0 αAB

1.56 0.9 0


− ω2

AB(1.56i + 0.9j),

aB = 18i − 31.2j − 155.9i − 90j = −137.9i − 121.2j (m/s2).

The acceleration of point B in terms of the acceleration of bar BC is

aB = aCrel + 2ωBC × vCrel + αBC × rB/C − ω2
BCrB/C.

Expanding term by term:

aCrel = aCrel(0.4401i − 0.8979j) (m/s2),

2ωBC × vCrel = 2vCrelωBC


 i j k

0 0 1
0.440 −0.8979 0




= −39.26i − 19.25j (m/s2),

αBC × rB/C =

 i j k

0 0 αBC

−0.4411 0.9 0




= αBC(−0.9i − 0.4411j) (m/s2)

− ω2
BC(−0.4411i + 0.9j)

= 0.6539i − 1.334j (m/s2).

Collecting terms,

aB = aCrel(0.4401i − 0.8979j) − αBC(0.9i + 0.4411j)

− 38.6i − 20.6j (m/s2).

Equate the two expressions for aB and separate components:

−137.9 = 0.4401aCrel − 0.9αBC − 38.6,

and − 121.2 = −0.8979aCrel − 0.4411αBC − 20.6.

Solve: aCrel = 46.6 m/s2 (toward C)

αBC = 133.1 rad/s2
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Problem 17.182 Arm AB is rotating with a constant
counterclockwise angular velocity of 10 rad/s. Deter-
mine the vertical velocity and acceleration of the rack R
of the rack-and-pinion gear.

B
C

A

12 cm

16 cm6 cm 6  cm

D

R

6 

10 cm

cmSolution: The vectors:

rB/A = 6i + 12j (cm). rC/B = 16i − 2j (cm).

The velocity of point B is

vB = ωAB × rB/A =

 i j k

0 0 10
6 12 0


 = −120i + 60j (cm/s).

The velocity of point C in terms of the velocity of point B is

vC = vB + ωBC × rC/B = vB +

 i j k

0 0 ωBC

16 −2 0




= −120i + 60j + ωBC(2i + 16j) ( )

The velocity of point C in terms of the velocity of the gear arm CD is

vC = ωCD × rC/D =

 i j k

0 0 ωCD

−6 10 0




= −10ωCD i − 6ωCDj (cm/s).

Equate the two expressions for vC and separate components:

− 120 + 2ωBC = −10ωCD, 60 + 16ωBC = −6ωCD.

Solve: ωBC = −8.92 rad/s, ωCD = 13.78 rad/s,

where the negative sign means a clockwise rotation. The velocity of
the rack is

vR = ωCD × rR/D =

 i j k

0 0 ωCD

6 0 0


 = 6ωCDj,

vR = 82.7j (cm/s) = j (m/s)

The angular acceleration of point B is

aB = −ω2
ABrB/A = −100(6i + 12j) = −600i − 1200j ( 2).

The acceleration of point C is

aC = aB + αBC × rC/B − ω2
BCrC/B,

aC = aB +

 i j k

0 0 αBC

16 −2 0


− ω2

BC(16i − 2j)

= aB + 2αBC i + 16αBC j − ω2
BC(16i − 2j).

Noting

aB − ω2
BC(16i − 2j) = −600i − 1200j − 1272.7i + 159.1j

= −1872.7i − 1040.9j,

from which aC = +αBC(2i + 16j) − 1873i − 1041j ( 2)

The acceleration of point C in terms of the gear arm is

aC = αCD × rC/D − ω2
CDrC/D

=

 i j k

0 0 αCD

−6 10 0


− ω2

CD(−6i + 10j) ( 2),

aC = −10αCD i − 6αCDj + 1140i − 1900j ( 2).

Equate expressions for aC and separate components:

2αBC − 1873 = −10αCD + 1140,

16αBC − 1041 = −6αCD − 1900.

Solve: αCD = 337.3 rad/s2, and αBC = −180.2 rad/s2.

The acceleration of the rack R is the tangential component of the
acceleration of the gear at the point of contact with the rack:

aR = αCD × rR/D =

 i j k

0 0 αCD

6 0 0


 = 6αCDj ( 2).

aR = 2024j ( 2) = j ( 2)

C

RD

rR/D

ωCD

αCD
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Problem 17.183 The rack R of the rack-and-pinion
gear is moving upward with a constant velocity of
120 cm/s. What are the angular velocity and angular
acceleration of bar BC ?

B
C

A

12 cm

16 cm6  cm 6 cm

D

R

6 cm

10 cm

Solution: The constant velocity of the rack R implies that the
angular acceleration of the gear is zero, and the angular velocity of

the gear is ωCD = 120

6
= 20 rad/s. The velocity of point C in terms

of the gear angular velocity is

vC = ωCD × rC/D =

 i j k

0 0 20
−6 10 0


 = −200i − 120j (cm/s).

The velocity of point B in terms of the velocity of point C is

vB = vC + ωBC × rB/C = vC +

 i j k

0 0 ωBC

−16 2 0


 ,

vB = −200i − 120j − 2ωBC i − 16ωBC j ( ).

The velocity of point B in terms of the angular velocity of the arm
AB is

vB = ωAB × rB/A =

 i j k

0 0 ωAB

6 12 0




= −12ωAB i + 6ωAB j ( /s).

Equate the expressions for vB and separate components

− 200 − 2ωBC = −12ωAB,−120 − 16ωBC = 6ωAB.

Solve: ωAB = 14.5 rad/s, ωBC = −12.94 rad/s , where the negative

sign means a clockwise rotation. The angular acceleration of the point
C in terms of the angular velocity of the gear is

aC = αCD × rC/D − ω2
CDrC/D = 0 − ω2

CD(−6i + 10j)

= 2400i − 4000j ( 2).

The acceleration of point B in terms of the acceleration of C is

aB = aC + αBC × rB/C − ω2
BCrB/C

= aC +

 i j k

0 0 αBC

−16 2 0


− ω2

BC(−16i + 2j).

aB = αBC(−2i − 16j) + 2400i − 4000j + 2680i − 335j.

aB = −2αBC i − 16αBC j + 5080i − 433.5j ( 2).

The acceleration of point B in terms of the angular acceleration of arm
AB is

aB = αAB × rB/A − ω2
ABrB/A

= αAB(k × (6i + 12j)) − ω2
AB(6i + 12j) ( 2)

aB = αAB(−12i + 6j) − 1263.2i − 2526.4j ( 2).

Equate the expressions for aB and separate components:

− 2αBC + 5080 = −12αAB − 1263.2,

− 16αBC − 4335 = 6αAB − 2526.4.

Solve: αAB = −515.2 rad/s2, αBC = 80.17 rad/s2
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Problem 17.184 Bar AB has a constant counterclock-
wise angular velocity of 2 rad/s. The 1-kg collar C slides
on the smooth horizontal bar. At the instant shown, what
is the tension in the cable BC?

A

B

C

1 m 2 m

2 m

Solution:

vB = vA + ωAB × rB/A = 0 +
∣∣∣∣∣∣

i j k
0 0 2
1 2 0

∣∣∣∣∣∣ = −4i + 2j (m/s).

vC = vB + ωBC × rC/B :

vC i = −4i + 2j +
∣∣∣∣∣∣

i j k
0 0 ωBC

2 −2 0

∣∣∣∣∣∣ .

From the i and j components of this equation,

vC = −4 + 2ωBC,

0 = 2 + 2ωBC,

we obtain ωBC = −1 rad/s.

aB = aA + αAB × rB/A − ω2
ABrB/A

= 0 + 0 − (2)2(i + 2j)

= −4i − 8j (m/s2).

aC = aB + αBC × rC/B − ω2
BCrC/B :

aC i = −4i − 8j +
∣∣∣∣∣∣

i j k
0 0 αBC

2 −2 0

∣∣∣∣∣∣− (−1)2(2i − 2j).

From the i and j components of this equation,

aC = −4 + 2αBC − 2,

0 = −8 + 2αBC + 2,

we obtain aC = 0. The force exerted on the collar at this instant is
zero, so TBC = 0.
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Problem 17.185 An athlete exercises his arm by rais-
ing the 8-kg mass m. The shoulder joint A is stationary.
The distance AB is 300 mm, the distance BC is 400 mm,
and the distance from C to the pulley is 340 mm. The
angular velocities ωAB = 1.5 rad/s and ωBC = 2 rad/s
are constant. What is the tension in the cable?

A
B

m

C

ωAB

ωBC
30°

60°

Solution:

aB = −ω2
ABrB/Ai = −(1.5)2(0.3)i

= −0.675i (m/s2).

aC = aB − ω2
BCrC/B

= −0.675i − (2)2(0.4 cos 60◦i + 0.4 sin 60◦j)

= −1.475i − 1.386j (m/s2).

aC · e = (−1.475)(− cos 30◦
) + (−1.386)(sin 30◦

)

= 0.585 m/s2.

This is the upward acceleration of the mass, so

T − mg = m(0.585),

T = (8)(9.81 + 0.585)

= 83.2 N.

y

x
A B

C

60°

30°

e
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Problem 17.186 The hydraulic actuator BC of the
crane is extending (increasing in length) at a constant
rate of 0.2 m/s. When the angle β = 35o, what is the
angular velocity of the crane’s boom AD?

3m

2m

2 m
A B

C

D

b

Solution: Using AD we have

vC = vA + ωAD × rC/A

= 0 + ωADk × (3 m)(cos 35◦i + sin 35◦j)

= (3 m)ωAD(− sin 35◦i + cos 35◦j)

Using cylinder BC

vC = vB + vCrel + ωBC × rC/B

= 0 + (0.2 m/s)

(
[3 cos 35◦ − 2]i + [3 sin 35◦]j√
[3 cos 35◦ − 2]2 + [3 sin 35◦]2

)

+ ωBCk × [3 cos 35◦ − 2]i + [3 sin 35◦]j

= (0.0514 m/s − {1.72 m}ωBC)i + (0.193 m/s − {0.457 m}ωBC)j

Equating components and solving we find

ωBC = 0.133 rad/s, ωAD = 0.103 rad/s

ωAD = 0.103 rad/s

Problem 17.187 The coordinate system shown is fixed
relative to the ship B. The ship uses its radar to measure
the position of a stationary buoy A and determines it to
be 400i + 200j (m). The ship also measures the velocity
of the buoy relative to its body-fixed coordinate sys-
tem and determines it to be 2i − 8j (m/s). What are the
ship’s velocity and angular velocity relative to the earth?
(Assume that the ship’s velocity is in the direction of the
y axis).

y

x

A

B

Solution:

vA = 0 = vB + vArel + ω × rA/B

= vB j + 2i − 8j +
∣∣∣∣∣∣

i j k
0 0 ω

400 200 0

∣∣∣∣∣∣ .

Equating i and j components to zero, 0 = 2 − 200ω 0 = vB − 8 +
400ω we obtain ω = 0.01 rad/s and vB = 4 m/s.
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Problem 18.1 A horizontal force F =
to the 1023N refrigerator as shown. Friction is negligible.

(a) What is the magnitude of the refrigerator’s accel-
eration?

(b) What normal forces are exerted on the refrigerator
by the floor at A and B?

A

F

1524 mm

711.2 mm

355.6
 

mm
`

Solution: Assume that the refrigerator rolls without tipping. We
have the following equations of motion.

∑
Fx : ( ) =

(
2

)
a

∑
Fy : A + B − = 0

∑
MG : −( )( ) − A( ) + B( ) = 0

Solving we find

(a) a = 2

(b) A = , B =

Since A > 0 and B > 0 then our assumption is correct.

A B

F  = 133.4 N

1023 N

1524 mm

711.2 mm

Problem 18.2 Solve Problem 18.1 if the coefficient of
kinetic friction at A and B is µk = 0.1.

Solution: Assume sliding without tipping

∑
Fx : ( ) − (0.1)(A + B) =

(
/s2

)
a

∑
Fy : A + B − = 0

∑
MG : −( )( )− A( )+ B( )

− (0.1)(A + B)( ) = 0

Solving, we find

(a) a = 0.3 m/s2

(b) A = , B =

N

µBµA

A B

F  = 133.4 N

1023 N

1524 mm

711.2 mm
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133.4 N is applied

133.4 N
1023

9.81 m/s

N

1 0 2 3 N

133.4 N 0.813 m. 0.356 m 0.356 m

1.28 m/s

359 N 664.1 N

133.4 N
1023 N

9.81 m

1 0 2 3 N

133.4 N 0.813 m 0.356 m 0.356 m

0.711 m

256.6 N 765.1 N

355 6 mm.
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Problem 18.3 As the 2800-N airplane begins its take-
off run at t = 0, its propeller exerts a horizontal force
T = 1000 . Neglect horizontal forces exerted on the
wheels by the runway.

(a) What distance has the airplane moved at t = 2 s?
(b) what normal forces are exerted on the tires at A

and B?

4 m 3 m

T

5 m

W

2 m
BA

Solution: The unknowns are NA, NB, a.

The equations of motion are:

�Fx : −T = −W

g
a,

�Fy : NA + NB − W = 0

�MG : NB(2 m ) − N (A 5 m )

+ T (1 ) = 0

Putting in the numbers for T ,W , and g and solving we find

NA = 943 N, NB = 1860 N, a = 2.

(a) The distance is given by d = 1

2
at2 = 1

2
( .5 m/s2)(2 s)2 =

d =
(b) The forces were found to be

NA = 943 N, NB = 1860

Problem 18.4 The Boeing 747 begins its takeoff run
at time t = 0. The normal forces exerted on its tires
at A and B are NA = 175 kN and NB = 2800 kN. If
you assume that these forces are constant and neglect
horizontal forces other than the thrust T , how fast is the
airplanes moving at t = 4 s? (See Active Example 18.1.) A B

T

2 m
26 m

3 m 5 m

Solution: The unknowns are T ,W, a. The equations of motion
are:

�Fx : −T = −W

g
a,

�Fy : NA + NB − W = 0,

�MG : NB(2 m) − NA(24 m)

− T (2 m) = 0.

Putting in the numbers for NA and NB and solving, we find

a = 2.31 m/s2, T = 700 kN, W = 2980 kN.

The velocity is then given by

v = at = (2.31 m/s2)(4 s) = 9.23 m/s. v = 9.23 m/s.
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3

m

7 m

7 m

N
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Problem 18.5 The crane moves to the right with con-
stant acceleration, and the 800-kg load moves without
swinging.

(a) What is the acceleration of the crane and load?
(b) What are the tensions in the cables attached at A

and B?

1.5 m 1.5 m

1 m

5° 5°

A B

Solution: From Newton’s second law: Fx = 800a N.
The sum of the forces on the load:

∑
Fx = FA sin 5◦ + FB sin 5◦ − 800a = 0.

∑
Fy = FA cos 5◦ + FB cos 5◦ − 800g = 0.

The sum of the moments about the center of mass:

∑
MCM = −1.5FA cos 5◦ + 1.5FB cos 5◦

− FA sin 5◦ − FB sin 5◦ = 0.

Solve these three simultaneous equations:

a = 0.858 m/s2 ,

FA = 3709 N ,

FB = 4169 N

5˚ 5˚

FA FB

1.0 m

1.5 m1.5 m

mg
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Problem 18.6 The total weight of the go-cart and
driver is 1068 N. The location of their combined center
of mass is shown. The rear drive wheels together exert
a

forces exerted on the front wheels.

(a) What is the magnitude of the go-cart’s accelera-
tion?

(b) What normal forces are exerted on the tires at A
and B?

A B

381 mm

152.4 mm

406.4 mm

1524 mm

101.6 mm

Solution:∑
Fx : ( ) =

(
2

)
a

∑
Fy : NA + NB − ( ) = 0

∑
MG : −NA( )+NB( )+( )( )= 0

Solving we find

(a) a = 2

(b) NA= , NB = NA

NB

1068 N

106.7 N

472

106.7 N horizontal force on the track. Neglect the
horizontal

106.7 N
1068 N

9.81 m/s

1068 N

0.406 m 1.118 m 106.7 N 0.381 m

0.981 m/s

809.5 N 2 58 N
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Problem 18.7 The total weight of the bicycle and rider is
711.7 N. The location of their combined center of mass
is shown. The dimensions shown are b = ,
c = , and h = What is the largest
acceleration the bicycle can have without the frontwheel
leaving the ground? Neglect the horizontal force exerted
on the front wheel by the road.

Strategy: You want to determine the value of the accel-
eration that causes the normal force exerted on the front
wheel by the road to equal zero.

h

b c

BA

Solution: Given: b = , c = , h =

Find: a so that NA = 0

∑
Fx : −FB = −

(
2

)
a

∑
Fy : NA + NB − ( ) = 0

∑
MG : −NAb + NBc − FBh = 0

NA = 0

Solving we find NB = , FB = a= 2

NA
NB

FBb

h

 

c

711.7 N

473

533 .4 mm
406.4 mm 965 mm

0.533 m. 0.406 m. 0.965 m.

711.7 N

9.81 m/s

711.7 N

711.7 N 300 N, 4.15 m/s
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Problem 18.8 The moment of inertia of the disk about
O is I = 20 kg-m2. At t = 0, the stationary disk is sub-
jected to a constant 50 N-m torque.

(a) What is the magnitude of the resulting angular
acceleration of the disk?

(b) How fast is the disk rotating (in rpm) at t = 4 s?

50 N-m

O

Solution:

(a) M = Iα ⇒ α = M

I
= 50 N-m

20 kg-m2
= 2.5 rad/s2.

α = 2.5 rad/s2.

(b) The angular velocity is given by

ω = αt = (2.5 rad/s2)(4 s) = 10 rad/s

(
1 rev

2π rad

) (
60 s

1 min

)
= 95.5 rpm.

ω = 95.5 rpm.

Problem 18.9 The 10-N bar is on a smooth horizontal
table. The figure shows the bar viewed from above. Its
moment of inertia about the center of mass is I =

The bar is stationary when the force F = 5 N
is applied in the direction parallel to the y axis. At that

(a) the acceleration of the center of mass, and
(b) the acceleration of point A.

y

A

F

B

x 

2 2 m m

Solution:

(a) F = ma ⇒ a = F

m
= 5 N(

10 N
2

) = 2

aG =( /s2)j.

(b) �MG : −F
l

2
= Iα ⇒ α = −F l

2I
= − (5 N)(4 m)

2( )
= −1 rad/s2.

aA = aG + α × rA/G

= ( 2)j + (−10 rad/s2)k × (−2 m)i

aA = ( . 2)j.
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4.905 m
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Problem 18.10 The 10-N bar is on a smooth horizontal
table. The figure shows the bar viewed from above. Its

the acceleration of point B.

y

A

F

B

x 

2 m2 m

Solution:

F = ma ⇒ a = F

m
= 5 N(

10 N
2

) = 2

�MG : −F
l

2
= Iα ⇒ α = −F l

2I
= − (5 N)(4 )

2( )
= −10 rad/s2.

aB = aG + α × rB/G

= ( 2)j + (−10 rad/s2)k × (2 m)i

aB = (− . 2 )j.

Problem 18.11 The moment of inertia of the astronaut
and maneuvering unit about the axis through their center
of mass perpendicular to the page is I = 40 kg-m2. A
thruster can exert a force T = 10 N. For safety, the con-
trol system of his maneuvering unit will not allow his
angular velocity to exceed 15◦ per second. If he is ini-
tially not rotating, and at t = 0, he activates the thruster
until he is rotating at 15◦ per second, through how many
degrees has he rotated at t = 10 s?

T

300 mm

Solution: First find the angular acceleration.

�MG : T d = Iα

α = T d

I
= (10 N)(0.3 m)

(40 kg-m2)
= 0.075 rad/s2.

To reach maximum angular velocity it takes

ω = αt ⇒ t = ω

α
=

(15◦
/s)

(
π rad

180◦
)

(0.075 rad/s2)
= 3.49 s

During this time, the astronaut has rotated through

θ1 = 1

2
αt2 = 1

2
(0.075 rad/s2)(3.49 s)2 = 0.457 rad.

After this time, the astronauts turns at the fixed rate. He rotated an
additional angle given by

θ2 = ωt = (15◦
/s)

(
π rad

180◦
)

(10 s − 3.49 s) = 1.704 rad.

The total rotation is then

θ = θ1 + θ2 = (0.457 + 1.704) rad

(
180◦

π rad

)
= 124◦

.

θ = 124◦
.
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Problem 18.12 The moment of inertia of the heli-
copter’s rotor is 420 N-m . The rotor starts from rest.2

At t = 0, the pilot begins advancing the throttle so that
the torque exerted on the rotor by the engine (in N-m)
is given as a function of time in seconds by T = 200t.

(a) How long does it take the rotor to turn ten revolu-
tions?

(b) What is the rotor’s angular velocity (in rpm) when
it has turned ten revolutions?

Solution: Find the angular acceleration

T = Iα ⇒ α = T

I
= 200t

420
= 0.476t

Now answer the kinematics questions

α = 0.476t, ω = 0.238t2, θ = 0.0794t3.

(a) When it has turned 10 revolutions,

(10 rev)

(
2π rad

rev

)
= 0.0794t3 ⇒ t = 9.25 s.

(b) The angular velocity is

ω = 0.238(9.25)2 = 20.4 rad/s

(
1 rev

2π rad

) (
60 s

1 min

)
= 195 rpm

ω = 195 rpm.

Problem 18.13 The moments of inertia of the pulleys
are IA = 0.0025 kg-m2, IB = 0.045 kg-m2, and IC =
0.036 kg-m2. A 5 N-m counterclockwise couple is ap-
plied to pulley A. Determine the resulting counterclock-
wise angular accelerations of the three pulleys.

200 mm
200 mm

A
B

C

100 mm

100 mm

Solution: The tension in each belt changes as it goes around each
pulley.

The unknowns are �TAB, �TBC, αA, αB, αC .

We will write three dynamic equations and two constraint equations

�MA : (5 N-m) − �TAB(0.1 m) = (0.0025 kg-m2)αA

�MB : �TAB(0.2 m) − �TBC(0.1 m) = (0.045 kg-m2)αB

�MC : �TBC(0.2 m) = (0.036 kg-m2)αC

(0.1 m)αA = (0.2 m)αB

(0.1 m)αB = (0.2 m)αC.

Solving, we find

�TAB = 42.2 N, �TBC = 14.1 N,

αA = 313 rad/s2, αB = 156 rad/s2, αC = 78.1 rad/s2.
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Problem 18.14 The moment of inertia of the wind-
tunnel fan is 225 kg-m2. The fan starts from rest. The
torque exerted on it by the engine is given as a func-
tion of the angular velocity of the fan by T = 140 −
0.02ω2 N-m.

(a) When the fan has turned 620 revolutions, what is its
angular velocity in rpm (revolutions per minute)?

(b) What maximum angular velocity in rpm does the
fan attain?

Strategy: By writing the equation of angular motion,
determine the angular acceleration of the fan in terms of
its angular velocity. Then use the chain rule:

α = dω

d t
= dω

dθ

dθ

d t
= dω

dθ
ω.

Solution:∑
M : (140 N-m) − (0.02 N-m/s2)ω2 = (225 kg-m2)α

α =
(

140

225
rad/s2

)
−

(
0.02

225
rad/s4

)
ω2

= (0.622 rad/s2) − (0.0000889 rad/s4)ω2

(a) α = ω
dω

dθ
= (0.622 rad/s2) − (0.0000889 rad/s4)ω2

∫ ω

0

ωdω

(0.622 rad/s2) − (0.0000889 rad/s4)ω2
=

∫ 620(2π) rad

0
dθ

Solving we find

ω = 59.1 rad/s

(
1 rev

2π rad

) (
60 s

1 min

)
= 565 rpm

(b) The maximum angular velocity occurs when the angular
acceleration is zero

α = (0.622 rad/s2) − (0.0000889 rad/s4)ω2 = 0

ω = 83.7 rad/s

(
1 rev

2π rad

) (
60 s

1 min

)
= 799 rpm
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Problem 18.15 The moment of inertia of the pulley
about its axis is I = 0.005 kg-m2. If the 1-kg mass A is
released from rest, how far does it fall in 0.5 s?

Strategy: Draw individual free-body diagrams of the
pulley and the mass.

100 mm

A

Solution: The two free-body diagrams are shown.

The five unknowns are T , Ox, Oy, α, a.

We can write four dynamic equations and one constraint equation,
however, we only need to write two dynamic equations and the one
constraint equation.

�MO : −T (0.1 m) = −(0.005 kg-m2)α,

�Fy : T − (1 kg)(9.81 m/s2) = −(1 kg)a,

a = (0.1 m)α.

Solving we find

T = 3.27 N, a = 6.54 m/s2, α = 65.4 rad/s2.

Now from kinematics we know

d = 1

2
at2 = 1

2
(6.54 m/s2)(0.5 s)2

d = 0.818 m.
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Problem 18.16 The radius of the pulley is 125 mm
and the moment of inertia about its axis is I = 0.05
kg-m2. If the system is released from rest, how far does
the 20-kg mass fall in 0.5 s? What is the tension in the
rope between the 20-kg mass and the pulley?

20 kg
4 kg

Solution: The free-body diagrams are shown.

We have six unknowns

T1, T2,Ox,Oy, a, α.

We have five dynamic equations and one constraint equation available.
We will use three dynamic equations and the one constraint equation

�MO : (T1 − T2)(0.125 m) = −(0.05 kg-m2)α,

�Fy1 : T1 − (4 kg)(9.81 m/s2) = (4 kg)a,

�Fy2 : T2 − (20 kg)(9.81 m/s2) = −(20 kg)a,

a = (0.125 m)α.

Solving we find

T1 = 62.3 N, T2 = 80.8 N, a = 5.77 m/s2, α = 46.2 rad/s2.

From kinematics we find

d = 1

2
at2 = 1

2
(5.77 m/s2)(0.5 s)2 = 0.721 m.

d = 0.721 m, T2 = 80.8 N.
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Problem 18.17 The moment of inertia of the pulley is
0.54 kg-m . The coef2 ficient of kinetic friction between
the 22.2 N weight and the horizontal surface is µk= 0.2.
Determine themagnitudeof the acceleration of the 22.2 N
weight in each case

9

.

(a) (b)

 mm

22.2 N 22.2 N

152.4 mm 152.4

 8. N

Solution: The free-body diagrams are shown.

(a) T2 = .

(T1 − T2) = −( . 2)α,

T1 − (0.2)( ) =
(

2

)
a,

a = α.

Solving we find

T1 = , α = 1.14 rad/s2,

a= 2

(b) T2 �= .

(T1 − T2) = −(0. 2)α, a = α,

T1 − (0.2)( ) =
(

2

)
a, T2 − ( ) = −

(
2

)
a.

Solving we find

T1 = , T 2 = , α = 1.10 rad/s2 ,

a = 0 . 2

Note that (b) has more inertia than (a) and therefore has to accelerate
more slowly.
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( )0.152 m 0 54 kg-m

22.2 N
22.2 N

9.18 m/s

( )0.152 m

4.83 N

0.174 m/s
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( )0.152 m 54 kg-m ( )0.152 m

22.2 N
22.2 N

9.81 m/s
8.9 N

8.9 N

9.81 m/s

4.8 N 8.75 N

167 m/s
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Problem 18.18 The 5-kg slender bar is released from
rest in the horizontal position shown. Determine the
bar’s counterclockwise angular acceleration (a) at the
instant it is released, and (b) at the instant when it has
rotated 45◦.

1.2 m

Solution:

(a) The free-body diagram is shown.

�MO : mg
L

2
= 1

3
mL2α

α = 3g

2L
= 3(9.81 m/s2)

2(1.2 m)
= 12.3 rad/s2.

α = 12.3 rad/s2.

(b) The free-body diagram is shown.

�MO : mg
L

2
cos 45◦ = 1

3
mL2α

α = 3g

2L
cos 45◦ = 3(9.81 m/s2)

2(1.2 m)
cos 45◦

α = 8.67 rad/s2.

Problem 18.19 The 5-kg slender bar is released from
rest in the horizontal position shown. At the instant when
it has rotated 45◦, its angular velocity is 4.16 rad/s. At
that instant, determine the magnitude of the force exerted
on the bar by the pin support. (See Example 18.4.)

1.2 m

Solution: First find the angular acceleration.

�MO : mg
L

2
cos 45◦ = 1

3
mL2α

α = 3 g

2L
cos 45◦ = 3(9.81 m/s2)

2(1.2 m)
cos 45◦ = 8.67 rad/s2

Using kinematics we find the acceleration of the center of mass.

aG = aO + α × rG/O − ω2rG/O

aG = 0 + (8.67)k × (0.6)(− cos 45◦i − sin 45◦j)

− (4.16)2(0.6)(− cos 45◦i − sin 45◦j)

= (11.0i + 3.66j) m/s2.

From Newton’s second law we have

�Fx : Ox = max = (5 kg)(11.0 m/s2) = 55.1 N

�Fy : Oy − mg = may

Oy = m(g + ay) = (5 kg)(9.18 m/s2 + 3.66 m/s2) = 67.4 N

The magnitude of the force in the pin is now

O =
√

O2
x + O2

y =
√

(55.1 N)2 + (67.4 N)2 = 87.0 N.

O = 87.0 N.
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Problem 18.20 The 5-kg slender bar is released from
rest in the horizontal position shown. Determine the
magnitude of its angular velocity when it has fallen to
the vertical position.

Strategy: : Draw the free-body diagram of the bar
when it has fallen through an arbitrary angle θ and apply
the equation of angular motion to determine the bar’s
angular acceleration as a function of θ . Then use the
chain rule to write the angular acceleration as

α = dω

d t
= dω

dθ

dθ

d t
= dω

dθ
ω.

1.2 m

Solution: First find the angular acceleration.

�MO : mg
L

2
cos θ = 1

3
mL2α ⇒ α = 3g

2L
cos θ

Using the hint we have

α = ω
dω

dθ
= 3g

2L
cos θ ⇒

∫ ω

0
ω dω =

∫ 90◦

0

3g

2L
cos θ dθ

1

2
ω2 = 3g

2L
sin θ

]90◦

0
= 3g

2L

ω =
√

3g

L
=

√
3(9.81 m/s2)

(1.2 m)
= 4.95 rad/s.

ω = 4.95 rad/s.

Problem 18.21 The object consists of the 2-kg slender
bar ABC welded to the 3-kg slender bar BDE. The y axis
is vertical.

(a) What is the object’s moment of inertia about point
D?

(b) Determine the object’s counterclockwise angular
acceleration at the instant shown.

y

x

A

B

C

D E
0.2 m

0.2 m
0.4 m 0.2 m

Solution: The free-body diagram is shown

(a)

ID = 1

12
(2 kg)(0.4 m)2 + (2 kg)(0.4 m)2

+ 1

12
(3 kg)(0.6 m)2 + (3 kg)(0.1 m)2

ID = 0.467 kg-m2.

(b)

�MD : [(2 kg)(0.4 m) + (3 kg)(0.1 m)](9.81 m/s2) = (0.467 kg-m2)α

α = 23.1 rad/s2.
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Problem 18.22 The object consists of the 2-kg slender
bar ABC welded to the 3-kg slender bar BDE. The y
axis is vertical. At the instant shown, the object has a
counterclockwise angular velocity of 5 rad/s. Determine
the components of the force exerted on it by the pin
support.

y

x

A

B

C

D E
0.2 m

0.2 m
0.4 m 0.2 m

Solution: The free-body diagram is shown.

The moment of inertia about the fixed point D is

ID = 1

12
(2 kg)(0.4 m)2 + (2 kg)(0.4 m)2

+ 1

12
(3 kg)(0.6 m)2 + (3 kg)(0.1 m)2

= 0.467 kg-m2.

The angular acceleration is given by

�MD : [(2 kg)(0.4 m) + (3 kg)(0.1 m)](9.81 m/s2) = (0.467 kg-m2)α

α = 10.8 N-m

0.467 kg-m2
= 23.1 rad/s2.

From Newton’s Second Law we have

�Fx : Dx = (2 kg)(0.4 m)(5 rad/s)2 + (3 kg)(0.1 m)(5 rad/s)2

�Fy : Dy − (5 kg)(9.81 m/s2) = −(2 kg)(0.4 m)(23.1 rad/s2)

− (3 kg)(0.1 m)(23.1 rad/s2)

Solving, we find Dx = 27.5 N, Dy = 23.6 N.

Problem 18.23 The length of the slender bar is l =
4 m and its mass is m = 30 kg. It is released from rest
in the position shown.

(a) If x = 1 m, what is the bar’s angular acceleration
at the instant it is released?

(b) What value of x results in the largest angular accel-
eration when the bar is released? What is the angu-
lar acceleration?

x

m

l

Solution: The moment of inertia about the fixed point is

I = 1

12
ml2 + mx2.

The angular acceleration can be found

�Mfixed point : mgx = Iα = m

12
(l2 + 12x2)α ⇒ α = 12gx

l2 + 12x2

(a) Using the given numbers we have

α = 12(9.81 m/s2)(1 m)

(4 m)2 + 12(1 m)2
= 4.20 rad/s2. α = 4.20 rad/s2.

(b) To find the critical value for x we differentiate and set equal to
zero to get

dα

dx
= d

dx

(
12gx

l2 + 12x2

)
= 12g

l2 + 12x2
− 288gx2

(l2 + 12x2)2

= 12g(l2 − 12x2)

(l2 + 12x2)2
= 0

x = l√
12

= (4 m)√
12

= 1.15 m. x = 1.15 m.

The corresponding angular acceleration is

α = 12(9.81 m/s2)(1.15 m)

(4 m)2 + 12(1.15 m)2 = 4.25 rad/s2
α = 4.25 rad/s2.
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Problem 18.24 Model the arm ABC as a single rigid
body. Its mass is 320 kg, and the moment of inertia
about its center of mass is I = 360 kg-m2. Point A is
stationary. If the hydraulic piston exerts a 14-kN force
on the arm at B what is the arm’s angular acceleration?

1.80 m
1.40 m

0.30 m

0.80 m

0.70 m
A

B

C

y

x

Solution: The moment of inertia about the fixed point A is

IA = IG + md2 = (360 kg-m2) + (320 kg)([1.10 m]2 + [1.80 m]2)

= 1780 kg-m2.

The angle between the force at B and the horizontal is

θ = tan−1
(

1.5 m

1.4 m

)
= 47.0◦

.

The rotational equation of motion is now

�MA : (14 kN) sin θ(1.4 m) − (14 kN) cos θ(0.8 m)

− (320 kg)(9.81 m/s2)(1.80 m) = (1780 kg-m2) α.

Solving, we find α = 0.581 rad/s2. α = 0.581 rad/s2 counterclockwise.

Problem 18.25 The truck’s bed weighs 8000 N and
its moment of inertia about O is 400000 kg-m . At the2

instant shown, the coordinates of the center of mass of
the bed are (3, 4) m and the coordinates of point B
are (5, 3.5) m. If the bed has a counterclockwise angular
acceleration of 0.2 rad/s2, what is the magnitude of the
force exerted on the bed at B by the hydraulic cylin-
der AB?

30�
A

B

y

x
O

Solution: The rotational equation of motion is

�MO : F sin 30◦
(5 m) + F cos 30◦

( ) − (8000 )( )

= ( 00 kg-m2)(0.2 rad/s2)

Solving for F we find F= .
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Problem 18.26 Arm BC has a mass of 12 kg and the
moment of inertia about its center of mass is 3 kg-m2.
Point B is stationary and arm BC has a constant coun-
terclockwise angular velocity of 2 rad/s. At the instant
shown, what are the couple and the components of force
exerted on arm BC at B?

x

y

300

mm

40°

700 mm

BA

C

Solution: Since the angular acceleration of arm BC is zero, the
sum of the moments about the fixed point B must be zero. Let MB be
the couple exerted by the support at B. Then

MB + rCM/B × mg = MB +

 i j k

0.3 cos 40◦ 0.3 sin 40◦ 0
0 −117.7 0


 = 0.

MB = 27.05k (N-m) is the couple exerted at B. From Newton’s

second law: Bx = max, By − mg = may where ax , ay are the accel-
erations of the center of mass. From kinematics:

a = α × rCM/O − ω2rCM/O

= −(22)(i0.3 cos 40◦ + j0.3 sin 40◦
)

= −0.919i − 0.771j (m/s2),

where the angular acceleration is zero from the problem statement.
Substitute into Newton’s second law to obtain the reactions at B:

Bx = −11.0 N , By = 108.5 N .
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Problem 18.27 Arm BC has a mass of 12 kg and the
moment of inertia about its center of mass is 3 kg-m2.
At the instant shown, arm AB has a constant clockwise
angular velocity of 2 rad/s and arm BC has counter-
clockwise angular velocity of 2 rad/s and a clockwise
angular acceleration of 4 rad/s2. What are the couple
and the components of force exerted on arm BC at B?

x

y

300
mm

40�

700 mm

BA

C

Solution: Because the point B is accelerating, the equations of
angular motion must be written about the center of mass of arm BC.
The vector distances from A to B and B to G, respectively, are

rB/A = rB − rA = 0.7i,

rG/B = 0.3 cos(40◦
)i + 0.3 sin(40◦

)j

= 0.2298i + 0.1928j (m).

The acceleration of point B is

aB = α × rB/A − ω2
ABrB/A = −ω2

AB(0.7i) (m/s2).

The acceleration of the center of mass is

aG = aB + αBC × rG/B − ω2
BCrG/B

aG = −2.8i +

 i j k

0 0 −4
0.2298 0.1928 0


 − 0.9193i − 0.7713j

= −2.948i − 1.691j (m/s2).

From Newton’s second law,

Bx = maGx = (12)(−2.948) = −35.37 N ,

By − mg = maGy,

By = (12)(−1.691) + (12)(9.81) = 97.43 N

From the equation of angular motion, MG = IαBC . The moment about
the center of mass is

MG = MB + rB/G × B =

 i j k

−0.2298 −0.1928 0
−35.37 97.43 0




= MBk − 29.21k (N-m).

Note I = 3 kg-m2 and αBC = −4k (rad/s2), from which

MB = 29.21 + 3(−4) = 17.21 N-m .

MB

By

Bx

mg

486

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.28 The space shuttle’s attitude control
engines exert two forces Ff = 8 kN and Fr = 2 kN. The
force vectors and the center of mass G lie in the x–y
plane of the inertial reference frame. The mass of the
shuttle is 54,000 kg, and its moment of inertia about the
axis through the center of mass that is parallel to the z

axis is 4.5 × 106 kg-m2. Determine the acceleration of
the center of mass and the angular acceleration. (You
can ignore the force on the shuttle due to its weight). 18 m 12m

5° 6°

2 m

2 m

G

Ff Fr

y

x

Solution: Newton’s second law is

∑
F = (Ff cos 5◦ − Fr cos 6◦

)i − (Ff sin 5◦ + Fr sin 6◦
)j = ma.

Setting Ff = 8000 N, Fr = 2000 N and m = 54,000 kg and solving
for a, we obtain a = 0.1108i − 0.0168j (m/s2). The equation of angu-
lar motion is

∑
M = (18)(Ff sin 5◦

) − (2)(Ff cos 5◦
)

− (12)(Fr sin 6◦
) + (2)(Fr cos 6◦

) = Iα

where I = 4.5 × 106 kg-m2. Solving for α the counterclockwise angu-
lar acceleration is α = −0.000427 rad/s2.

Problem 18.29 In Problem 18.28, suppose that Ff =
4 kN and you want the shuttle’s angular acceleration
to be zero. Determine the necessary force Fr and the
resulting acceleration of the center of mass.

Solution: The total moment about the center of mass must equal
zero:

∑
M = (18)(Ff sin 5◦

) − (2)(Ff cos 5◦
)

− (12)(Fr sin 6◦
) + (2)(Fr cos 6◦

) = 0

Setting Ff = 4000 N and solving Fr = 2306 N. From Newton’s sec-
ond law

∑
F = (Ff cos 5◦ − Fr cos 6◦

)i

− (Ff sin 5◦ + Fr sin 6◦
)j = 54,000a,

we obtain a = 0.0313i − 0.0109j (m/s2).
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Problem 18.30 Points B and C lie in the x–y plane.
The y axis is vertical. The center of mass of the 18-
kg arm BC is at the midpoint of the line from B to
C, and the moment of inertia of the arm about the
axis through the center of mass that is parallel to the
z axis is 1.5 kg-m2. At the instant shown, the angular
velocity and angular acceleration vectors of arm AB

are ωAB = 0.6k (rad/s) and αAB = −0.3k (rad/s2). The
angular velocity and angular acceleration vectors of
arm BC are ωBC = 0.4k (rad/s) and αBC = 2k (rad/s)2.
Determine the force and couple exerted on arm BC at B. A 15°

760 mm

90
0 m

m

y

x

z B

50 

C

Solution: The acceleration of point B is aB = aA + αAB ×
rA/B − ω2

ABrA/B or

aB =
∣∣∣∣∣∣

i j k
0 0 −0.3

0.76 cos 15◦ −0.76 sin 15◦ 0

∣∣∣∣∣∣
− (0.6)2(0.76 cos 15◦i − 0.76 sin 15◦j)

= −0.323i − 0.149j (m/s2)

The acceleration of the center of mass G of arm BC is

aG = aB + αBC × rG/B − ω2
BCrG/B aB = −0.323i − 0.149j

+
∣∣∣∣∣∣

i j k
0 0 2

0.45 cos 50◦ 0.45 sin 50◦ 0

∣∣∣∣∣∣
− (0.4)2(0.45 cos 50◦i + 0.45 sin 50◦j),

or aG = −1.059i + 0.374j (m/s2). The free body diagram of arm BC

is:

Newton’s second law is

∑
F = Bx i + (By − mg)j = maG:

Bx i + [
By − (18)(9.81)

]
j = 18(−1.059i + 0.374j).

Solving, we obtain Bx = −19.1 N, By = 183.3 N.

The equation of angular motion is

∑
MG = IBCαBC :

or (0.45 sin 50◦
)Bx − (0.45 cos 50◦

)By + MB = (1.5)(2)

Solving for MB , we obtain MB = 62.6 N-m.

mg

By

Bx

MB

50°
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Problem 18.31 Points B and C lie in the x–y plane.
The y axis is vertical. The center of mass of the 18-
kg arm BC is at the midpoint of the line from B
to C, and the moment of inertia of the arm about
the axis through the center of mass that is parallel
to the z axis is 1.5 kg-m2. At the instant shown, the
angular velocity and angular acceleration vectors of arm
AB are ωAB = 0.6k (rad/s) and αAB = −0.3k (rad/s2).
The angular velocity vector of arm BC is ωBC =
0.4k (rad/s). If you want to program the robot so that the
angular acceleration of arm BC is zero at this instant,
what couple must be exerted on arm BC at B?

Solution: From the solution of Problem 18.30, the acceleration of
point B is aB = −0.323i − 0.149j (m/s2). If αBC = 0, the acceleration
of the center of mass G of arm BC is

aG = aB − ω2
BCrG/B = −0.323i − 0.149j

− (0.4)2(0.45 cos 50◦i + 0.45 sin 50◦j)

= −0.370i − 0.205j (m/s2).

From the free body diagram of arm BC in the solution of
Problem 18.30. Newton’s second law is

∑
F = Bx i + (By − mg)j = maG:

Bx i + [By − (18)(9.81)]j = 18(−0.370i − 0.205j).

Solving, we obtain Bx = −6.65 N, By = 172.90 N. The equation of
angular motion is

∑
MG = IBCαBC = 0:

(0.45 sin 50◦
)Bx − (0.45 cos 50◦

)By + MB = 0.

Solving for MB , we obtain MB = 52.3 N-m.

Problem 18.32 The radius of the 2-kg disk is R =
80 mm. Its moment of inertia is I = 0.0064 kg-m2. It
rolls on the inclined surface. If the disk is released from
rest, what is the magnitude of the velocity of its center
two seconds later? (See Active Example 18.2).

30�

R

Solution: There are four unknowns (N, f, a, α), three dynamic
equations, and one constraint equation. We have

�MG : −f r = −Iα,

�F↘ : mg sin 30◦ − f = ma

a = rα

Solving, we find

a = mgr2 sin 30◦

I + mr2

= (2 kg)(9.81 m/s2)(0.08 m)2 sin 30◦

0.0064 kg-m2 + (2 kg)(0.08 m)2

= 3.27 m/s2.

From the kinematics we have

v = at = (3.27 m/s2)(2 s) = 6.54 m/s. v = 6.54 m/s.
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Problem 18.33 The radius of the 2-kg disk is R =
80 mm. Its moment of inertia is I = 0.0064 kg-m2. What
minimum coefficient of static friction is necessary for the
disk to roll, instead of slip, on the inclined surface? (See
Active Example 18.2.)

30�

R

Solution: There are five unknowns (N, f, a, α, µs), three dynamic
equations, one constraint equation, and one friction equation. We have

�MG : −fR = −Iα,

�F↘ : mg sin 30◦ − f = ma,

�F↗ : N − mg cos 30◦ = 0,

a = Rα,

f = µsN.

Putting in the numbers and solving, we find

N = 17.0 N, f = 3.27 N, a = 3.27 m/s2, α = 40.9 rad/s2, µs = 0.192.

Problem 18.34 A thin ring and a homogeneous circu-
lar disk, each of mass m and radius R, are released from
rest on an inclined surface. Determine the ratio vring/vdisk
of the velocities of the their centers when they ave rolled
a distance D.

D

R R

D

Solution: There are four unknowns (N, f, a, α), three dynamic
equations, and one constraint equation. We have

�MG : −fR = −Iα,

�F↘ : mg sin θ − f = ma,

a = Rα,

Solving, we find a = mgr2 sin θ

I + mr2

For the ring Iring = mr2 ⇒ aring = g

2
sin θ

For the disk Idisk = 1

2
mr2 ⇒ adisk = 2g

3
sin θ

The velocities are then

vring =
√

2aringD = √
gD sin θ, vdisk = √

2adiskD =
√

4

3
gD sin θ

The ratio is

vring

vdisk
=

√
gD sin θ√
4

3
gD sin θ

= √
3/4

vring

vdisk
= √

3/4

490

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.35 The stepped disk weighs 178 N and its
moment of inertia is I = 0. 2

released from rest, how long does it take its center to
fall 0.91 m? (Assume that the string remains vertical.)

 203.2 mm
101.6 mm

Solution: The moment about the center of mass is M = −RT .
From the equation of angular motion: −RT = Iα, from which T =
− Iα

R
. From the free body diagram and Newton’s second law:

∑
Fy =

T − W = may , where ay is the acceleration of the center of mass.
From kinematics: ay = −Rα. Substitute and solve:

ay = W(
I

R2
+ m

) .

The time required to fall a distance D is

t =
√

2D

ay

=
√

2D(I + R2m)

R2W
.

For D= R = 0. W = m = W

g
=

I = 2 t = 0.676 s

T

W
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Problem 18.36 The radius of the pulley is R =
100 mm and its moment of inertia is I = 0.1 kg-
m2. The mass m = 5 kg. The spring constant is k =
135 N/m. The system is released from rest with the
spring unstretched. At the instant when the mass has
fallen 0.2 m, determine (a) the angular acceleration of
the pulley, and (b) the tension in the rope between the
mass and the pulley.

R

k m

x

Solution: The force in the spring is kx. There are five unknowns
(Ox,Oy, T , a, α), four dynamic equations, and one constraint equation.

�MO : (kx)R − T R = −Iα,

�Fy : T − mg = −ma,

a = Rα

Solving we find

(a)

α = R(mg − kx)

I + mR2

= (0.1 m)([5 kg][9.81 m/s2] − [135 N/m][0.2 m])

0.1 kg-m2 + (5 kg)(0.1 m)2

α = 14.7 rad/s2.

(b)

T = m(g − Rα) = (5 kg)(9.81 m/s2 − [0.1 m][14.7 rad/s2])

T = 41.7 N.
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Problem 18.37 The radius of the pulley is R = 100 mm
and its moment of inertia is I = 0.1 kg-m2. The mass
m = 5 kg. The spring constant is k = 135 N/m. The sys-
tem is released from rest with the spring unstretched.
What maximum distance does the mass fall before re-
bounding?

Strategy: Assume that the mass has fallen an arbitrary
distance x. Write the equations of motion of the mass and
the pulley and use them to determine the acceleration a
of the mass as a function of x. Then apply the chain rule:

dv

d t
= dv

dx

dx

d t
= dv

dx
v.

R

k m

x

Solution: The force in the spring is kx. There are five unknowns
(Ox,Oy, T , a, α), four dynamic equations, and one constraint equation.

�MO : (kx)R − T R = −Iα,

�Fy : T − mg = −ma,

a = Rα

Solving we find

a = R2(mg − kx)

I + mR2
= v

dv

dx

∫ 0

0
vdv =

∫ x

0

R2(mg − kx)

I + mR2
dx = R2

I + mR2

∫ x

0
(mg − kx) dx = 0

Thus

mgx − 1

2
kx2 = 0 ⇒ x = 0 or x = 2 mg

k

The maximum distance is

x = 2 mg

k
= 2(5 kg)(9.81 m/s2)

135 N/m
= 0.727 m x = 0.727 m.
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Problem 18.38 The mass of the disk is 45 kg and its
radius is R = 0.3 m. The spring constant is k = 60 N/m.
The disk is rolled to the left until the spring is com-
pressed 0.5 m and released from rest.

(a) If you assume that the disk rolls, what is its angular
acceleration at the instant it is released?

(b) What is the minimum coefficient of static friction
for which the disk will not slip when it is released?

k R

Solution:

x0 = −0.5

k = 600 N/m

m = 45 kg

R = 0.3 m

I0 = 1
2 mR2 = 2.025 N-m2, Fs = kx

∑
Fx : − Fs − f = ma0x

∑
Fy : N − mg = 0

∑
M0: − f R = I0α

Rolling implies a0x = −Rα

We have, at x = −0.5 m

− kx − f = ma0x

N − mg = 0

− Rf = I0α

a0x = −Rα

Four eqns, four unknowns (a0x , α,N, f )

(a) Solving f = 100 N, N = 441.5 N

α = −14.81 rad/s2 (clockwise)

a0x = 4.44 m/s2

(b) for impending slip,

f = µs N

µs = f/N = 100/441.5

µs = 0.227

+

mg

O

N

xf

Fs
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Problem 18.39 The disk weighs 12 N and its radius
is 6 . It is stationary on the surface when the force
F = 10 is applied.

(a) If the disk rolls on the surface, what is the accel-
eration of its center?

(b) What minimum coefficient of static friction is nec-
essary for the disk to roll instead of slipping when
the force is applied?

F

Solution: There are five unknowns (N, f, a, α, µs), three dynamic
equations, one constraint equation, and one friction equation.

�Fx : F − f = ma,

�Fy : N − mg = 0,

�MG : −f r = −
(

1

2
mr2

)
α,

a = rα,

f = µsN.

Solving, we find

(a) a = 2F

3m
= 2(10 N)

3

(
12 N

2

) = 2. a = 2.

(b) µs = F

3mg
= (10 N)

3(12 )
= 0.278 µs = 0.278.
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Problem 18.40 A186.8 N spherewith radiusR=
is placed on a horizontal surface with initial angular
velocity ω0 = 40 rad/s. The coefficient of kinetic fric-
tion between the sphere and the surface is µk = 0.06.
What maximum velocity will the center of the sphere
attain, and how long does it take to reach that velocity?

Strategy: The friction force exerted on the spinning
sphere by the surface will cause the sphere to acceler-
ate to the right. The friction force will also cause the
sphere’s angular velocity to decrease. The center of the
sphere will accelerate until the sphere is rolling on the
surface instead of slipping relative to it. Use the relation
between the velocity of the center and the angular veloc-
ity of the sphere when it is rolling to determine when
the sphere begins rolling.

    0ω

Solution: Given

W = , g = 2, m = W/g, R = , µk = 0.06

We have∑
Fx : µkN = ma

∑
Fy : N − mg = 0

∑
MG : µkNR = 2

5
mR2a

Solving we find

α = 5µkg

2R
= 14.49 rad/s2, a = µkg = /s2

From kinematics we learn that

α = 14.49 rad/s2, ω = (14.49 rad/s2)t − (40 rad/s)

a = 2, v = ( )t

when we reach a steady motion we have

v = −Rω ⇒ ( 2)t = −(0.102 m)[(14.49 rad/s2)t −(40 rad/s)]

Solving for the time we find

t =1.97 s ⇒ v =

W

W
µRW

W

N

µkN
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Problem 18.41 A soccer player kicks the ball to a
teammate 8 m away. The ball leaves the player’s foot
moving parallel to the ground at 6 m/s with no angu-
lar velocity. The coefficient of kinetic friction between
the ball and the grass is µk = 0.32. How long does it
take the ball to reach his teammate? The radius of the
ball is 112 mm and its mass is 0.4 kg. Estimate the ball’s
moment of inertia by using the equation for a thin spher-
ical shell: I = 2

3mR2.

Solution: Given µ = 0.32, r = 0.112 m, g = 9.81 m/s2, v0 =
6 m/s

The motion occurs in two phases.

(a) Slipping.

∑
Fx : −µN = ma

∑
Fy : N − mg = 0

∑
MG : −µNR = 2

3
mR2α

Solving we find

a = −µg ⇒ v = v0 − µgt, s = v0t − 1

2
µgt2

α = − 3µg

2R
⇒ ω = − 3µg

2R
t

When it stops slipping we have

v = −Rω ⇒ v0 − µgt = 3

2
µgt ⇒ t = 2v0

5µg
= 0.765 s

v = 3.6 m/s, s = 3.67 m

(b) Rolling — Steady motion

a = 0, v = 3.6 m/s, s = (3.6 m/s)(t − 0.765 s) + 3.67 m

When it reaches the teammate we have

8 m = (3.6 m/s)(t − 0.765 s) + 3.67 m ⇒ t = 1.97 s

mg

µΝ

N
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Problem 18.42 The 100-kg cylindrical disk is at rest
when the force F is applied to a cord wrapped around
it. The static and kinetic coefficients of friction between
the disk and the surface equal 0.2. Determine the angular
acceleration of the disk if (a) F = 500 N and (b) F =
1000 N.

Strategy: First solve the problem by assuming that the
disk does not slip, but rolls on the surface. Determine the
friction force, and find out whether it exceeds the product
of the coefficient of friction and the normal force. If it
does, you must rework the problem assuming that the
disk slips.

F

300 mm

Solution: Choose a coordinate system with the origin at the center
of the disk in the at rest position, with the x axis parallel to the plane
surface. The moment about the center of mass is M = −RF − Rf ,
from which −RF − Rf = Iα. From which

f = −RF − Iα

R
= −F − Iα

R
.

From Newton’s second law: F − f = max , where ax is the accelera-
tion of the center of mass. Assume that the disk rolls. At the point of
contact aP = 0; from which 0 = aG + α × rP/G − ω2rP/G.

aG = ax i = α × Rj − ω2Rj

=

 i j k

0 0 α

0 R 0


 − ω2Rj = −Rαi − ω2Rj,

from which ay = 0 and ax = −Rα. Substitute for f and solve:

ax = 2F(
m + I

R2

) .

For a disk, the moment of inertia about the polar axis is I = 1
2 mR2,

from which

ax = 4F

3m
= 2000

300
= 6.67 m/s2.

(a) For F = 500 N, the friction force is

f = F − max = −F

3
= − 500

3
= −167 N.

Note: −µkW = −0.2 mg = −196.2 N, the disk does not slip.
The angular velocity is

α = − ax

R
= − 6.67

0.3
= −22.22 rad/s2.

F

f

W

N

(b) For F = 1000 N the acceleration is

ax = 4F

3m
= 4000

300
= 13.33 m/s2.

The friction force is

f = F − max = 1000 − 1333.3 = −333.3 N.

The drum slips. The moment equation for slip is −RF +
Rµkgm = Iα, from which

α = −RF + Rµkgm

I
= − 2F

mR
+ 2µkg

R
= −53.6 rad/s2.
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Problem 18.43 The ring gear is fixed. The mass and
moment of inertia of the sun gear are mS = 320 kg and
IS = 40 kg-m2. The mass and moment of inertia of each
planet gear are mP = 38 kg and IP = 0.60 kg-m2. If a
couple M = 200 N-m is applied to the sun gear, what
is the latter’s angular acceleration?

0.50 m

M

Sun gear

0.86 m

Planet gears (3)

Ring gear
0.18 m.

Solution:

MS = 200 N-m

Sun Gear:
∑

M0: MS − 3RF = ISαS

Planet Gears:
∑

Mc: Gr − Fr = IP αP

∑
Ft : F + G = mP act

From kinematics act = −rαP

2αP rP = −RαS

We have 5 eqns in 5 unknowns. Solving, αS = 3.95 rad/s2 (counter-
clockwise)

G
C

r

3 small disks

F

O

F

F

F

IP

Ms

Is

er

et

R

Problem 18.44 In Problem 18.43, what is the mag-
nitude of the tangential force exerted on the sun gear
by each planet gear at their point of contact when the
200 N-m couple is applied to the sun gear?

Solution: See the solution to Problem 18.43. Solving the 5 eqns
in 5 unknowns yields

αS = 3.95 rad/s2,

G = 9.63 N,

aGt = 0.988 m/s2,

αP = −5.49 rad/s2,

F = 27.9 N.

F is the required value.
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Problem 18.45 The 18-kg ladder is released from rest
in the position shown. Model it as a slender bar and
neglect friction. At the instant of release, determine
(a) the angular acceleration of the ladder and (b) the
normal force exerted on the ladder by the floor. (See
Active Example 18.3.)

4 m

30°

Solution: The vector location of the center of mass is rG =
(L/2) sin 30◦i + (L/2) cos 30◦j = 1i + 1.732j (m). Denote the normal
forces at the top and bottom of the ladder by P and N . The vector
locations of A and B are rA = L sin 30◦i = 2i (m), rB = L cos 30◦j =
3.46j (m). The vectors rA/G = rA − rG = 1i − 1.732j (m), rB/G =
rB − rG = −1i + 1.732j (m). The moment about the center of mass is

M = rB/G × P + rA/G × N,

M =

 i j k

−1 1.732 0
P 0 0


 +


 i j k

1 −1.732 0
0 N 0




= (−1.732P + N)k (N-m).

From the equation of angular motion: (1) −1.732 P + N = Iα. From
Newton’s second law: (2) P = max , (3) N − mg = may , where ax ,
ay are the accelerations of the center of mass.

From kinematics: aG = aA + α × rG/A − ω2rG/A. The angular veloc-
ity is zero since the system was released from rest,

aG = aAi +

 i j k

0 0 α

−1 1.732 0


 = aAi − 1.732αi − αj

= (aA − 1.732α)i − αj (m/s2),

from which ay = −α.
Similarly,

aG = aB + α × rG/B, aG = aB +

 i j k

0 0 α

1 −1.732 0




= aB j + 1.732αi + αj,

from which ax = 1.732α. Substitute into (1), (2) and (3) to obtain three
equations in three unknowns: −1.732P + N = Iα, P = m(1.732)α,
N − mg = −mα. Solve: (a) α = 1.84 rad/s2, P = 57.3 N, (b) N =
143.47 N

P

N

A

B

mg
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Problem 18.46 The 18-kg ladder is released from rest
in the position shown. Model it as a slender bar and
neglect friction. Determine its angular acceleration at the
instant of release.

20�

30�

4 m

Solution: Given m = 18 kg, L = 4 m, g = 9.81 m/s2, ω = 0

First find the kinematic constraints. We have

aA = aG + α × rA/G

= ax i + ay j + αk ×
([

−L

2
sin 30◦

]
i +

[
L

2
cos 30◦

]
j
)

=
(

ax − α
L

2
cos 30◦

)
i +

(
ay − α

L

2
sin 30◦

)
j

aB = aG + α × rB/G

= ax i + ay j + αk ×
([

L

2
sin 30◦

]
i +

[
−L

2
cos 30◦

]
j
)

=
(

ax + α
L

2
cos 30◦

)
i +

(
ay + α

L

2
sin 30◦

)
j

The constraints are

aA · i = ax − α
L

2
cos 30◦ = 0

aB · (sin 20◦i + cos 20◦j)

=
(

ax + α
L

2
cos 30◦

)
sin 20◦ +

(
ay + α

L

2
sin 30◦

)
cos 20◦

The dynamic equations:∑
Fx : NA + NB sin 20◦ = max

∑
Fy : NB cos 20◦ − mg = may

∑
MG : −NA

(
L

2
cos 30◦

)
+ NB cos 20◦

(
L

2
sin 30◦

)

+ NB sin 20◦
(

L

2
cos 30◦

)
= 1

12
mL2α

Solving five equations in five unknowns we have

α = 2.35 rad/s2 CCW

Also

ax = 4.07 ft/s2, ay = −5.31 ft/s2, NA = 43.7 N, NB = 86.2 N

mg

NA

NB

30°

20°
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Problem 18.47 The 4-kg slender bar is released from
rest in the position shown. Determine its angular
acceleration at that instant if (a) the surface is rough
and the bar does not slip, and (b) the surface is smooth.

60�

1 m

Solution:

(a) The surface is rough. The lower end of the bar is fixed, and the
bar rotates around that point.

�MB : mg
L

2
cos θ = 1

3
mL2α

α = 3g

2L
cos θ = 3(9.81 m/s2)

2(1 m)
cos 60◦

α = 7.36 rad/s2.

(b) The surface is smooth. There are four unknowns (N, ax , ay, α),
three dynamic equations, and one constraint equation (the y

component of the acceleration of the point in contact with the
ground is zero).

�Fx : 0 = max,

�Fy : N − mg = may,

�MG : N
L

2
cos θ = 1

12
mL2α

ay + α
L

2
cos θ = 0

Solving, we find

α = 6g cos θ

L(1 + 3 cos2 θ)
= 6(9.81 m/s2) cos 60◦

(1 m)(1 + 3 cos2 60◦)
= 16.8 rad/s2.

α = 16.8 rad/s2.
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Problem 18.48 The masses of the bar and disk are
14 kg and 9 kg, respectively. The system is released
from rest with the bar horizontal. Determine the bar’s
angular acceleration at that instant if

(a) the bar and disk are welded together at A,
(b) the bar and disk are connected by a smooth pin

at A.

Strategy: In part (b), draw individual free-body
diagrams of the bar and disk.

O

0.3 m

1.2 m

A

Solution:

(a) L = 1.2 m R = 0.3 m

mB = 14 kg mD = 9 kg

O is a fixed point
For the bar

IG = 1

12
mBL2 = 1

12
(14)(1.2)2 = 1.68 N-m2

IOB
= IG + mB

(
L

2

)2

IOB
= 6.72 N-m2

For the disk:

IA = 1
2 mDR2 = 1

2 (9)(0.3)2 = 0.405 N-m2

IOD = IA + m0L
2 = 13.37 N-m2

The total moment of inertia of the welded disk and bar about
O is

IT = IOB + IOD = 20.09 N-m2

∑
Fx : Ox = O = maGx

∑
Fy : Oy − mBg − mDg = (mB + mD)aGy

∑
M0: −

(
L

2

)
mBg − LmDg = IT α

We can solve the last equation for α without finding the location
and acceleration of the center of mass, G. Solving,

α = −9.38 rad/s2 (clockwise)

(b) In this case, only the moment of inertia changes. Since the disk
is on a smooth pin, it does not rotate. It acts only as a point mass
at a distance L from point O.
In this case, I ′

OD = mDL2 and I ′
T = IOB + I ′

OD = 19.68 N-m2

We now have

∑
M0: −

(
L

2

)
mBg − LmDg = I ′

T α′

Solving α′ = −9.57 rad/s2 (clockwise)

Ox
O C G A

Oy mBg

mog
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Problem 18.49 The 22.2 horizontal bar is connected
to the 44.5 N disk by a smooth pin at A . The system is
released from rest in the position shown. What are the
angular accelerations of the bar and disk at that instant?

A

 

O

0.31 m

Solution: Given

g = 2, Wbar = , Wdisk =

9

,

mbar = Wbar

g
, mdisk = Wdisk

g

L = , R =
The FBDs

The dynamic equations

∑
MO : −mbarg

L

2
− AyL = 1

3
mbarL

2αbar

∑
MGdisk : −AyR = 1

2
mdisk R2αdisk

∑
Fy : Ay − mdisk g = mdisk aydisk

Kinematic constraint

αbarL = aydisk − αdisk R

Solving we find

αdisk = 3.58 rad/s2, αbar = −12.5 rad/s2, aydisk = −34.0 m/s2,

Ay = −0.556 N

Thus αdisk = 3.58 rad/s2 CCW, αbar = 12.5 rad/s2 CW

Oy

Ox

Wbar Ay

Ay

Wdisk

Ax
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N

0. 1
 

m

9.81 m/s 22.2 N 44.5 N

0.91 m 0.31 m
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Problem 18.50 The 0.1-kg slender bar and 0.2-kg
cylindrical disk are released from rest with the bar
horizontal. The disk rolls on the curved surface. What is
the bar’s angular acceleration at the instant it is released?

120 mm

40 mm

Solution: The moment about the center of mass of the disk is
M = f R, from the equation of angular motion, Rf = Idαd . From
Newton’s second law: f − By − Wd = mdady . Since the disk rolls,
the kinematic condition is ady = −Rαd . Combine the expressions
and rearrange: f = Iαd/R, Iαd/R − By − Wd = mdady , from which
By + Wd = (Rmd + Id/R)αd . The moment about the center of mass
of the bar is

Mb = −
(

L

2

)
Ay +

(
L

2

)
By,

from which

−
(

L

2

)
Ay +

(
L

2

)
By = Ibαb.

From Newton’s second law Ay − Wb + By = mbaby , where aby is the
acceleration of the center of mass of the bar. The kinematic condition
for the bar is

aCM = αb ×
((

L

2

)
i
)

=
(

L

2

)
αbj,

from which

aby =
(

L

2

)
αb.

Similarly, aD = aCM + αb × ((L/2)i), from which ady = Lαb .

From which: αd = −Lαb/R. Substitute to obtain three equations in
three unknowns:

By + Wd =
(

Rmd + Id

R

) (
− L

R

)
αb,

−
(

L

2

)
Ay +

(
L

2

)
By = Ibαb,

Ay − Wb + By = mb

(
L

2

)
αb.

Substitute known numerical values: L = 0.12 m, R = 0.04 m, mb =
0.1 kg, Wb = mbg = 0.981 N, md = 0.2 kg, Wd = mdg = 1.962 N,
Ib = (1/12)mb(L

2) = 1.2 × 10−4 kg-m2, Id = (1/2)mdR2 = 1.6 ×
10−4 kg-m2. Solve:

αb = −61.3 rad/s2, Ay = 0.368 N, By = 0.245 N.

Ay
By

By

Wb Wd

Bx

N

f

BxAx
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Problem 18.51 The mass of the suspended object A is
8 kg. The mass of the pulley is 5 kg, and its moment of
inertia is 0.036 kg-m2. If the force T = 70 N, what is
the magnitude of the acceleration of A?

120 mm

T

A

Solution: Given

mA = 8 kg, mB = 5 kg, IB = 0.036 kg-m2

R = 0.12 m, g = 9.81 m/s2, T = 70 N

The FBDs

The dynamic equations∑
FyB : T2 + T − mBg − By = mBaBy

∑
FyA : By − mAg = mAaAy

∑
MB : −T2R + T R = IBαB

Kinematic constraints

aBy = aAy, aBy = RαB

Solving we find aAy = 0.805 m/s2

We also have

aBy = 0.805 m/s2, αB = 6.70 rad/s, T2 = 68.0 N, By = 84.9 N

mBg

mAg

T

By

By

T2

506

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.52 The suspended object A weighs 89 N.
The pulleys are identical, each weighing 44.5 N and hav-
ing moment of inertia 0.03 kg-m . If the force2 T =

A?

T

A

0.102 m

0.102 m

Solution: Given

g = 2, WA= , Wdisk = , I = 2

mA = WA

g
, mdisk = Wdisk

g
, R = , T =

The FBDs

The dynamic equations∑
Fy1 : T2 + T − T1 − mdisk g = mdisk a1

∑
Fy2 : T4 + T1 − T3 − mdisk g = mdisk a2

∑
Fy3 : T3 − mAg = mAaA

∑
M1 : T R − T2R = Iα1

∑
M2 : T1R − T4R = Iα2

The kinematic constraints

a1 = Rα1, a2 = Rα2, a1 = 2Rα2, aA = a2

Solving we find aA = 2

We also have

a1 = 2, a2 = 2, α1= 19.0 rad/s2, α2 = 9.48 rad/s2

T1 = , T2 = , T3 = , T4 =

Wdisk

WA

Wdisk

T3

T1

T4

T2
T
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9.81 m/s 89 N 44.5 N 0.03 kg-m

0.102 m 66.7 N

0.96 m/s

1.93 m/s 0.96 m/s

74.7 N 60.9 N 97.9 N 72.1 N

66 .7 N, what is the magnitude of the acceleration of
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Problem 18.53 The 2-kg slender bar and 5-kg block
are released from rest in the position shown. If fric-
tion is negligible, what is the block’s acceleration at that
instant? (See Example 18.5.)

1 m

55°Solution: L = 1 m, m = 2 kg M = 5 kg

Assume directions for Bx , By , IG = 1

12
mBL2

∑
Fx : Bx = maGx (1)

∑
Fy : By − mg = mBaGy (2)

∑
MG:

(
L

2
cos θ

)
By +

(
L

2
sin θ

)
Bx = IGα (3)

∑
Fx : − Bx = Ma0x (4)

∑
Fy : N − By − Mg = 0 (5)

From kinematics, ω = 0 (initially)

a0 = aG + αk × r0/G

where r0/G = L

2
cos θ i − L

2
sin θj

From the diagram a0 = a0x i

{
a0x = aGx + (αL/2) sin θ (6)

0 = aGy + (αL/2) cos θ (7)

We know θ = 55◦, IG = 0.167 kg-m2, L = 1 m, m = 2 kg, M =
5 kg. We have 7 eqns in 7 unknowns

(aGx , aGy , a0x , α,Bx, By, N),

Solving, we get

Bx = −5.77 N, (opposite the assumed direction)

By = 13.97 N,

aGx = −2.88 m/s2, aGy = −2.83 m/s2

α = 9.86 rad/s2, N = 63.0 N

a0x = 1.15 m/s2. (to the right)

Bx

G

m

O

mg

x

y

θ

(L / 2) sin θ

cosθ

By

L
2

Bx

M By

Mg

N

O
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Problem 18.54 The 2-kg slender bar and 5-kg block
are released from rest in the position shown. What
minimum coefficient of static friction between the block
and the horizontal surface would be necessary for the
block not to move when the system is released? (See
Example 18.5.)

Solution: This solution is very similar to that of Problem 18.53.
We add a friction force f = µsN and set a0x = 0.

L = 1 m m = 2 kg

M = 5 kg

IG = 1

12
mL2 = 0.167 kg-m2

∑
Fx : Bx = maGx (1)

∑
Fy : By − mg = maGy (2)

∑
MG:

(
L

2
cos θ

)
By +

(
L

2
sin θ

)
Bx = IGα (3)

(These are the same as in Problem 18.53)
Note: In Prob 18.53, Bx = −5.77 N (it was in the opposite direction
to that assumed). This resulted in a0x to the right. Thus, friction must
be to the left

∑
Fx : − Bx − µsN = ma0x = 0 (4)

∑
Fy : N − By − Mg = 0 (5)

From kinematics,

a0 = aG + α × r0/G = 0

O = aGx + (αL/2) sin θ (6)

O = aGy + (αL/2) cos θ (7)

Solving 7 eqns in 7 unknowns, we get

Bx = −6.91 N, By = 14.78 N,

aGx = −3.46 m/s2, aGy = −2.42 m/s2

N = 63.8 N, α = 8.44 rad/s2

µs = 0.108

Bx

By

L

G

mg

θ

By

Bx

N

Mg

sNµ

M
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Problem 18.55 As a result of the constant couple M
applied to the 1-kg disk, the angular acceleration of the
0.4-kg slender bar is zero. Determine M and the coun-
terclockwise angular acceleration of the rolling disk.

1 m

M

0.25 m

40�

Solution: There are seven unknowns (M,N, f,Ox,Oy, a, α), six
dynamic equations, and one constraint equation. We use the following
subset of those equations.

�MG rod : −Ox(0.5 m) cos 40◦

− Oy(0.5 m) sin 40◦ = 0,

�Fx rod : −Ox = −(0.4 kg)a,

�Fy rod : −Oy − (0.4 kg)(9.81 m/s2) = 0,

�MG disk : M − f (0.25 m)

= 1

2
(1 kg)(0.25 m)2α,

�Fxdisk : Ox − f = −(1 kg)a,

a = (0.25 m)α.

Solving, we find

Ox = 3.29 N, Oy = −3.92 N,

f = 11.5 N, a = 8.23 m/s2,

α = 32.9 rad/s2, M = 3.91 N-m.

M = 3.91 N-m, α = 32.9 rad/s2.
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Problem 18.56 The slender bar weighs 40 N and the
crate weighs 80 . At the instant shown, the velocity of
the crate is zero and it has an acceleration of 14 /s2

toward the left. The horizontal surface is smooth. Deter-
mine the couple M and the tension in the rope. 6 

3 m 6 

M

m

m

Solution: There are six unknowns (M, T ,N,Ox,Oy, α), five
dynamic equations, and one constraint equation. We use the following
subset of the dynamic equations.

�MO : M − (40 )(1.5 )

− T cos 45◦
(6 m)

− T sin 45◦
(3 m)

= 1

3

(
40 N

m/s2

)
(45 m2)α,

�Fx : −T cos 45◦ = −
(

80 N
2

)
(14 m/s2)

The constraint equation is derived from the triangle shown. We have

L = √
45 m, d = 6

√
2 m, θ = 63.4◦

.

x = L cos θ +
√

d2 − L2 sin2 θ

ẋ =
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
θ̇

Since the velocity ẋ = 0, then we know that the angular velocity
ω = θ̇ = 0. Taking one more derivative and setting ω = 0, we find

ẍ =
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
θ̈ ⇒ −(14 m/s2)

=
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
α

Solving these equations, we find that

α = 1.56 rad/s2, M = , T = .

511

N
m
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N m

9.81

1149 N-m 161.5 N

9.81 m/s
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Problem 18.57 The slender bar weighs 40 N and the
crate weighs 80 N. At the instant shown, the veloc-
ity of the crate is zero and it has an acceleration of
14 m/s2 toward the left. The coefficient of kinetic friction
between the horizontal surface and the crate is µk = 0.2.
Determine the couple M and the tension in the rope. 6 m

3 m 6 

M

m

Solution: There are seven unknowns (M, T ,N,Ox, Oy, α, f ),
five dynamic equations, one constraint equation, and one friction equa-
tion. We use the following subset of the dynamic equations.

�MO : M − (40 )(1.5 )

− T cos 45◦
(6 m)

− T sin 45◦
(3 )

= 1

3

(
40 N

2

)
(45 m2)α,

�Fx : −T cos 45◦ + (0.2)N = −
(

80 N

m/s2

)
(14 m/s2)

�Fy : T sin 45◦ + N − (80 N ) = 0.

The constraint equation is derived from the triangle shown. We have

L = √
45 m, d = 6

√
2 , θ = 63.4◦

.

x = L cos θ +
√

d2 − L2 sin2 θ

ẋ =
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
θ̇

Since the velocity ẋ = 0, then we know that the angular velocity ω =
θ̇ = 0. Taking one more derivative and setting ω = 0, we find

ẍ =
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
θ̈ ⇒ −(14 m/s2)

=
(

−L sin θ − L2 cos θ sin θ√
d2 − L2 sin2 θ

)
α

Solving these equations, we find that

α = 1.56 rad/s2, N = , M = , T =

512

N N

N

m

9.81 m/s

9.81

m

–28 5 N 1094 N-m 152.8 N..

m
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Problem 18.58 Bar AB is rotating with a constant
clockwise angular velocity of 10 rad/s. The 8-kg slender
bar BC slides on the horizontal surface. At the instant
shown, determine the total force (including its weight)
acting on bar BC and the total moment about its center
of mass.

0.4 m

10 rad/sA

B

C

0.4 m 0.8 m

y

x Solution: We first perform a kinematic analysis to find the angular
acceleration of bar BC and the acceleration of the center of mass of
bar BC. First the velocity analysis:

vB = vA + ωAB × rB/A = 0 + (−10k) × (0.4i + 0.4j) = (−4i + 4j)

vC = vB + ωBC × rC/B = (−4i + 4j) + ωBCk × (0.8i − 0.4j)

= (−4 + 0.4 ωBC)i + (4 + 0.8 ωBC)j

Since C stays in contact with the floor, we set the j component to zero
⇒ ωBC = −5 rad/s. Now the acceleration analysis.

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + 0 − (10)2(0.4i + 0.4j) = (−40i − 40j)

aC = aB + αBC × rC/B − ωBC
2rC/B

= (−40i − 40j) + αBCk × (0.8i − 0.4j) − (−5)2(0.8i − 0.4j)

= (−60 + 0.4αBC)i + (−30 + 0.8αBC)j

Since C stays in contact with the floor, we set the j component to zero
⇒ αBC = 37.5 rad/s2. Now we find the acceleration of the center of
mass G of bar BC.

aG = aB + αBC × rG/B − ωBC
2rG/B

= (−40i − 40j) + (37.5)k × (0.4i − 0.2j) − (−5)2(0.4i − 0.2j)

= (−42.5i − 20j) m/s2.

The total force and moment cause the accelerations that we just cal-
culated. Therefore

F = maG = (8 kg)(−42.5i − 20j) m/s2 = (−340i − 160j) N,

M = Iα = 1

12
(8 kg)([0.8 m]2 + [0.4 m]2)(37.5 rad/s2) = 20 N-m.

F = (−340i − 160j) N, M = 20 N-m counterclockwise.
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Problem 18.59 The masses of the slender bars AB
and BC are 10 kg and 12 kg, respectively. The angular
velocities of the bars are zero at the instant shown
and the horizontal force F = 150 N. The horizontal
surface is smooth. Determine the angular accelerations
of the bars.

F

0.4 m

0.4 m

0.2 m

A B

C

Solution: Given

mAB = 10 kg, mBC = 12 kg, g = 9.81 m/s2

LAB = 0.4 m, LBC =
√

0.42 + 0.22m, F = 150 N

The FBDs

The dynamic equations

∑
MA : −mABg

LAB

2
+ ByLAB = 1

3
mABLAB

2αAB

∑
FBCx : −Bx − F = mBCaBCx

∑
FBCy : −By − mBCg + N = mBCaBCy

∑
MBCG : (Bx − F)(0.2 m) + (By + N)(0.1 m) = 1

12
mBCLBC

2αBC

The kinematic constraints

aBCy = αABLAB + αBC(0.1 m)

aBCx = αBC(0.2 m)

αABLAB + αBC(0.2 m) = 0

Solving we find αAB = 20.6 rad/s2, αBC = −41.2 rad/s2

αAB = 20.6 rad/s2 CCW, αBC = 41.2 rad/s2 CW

We also find

aBCx = −8.23 m/s2, aBCy = 4.12 m/s2

N = 244 N, Bx = −51.2 N, By = 76.5 N,

mAB g

mBC g

Ax

Bx

ByBy
Ay

N

F
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Problem 18.60 Let the total moment of inertia of the
car’s two rear wheels and axle be IR, and let the total
moment of inertia of the two front wheels be IF. The
radius of the tires is R, and the total mass of the car,
including the wheels, is m. If the car’s engine exerts a
torque (couple) T on the rear wheels and the wheels do
not slip, show that the car’s acceleration is

a = RT

R2m + IR + IF
.

Strategy: Isolate the wheels and draw three free-body
diagrams.

Solution: The free body diagrams are as shown: We shall write
three equations of motion for each wheel and two equations of motion
for the body of the car: We shall sum moments about the axles on
each wheel.
Rear Wheel :

∑
Fx = Fx + fR = mRa,

∑
Fy = NR − mRg − Fy = 0,

∑
MRaxle = RfR − T = IRα = IR

(
− a

R

)

Front Wheel :

∑
Fx = Gx + fF = mFa,

∑
Fy = NF − mFg − Gy = 0,

∑
MFaxle = RfF = IFα = IF

(
− a

R

)

Car Body :

∑
Fx = −Fx − Gx = mBa,

∑
Fy = Fy + Gy − mBg = 0.

Summing the y equations for all three bodies, we get NR + NF =
(mB + mR + mF)g = mg. Summing the equations for all three bodies
in the x direction, we get fR + fF = (mB + mR + mF)a = ma. (1)
From the moment equations for the wheels, we get fF = −IFa/R2

and fR = −IRa/R2 + T /R. Substituting these into Eq. (1), we get
a = RT/(mR2 + IR + IF) as required.

Fx

Fy Gy

Gx

Fy

Fx

fR fFNR

T

NF

Gx

mFgmRg

mBg

Gy
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Problem 18.61 The combined mass of the motorcy-
cle and rider is 160 kg. Each 9-kg wheel has a 330-
mm radius and a moment of inertia I = 0.8 kg-m2. The
engine drives the rear wheel by exerting a couple on it.
If the rear wheel exerts a 400-N horizontal force on the
road and you do not neglect the horizontal force exerted
on the road by the front wheel, determine (a) the motor-
cycle’s acceleration and (b) the normal forces exerted on
the road by the rear and front wheels. (The location of
the center of mass of the motorcycle not including its
wheels, is shown.)

1500 mm

649 mmA B

723 mm

Solution: In the free-body diagrams shown, mw = 9 kg and m =
160 − 18 = 142 kg. Let a be the motorcycle’s acceleration to the right
and let α be the wheels’ clockwise angular acceleration. Note that

a = 0.33α. (1)

Front Wheel :

∑
Fx = Bx + fF = mωa, (2)

∑
Fy = By + NF − mωg = 0, (3)

∑
M = −fF(0.33) = Iα. (4)

Rear Wheel :

∑
Fx = Ax + fR = mωa, (5)

∑
Fy = Ay + NR − mωg = 0, (6)

∑
M = M − fR(0.33) = Iα. (7)

Motorcycle:

∑
Fx = −Ax − Bx = ma, (8)

∑
Fy = −Ay − By − mg = 0, (9)

∑
M = −M + (Ax + Bx)(0.723 − 0.33)

+ By(1.5 − 0.649) − Ay(0.649) = 0. (10)

Solving Eqs (1)–(10) with fR = 400 N, we obtain

(a) a = 2.39 rad/s2

and (b) NR = 455 N, NF = 1115 N.

Ax

Ay
By

Bx

mg
M

Ay

NR
NF

fR fF

wg wg

Ax Bx
By

m mM
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Problem 18.62 In Problem 18.61, if the front wheel
lifts slightly off the road when the rider accelerates,
determine (a) the motorcycle’s acceleration and (b) the
torque exerted by the engine on the rear wheel.

Solution: See the solution of Problem 18.61. We set NF = 0 and
replace Eq. (4) by fF = 0. Then solving Eqs. (1)–(10), we obtain

(a) a = 9.34 m/s2,

(b) M = 516 N-m.

Problem 18.63 The moment of inertia of the vertical
handle about O is 0.16 kg-m . The object2 B weighs

bar AB is negligible (which means that you can treat the
bar as a two-force member). If the person exerts a 0.89 N
horizontal force on the handle 15 cm above O, what is
the resulting angular acceleration of the handle?

6 

12 cm

A

B

O

cm

Solution: Let α be the clockwise angular acceleration of the han-
dle. The acceleration of B is:

aB = aA + αAB × rB/A :

aB i = (6/12)αi +
∣∣∣∣∣∣

i j k
0 0 αAB

1 −0.5 0

∣∣∣∣∣∣
we see that αAB = 0 and

aB = (6/12)α (1).

The free body diagrams of the handle and object B are as shown. Note
that β = arctan(6/12) = 26.6◦. Newton’s second law for the object
B is

C cos β = ( / )aB , (2)

The equation of angular motion for the handle is

(15/12)F − (6/12)C cos β = (0.1 )α (3).

Solving Equations (1)–(3) with F = 0. α = rad/s2

β

F

C

O

6 cm

15 cm

β
C

N

 

A

B

aA = (6/12)     i

aB

66.7 N
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0.15 9.81

6

89 N, we obtain 6.8
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Problem 18.64 The bars are each 1 m in length and
have a mass of 2 kg. They rotate in the horizontal plane.
Bar AB rotates with a constant angular velocity of
4 rad/s in the counterclockwise direction. At the instant
shown, bar BC is rotating in the counterclockwise
direction at 6 rad/s. What is the angular acceleration of
bar BC?

BA

C

aBC

6 rad/s

4 rad/s

Solution: Given m = 2 kg, L = 1 m, θ = 45◦

The FBD

The kinematics

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + 0 − (4 rad/s)2(1 m)i = −(16 m/s2)i

aG = aB + αBC × rG/B − ωBC
2rG/B

= −(16 m/s2)i + αBCk × (0.5 m)(cos θ i − sin θj)

− (6 rad/s)2(0.5 m)(cos θ i − sin θj)

= (−16 m/s2 + [0.5 m sin θ]αBC − [18 m/s2] cos θ)i

+ ([0.5 m cos θ]αBC + [18 m/s2] sin θ)j

Our kinematic constraints are

ax = −16 m/s2 + [0.5 m sin θ]αBC − [18 m/s2] cos θ

ay = [0.5 m cos θ]αBC + [18 m/s2] sin θ

The dynamic equations∑
Fx : −Bx = max

∑
Fy : By = may

∑
MG : Bx(0.5 m) sin θ − By(0.5 m) cos θ = 1

12
m(1.0 m)2αBC

Solving we find αBC = 17.0 rad/s2 CCW

By

G

Bx
θ
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Problem 18.65 Bars OQ and PQ each weigh 6 .
The weight of the collar P and friction between the
collar and the horizontal bar are negligible. If the system
is released from rest with θ = 45◦, what are the angular
accelerations of the two bars? 2 m

O

Q

P

θ

2 m

Solution: Let αOQ and αPQ be the clockwise angular acceleration
of bar OQ and the counterclockwise angular acceleration of bar PQ.
The acceleration of Q is

aQ = a0 + α0Q × rQ/0 =
∣∣∣∣∣∣

i j k
0 0 −αOQ

2 cos 45◦ 2 sin 45◦ 0

∣∣∣∣∣∣
= 2αOQ sin 45◦i − 2αOQ cos 45◦j.

The acceleration of P is

aP = aQ + αPQ × rP/Q

aP i = 2αOQ sin 45◦i − 2αOQ cos 45◦j +
∣∣∣∣∣∣

i j k
0 0 αPQ

2 cos 45◦ 2 sin 45◦ 0

∣∣∣∣∣∣ .

Equating i and j components,

aP = 2αOQ sin 45◦ − 2αPQ sin 45◦
(1)

0 = −2αOQ cos 45◦ + 2αPQ cos 45◦
(2).

The acceleration of the center of mass of bar PQ is

aG = aQ + αPQ × rG/Q = 2αOQ sin 45◦i

− 2αOQ cos 45◦j +
∣∣∣∣∣∣

i j k
0 0 αPQ

cos 45◦ − sin 45◦ 0

∣∣∣∣∣∣ .

Hence,

aGx = 2αOQ sin 45◦ + αPQ sin 45◦
(3);

aGy = −2αOQ cos 45◦ + αPQ cos 45◦
(4).

Qy Qy

Qx Qx

O
N

6 6 

Q

O x

y

P

G

45°

αPQαOQ

N N

From the diagrams:

The equation of angular motion of bar OQ is
∑

M0 = I0αOQ:

Qx(2 sin 45◦
) − Qy(2 cos 45◦

) + 6 cos 45◦ = 1
3 (6/ )(2)2αOQ (5).

The equations of motion of bar PQ are

∑
Fx = −Qx = (6/ )aGx (6)

∑
Fy = N − Qy − 6 = (6/ )aGy (7)

∑
M = (N + Qy + Qx)(cos 45◦

) = 1

12
(6/ )(2)2αPQ (8).

Solving Equations (1)–(8), we obtain αOQ = αPQ = 6.83 rad/s2
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Problem 18.66 In Problem 18.65, what are the angular
accelerations of the two bars if the collar P weighs 2 N?

Solution: In the solution of Problem 18.65, the free body diagram
of bar PQ has a horizontal component P to the left where P is the
force exerted on the bar by the collar. Equations (6) and (8) become

∑
Fx = −Qx − P = (6/ )aGx

∑
M = (N − P + Qy + Qx)(cos 45◦

) = 1

12
(6/ )(2)2αPQ

and the equation of motion for the collar is P = (2/ )aP solving
equations (1–9), we obtain αOQ = αPQ = 4.88 rad/s2.

Problem 18.67 The 4-kg slender bar is pinned to 2-
kg sliders at A and B. If friction is negligible and the
system is released from rest in the position shown, what
is the angular acceleration of the bar at that instant?

45°

B

A

1.2 m

0.5 m

Solution: Express the acceleration of B in terms of the accelera-
tion of A, aB = aA + αAB × rB/A:

aB cos 45◦i − aB sin 45◦j = −aAj +
∣∣∣∣∣∣

i j k
0 0 αAB

0.5 −1.2 0

∣∣∣∣∣∣ ,

or aB cos 45◦ = 1.2αAB, (1);

and − aB sin 45◦ = −aA + 0.5αAB, (2).

We express the acceleration of G in terms of the acceleration of A,
aG = aA + αAB × rG/A:

aG = aGx i + aGy j = −aAj +
∣∣∣∣∣∣

i j k
0 0 αAB

0.25 −0.6 0

∣∣∣∣∣∣ ,

or aGx = 0.6αAB, (3);

and aGy = −aA + 0.25αAB, (4);

The free body diagrams are as shown. The equations of motion are
Slider A:

N − Ax = 0 (5),

and (2)(9.81) + Ay = 2aA, (6);

Slider B : P − [Bx + By + (2)(9.81)] cos 45◦ = 0, (7);

and [(2)(9.81) − Bx + By ] cos 45◦ = 2aB, (8);

Bar: Ax + Bk = 4aGx (9);

and Ay + By − (4)(9.81) = 4aGy (10);

(L/2)[(Bx − Ax) cos β + (By − Ay) sin β] = 1

12
(4)L2αAB (11),

where L = √
(0.5)2 + (1.2)2 m

and β arctan(0.5/1.2) = 22.6◦
.

Solving Equations (1)–(11), we obtain αAB = 5.18 rad/s2.

A

B

G

B

x

y

aA

aB

Ay

By

Bx

Bx

Ax

Ax

Ay

By

αAB

(4)(9.81)

(2)(9.81)

(2)(9.81)

N

P
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Problem 18.68 The mass of the slender bar is m and
the mass of the homogeneous disk is 4m. The system
is released form rest in the position shown. If the disk
rolls and the friction between the bar and the horizon-
tal surface is negligible, show that the disk’s angular
acceleration is α = 6g/95R counterclockwise.

2R

R

Solution: For the bar: The length of the bar is L = √
5R. Apply

Newton’s second law to the free body diagram of the bar: Bx = maGx ,
By + NA − mg = maGy , where aGx, aGy are the accelerations of the
center of mass of the bar. The moment about the bar center of mass is

RBy − RNA − R

2
Bx = IBαAB.

For the disk: Apply Newton’s second law and the equation of angular
motion to the free body diagram of the disk. f − Bx = 4maDx , ND −
4mg − By = 0, RBy + Rf = IDαD

From kinematics: Since the system is released from rest, ωAB =
ωD = 0. The acceleration of the center of the disk is aD = −RαD i.
The acceleration of point B in terms of the acceleration of the center
of the disk is

aB = aD + αD × rB/D = aD +

 i j k

0 0 αD

−R 0 0


 = −RαD i − RαDj.

The acceleration of the center of mass of the bar in terms of the
acceleration of B is

aG = aB + αAB × rG/B − ω2
ABrG/B = aB +




i j k
0 0 αAB

−R −R

2
0




= aB + RαAB

2
i − RαAB j,

aG = −R
(
αD − αAB

2

)
i − R(αD + αAB)j.

The acceleration of the center of mass of the bar in terms of the
acceleration of A is

aG = aA + aAB × rG/A = aA +




i j k
0 0 αAB

R
R

2
0




= aA − RαAB

2
i + RαAB j.

From the constraint on the motion, aA = aAi. Equate the expressions

for aG, separate components and solve: αAB = −αD

2
. Substitute to

obtain aGx = − 5R

4
αD , aGy = −R

2
αD . Collect the results:

(1) Bx = − 5Rm

4
αD,

(2) By + NA − mg = −Rm

2
αD,

4 mg

ND

By

Bx

f

mg

NA

By

Bx

(3) RBy − RNA − R

2
Bx = − IB

2
αD,

(4) f − Bx = −4RmαD,

(5) ND − 4mg − By = 0,

(6) RBy + Rf = IDαD.

From (1), (2), and (3)

By = mg

2
−

(
9mR

16
+ IB

4R

)
αD.

From (1), (4) and (6),

By =
(

ID

R
+ 21Rm

4

)
αD.

Equate the expressions for By and reduce to obtain

αD =
(mg

2

) 1(
93Rm

16
+ ID

R
+ IB

4R

) .

For a homogenous cylinder of mass 4m, ID = 2R2m. For a slender
bar of mass m about the center of mass,

IB = 1

12
mL2 = 5

12
mR2.

Substitute and reduce:

aD = 6g

95R
.
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Problem 18.69 Bar AB rotates in the horizontal plane
with a constant angular velocity of 10 rad/s in the coun-
terclockwise direction. The masses of the slender bars
BC and CD are 3 kg and 4.5 kg, respectively. Deter-
mine the x and y components of the forces exerted on
bar BC by the pins at B and C at the instant shown.

A

B

y

x

C

D

0.2 m 0.2 m

0.2 m10 rad/s

Solution: First let’s do the kinematics

Velocity

vB = vA + ωAB × rB/A

= 0 + (10 rad/s)k × (0.2 m)j

= −(2 m/s)i

vC = vB + ωBC × rC/B

= −(2 m/s)i + ωBCk × (0.2 m)i = −(2 m/s)i + (0.2 m)ωBC j

vD = vC + ωCD × rD/C

= −(2 m/s)i + (0.2 m)ωBCj + ωCDk × (0.2 m)(i − j)

= (−[2 m/s] + [0.2 m]ωCD)i + (0.2 m)(ωBC + ωCD)j

Since D is pinned we find ωCD = 10 rad/s, ωBC = − 10 rad/s

Acceleration

aB = aA + αAB × rB/A − ωAB
2rB/A

= 0 + 0 − (10 rad/s)2(0.2 m)j = −(20 m/s2)j

aC = aB + αBC × rC/B − ωBC
2rC/B

= −(20 m/s2)j + αBCk × (0.2 m)i − (−10 rad/s)2(0.2 m)i

= −(20 m/s2)i + ([0.2 m]αBC − 20 m/s2)j

aD = aC + αCD × rD/C − ωCD
2rD/C

= −(20 m/s2)i + ([0.2 m]αBC − 20 m/s2)j + αCDk

× (0.2 m)(i − j) − (10 rad/s)2(0.2 m)(i − j)

= (−40 m/s2 + [0.2 m]αCD)i + ([0.2 m][αBC + αBC ])j

Since D is pinned we find αBC = −200 rad/s2, αCD = 200 rad/s2

Now find the accelerations of the center of mass G.

aG = aB + αBC × rG1/B − ωBC
2rG1/B

= −(20 m/s2)j + (−200 rad/s2)k × (0.1 m)i − (−10 rad/s)2(0.1 m)i

= (−10i − 40j) m/s2

A

CGB

D

10 rad/s

0.2 m

0.4 m

0.2 m

Bx

By
Cy

Dy

Dx

Cy

Cx

The FBDs

The dynamics∑
FBCx : Bx + Cx = (3 kg)(−10 m/s2)

∑
FBCy : By + Cy = (3 kg)(−40 m/s2)

∑
MG1 : (Cy − By)(0.1 m) = 1

12
(3 kg)(0.2 m)2(−200 rad/s2)

∑
MD : Cx(0.2 m) + Cy(0.2 m) = 1

3
(4.5 kg)(

√
2[0.2 m])2(200 rad/s2)

Solving we find

Bx = −220 N, By = −50 N

Cx = 190 N, Cy = −70 N
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Problem 18.70 The 2-kg bar rotates in the horizontal
plane about the smooth pin. The 6-kg collar A slides on
the smooth bar. At the instant shown, r = 1.2 m, ω =
0.4 rad/s, and the collar is sliding outward at 0.5 m/s
relative to the bar. If you neglect the moment of inertia
of the collar (that is, treat the collar as a particle), what
is the bar’s angular acceleration?

Strategy: Draw individual free-body diagrams of the
bar and collar and write Newton’s second law for the
collar in terms of polar coordinates.

r

A

2 m

ω

Solution: Diagrams of the bar and collar showing the force they
exert on each other in the horizontal plane are: the bar’s equation of
angular motion is

∑
M0 = I0α: − Nr = 1

3 (2)(2)2α (1)

In polar coordinates, Newton’s second law for the collar is

∑
F = ma: Neθ = m

[(
d2r

dt2
− rω2

)
er +

(
rα + 2

dr

dt
ω

)
eθ

]
.

Equating eθ components,

N = m

(
rα + 2

dr

dt
ω

)
= (6)[rα + 2(0.5)(0.4)] (2).

Solving Equations (1) and (2) with r = 1.2 m gives α = −0.255 rad/s2

r
N

N

eθ
er

O

Problem 18.71 In Problem 18.70, the moment of iner-
tia of the collar about its center of mass is 0.2 kg-m2.
Determine the angular acceleration of the bar, and com-
pare your answer with the answer to Problem 18.70.

Solution: Let C be the couple the collar and bar exert on each
other: The bar’s equation of angular motion is

∑
M0 = I0α: − Nr − C = 1

3 (2)(2)2α (1).

The collar’s equation of angular motion is

∑
M = Iα: C = 0.2α (2).

From the solution of Problem 18.70, the eθ component of Newton’s
second law for the collar is

N = (6)[rα + 2(0.5)(0.4)] (3)

Solving Equations (1)–(3) with r = 1.2 m gives α = −0.250 rad/s2.

523

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.72 The axis L0 is perpendicular to both
segments of the L-shaped slender bar. The mass of the
bar is 6 kg and the material is homogeneous. Use inte-
gration to determine the moment of inertia of the bar
about L0.

LO
2 m

1 m

Solution: Let A be the bar’s cross-sectional area. The bar’s mass
is m = 6 kg = ρA(3 m), so ρA = 2 kg/m.

For the horizontal part (Fig. a),

Ih =
∫

m

x2 dm =
∫ 2

0
x2ρA dx = 8

3
ρA = 16

3
kg-m2.

For the vertical part (Fig. b),

Iv =
∫

m

r2 dm =
∫ 1

0
(22 + y2)ρA dy

= 13

3
ρA = 26

3
kg-m2.

Therefore I0 = Ih + Iv = 14 kg-m2.

LO LO

x

dm

dm

dx

dy

yr

(a) (b)

Problem 18.73 Two homogenous slender bars, each of
mass m and length l, are welded together to form the T-
shaped object. Use integration to determine the moment
of inertia of the object about the axis through point O
that is perpendicular to the bars.

l
O l

Solution: Divide the object into two pieces, each corresponding
to a slender bar of mass m; the first parallel to the y-axis, the second
to the x-axis. By definition

I =
∫ l

0
r2 dm +

∫
m

r2 dm.

For the first bar, the differential mass is dm = ρA dr . Assume that
the second bar is very slender, so that the mass is concentrated at a
distance l from O. Thus dm = ρA dx, where x lies between the limits
− l

2 ≤ x ≤ l
2 . The distance to a differential dx is r = √

l2 + x2. Thus
the definition becomes

I = ρA

∫
0

l

r2 dr + ρA

∫ 1
2

− l
2

(l2 + x2) dx

I = ρA

[
r3

3

]l

0
+ ρA

[
l2x + x3

3

] 1
2

− 1
2

= ml2
(

1

3
+ 1 + 1

12

)
= 17

12
ml2
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Problem 18.74 The slender bar lies in the x−y plane.
Its mass is 6 kg and the material is homogeneous. Use
integration to determine its moment of inertia about the
z axis.

x

y

1 m

2 m

50�

Solution: The density is ρ = 6 kg

3 m
= 2 kg/m

Iz =
∫ 1 m

0
ρx2dx

+
∫ 2 m

0
ρ[(1 m + s cos 50◦

)2 + (s sin 50◦
)2] ds

Iz = 15.1 kg-m2

y

x

2 m

1 m

50°

Problem 18.75 The slender bar lies in the x−y plane.
Its mass is 6 kg and the material is homogeneous. Use
integration to determine its moment of inertia about the
y axis.

Solution: The density is ρ = 6 kg

3 m
= 2 kg/m

Iy =
∫ 1 m

0
ρx2dx

+
∫ 2 m

0
ρ[(1 m + s cos 50◦

)2] ds

Iy = 12.0 kg-m2

y

x

2 m

1 m

50°
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Problem 18.76 The homogeneous thin plate has mass
m = 12 kg and dimensions b = 1 m and h = 2 m.
Determine the mass moments of inertia of the plate about
the x, y, and z axes.

Strategy: The mass moments of inertia of a thin plate
of arbitrary shape are given by Eqs. (18.37)–(18.39) in
terms of the moments of inertia of the cross-sectional
area of the plate. You can obtain the moments of inertia
of the triangular area from Appendix B.

x

y

h

b

Solution:

m = 12 kg

Area = 1
2 bh

ρ = mass/Area

dm = ρdA

From Appendix B,

IxA
= 1

36
bh3 IyA

= 1

36
hb3

Area = 1

2
(1)(2) = 1 m2

ρ = 12 kg/m2

Ix =
∫

ρy2 dA = ρ

∫
y2 dA

Ix = ρIxA
, Iy = ρIyA

Ix = 12

(
1

36

)
(1)(2)3 = 2.667 kg-m2

y

b

x

h

Iy = ρIyA
= 12

36
h b3 = 1

3
(2)(1)3

Iy = 0.667 kg-m2

Iz = Ix + Iy

Iz = 2.667 + 0.667 kg-m2

Iz = 3.333 kg-m2
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Problem 18.77 The brass washer is of uniform thick-
ness and mass m.

(a) Determine its moments of inertia about the x and
z axes.

(b) Let Ri = 0, and compare your results with the val-
ues given in Appendix C for a thin circular plate.

Ro

Ri

x

y

Solution:

(a) The area moments of inertia for a circular area are

Ix = Iy = πR4

4
.

For the plate with a circular cutout,

Ix = π

4
(R4

o − R4
i )

The area mass density is
m

A
, thus for the plate with a circular

cut,

m

A
= m

π(R2
o − R2

i )
,

from which the moments of inertia

I(x-axis) = m(R4
o − R4

i )

4(R2
o − R2

i )
= m

4
(R2

o + R2
i )

I(z-axis) = 2I(x-axis) = m

2
(R2

o + R2
i ).

(b) Let Ri = 0, to obtain

Ix-axis = m

4
R2

o,

I(z-axis) = m

2
R2

o ,

which agrees with table entries.

Ri
Ro
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Problem 18.78 The homogenous thin plate is of uni-
form thickness and weighs 20 N. Determine its moment
of inertia about the y axis.

y

x

y = 4 –    x2 1–
4 m

Solution: The definition of the moment of inertia is

I =
∫

m

r2 dm.

The distance from the y-axis is x, where x varies over the range

−4 ≤ x ≤ 4. Let τ = m

A
= W

gA
be the area mass density. The mass

of an element y dx is dm = W

gA
y dx. Substitute into the definition:

Iy-axis = W

gA

∫ 4

−4
x2

(
4 − x2

4

)
dx

= W

gA

[
4x3

3
− x5

20

]+4

−4
= W

gA
[68.2667].

The area is

A =
∫ 4

−4

(
4 − x2

4

)
dx =

[
4x − x3

12

]4

−4
= 21.333 m2

The moment of inertia about the y-axis is

I(y-axis) = W

g
(3.2) = 20

(3.2) = 2.

Problem 18.79 Determine the moment of inertia of the
plate in Problem 18.78 about the x axis.

Solution: The differential mass is dm = W

gA
dy dx. The distance

of a mass element from the x-axis is y, thus

I = W

gA

∫ +4

−4
dx

∫ 4− x2

4

0
y2 dy

= W

3gA

∫ +4

−4

(
4 − x2

4

)3

dx

= W

3gA

[
64x − 4x3 + 3

20
x5 − x7

448

]4

−4

= W

3gA
[234.057].

From the solution to Problem 18.78, A = 21.333 ft2. Thus the moment
of inertia about the x-axis is

Ix-axis = W

3g

(234.057)

(21.333)
= W

g
(3.657) = 2.
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Problem 18.80 The mass of the object is 10 kg. Its
moment of inertia about L1 is 10 kg-m2. What is its
moment of inertia about L2? (The three axes are in the
same plane.)

L L1 L2

0.6 m 0.6 m

Solution: The strategy is to use the data to find the moment of
inertia about L, from which the moment of inertia about L2 can be
determined.

IL = −(0.6)2(10) + 10 = 6.4 kg-m2 ,

from which

IL2 = (1.2)2(10) + 6.4 = 20.8 kg-m2

Problem 18.81 An engineer gathering data for the
design of a maneuvering unit determines that the
astronaut’s center of mass is at x = 1.01 m, y = 0.16 m
and that her moment of inertia about the z axis is
105.6 kg-m2. The astronaut’s mass is 81.6 kg. What is
her moment of inertia about the z′ axis through her center
of mass?

y�

x�

x

y

Solution: The distance from the z′ axis to the z axis is d =√
x2 + y2 = 1.02257 m. The moment of inertia about the z′ axis is

Iz′-axis = −d2m + Iz-axis

= −(1.0457)(81.6) + 105.6 = 20.27 kg-m2

Problem 18.82 Two homogenous slender bars, each of
mass m and length l, are welded together to form the
T-shaped object. Use the parallel-axis theorem to deter-
mine the moment of inertia of the object about the axis
through point O that is perpendicular to the bars.

l
O l

Solution: Divide the object into two pieces, each corresponding
to a bar of mass m. By definition I = ∫ l

0 r2 dm. For the first bar, the
differential mass is dm = ρAdr , from which the moment of inertia
about one end is

I1 = ρA

∫ l

0
r2 dr = ρA

[
r3

3

]l

0
= ml2

3
.

For the second bar

I2 = ρA

∫ l
2

− l
2

r2 dr = ρA

[
r3

3

] l
2

− l
2

= ml2

12

is the moment of inertia about the center of the bar. From the parallel
axis theorem, the moment of inertia about O is

I0 = ml2

3
+ l2m + ml2

12
= 17

12
ml2
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Problem 18.83 Use the parallel-axis theorem to deter-
mine the moment of inertia of the T-shaped object in
Problem 18.98 about the axis through the center of mass
of the object that is perpendicular to the two bars.

Solution: The location of the center of mass of the object is

x =
m

(
l

2

)
+ lm

2m
= 3

4
l.

Use the results of Problem 18.98 for the moment of inertia of a bar
about its center. For the first bar,

I1 =
(

l

4

)2

m + ml2

12
= 7

48
ml2.

For the second bar,

I2 =
(

l

4

)2

m + ml2

12
= 7

48
ml2.

The composite:

Ic = I1 + I2 = 7

24
ml2

Check: Use the results of Problem 18.98:

Ic = −
(

3l

4

)2

(2m) + 17

12
ml2

=
(−9

8
+ 17

12

)
ml2 = 7

24
ml2. check .

Problem 18.84 The mass of the homogeneous slender
bar is 30 kg. Determine its moment of inertia about the
z axis.

x

x�

y
y�

0.6 m 2 m

0.8 m

Solution: The density is ρ = 30 kg

3 m
= 10 kg/m

Iz = 1

3
(10 kg)(1.0 m)2 + 1

12
(20 kg)(2 m)2

+ (20 kg)[(1.6 m)2 + (0.8 m)2]

Iz = 74 kg-m2
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Problem 18.85 The mass of the homogeneous slender
bar is 30 kg. Determine the moment of inertia of the bar
about the z′ axis through its center of mass.

Solution: First locate the center of mass

x = (10 kg)(0.3 m) + (20 kg)(1.6 m)

30 kg
= 1.167 m

y = (10 kg)(0.4 m) + (20 kg)(0.8 m)

30 kg
= 0.667 m

Using the answer to 18.100

Iz′ = (74 kg-m2) − (30 kg)(1.1672 + 0.6672)m2

Iz′ = 19.8 kg-m2

Problem 18.86 The homogeneous slender bar weighs
z axis.

4 

y�

x�

x

y

8 Solution: The Bar’s mass is m = g. Its length is L =
L1 + L2 + L3 = 8 + √

82 + 82 + π(4) = 31.9 cm. The masses of the
parts are therefore,

M1 = L1

L
m =

(
8

31.9

)
= 0.0390 ,

M2 = L2

L
m =

(√
2(64)

31.9

)
= 0.0551 ,

M3 = L3

L
m =

(
4π

31.9

)
= 0.0612 g.

The center of mass of part 3 is located to the right of its center C a
distance 2R/π = 2(4)/π = 2.55 . The moment of inertia of part 3
about C is

∫
m3

r2 dm = m3r
2 = (0.0612)(4)2 = 0.979 g- 2.

The moment of inertia of part 3 about the center of mass of part 3 is
therefore I3 = 0.979 − m3(2.55)2 = 0.582 kg-cm . The moment of2

inertia of the bar about the z axis is

I(z axis) = 1

3
m1L

2
1 + 1

3
m2L

2
2 + I3 + m3[(8 + 2.55)2 + (4)2]

= 11.6 kg-cm2 = 2 .

531

1.5 N. Determine its moment of inertia about the

cm

cm0.155 k

(0.155) kg

(0.155) kg

(0.155) k

cm

k cm

0.00116 kg-m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.87 Determine the moment of inertia of the
bar in Problem 18.86 about the z′ axis through its center
of mass.

Solution: In the solution of Problem 18.86, it is shown that the
moment of inertia of the bar about the z axis is I(z axis) = 11.6 kg-cm .2

The x and y coordinates of the center of mass coincide with the cen-
troid of the bar:

x = x1L1 + x2L2 + x3L3

L1 + L2 + L3

=
(4)(8) + (4)

√
82 + 82 +

[
8 + 2(4)

π

]
π(4)

8 + √
82 + 82 + π(4)

= 6.58 ,

y = y1L1 + y2L2 + y3L3

L1 + L2 + L3

= 0 + (4)
√

82 + 82 + π(4)(4)

8 + √
82 + 82 + π(4)

= 3.00 cm.

The moment of inertia about the z′ axis is

I(z′axis) = I(z axis) − (x2 + y2) = 3.44 kg-cm2.

Problem 18.88 The rocket is used for atmospheric
research. Its weight and its moment of inertia about
the z axis through its center of mass (including its
fuel) are 44480 N and 13826 kg-m , respectively.2 The
rocket’s fuel weighs 26688 N, its center of mass is loca-
ted at x = − y = 0, and z = 0, and the moment
of inertia of the fuel about the axis through the fuel’s
center of mass parallel to z axis is g- 2. When
the fuel is exhausted, what is the rocket’s moment of
inertia about the axis through its new center of mass
parallel to z axis?

y

x

Solution: Denote the moment of inertia of the empty rocket as IE
about a center of mass xE , and the moment of inertia of the fuel as IF
about a mass center xF . Using the parallel axis theorem, the moment
of inertia of the filled rocket is

IR = IE + x2
EmE + IF + x2

F mF ,

about a mass center at the origin (xR = 0).

Solve: IE = IR − xE
2mE − IF − xF

2mF .

The objective is to determine values for the terms on the right from
the data given. Since the filled rocket has a mass center at the origin,
the mass center of the empty rocket is found from

0 = mExE + mF xF ,

from which

xE = −
(

mF

mE

)
xF .

Using a value of g = 2

mF = WF

g
= = g,

mE = (WR − WF )

g
= − = .

From which xE = −
( )

(− ) =

is the new location of the center of mass.

Substitute:

IE = IR − x2
EmE − IF − x2

F mF

= − − −
= g- 2
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cm

(0.155)

2720

1812.5
0.91 1.37 m

13826 3410 2983 2273
5151 k m

0.91 m,

2983 k m

9.81 m/s ,

26688

9.81
2720 k

44480 26688

9.81
1812.5 N
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Problem 18.89 The mass of the homogeneous thin plate
is 36 kg. Determine the moment of inertia of the plate
about the x axis.

x

y

0.4 m 0.4 m

0.3 m

0.3 m

Solution: Divide the plate into two areas: the rectangle 0.4 m by
0.6 m on the left, and the rectangle 0.4 m by 0.3 m on the right. The

mass density is ρ = m

A
.

The area is

A = (0.4)(0.6) + (0.4)(0.3) = 0.36 m2,

from which

ρ = 36

0.36
= 100 kg/m2.

The moment of inertia about the x-axis is

Ix-axis = ρ

(
1

3

)
(0.4)(0.63) + ρ

(
1

3

)
(0.4)(0.3)3 = 3.24 kg-m2

Problem 18.90 Determine the moment of inertia of the
36-kg plate in Problem 18.89 about the z axis.

Solution: The basic relation to use is Iz-axis = Ix-axis + Iy-axis. The
value of Ix-axis is given in the solution of Problem 18.89. The moment
of inertia about the y-axis using the same divisions as in Problem 8.89
and the parallel axis theorem is

Iy-axis = ρ

(
1

3

)
(0.6)(0.4)3 + ρ

(
1

12

)
(0.3)(0.4)3

+ (0.6)2ρ(0.3)(0.4) = 5.76 kg-m2,

from which

Iz-axis = Ix-axis + Iy-axis = 3.24 + 5.76 = 9 kg-m2
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Problem 18.91 The mass of the homogeneous thin plate
is 20 kg. Determine its moment of inertia about the
x axis.

400 mm

x

400 mm

y

1000 mm

200
mm

200
mm

Solution: Break the plate into the three regions shown.

A = (0.2 m)(0.8 m) + (0.2 m)(0.4 m)

+ 1

2
(0.4 m)(0.6 m) = 0.36 m2

ρ = 20 kg

0.36 m2
= 55.6 kg/m2

Using the integral tables we have

Ix = 1

3
(0.2 m)(0.8 m)3 + 1

12
(0.2 m)(0.4 m)3 + (0.2 m)(0.4 m)(0.6 m)2

+ 1

36
(0.6 m)(0.4 m)3 + 1

2
(0.6 m)(0.4 m)(0.667 m)2

= 0.1184 m4

Ix−axis = (55.6 kg/m2)(0.1184 m4) = 6.58 kg-m2

y

x

200

200

400

800

1000
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Problem 18.92 The mass of the homogeneous thin plate
is 20 kg. Determine its moment of inertia about the
y axis.

Solution: See the solution to 18.91

Iy = 1

3
(0.8 m)(0.2 m)3 + 1

12
(0.4 m)(0.2 m)3 + (0.2 m)(0.4 m)(0.3 m)2

+ 1

36
(0.4 m)(0.6 m)3 + 1

2
(0.6 m)(0.4 m)(0.6 m)2

= 0.0552 m4

Iy−axis = (55.6 kg/m2)(0.0552 m4) = 3.07 kg-m2

Problem 18.93 The thermal radiator (used to eliminate
excess heat from a satellite) can be modeled as a homo-
geneous thin rectangular plate. The mass of the radiator
is 5 . Determine its moments of inertia about the
x,y, and z axes.

y

x

6 m

3 m

2 

3 m

m

Solution: The area is A = 9(3) = 27 m .2

The mass density is

ρ = m

A
= 5

27
= 0.1852 kg/m2.

The moment of inertia about the centroid of the rectangle is

Ixc = ρ

(
1

12

)
9(33) = 3.75 kg-m2,

Iyc = ρ

(
1

12

)
3(93) = 33.75 kg-m2.

Use the parallel axis theorem:

Ix-axis = ρA(2 + 1.5)2 + Ixc = 65 kg-m2,

Iy-axis = ρA(4.5 − 3)2 + Iyc = 45 kg-m2.

Iz-axis = Ix-axis + Iy-axis = 110 kg-m2
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Problem 18.94 The mass of the homogeneous thin plate
is 2 kg. Determine the moment of inertia of the plate
about the axis through point O that is perpendicular to
the plate.

O

30 mm

30
mm

80 mm

130 mm

10 mm

Solution: By determining the moments of inertia of the area about
the x and y axes, we will determine the moments of inertia of the plate
about the x and y axes, then sum them to obtain the moment of inertia
about the z axis, which is I0.

The areas are

A1 = 1
2 (130)(80) mm2,

A2 = π(10)2 mm2.

Using Appendix B,

Ix = 1

12
(130)(80)3 −

[
1

4
π(10)4 + (30)2A2

]

= 5.26 × 106 mm4,

Iy = 1

4
(80)(130)3 −

[
1

4
π(10)4 + (100)2A2

]

= 40.79 × 106 mm4.

Therefore

I(x axis) = m

A1 − A2
Ix = 2150 kg-mm2,

I(y axis) = m

A1 − A2
Iy = 16700 kg-mm2.

Then

I(z axis) = I(x axis) + I(y axis) = 18850 kg-mm2.

I(z axis) = 0.0188 kg-m2.

y

x

30 mm

100 mm

O

2

1
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Problem 18.95 The homogeneous cone is of mass m.
Determine its moment of inertia about the z axis, and
compare your result with the value given in Appendix C.
(See Example 18.10.)

Strategy: Use the same approach we used in
Example 18.10 to obtain the moments of inertia of a
homogeneous cylinder.

x

y

z

R

h

Solution: The differential mass

dm =
(m

V

)
πr2dz = 3m

R2h
r2dz.

The moment of inertia of this disk about the z-axis is
1

2
mr2. The

radius varies with z, r =
(

R

h

)
z, from which

Iz-axis = 3mR2

2h5

∫ h

0
z4dz = 3mR2

2h5

[
z5

5

]h

0
= 3mR2

10

Problem 18.96 Determine the moments of inertia of
the homogeneous cone in Problem 18.95 about the x
and y axes, and compare your results with the values
given in Appendix C. (See Example 18.10.)

Solution: The mass density is ρ = m

V
= 3m

πR2h
. The differential

element of mass is dm = ρπr2dz.. The moment of inertia of this
elemental disk about an axis through its center of mass, parallel to the

x- and y-axes, is dIx =
(

1

4

)
r2dm. Use the parallel axis theorem,

Ix =
∫

m

(
1

4

)
r2dm +

∫
m

z2dm.

Noting that r = R

h
z, then

r2dm = ρ

(
πR4

h4

)
z4dz,

and z2dm = ρ

(
πR2

h2

)
z4dz. Substitute:

Ix = ρ

(
πR4

4h4

) ∫ h

0
z4dz + ρ

(
πR2

h2

) ∫ h

0
z4dz,

Ix =
(

3mR2

4h5
+ 3m

h3

) [
z5

5

]h

0
= m

(
3

20
R2 + 3

5
h2

)
= Iy .
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Problem 18.97 The homogeneous object has the shape
of a truncated cone and consists of bronze with mass
density ρ = 8200 kg/m3. Determine the moment of
inertia of the object about the z axis.

x

z

60 mm

180 mm

180 mm

y

Solution: Consider an element of the cone consisting of a disk
of thickness dz: We can express the radius as a linear function of
zr = az + b. Using the conditions that r = 0 at z = 0 and r = 0.06 m
at z = 0.36 m to evaluate a and b we find that r = 0.167 z. From
Appendix C, the moment of inertia of the element about the z axis is

(Iz)element = 1

2
mr2 = 1

2
[ρ(πr2)dz]r2 = 1

2
ρπ(0.167z)4dz.

We integrate this result to obtain the mass moment of inertia about the
z axis for the cone:

I(z axis) =
∫ 0.36

0.18

1

2
ρπ(0.167)4

[
z5

5

]0.36

0.18

= 1

2
(8200)π(0.167)4

[
z5

5

]0.36

0.18

= 0.0116 kg-m2.

y

x

z
z

dz

r

Problem 18.98 Determine the moment of inertia of the
object in Problem 18.97 about the x axis.

Solution: Consider the disk element described in the solution
to Problem 18.97. The radius of the laminate is r = 0.167z. Using
Appendix C and the parallel axis theorem, the moment of inertia of
the element about the x axis is

(Ix)element = 1

4
mr2 + mz2 = 1

4
[ρ(πr2)dz]r2 + [ρ(πr2)dz]z2

= 1

4
ρπ(0.167z)4dz + ρπ(0.167z)2z2dz.

Integrating the result,

I(x axis) = 1

4
ρπ(0.167)4

∫ 0.36

0.18
z4dz + ρπ(0.167)2

∫ 0.36

0.18
z4 dz

= 0.844 kg-m2.
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Problem 18.99 The homogeneous rectangular paral-
lelepiped is of mass m. Determine its moments of inertia
about the x, y, and z axes and compare your results with
the values given in Appendix C.

x

y

z

a

b

c

Solution: Consider a rectangular slice normal to the x-axis of
dimensions b by c and mass dm. The area density of this slice is ρ =
dm

bc
. The moment of inertia about the y axis of the centroid of a thin

plate is the product of the area density and the area moment of inertia

of the plate: dIy = ρ

(
1

12

)
bc3, from which dIy =

(
1

12

)
c2dm. By

symmetry, the moment of inertia about the z axis is

dIz =
(

1

12

)
b2dm.

Since the labeling of the x- y- and z-axes is arbitrary,

dIx = dIz + dIy,

where the x-axis is normal to the area of the plate. Thus

dIx =
(

1

12

) (
b2 + c2

)
dm,

from which

Ix =
(

1

12

)
(b2 + c2)

∫
m

dm = m

12
(b2 + c2) .

By symmetry, the argument can be repeated for each coordinate, to
obtain

Iy = m

12
(a2 + c2) Iz = m

12
(b2 + a2)

Problem 18.100 The sphere-capped cone consists of
material with density 7800 kg/m3. The radius R =
80 mm. Determine its moment of inertia about the
x axis.

y

x

z

4R

R

Solution: Given ρ = 7800 kg/m3, R = 0.08 m

Using the tables we have

Ix = 3

10

(
ρ

1

3
πR2[4R]

)
R2 + 2

5

(
ρ

2

3
πR3

)
R2

Ix = 0.0535 kg-m2
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Problem 18.101 Determine the moment of inertia of
the sphere-capped cone described in Problem 18.100
about the y axis.

Solution: The center of mass of a half-sphere is located a distance
3R

8
from the geometric center of the circle.

Iy =
(

ρ
1

3
πR2[4R]

) (
3

5
[4R]2 + 3

20
R2

)
+ 2

5

(
ρ

2

3
πR3

)
R2

−
(

ρ
2

3
πR3

) (
3R

8

)2

+
(

ρ
2

3
πR3

) (
4R + 3R

8

)2

Iy = 2.08 kg-m2

Problem 18.102 The circular cylinder is made of
aluminum (Al) with density 2700 kg/m3 and iron (Fe)
with density 7860 kg/m3. Determine its moment of
inertia about the x ′ axis.

200 mm

y

x, x�

z

Al

Fe
600 mm

600 mm

y�

z�

Solution:

Ix = 1

2
[(2700 kg/m2)π(0.1 m)2(0.6 m)](0.1 m)2

+ 1

2
[(7860 kg/m2)π(0.1 m)2(0.6 m)](0.1 m)2

Ix = 0.995 kg-m2

Problem 18.103 Determine the moment of inertia of
the composite cylinder in Problem 18.102 about the y ′
axis.

Solution: First locate the center of mass

x =
[(2700 kg/m3)π(0.1 m)2(0.6 m)](0.3 m)

+ [(7860 kg/m3)π(0.1 m)2(0.6 m)](0.9 m)

(2700 kg/m3)π(0.1 m)2(0.6 m) + (7860 kg/m3)π(0.1 m)2(0.6 m)

x = 0.747 m

Iy = [(2700 kg/m3)π(0.1 m)2(0.6 m)]

[
1

12
(0.6 m)2 + 1

4
(0.1 m)2

]

+ [(2700 kg/m3)π(0.1 m)2(0.6 m)](x − 0.3 m)2

+ [(7680 kg/m3)π(0.1 m)2(0.6 m)]

[
1

12
(0.6 m)2 + 1

4
(0.1 m)2

]

+ [(7680 kg/m3)π(0.1 m)2(0.6 m)](0.9 m − x)2

Iy = 20.1 kg-m2
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Problem 18.104 The homogeneous machine part is
made of aluminum alloy with mass density ρ =
2800 kg/m3. Determine the moment of inertia of the part
about the z axis.

120 mm
40

mm

20 mm

40 mm

x z

yy

Solution: We divide the machine part into the 3 parts shown: (The
dimension into the page is 0.04 m) The masses of the parts are

m1 = (2800)(0.12)(0.08)(0.04) = 1.075 kg,

m2 = (2800) 1
2 π(0.04)2(0.04) = 0.281 kg,

m3 = (2800)π(0.02)2(0.04) = 0.141 kg.

Using Appendix C and the parallel axis theorem the moment of inertia

of part 1 about the z axis is

I(z axis)1 = 1

12
m1[(0.08)2 + (0.12)2] + m1(0.06)2

= 0.00573 kg-m2.

The moment of inertia of part 2 about the axis through the center C

that is parallel to the z axis is

1
2 m2R

2 = 1
2 m2(0.04)2

The distance along the x axis from C to the center of mass of part 2 is
4(0.04)/(3π) = 0.0170 m. Therefore, the moment of inertia of part 2
about the z axis through its center of mass that is parallel to the axis
is

1
2 m2(0.04)2 − m2(0.0170)2 = 0.000144 kg-m2.

Using this result, the moment of inertia of part 2 about the z axis is

I(z axis)2 = 0.000144 + m2(0.12 + 0.017)2 = 0.00544 kg-m2.

The moment of inertia of the material that would occupy the hole 3
about the z axis is

I(z axis)3 = 1
2 m3(0.02)2 + m3(0.12)2 = 0.00205 kg-m2.

Therefore,

I(z axis) = I(z axis)1 + I(z axis)2 − I(z axis)3 = 0.00911 kg-m2.

y

y

x

C x

y

x

0.12
m

0.12
m

0.12
m

1

2 3

+

–

0.08
m

0.04 m 0.02 m
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Problem 18.105 Determine the moment of inertia of
the machine part in Problem 18.104 about the x axis.

Solution: We divide the machine part into the 3 parts shown in the
solution to Problem 18.104. Using Appendix C and the parallel axis
theorem, the moments of inertia of the parts about the x axis are:

I(x axis)1 = 1

12
m1[(0.08)2 + (0.04)2]

= 0.0007168 kg-m2

I(x axis)2 = m2

[
1

12
(0.04)2 + 1

4
(0.04)2

]

= 0.0001501 kg-m2

I(x axis)3 = m3

[
1

12
(0.04)2 + 1

4
(0.02)2

]

= 0.0000328 kg-m2.

Therefore,

I(xaxis) = I(x axis)1 + I(x axis)2 − I(x axis)3

= 0.000834 kg-m2.

Problem 18.106 The object shown consists of steel of
density ρ = 7800 kg/m3 of width w = 40 mm. Deter-
mine the moment of inertia about the axis L0.

10 mm 30 mm

100 mm

L0

O

20 mm

Solution: Divide the object into four parts:

Part (1): The semi-cylinder of radius R = 0.02 m, height h1 =
0.01 m.

Part (2): The rectangular solid L = 0.1 m by h2 = 0.01 m by w =
0.04 m.

Part (3): The semi-cylinder of radius R = 0.02 m, h1 = 0.01 m
Part (4): The cylinder of radius R = 0.02 m, height h = 0.03 m.

Part (1) m1 = ρπR2h1

2
= 0.049 kg,

I1 = m1R
2

4
= 4.9 × 10−6 kg-m2,

Part (2) m2 = ρwLh2 = 0.312 kg,

I2 = (1/12)m2(L
2 + w2) + m2(L/2)2

= 0.00108 kg-m2.

Part (3) m3 = m1 = 0.049 kg,

I3 = −
(

4R

3π

)2

m2 + I1 + m3

(
L − 4R

3π

)2

= 0.00041179 kg-m2.

Part (4) m4 = ρπR2 h = 0.294 kg,

I4 = ( 1
2

)
m4(R

2) + m4L
2 = 0.003 kg-m2.

The composite:

IL0 = I1 + I2 − I3 + I4 = 0.00367 kg-m2

542

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.107 Determine the moment of inertia of
the object in Problem 18.106 about the axis through the
center of mass of the object parallel to L0.

Solution: The center of mass is located relative to L0 is given by

x =
m1

(
− 4R

3π

)
+ m2(0.05) − m3

(
0.1 − 4R

3π

)
+ m4(0.1)

m1 + m2 − m3 + m4

= 0.066 m,

Ic = −x2m + ILo = −0.00265 + 0.00367 = 0.00102 kg-m2

Problem 18.108 The thick plate consists of steel of
density ρ = 3

tia of the plate about the z axis.

4 cm

4
 
cm 8 cm

2 cm 2 cm

x

y y

z

4 cm

4 cm

4 cm

Solution: Divide the object into three parts: Part (1) the rectangle
8 cm by 16 cm, Parts (2) & (3) the cylindrical cut outs.

Part (1): m1 = ρ8(16)(4) = .

I1 = (1/12)m1(162 + 82) = . 2 .

Part (2): m2 = ρπ(22)(4) = g,

I2 = m2(22)

2
+ m2(42) = 2.

Part (3): m3 = m2 = g,

I3 = I2 = 2.

The composite:

Iz-axis = I1 − 2I2 = 2

Iz-axis = 0. 2

Problem 18.109 Determine the moment of inertia of
the object in Problem 18.108 about the x axis.

Solution: Use the same divisions of the object as in Problem 18.108.

Part (1) : I1x-axis =
(

1

12

)
m1(82 + 42) = 2,

Part (2) : I2x-axis = (1/12)m2(3(22) + 42) = 2 .

The composite:

Ix-axis = I1x-axis − 2I2x-axis = 2

= 0. 2
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7729 kg/m . Determine the moment of
iner

3.96 kg

105 6 kg-cm

0.388 k

7 kg-cm

0.388 k

7 kg-cm

91.6 kg-cm

00916 kg-m

26.4 kg-cm

0.91 kg-cm

24.6 kg-cm

00246 kg-m
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Problem 18.110 The airplane is at the beginning of its
takeoff run. Its weight is 4448 N and the initial thrust T
exerted by its engine is 1334 N. Assume that the thrust
is horizontal, and neglect the tangential forces exerted
on its wheels.

(a) If the acceleration of the airplane remains constant,
how long will it take to reach its takeoff speed of

m/h
(b) Determine the normal force exerted on the forward

landing gear at the beginning of the takeoff run.

T

0.31 m 2.13  m

152.4 mm

Solution: The acceleration under constant thrust is

a = T

m
= ( ) = /s2.

The time required to reach 128.7 km/h =

t = v

a
= = 12.1 s

The sum of the vertical forces:
∑

Fy = R + F − W = 0. The sum of

the moments:
∑

M = F − T − R = 0. Solve: R =
F =

R

W

T

F

Problem 18.111 The pulleys can turn freely on their
pin supports. Their moments of inertia are IA =
0.002 kg-m2, IB = 0.036 kg-m2, and IC = 0.032 kg-m2.
They are initially stationary, and at t = 0 a constant
M = 2 N-m is applied at pulley A. What is the angular
velocity of pulley C and how many revolutions has it
turned at t = 2 s?

100 mm

100 mm

200 mm
200 mmA

B C

Solution: Denote the upper and lower belts by the subscripts U

and L. Denote the difference in the tangential component of the ten-
sion in the belts by

�TA = TLA − TUA,

�TB = TLB − TUB.

From the equation of angular motion: M + RA�TA = IAαA,
−RB1�TA + RB2�TB = IBαB , −RC�TB = ICαC . From kinematics,
RAαA = RB1αB , RB2αB = RCαC , from which

αA = RB1RC

RARB2
αC = (0.2)(0.2)

(0.1)(0.1)
αC = 4αC,

αB = RC

RB2
αC = 0.2

0.1
αC = 2αC.

Substitute and solve: αC = 38.5 rad/s2, from which

ωC = αCt = 76.9 rad/s

N = θ

(
1

2π

)
= αC

4π
(22) = 12.2 revolutions

A RA
RC

TLA

RB2

RB1

TUA

TLB

TUB

B C

544

128.7 k

1334 9.81

4448
2.94 m

35.8 m/s is

35.8

2.94

2.13 0.152 0.31

3809 N, 639 N
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Problem 18.112 A 2 kg box is subjected to a 40-N
horizontal force. Neglect friction.

(a) If the box remains on the floor, what is its accel-
eration?

(b) Determine the range of values of c for which the
box will remain on the floor when the force is
applied.

40 N

BA

100 mm

c

100 mm

Solution:

(a) From Newton’s second law, 40 = (2)a, from which

a = 40

2
= 20 m/s2 .

(b) The sum of forces:
∑

Fy = A + B − mg = 0. The sum of
the moments about the center of mass:

∑
M = 0.1B − 0.1A −

40c = 0. Substitute the value of B from the first equation into
the second equation and solve for c:

c = (0.1)mg − (0.2)A

40

The box leg at A will leave the floor as A ≤ 0, from which

c ≤ (0.1)(2)(9.81)

40
≤ 0.0491 m

for values of A ≥ 0.

40 N

100
mm

100
mm

C

mg

A B
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Problem 18.113 The slender, 2-kg bar AB is 3 m
long. It is pinned to the cart at A and leans against it
at B.

(a) If the acceleration of the cart is a = 20 m/s , what2

normal force is exerted on the bar by the cart at B?
(b) What is the largest acceleration a for which the bar

will remain in contact with the surface at B? A

B

a

60°

Solution: Newton’s second law applied to the center of mass of
the bar yields

− B + Ax = maGx,Ay − W = maGy,

− Ay

(
L cos θ

2

)
+ (B + Ax)

(
L sin θ

2

)
= IGα,

where aGx , aGy are the accelerations of the center of mass. From
kinematics,

aG = aA + α × rG/A − ω2
ABrG/A = 20i 2

where α = 0, ωAB = 0 so long as the bar is resting on the cart at B
and is pinned at A. Substitute the kinematic relations to obtain three
equations in three unknowns:

− B + Ax = ma,Ay − W = 0,

− Ay

(
L cos θ

2

)
+ (B + Ax)

(
L sin θ

2

)
= 0.

Solve: B = W cot θ

2
− ma

2
. For W = mg = θ = 60◦, m =

2 kg, and a = 20 m/s ,2 B = − the bar has moved
away from the cart at point B. (b) The acceleration that produces a zero
normal force is

a = g cot θ = /s2 .

B

W
Ax

Ay

546

m/s

19.62 N,

14.34 N, from which

5.66 m
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Problem 18.114 To determine a 4.5-kg tire’s moment
of inertia, an engineer lets the tire roll down an inclined
surface. If it takes the tire 3.5 s to start from rest and
roll 3 m down the surface, what is the tire’s moment of
inertia about its center of mass?

330 mm

15˚

Solution: From Newton’s second law and the angular equation of
motion,

mg sin 15◦ − f = ma,

Rf = Iα.

From these equations and the relation a = Rα, we obtain

a = mg sin 15◦

m + I/R2
. (1)

We can determine the acceleration from

s = 1

2
at2 :

3 = 1

2
a(3.5)2,

obtaining a = 0.490 m/s2. Then from Eq. (1) we obtain

I = 2.05 kg-m2.

α

amg

R

N

f
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Problem 18.115 Pulley A weighs 17.8 N, IA = 0.
2 IB = 0.019 kg-m . If the system is2 released

from rest, what distance does the 71.2 N weight fall
in 0.5 s?

 

A

B

305 mm

71.2 N

203.2 mm

35.6 N

Solution: The strategy is to apply Newton’s second law and the
equation of angular motion to the free body diagrams. Denote the
rightmost weight by WR = mR =
the leftmost weight by WL = + =

mL = RB = IB =
0.019 kg-m ,2 and RA = IA =
0.0 g- 2. Choose a coordinate system with the y axis positive
upward.

The 71.2 N . weight: (1) T1 − WR = mRaRy .

Pulley B: The center of the pulley is constrained against motion, and
the acceleration of the rope is equal (except for direction) on each
side of the pulley. (2) −RBT1 + RBT2 = IBαB . From kinematics, (3)
aRy = RBαB . Combine (1), (2) and (3) and reduce:

(4) T2 = WR +
(

IB

R2
B

+ mR

)
aRy

Pulley A: (5) T2 + T3 − WL = mLaAy , where aAy is the acceleration
of the center of the pulley. (6) −RAT3 + RAT2 = IAαA. From the
kinematics of pulley A, the acceleration of the left side of the pulley
is zero, so that the acceleration of the right side relative to the left
side is

aright = −aRy j = aleft + αA × (2RAi)

=

 i j k

0 0 αA

2RA 0 0


 = 0 + 2RAαAj,

from which (7) aRy = −2RAαA, where the change in direction of the
acceleration of the 71.2 N. weight across pulley B is taken into
account. Similarly, the acceleration of the right side relative to the
acceleration of the center of the pulley is

aAright = −aRy j = aA + αA × (RAi) = aA + RAαAj,

from which (8) aAy = − aRy

2
. Combine (5), (6), (7) and (8) and reduce

to obtain (9) T2 = WA

2
−

(
IA

4R2
A

+ mA

4

)
ay .

T3 T2

T2 T1

T1

WRWL

The total system: Equate (4) and (9) (the two expressions for T2) and
solve:

aRy =

(
WL

2
− WR

)
(

+ IB

R2
B

+ mR + IA

4R2
A

+ mL

4

) .

Substitute numerical values: aRy = − 2

s = aRy

2
t2 = −

8
= −

548

081
kg-m , and

71.2 N, the mass by 7.26 kg, and

1.66 kg. 0. 203 m. is the radius of pulley B,
17.8 35.6 53.4 N, and the mass

by

m
0.305 m. is the radius of pulley A, and

4.78 m/s . The distance that the
71.2 N weight will fall in one-half second is

4.78
0.6 m

81 k
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Problem 18.116 Model the excavator’s arm ABC as a
single rigid body. Its mass is 1200 kg, and the moment
of inertia about its center of mass is I = 3600 kg-m2. If
point A is stationary, the angular velocity of the arm is
zero, and the angular acceleration is 1.0 rad/s2 counter-
clockwise, what force does the vertical hydraulic cylin-
der exert on the arm at B?

x

y

B

C

3.0 m
2.4 m

A

1.7 m 1.7 m

Solution: The distance from A to the center of mass is

d = √
(3.4)2 + (3)2 = 4.53 m.

The moment of inertia about A is

IA = I + d2m = 28,270 kg-m2.

From the equation of angular motion: 1.7B − 3.4mg = IAα.

Substitute α = 1.0 rad/s2, to obtain B = 40,170 N.

mgBAx

Ay

Problem 18.117 Model the excavator’s arm ABC as a
single rigid body. Its mass is 1200 kg, and the moment of
inertia about its center of mass is I = 3600 kg-m2. The
angular velocity of the arm is 2 rad/s counterclockwise
and its angular acceleration is 1 rad/s2 counterclockwise.
What are the components of the force exerted on the arm
at A?

Solution: The acceleration of the center of mass is

aG = α × rG/A − ω2rG/B =

 i j k

0 0 α

3.4 3 0


 − ω2(3.4i + 3j)

= −16.6i − 8.6j m/s2.

From Newton’s second law:

Ax = maGx = −19,900 N, Ay + B − mg = maGy.

From the solution to Problem 18.132, B = 40,170 N, from which
Ay = −38,720 N
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Problem 18.118 To decrease the angle of elevation of
the stationary 200-kg ladder, the gears that raised it are
disengaged, and a fraction of a second later a second
set of gears that lower it are engaged. At the instant
the gears that raised the ladder are disengaged, what is
the ladder’s angular acceleration and what are the com-
ponents of force exerted on the ladder by its support
at O? The moment of inertia of the ladder about O is
I0 = 14,000 kg-m2, and the coordinates of its center of
mass at the instant the gears are disengaged are x = 3 m,
y = 4 m.

y

x
O

Solution: The moment about O, −mgx = Ioα, from which

α = − (200)(9.81)(3)

14,000
= −0.420 rad/s2.

The acceleration of the center of mass is

aG = α × rG/O − ω2rG/O =

 i j k

0 0 α

3 4 0


 = −4αi + 3αj

aG = 1.68i − 1.26j (m/s2).

From Newton’s second law: Fx = maGx = 336 N, Fy − mg = maGy ,
from which Fy = 1710 N

y

x

mg
Fy

Fx

(x , y)
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Problem 18.119 The slender bars each weigh 17.8 N
and are 254 mm. long. The homogenous plate weighs
44.5 N. If the system is released from rest in the posi-
tion shown, what is the angular acceleration of the bars
at that instant?

45°

203.2 mm

1016 mm
Solution: From geometry, the system is a parallelogram, so that
the plate translates without rotating, so that the acceleration of every
point on the plate is the same.
Newton’s second law and the equation of angular motion applied to
the plate: −FAx − FBx = mpaPGx , FAy + FBy − Wp = mpaPGy . The
motion about the center of mass:

− FAy + FAx + FBx

+ FBy = Ipα = 0.

Newton’s second law for the bars: −FAy + Ay − WB = mBaBGy ,
FAx + Ax = mBaBGx . −FBy + By − WB = mBaBGy . FBx + Bx =
mBaBGx . The angular acceleration about the center of mass:

FAx cos θ + FAy sin θ − Ax

cos θ + Ay sin θ = IBα,

cos θ + By sin θ = IBα.

From kinematics: the acceleration of the center of mass of the bars in
terms of the acceleration at point A is

aBG = α × rG/A − ω2rG/A =




i j k
0 0 α

− θ − θ 0




= θα i − αj (
2
).

From which

aBGx = sin θα, aBGy = − θα,

since ω = 0 upon release.
The acceleration of the plate:

aP = α × rP/A − ω2rP/A =




i j k
0 0 α

0




= sin θαi − cos θαj ( 2).

From which aPx = θα, aPy = − θα.

BxBy
AxAy

FAy

FAx

FAy FBy

FBy

FBx
FAx

FBx

17.8 N 17.8 N

Substitute to obtain the nine equations in nine unknowns:

(1) −FAx − FBx = mp sin θα,

(2) FAy + FBy − Wp = − mp cos θα,

(3) − FAy + FAx + FBy + FBx = 0,

(4) −FAy + Ay − WB = − mB cos θα,

(5) FAx + Ax = mB sin θα,

(6) FAx sin θ + FAy cos θ − Ax sin θ + Ay cos θ = IBα,

(7) FBx + Bx = mB sin θα,

(8) −FBy + By − WB = − mB cos θα,

(9) FBx cos θ + FBy sin θ − Bx cos θ + By sin θ = IBα. The

number of equations and number of unknowns can be reduced by
combining equations, but here the choice is to solve the system
by iteration using TK Solver Plus. The results: FAx = −
FAy = FBx = − Ax = Ay =
Bx = By = α = 30.17 rad/s .2
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(0.508) (0.102) (0.102)

(0.508)

(0.127) (0.127)

(0.127)

F cos θ + F sin θ − x(0.127) (0.127)Bx By B

(0.127)

(0.127)

(0.127)

0.127 cos 0.127sin

cos m/s0.127 sin 0.127

.127)(0 (0.127)cos

− θ − θ0. cos 0.254 sin254

0.2540.254

(0.254) sin (0.254) cos

0.254

0.254

0.508 0.102 0.508 0.102

(0 .127)

(0 .127)

(7 .87)

(0 .127)

(0 .127)

(7 .87)

9.83 N,
7.47 N, 14.77 N, 20.37 N,14.77 N,

19.7 N, 25.3 N.

m/s
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Problem 18.120 A slender bar of mass m is released
from rest in the position shown. The static and kinetic
friction coefficients of friction at the floor and the wall
have the same value µ. If the bar slips, what is its angu-
lar acceleration at the instant of release?

l

θ

Solution: Choose a coordinate system with the origin at the inter-
section of wall and floor, with the x axis parallel to the floor. Denote
the points of contact at wall and floor by P and N respectively, and
the center of mass of the bar by G. The vector locations are

rN = iL sin θ, rP = jL cos θ, rG = L

2
(i sin θ + j cos θ).

From Newton’s second law:

P − µN = maGx,N + µP − mg = maGy,

where aGx , aGy are the accelerations of the center of mass. The
moment about the center of mass is

MG = rP/G × (P i + µP j) + rN/G × (Nj − µ Ni) :

MG = PL

2


 i j k

− sin θ cos θ 0
1 µ 0


 + NL

2


 i j k

sin θ − cos θ 0
−µ 1 0


 .

MG = −
(

PL

2

)
(cos θ + µ sin θ)k +

(
NL

2

)
(sin θ − µ cos θ)k

From the equation of angular motion,

−
(

PL

2

)
(cos θ + µ sin θ) +

(
NL

2

)
(sin θ − µ cos θ) = IBα

From kinematics: Assume that at the instant of slip the angular veloc-
ity ω = 0. The acceleration of the center of mass in terms of the
acceleration at point N is

aG = aN + α × rG/N − ω2rG/N

= aN i +




i j k
0 0 α

−L sin θ

2

L cos θ

2
0




aG =
(

aN − αL cos θ

2

)
i +

(
−αL sin θ

2

)
j,

from which aGy = −L sin θ

2
α.

The acceleration of the center of mass in terms of the acceleration at
point P is aG = aP + α × rG/P .

aG = aP + α × rG/P − ω2rG/P

= aP j +




i j k
0 0 α

L sin θ

2
−L cos θ

2
0


 ,

aG =
(

αL cos θ

2

)
i +

(
aP + αL sin θ

2

)
j,

from which aGx = L cos θ

2
α.

Substitute to obtain the three equations in three unknowns,

(1) P − µN = mL cos θ

2
α,

(2) µP + N = −mL sin θ

2
α + mg.

(3) −PL

2
(cos θ + µ sin θ) + NL

2
(sin θ − µ cos θ) = IBα.

Solve the first two equations for P and N :

P = mL

2(1 + µ2)
(cos θ − µ sin θ)α + µmg

(1 + µ2)
.

N = − mL

2(1 + µ2)
(sin θ + µ cos θ)α + mg

(1 + µ2)
.

Substitute the first two equations into the third, and reduce to obtain

α

[
IB + mL2

4

(
1 − µ2

1 + µ2

)]
= mgL

2

(
1 − µ2

1 + µ2

)

sin θ − mgL

(
µ

1 + µ2

)
cos θ.

Substitute IB = ( 1
12

)
mL2, reduce, and solve:

α = (3(1 − µ2) sin θ − 6µ cos θ)g

(2 − µ2)L

P

mg

θ

Pµ

Nµ

N
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Problem 18.121 Each of the go-cart’s front wheels
weighs and has a moment of inertia of 0.014
kg-m .2 The two rear wheels and rear axle form a single
rigid body weighing 177.9 N and having a moment of
inertia of 2

is 1067 N. (The location of the center of
mass of the go cart and driver, not including the front
wheels or the rear wheels and rear axle, is shown.) If
the engine exerts a torque of - on the rear axle,
what is the go-cart’s acceleration?

A B
406.4 mm

1524 mm

381 mm

101.6 mm152.4 mm

Solution: Let a be the cart’s acceleration and αA and αB the
wheels’ angular accelerations. Note that

a = ( )αA, (1)

a = ( )αB. (2)

Front wheel:

∑
Fx = Bx + fB = ( / )a, (3)

∑
Fy = By + NB − 10 = 0, (4)

∑
M = −fB( ) = ( )αB. (5)

Rear Wheel:

∑
Fx = Ax + fA = ( / ) a, (6)

∑
Fy = Ay + NA − = 0, (7)

∑
M = − fA( ) = ( )αA. (8)

Cart:

∑
Fx = −Ax − Bx = ( )a, (9)

∑
Fy = −Ay − By − = 0, (10)

∑
M = Bx [( − ) ] + By [( − )]

+ Ax [( − )] − A (y ) − = 0. (11)

Solving Eqs. (1)–(11), we obtain

a = 2.

Ax

Ax

fA fB
NA NB

Ay

Bx

By

Ay

Bx

By

16.3 N-m

1067 – 222.4 N
16.3 N-m

177.9 N 44.5 N

553

22.2 N

0.136 kg-m . The total weight of the go-cart
and driver

16.3 N m

44.5 9.81

0.102 0.028

177.9 9.81

177 .9

16.3 0.152 0.136

844.6/9.81

844.6

0.381 0.102 1.524 0.406

0.381 0.152 0.406 16.3

0.91 m/s

-

0.152

0.1 20

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 18.122 Bar AB rotates with a constant angu-
lar velocity of 10 rad/s in the counterclockwise direc-
tion. The masses of the slender bars BC and CDE are
2 kg and 3.6 kg, respectively. The y axis points upward.
Determine the components of the forces exerted on bar
BC by the pins at B and C at the instant shown.

A

B

C
400 mm

10 rad/s
D

700 mm

x

y

700 mm 400 
mm

E

Solution: The velocity of point B is

vB = ωAB × rB =

 i j k

0 0 10
0 0.4 0




= −0.4(10)i = −4i (m/s).

The velocity of point C is

vC = vB + ωBC × rC/B = −4i +

 i j k

0 0 ωBC

0.7 −0.4 0




= −4i + 0.4ωBC i + 0.7ωBC j (m/s).

From the constraint on the motion at point C, vC = vCj. Equate
components: 0 = −4 + 0.4ωBC , vC = 0.7ωBC , from which ωBC =
10 rad/s, vC = 7 m/s. The velocity at C in terms of the angular velocity
ωCDE ,

vC = vD + ωCDE × rC/D

= 0 +

 i j k

0 0 ωCDE

−0.4 0 0


 = −0.4ωCDE j,

from which ωCDE = − 7

0.4
= −17.5 rad/s.

The acceleration of point B is

aB = −ω2
ABrB = −(102)(0.4)j = −40j (m/s2).

The acceleration at point C is aC = aB + αBC × rC/B − ω2
BCrC/B .

aC = −40j +

 i j k

0 0 αBC

0.7 −0.4 0


 − ω2

BC(0.7i − 0.4j) (m/s2).

aC = +(0.4αBC − 0.7ω2
BC)i + (−40 + 0.7αBC + 0.4ω2

BC)j (m/s2).

The acceleration in terms of the acceleration at D is

aC =

 i j k

0 0 αCDE

−0.4 0 0


 − ω2

CDE(−0.4i)

= −0.4αCDEj + 0.4ω2
CDE i.

Equate components and solve:

αBC = 481.25 rad/s2, αCDE = −842.19 rad/s2.

By

Bx

Cy

Cy

Cx

WCE

WBC

Cx

The acceleration of the center of mass of BC is

aG = −40j +

 i j k

0 0 αBC

0.35 −0.2 0


 − ω2

BC(0.35i − 0.2j),

from which aG = 61.25i + 148.44j (m/s2)

The equations of motion: Bx + Cx = mBCaGx , By + Cy − mBCg =
mBCaGy , where the accelerations aGx , aGy are known. The moment
equation, 0.35Cy + 0.2Cx − 0.2Bx − 0.35By = IBCαBC , where αBC ,
is known, and

IBC =
(

1

12

)
mBCL2

BC = 0.1083 kg-m2, 0.4Cy − 0.15mCEg = IDαCE,

where ID =
(

1

12

)
mCEL2

CE + (0.15)2mCE = 0.444 kg-m2,

is the moment of inertia about the pivot point D, and 0.15 m is the
distance between the point D and the center of mass of bar CDE.
Solve these four equations in four unknowns by iteration:

Bx = −1959 N,

By = 1238 N,

Cx = 2081 N,

Cy = −922 N.
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Problem 18.123 At the instant shown, the arms of the
robotic manipulator have the constant counterclockwise
angular velocities ωAB = −0.5 rad/s, ωBC = 2 rad/s,
and ωCD = 4 rad/s. The mass of arm CD is 10 kg, and
the center of mass is at its midpoint. At this instant, what
force and couple are exerted on arm CD at C?

x

D
C

y

B30°
20°

A

250 mm

300 mm

250 mm

Solution: The relative vector locations of B, C, and D are

rB/A = 0.3(i cos 30◦ + j sin 30◦
)

= 0.2598i + 0.150j (m),

rC/B = 0.25(i cos 20◦ − j sin 20◦
)

= 0.2349i − 0.08551j (m),

rD/C = 0.25i (m).

The acceleration of point B is

aB = −ω2
ABrB/A = −(0.52)(0.3 cos 30◦i + 0.3 sin 30◦j),

aB = −0.065i − 0.0375j (m/s2).

The acceleration at point C is

aC = aB − ω2
BCrC/B = aB − ω2

BC(0.2349i − 0.08551j).

aC = −1.005i + 0.3045j (m/s2).

The acceleration of the center of mass of CD is

aG = aC − ω2
CD(0.125i) (m/s2),

from which

aG = −3.005i + 0.3045j (m/s2).

For the arm CD the three equations of motion in three unknowns are

Cy − mCDg = mCDaGy, Cx = mCDaGx,M − 0.125Cy = 0,

which have the direct solution:

Cy = 101.15 N,

Cx = −30.05 N.

M = 12.64 N-m,

where the negative sign means a direction opposite to that shown in
the free body diagram.

Cy

Cx
C

mg125
mm

D
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Problem 18.124 Each bar is 1 m in length and has
a mass of 4 kg. The inclined surface is smooth. If the
system is released from rest in the position shown, what
are the angular accelerations of the bars at that instant?

A

B45°
30°

O

Solution: For convenience, denote θ = 45◦, β = 30◦, and L =
1 m. The acceleration of point A is

aA = αOA × rA/O =

 i j k

0 0 αOA

L cos θ L sin θ 0


 .

aA = αOA(−iL sin θ + jL cos θ) (m/s2).

The acceleration of A is also given by

aA = aB + αAB × rA/B .

aA = aB +

 i j k

0 0 αAB

−L cos θ L sin θ 0


 .

aA = aB − iαABL sin θ − jαABL cos θ (m/s2).

From the constraint on the motion at B, Equate the expressions for
the acceleration of A to obtain the two equations:

(1) − αOAL sin θ = aB cos β − αABL sin θ,

and (2) αOAL cos θ = aB sin β − αABL cos θ.

The acceleration of the center of mass of AB is

aGAB = aA + αAB × rGAB/A

= aA +




i j k
0 0 αAB

L cos θ

2
−L sin θ

2
0


 ,

aGAB = aA + LαAB

2
sin θ i + αABL

2
cos θj (m/s2),

from which

(3) aGABx = −αOAL sin θ + LαAB

2
sin θ (m/s2),

(4) aGABy = αOAL cos θ + LαAB

2
cos θ.

Ax Ax

Ay

Ay

B

mg mg

30°

The equations of motion for the bars: for the pin supported left bar:

(5) AyL cos θ − AxL sin θ − mg

(
L

2

)
cos θ = IOAαOA,

where IOA =
(

mL2

3

)
= 4

3
kg-m2.

The equations of motion for the right bar:

(6) − Ax − B sin β = maGABx,

(7) − Ay − mg + B cos β = maGABy,

(8) Ay

(
L

2

)
cos θ + Ax

(
L

2

)
sin θ + B

(
L

2

)
sin θ cos β

− B

(
L

2

)
cos θ sin β = ICABαAB,

where IGAB =
(

1

12

)
mL2 =

(
1

3

)
kg-m2.

These eight equations in eight unknowns are solved by iteration: Ax =
−19.27 N, Ay = 1.15 N, αOA = 0.425 rad/s2, αAB = −1.59 rad/s2,
B = 45.43 N, aGABx = −0.8610 m/s2, aGABy = −0.2601 m/s2
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Problem 18.125 Each bar is 1 m in length and has
a mass of 4 kg. The inclined surface is smooth. If the
system is released from rest in the position shown, what
is the magnitude of the force exerted on bar OA by the
support at O at that instant?

Solution: The acceleration of the center of mass of the bar OA is

aGOA = αOA × rG/A = aA +




i j k
0 0 αOA

L cos θ

2

L sin θ

2
0


 ,

aGOA = −L sin θ

2
αOAi + L cos θ

2
αOAj (m/s2).

The equations of motion:

Fx + Ax = maGOAx, Fy + Ay − mg = maGOAy.

Fy

Fx

mg

Ay
Ax

Use the solution to Problem 18.140: θ = 45◦, αGA = 0.425 rad/s2,
Ax = −19.27 N, m = 4 kg, from which Fx = 18.67 N, Fy =
38.69 N, from which |F| =

√
F 2

x + F 2
y = 42.96 N

Problem 18.126 The fixed ring gear lies in the
horizontal plane. The hub and planet gears are bonded
together. The mass and moment of inertia of the
combined hub and planet gears are mHP = 130 kg and
IHP = 130 kg-m2. The moment of inertia of the sun gear
is Is = 60 kg-m2. The mass of the connecting rod is
5 kg, and it can be modeled as a slender bar. If a 1 kN-
m counterclockwise couple is applied to the sun gear,
what is the resulting angular acceleration of the bonded
hub and planet gears?

240 mm

720 mm

340
mm

140
    mm

Planet gear

Connecting
rod

Sun gear

Hub gear

Ring gear

Solution: The moment equation for the sun gear is

(1) M − 0.24F = Isαs .

For the hub and planet gears:

(2) (0.48)αHP = −0.24αs,

(3) F − Q − R = mHP (0.14)(−αHP ),

(4) (0.14)Q + 0.34F − IHP (−αHP ).

For the connecting rod:

(5) (0.58)R = ICRαCR,

where ICR =
(

1

3

)
mGR(0.582) = 0.561 kg-m2.

(6) (0.58)αCR = −(0.14)αHP .

These six equations in six unknowns are solved by iteration:

F = 1482.7 N, αs = 10.74 rad/s2,

αHP = −5.37 rad/s2, Q = 1383.7 N,

R = 1.25 N, αCR = 1.296 rad/s2.

Sun Gear Connecting Rod

Hub & Planet Gears

Q
R

R

F
F

M
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Problem 18.127 The system is stationary at the instant
shown. The net force exerted on the piston by the
exploding fuel-air mixture and friction is 5 kN to the
left. A clockwise couple M = 200 N-m acts on the crank
AB. The moment of inertia of the crank about A is
0.0003 kg-m2. The mass of the connecting rod BC is
0.36 kg, and its center of mass is 40 mm from B on
the line from B to C. The connecting rod’s moment
of inertia about its center of mass is 0.0004 kg-m2.
The mass of the piston is 4.6 kg. What is the piston’s
acceleration? (Neglect the gravitational forces on the
crank and connecting rod.)

40°

50 m
m

A

M

B

C

125 mm

Solution: From the law of sines:

sin β

0.05
= sin 40◦

0.125
,

from which β = 14.9◦. The vectors

rB/A = 0.05(i cos 40◦ + j sin 40◦
)rB/A

= 0.0383i + 0.0321j (m).

rB/C = 0.125(−i cos β + j sin β) (m).

rB/C = −0.121i + 0.0321, (m).

The acceleration of point B is

aB = αAB × rB/A − ω2
ABrB/A,

aB =

 i j k

0 0 αAB

0.0383 0.0321 0




− ω2
AB(0.0383i + 0.0321j) (m/s2).

The acceleration of point B in terms of the acceleration of point C is

aB = aC + αBC × rB/C = aC i +

 i j k

0 0 αBC

−0.121 0.0321 0




− ω2
BC(−0.121i + 0.0321j) (m/s2).

Equate the two expressions for the acceleration of point B, note ωAB =
ωBC = 0, and separate components:

(1) − 0.05αAB sin 40◦ = aC − 0.125αBC sin β,

(2) 0.05αAB cos 40◦ = −0.125αBC cos β.

The acceleration of the center of mass of the connecting rod is

aGCR = aC + αBC × rGCR/C − ω2
BCrGCR/C,

aGCR = aC i +

 i j k

0 0 αBC

−0.085 cos β 0.085 sin β 0




− ω2
BC(−0.085 cos βi + 0.085 sin βj) (m/s2),

from which

(3) aGCRx = aC − 0.085αBC sin β (m/s2),

(4) aGCRy = −0.085αBC cos β (m/s2).

The equations of motion for the crank:

(5) By(0.05 cos 40◦
) − Bx(0.05 sin 40◦

) − M = IAαAB

For the connecting rod:

(6) − Bx + Cx = mCRaGCRx

(7) − By + Cy = mCRaGCRy

(8) Cy(0.085 cos β) + Cx(0.085 sin β) + Bx(0.04 sin β)

+ By(0.04 cos β) = IGCRαBC

For the piston:

(9) − Cx − 5000 = mP aC.

These nine equations in nine unknowns are solved by iteration:

αAB = 1255.7 rad/s2, αBC = −398.2 rad/s2,

aGCRx = −44.45 m/s2, aGCRy = 32.71 m/s2,

By = 1254.6 N, Bx = −4739.5 N,

Cx = −4755.5 N, Cy = 1266.3 N,

aC = −53.15 m/s2.

A C
40

0.05 0.125

β

B Bx

Bx

CxBy

By

Ax
Ay

M

CyG

Cx

Cy

5000 N

N
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Problem 18.128 If the crank AB in Problem 18.127
has a counterclockwise angular velocity of 2000 rpm at
the instant shown, what is the piston’s acceleration?

Solution: The angular velocity of AB is

ωAB = 2000

(
2π

60

)
= 209.44 rad/s.

The angular velocity of the connecting rod BC is obtained from the
expressions for the velocity at point B and the known value of ωAB :

vB = ωAB × rB/A =

 i j k

0 0 ωAB

0.05 cos 40◦ 0.05 sin 40◦ 0


 .

vB = −0.05 sin 40◦
ωAB i + 0.05 cos 40◦

ωAB j (m/s).

vB = vC i +

 i j k

0 0 ωBC

−0.125 cos β 0.125 sin β 0


 ,

vB = vC i − 0.125 sin βωBC i − 0.125 cos βωBC j (m/s).

From the j component, 0.05 cos 40◦
ωAB = −0.125 cos βωBC , from

which ωBC = −66.4 rad/s. The nine equations in nine unknowns
obtained in the solution to Problem 18.127 are

(1) − 0.05αAB sin 40◦ − 0.05ω2
AB cos 40◦

= aC − 0.125αBC sin β + 0.125ω2
BC cos β,

(2) 0.05αAB cos 40◦ − 0.05ω2
AB sin 40◦

= −0.125αBC cos β − 0.125ω2
BC sin β,

(3) aGCRx = aC − 0.085αBC sin β + 0.085ω2
BC cos β (m/s2),

(4) aGCRy = −0.085αBC cos β − 0.085ω2
BC sin β (m/s2),

(5) By(0.05 cos 40◦
) − Bx(0.05 sin 40◦

) − M = IAαAB,

(6) − Bx + Cx = mCRaGCRx,

(7) − By + Cy = mCRaGCRy,

(8) Cy(0.085 cos β) + Cx(0.085 sin β)

+ Bx(0.04 sin β) + By(0.04 cos β) = IGCRαBC.

(9) − Cx − 5000 = mP aC.

These nine equations in nine unknowns are solved by iteration:

αAB = −39, 386.4 rad/s2αBC = 22,985.9 rad/s2,

aGCRx = −348.34 m/s2, aGCRy = −1984.5 m/s2,

By = 1626.7 N, Bx = −3916.7 N,

Cx = −4042.1 N, Cy = 912.25 N,

ac = −208.25 (m/s2)
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Problem 19.1 The moment of inertia of the rotor of
the medical centrifuge is I = 0.2 kg-m2. The rotor starts
from rest and the motor exerts a constant torque of
0.8 N-m on it.

(a) How much work has the motor done on the rotor
when the rotor has rotated through four revolu-
tions?

(b) What is the rotor’s angular velocity (in rpm) when
it has rotated through four revolutions?

Solution:

(a) W = (0.8 N-m)(4 rev)

(
2π rad

1 rev

)
= 20.1 N-m W = 20.1 N-m

(b)
1

2
Iω2 = W,

1

2
(0.2 kg-m2)ω2 = 20.1 N-m ⇒ ω =

√
2(20.1 N-m)

0.2 kg-m2

ω = 14.2 rad/s

Problem 19.2 The17.8 N slender bar is 0.61m in length.
It started from rest in an initial position relative to the
inertial reference frame.When it is in the position shown,
the velocity of the end A is i + j (m/s) and the
bar has a counterclockwise angular velocity of 12 rad/s.
How much work was done on the bar as it moved
from its initial position to its present position?

x

y
B

A
30�

Solution: Work = Change in kinetic energy. To calculate the
kinetic energy we will first need to find the velocity of the center
of mass

vG = vA + ω × rG/A

= ( i + j)( ) + (12 rad/s)k × ( )(cos 30◦i + sin 30◦j)

= (− i + j)

Now we can calculate the work, which is equal to the kinetic energy.

W = 1

2
mv2 + 1

2
Iω2

= 1

2

( )
[(− )2 + ( . )2]

+ 1

2

[
1

12

( )
( )

]
(12 rad/s)2

=
W =

560

6.71 4.27

6.71 4.27 m/s 0.305 m

4.27 8.5 m/s

17.8 N

9.81 m/s2 4.27 m/s 8 5 m/s

17.8 N

9.8 2
0 .61 m

86.1 N-m.

86.1 N-m.

1 m/s
2
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Problem 19.3 The 20-kg disk is at rest when the
constant 10 N-m counterclockwise couple is applied.
Determine the disk’s angular velocity (in rpm) when
it has rotated through four revolutions (a) by applying
the equation of angular motion �M = 1α, and (b) by
applying the principle of work and energy.

10 N-m

0.25 m

Solution:

(a) First we find the angular acceleration

�M = Iα

(10 N-m) = 1

2
(20 kg)(0.25 m)2α ⇒ α = 16 rad/s

Next we will integrate the angular acceleration to find the angular
velocity.

ω
dω

dθ
= α ⇒

∫ ω

0
ω dω =

∫ θ

0
α dθ ⇒ ω2

2
= αθ

ω = √
2αθ =

√
2(16 rad/s2)(4 rev)

( rev

2π rad

)(
60 s

min

)
= 271

rev

min

ω = 271 rpm.

(b) Applying the principle of work energy

W = 1

2
Iω2

(10 N-m)(4 rev)

(
2π rad

rev

)
= 1

2

[
1

2
(20 kg)(0.25 m)2

]
ω2

ω = 28.4 rad/s
( rev

2π rad

)(
60 s

min

)
= 271 rpm

ω = 271 rpm.
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Problem 19.4 The space station is initially not rotat-
ing. Its reaction control system exerts a constant couple
on it until it has rotated 90◦, then exerts a constant couple
of the same magnitude in the opposite direction so that
its angular velocity has decreased to zero when it has
undergone a total rotation of 180◦. The maneuver takes
6 hours. The station’s moment of inertia about the axis
of rotation is I = 1.5 × 1010 kg-m2. How much work is
done in performing this maneuver? In other words, how
much energy had to be expended in the form of reaction
control fuel?

Solution: We need to solve for the moment that causes a 90◦
rotation in a 3 hr time period. We will use �M = Iα and the principle
of work energy.

M = Iα = I
dω

d t
⇒ dω

d t
= M

I
⇒ ω = M

I
t

W = Mθ = 1

2
Iω2 ⇒ ω =

√
2Mθ

I

Solving these two equations together, we find

M = 2θI

t2
=

2(90◦
)

(
π rad

180◦
)

(1.5 × 1010 kg-m2)

[
(3 hr)

(
60 min

hr

)(
60 min

s

)]2
= 404 N-m

The total work to accomplish the entire maneuver is then

W = (404 N-m)(180◦
)

(
π rad

180◦
)

= 1270 N-m.

W = 1270 N-m.
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Problem 19.5 The helicopter’s rotor starts from rest.
Suppose that its engine exerts a constant 1627 -m cou-
ple on the rotor and aerodynamic drag is negligible. The
rotor’s moment of inertia is I = 2

(a) Use work and energy to determine the magnitude
of the rotor’s angular velocity when it has rotated
through five revolutions.

(b) What average power is transferred to the rotor
while it rotates through five revolutions?

Solution:

(a) U = ( )(10π rad) = 1

2
( -s 2-m)ω2

ω = 13.7 rad/s

(b) To find the average power we need to know the time

1627 N-m = ( -s -2 )α

α = 3 rad/s2, ω = (3 rad/s2)t, θ = 1

2
(3 rad/s2)t2

10π rad = 1

2
(3 rad/s2)t2 ⇒ t = 4.58 s

Power = U

t
= ( )(10π rad)

4.58 s

= = 15.0 hp

Problem 19.6 The helicopter’s rotor starts from rest.
The moment exerted on it (in N-m) is given as a function
of the angle through which it has turned in radians by
M = 6500 − 20θ . The rotor’s moment of inertia is I =
540 kg-m2. Determine the rotor’s angular velocity (in
rpm) when it has turned through 10 revolutions.

Solution: We will integrate to find the work.

W =
∫

Mdθ

=
∫ 10(2π)

0
(6500 − 20 θ) dθ = [6500 θ − 10 θ2]10(2π)

0 = 3.69 × 105 N-m

Using the principle of work energy we can find the angular velocity.

W = 1

2
Iω2 ⇒ ω =

√
2W

I
=

√
2(3.69 × 105 N-m)

540 kg-m2
= 37.0 rad/s

ω = 37.0 rad/s

(
1 rev

2π rad

)(
60 s

min

)
= 353 rpm.

ω = 353 rpm.
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N

542 kg-m .

1627 N-m 542 N

542 N m

1627 N

11171 N-m/s
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Problem 19.7 During extravehicular activity, an astro-
naut’s angular velocity is initially zero. She activates two
thrusters of her maneuvering unit, exerting equal and
opposite forces T = 2 N. The moment of inertia of the
astronaut and her equipment about the axis of rotation
is 45 kg-m2. Use the principle of work and energy to
determine the angle through which she has rotated when
her angular velocity reaches 15◦ per second.

1.0 m1.0 m1.0 m

T

T

Solution: The moment that is exerted on the astronaut is

M = T d = (2 N)(1 m) = 2 N-m.

Using work energy we have

Mθ = 1

2
Iω2 ⇒ θ = Iω2

2M
=

(45 kg-m2)

(
15◦

180◦ π rad/s

)2

2(2 N-m)
= 0.771 rad.

Thus

θ = 0.771 rad

(
180◦

π rad

)
= 44.2◦

θ = 44.2◦

Problem 19.8 The 8-kg slender bar is released from
rest in the horizontal position 1 and falls to position 2.

(a) How much work is done by the bar’s weight as it
falls from position 1 to position 2?

(b) How much work is done by the force exerted on
the bar by the pin support as the bar falls from
position 1 to position 2?

(c) Use conservation of energy to determine the bar’s
angular velocity when it is in position 2.

A

2 m

y

x

2

1

Solution:

(a) W = mgh = (8 kg)(9.81 m/s2)(1 m) = 78.5 N-m. W = 78.5 N-m.

(b) The pin force is applied to point A, which does not move. There-
fore W = 0.

(c) Using conservation of energy, we have

T1 + V1 = T2 + V2

0 + 0 = 1

2

(
1

3
mL2

)
ω2 − mgh ⇒ ω =

√
6gh

L
=

√
6(9.81 m/s2)(1 m)

2 m

ω = 3.84 rad/s
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Problem 19.9 The 20- bar is released from rest in the
horizontal position 1 and falls to position 2. In addition
to the force exerted on it by its weight, it is subjected to a
constant counterclockwise couple M = 30 - . Deter-
mine the bar’s counterclockwise angular velocity in posi-
tion 2.

A

2

1

4 

M

M

y

x

40�

m

Solution: We will use the energy equation in the form

T1 + V1 + U12 = T2 + V2

0 + 0 + Mθ = 1

2

(
1

3
mL2

)
ω2 − mg

L

2
sin θ

⇒ ω =
√

6Mθ

mL2
+ 3g

L
sin θ

Thus

ω =

√√√√√√√
6(30 N-m)

(
40◦

180◦ π rad

)
(

20 N
)

(4 m) 2

+ 3( 2)

4 m
sin(40◦) = rad/s.

ω = rad/s.

Problem 19.10 The object consists of an 35.6 N slender
bar welded to a circular disk. When the object is released
from rest in position 1, its angular velocity in position 2
is 4.6 rad/s. What is the weight of the disk?

y

559 mm

12  mm

Solution: Using conservation of energy we have

T1 + V1 = T2 + V2 ⇒ 0 + 0 = T2 + V2

0 = 1

2

(
1

3

[ ][ ]2 + 1

2

[
W s2 ]

2+
[

W s2 ]
2

)
(4.6

7

rad/s)2

− ( ) sin (45◦
) − W sin (45◦

)

Solving for W we find
W = .

565

N

N m

9.81 m/s
2.93

9.81 m/s

2.93

35.6 N

9.81 m/s2
0.559 m

9.81 m
0.127 m

9.81 m
0.686

35.6 N 0.280 m 0.686

98.7 N

[ ] [ ]

( ) )(

1

2

45�

x
A

2
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Problem 19.11 The object consists of an 35.6 N slen-
der bar welded to a N circular disk. The object is
released from rest in position 1. Determine the x and y

components of force exerted on the object by the pin
support when it is in position 2. 1

2

45�

x
A

y

559 mm

12 mm

Solution: We first determine the moment of inertia about the fixed
point A and the distance from A to the center of mass.

IA = 1

3

(
2

)
2 + 1

2

(
2

)
+

(
2
)

= 2

d = ( )( ) + ( )( )

( ) + ( )
=

We now write the equations of motion and the work energy equation

�Fx : Ax =
(

2
)

(α d sin 45◦ + ω2 d cos 45◦
),

�Fy : Ay − ( ) =
(

2
)

(−α d cos 45◦ + ω2 d sin 45◦
),

�MA : ( ) d cos 45◦ = IAα,

0 + 0 = −( ) d sin 45◦ + 1

2
IAω2.

Solving we have

ω = 4.70 rad/s, α = 11.0 rad/s2, Ax = , Ay =
Ax = , Ay =

Problem 19.12 The mass of each box is 4 kg. The
radius of the pulley is 120 mm and its moment of inertia
is 0.032 kg-m2. The surfaces are smooth. If the system is
released from rest, how fast are the boxes moving when
the left box has moved 0.5 m to the right?

30�

Solution: Use conservation of energy. The angular velocity of the
pulley is v/r .

T1 + V1 = T2 + V2

0 + 0 = 1

2
(4 kg)v2 + 1

2
(4 kg)v2 + 1

2
(0.032 kg-m2)

( v

0.12 m

)2

− (4 kg)(9.81 m/s2)(0.5 m) sin 30◦

Solving we have v = 1.39 m/s.

566

53.4

35.6 N-s

9.81 m
0.559

53.4 N-s

9.81 m
( ) 20.127 m( )

53.4 N-s

9.81 m
20.686 m( )

2.98 N-s -m

35.6 N 0.280 m 53.4 N 0.686 m

35.6 N 53 .4 N
0.523 m.

89 N-s

9.81 m

89 N
89 N-s

9.81 m

89 N

89 N

111.2 N 125 .

7

9 N.

111.2 N 125 .9 N
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Problem 19.13 The mass of each box is 4 kg. The
radius of the pulley is 120 mm and its moment of iner-
tia is 0.032 kg-m2. The coefficient of kinetic friction
between the boxes and the surfaces is µk = 0.12. If the
system is released from rest, how fast are the boxes mov-
ing when the left box has moved 0.5 m to the right? 30�

Solution: Use work energy. The angular velocity of the pulley is
v/r .

T1 + V1 + U12 = T2 + V2

0 + 0 − (0.12)(8 kg)(9.81 m/s2)(0.5 m) = 1

2
(8 kg)v2 + 1

2
(0.032 kg-m2)

( v

0.12 m

)2

− (4 kg)(9.81 m/s2)(0.5 m) sin 30◦

Solving we have v = 1.00 m/s.

Problem 19.14 The 4-kg bar is released from rest in
the horizontal position 1 and falls to position 2. The
unstretched length of the spring is 0.4 m and the spring
constant is k = 20 N/m. What is the magnitude of the
bar’s angular velocity when it is in position 2. 60�1

2

A

0.6 m 1 m

Solution: In position 1 the spring is stretched a distance

d1 = 0.6 m − 0.4 m = 0.2 m,

while in position 2 the spring is stretched a distance

d2 =
√

(1.6 m)2 + (1 m)2 − 2(1.6 m)(1 m) cos 60◦ − 0.4 m = 1.0 m

Using conservation of energy we have

T1 + V1 = T2 + V2

0 + 1

2
kd2

1 = 1

2

[
1

3
(4 kg)(1 m)2

]
ω2

− (4 kg)(9.81 m/s2)(0.5 m) sin 60◦ + 1

2
kd2

2

Solving we find ω = 3.33 rad/s.
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Problem 19.15 The moments of inertia of gears
that can turn freely on their pin supports are IA =
0.002 kg-m2 and IB = 0.006 kg-m2. The gears are at
rest when a constant couple M = 2 N-m is applied to
gear B. Neglecting friction, use principle of work and
energy to determine the angular velocities of the gears
when gear A has turned 100 revolutions.

90 mm

60 mm
A

B

M

Solution: From the principle of work and energy: U = T2 − T1,
where T1 = 0 since the system starts from rest. The work done is

U =
∫ θB

0
Mdθ = MθB.

Gear B rotates in a positive direction; gear A rotates in a negative
direction, θA = −2π(100) = −200π rad. The angle traveled by the
gear B is

θB = − rA

rB
θA = −

(
0.06

0.09

)
(−200π) = 418.9 rad,

from which U = MθB = 2(418.9) = 837.76 N-m.

The kinetic energy is T2 =
(

1

2

)
IAω2

A +
(

1

2

)
IBω2

B,

where ωB = −
(

rA

rB

)
ωA, from which

U =
(

1

2

)(
0.002 +

(
0.06

0.09

)2

(0.006)

)
ω2

A = 837.76 N-m,

from which

ωA = ±√
359,039 = −599.2 rad/s ,

and ωB = −
(

0.06

0.09

)
ωA = 399.5 rad/s

Problem 19.16 The moments of inertia of gears A

and B are IA = 0.02 kg-m2 and IB = 0.09 kg-m2.
Gear A is connected to a torsional spring with
constant k = 12 N-m/rad. If gear B is given an initial
counterclockwise angular velocity of 10 rad/s with the
torsional spring unstretched, through what maximum
counterclockwise angle does gear B rotate?

200 mm

140 mm

A
B

Solution: The counterclockwise velocity of B and clockwise
velocity of A are related by 0.2ωB = 0.14ωA.

Applying conservation of energy,

1

2
IAω2

A1 + 1

2
IBω2

B1 = 1

2
kθ2

A2:

1

2
(0.02)

[(
0.2

0.14

)
(10)

]2

+ 1

2
(0.09)(10)2 = 1

2
(12)θ2

A2

Solving, we obtain

θA2 = 1.04 rad

so θB2 = 0.14

0.2
θA2

= 0.731 rad = 41.9◦
.
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Problem 19.17 The moments of inertia of three
pulleys that can turn freely on their pin supports
are IA = 0.002 kg-m2, IB = 0.036 kg-m2, and IC =
0.032 kg-m2. They are stationary when a constant couple
M = 2 N-m is applied to pulley A. What is the angular
velocity of pulley A when it has turned 10 revolutions?

100 mm

100 mm

200 mm

M

A

B
200 mm

C

Solution: All pulleys rotate in a positive direction:

ωC =
(

0.1

0.2

)
ωB,

ωB =
(

0.1

0.2

)
ωA,

from which

ωC =
(

0.1

0.2

)2

ωA.

From the principle of work and energy: U = T2 − T1, where T1 = 0
since the pulleys start from a stationary position. The work done is

U =
∫ θA

0
Mdθ = 2(2π)(10) = 40π N-m.

The kinetic energy is

T2 =
(

1

2

)
IAω2

A +
(

1

2

)
IBω2

B +
(

1

2

)
ICω2

C

=
(

1

2

)(
IA +

(
0.1

0.2

)2

IB +
(

0.1

0.2

)4

IC

)
ω2

A,

from which T2 = 0.0065ω2
A , and U = 40π = 0.0065ω2

A .

Solve: ωA =
√

40π

0.0065
= 139.0 rad/s

Problem 19.18 Model the arm ABC as a single rigid
body. Its mass is 300 kg, and the moment of inertia
about its center of mass is I = 360 kg-m2. Starting
from rest with its center of mass 2 m above the ground
(position 1), the ABC is pushed upward by the hydraulic
cylinders. When it is in the position shown (position 2),
the arm has a counterclockwise angular velocity of
1.4 rad/s. How much work do the hydraulic cylinders do
on the arm in moving it from position 1 to position 2?

1.80 m

1.40 m

0.30 m

0.80 m

0.70 m

2.25 m

A

B

C

Solution: From the principle of work and energy: U = T2 − T1,
where T1 = 0 since the system starts from rest. The work done is
U = Ucylinders − mg(h2 − h1), and the kinetic energy is

T2 =
(

1

2

)
IAω2,

from which

Ucylinders − mg(h2 − h1) =
(

1

2

)
IAω2

In position 1, h1 = 2 m above the ground. In position 2, h2 = 2.25 +
0.8 + 0.3 = 3.35 m. The distance from A to the center of mass is

d = √
1.82 + 1.12 = 2.11 m,

from which

IA = I + md2 = 1695 kg-m2.

Substitute: Ucylinders − 3973.05 = 1661.1, from which

Ucylinders = 5630 N-m
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Problem 19.19 The mass of the circular disk is 5 kg
and its radius is R = 0.2 m. The disk is stationary when
a constant clockwise couple M = 10 N-m is applied to
it, causing the disk to roll toward the right. Consider the
disk when its center has moved a distance b = 0.4 m.

(a) How much work has the couple M done on the
disk?

(b) How much work has been done by the friction force
exerted on the disk by the surface?

(c) What is the magnitude of the velocity of the center
of the disk?

(See Active Example 19.1.)

b

M

Solution:

(a) U12 = Mθ = M

(
b

R

)
= (10 N-m)

(
0.4 m

0.2 m

)
= 20 N-m. U12 = 20 N-m.

(b) The friction force is a workless constraint force and does no work.

U12 = 0 .

(c) Use work energy

U12 = 1

2
mv2 + 1

2

(
1

2
mR2

)( v

R

)2

20 N-m = 1

2
(5 kg)v2 + 1

2

(
1

2
[5 kg][0.2 m]2

)( v

0.2 m

)2

Solving we find v = 2.31 m/s.

Problem 19.20 The mass of the homogeneous cylin-
drical disk is m = 5 kg and its radius is R = 0.2 m. The
angle β = 15◦. The disk is stationary when a constant
clockwise couple M = 10 N-m is applied to it. What is
the velocity of the center of the disk when it has moved
a distance b = 0.4 m? (See Active Example 19.1.)

M

R

b β

Solution: The angle through which the disk rolls is θ = b/R. The
work done by the couple and the disk’s weight is

v12 = M

(
b

R

)
+ mgb sin β.

Equating the work to the disk’s kinetic energy

M

(
b

R

)
+ mgb sin β = 1

2
mv2 + 1

2
Iω2

and using the relation ω = v/R, we obtain

v = 2

√
b

3

(
M

mR
+ g sin β

)

= 2

√
0.4

3

[
10

(5)(0.2)
+ 9.81 sin 15◦

]

= 2.59 m/s.
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Problem 19.21 The mass of the stepped disk is 18 kg
and its moment of inertia is 0.28 kg-m2. If the disk is
released from rest, what is its angular velocity when the
center of the disk has fallen 1 m?

0.2
m

0.1
m

Solution: The work done by the disk’s weight is

v12 = mgh = (18 kg) (9.81 m/s2) (1 m)

= 176.6 N-m.

We equate the work to the final kinetic energy,

176.6 = 1

2
mv2 + 1

2
Iω2

= 1

2
(18)v2 + 1

2
(0.28)ω2.

Using the relation v = (0.1)ω and solving for ω, we obtain
ω = 27.7 rad/s.

Problem 19.22 The 100-kg homogenous cylindrical
disk is at rest when the force F = 500 N is applied to a
cord wrapped around it, causing the disk to roll. Use the
principle of work and energy to determine the angular
velocity of the disk when it has turned one revolution.

F

300 mm

Solution: From the principle of work and energy: U = T2 − T1,
where T1 = 0 since the disk is at rest initially. The distance traveled
in one revolution by the center of the disk is s = 2πR = 0.6π m. As
the cord unwinds, the force F acts through a distance of 2 s.
The work done is

U =
∫ 2s

0
F ds = 2 F(0.6π) = 1884.96 N-m.

The kinetic energy is

T2 =
(

1

2

)
Iω2 +

(
1

2

)
mv2,

where I = 1
2 mR2, and v = Rω, from which

T2 = 3

4
mR2ω2 = 6.75ω2.

U = T2, 1884.96 = 6.75ω2,

from which ω = −16.7 rad/s (clockwise).
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Problem 19.23 The15 kg homogenous cylindrical disk
is given a clockwise angular velocity of 2 rad/s with the
spring unstretched. The spring constant is k =
If the disk rolls, how far will its center move to the right? k 0.31 m

Solution: From the principle of work and energy: U = T2 − T1,
where T2 = 0 since the disk comes to rest at point 2. The work done
by the spring is

U = − 1

2
kS2.

The kinetic energy is

T1 = 1

2
Iω2 + 1

2
mv2.

By inspection v = ωR, from which

T1 =
(

1

2

)(m

2
R2 + mR2

)
ω2 = 3

4
mR2ω2 = 0.75(22) = - ,

U = −T1, − S2 = − ,

from which S = √ =

ks

Problem 19.24 The system is released from rest. The
moment of inertia of the pulley is g-m . The2

slanted surface is smooth. Determine the magnitude of
the velocity of the 10 weight when it has fallen 2 .

10 

6 m
20�

5 N

N

Solution: Use conservation of energy

c

T1 = 0

V1 = 0

T2 = 1

2

(
15 N-s2

)
v2 + 1

2
( 2)

( v

0.

)2

V2 = −(10 N)(2 m) + (5 N)(2 m) sin 20◦

T1 + V1 = T2 + V2 ⇒ v =

572

43.8 N/m.

4.07 N m

( )43.8 4.07

0.186 0.43 m.

0.04 k

N m

9.81 m
0.04 kg-m

06 m

1.62 m/s.
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Problem 19.25 The system is released from rest. The
moment of inertia of the pulley is 0.04 kg-m . The2

coefficient of kinetic friction between the 5-N weight
and the slanted surface is µk = 0.3. Determine the mag-
nitude of the velocity of the 10-N weight when it has
fallen 2 .

10 N

6 m
20�

5 N

Solution: Use work energy.

T1 = 0

V1 = 0

U12 = −(0.3)(5 N) cos 20◦
(2 m)

T2 = 1

2

(
15 N-s2

)
v2 + 1

2
(0.04 kg-m2)

( v

0.

)2

V2 = −(10 N)(2 m) + (5 N)(2 m) sin 20◦

T1 + V1 + U12 = T2 + V2 ⇒ v=

Problem 19.26 Each of the cart’s four wheels weighs
, and has moment of inertia

I = 0.0 g-m . The cart (not including its wheels)2

weighs 80 N. The cart is stationary when the constant
horizontal force F =
cart going when it has moved 2 to the right?

F

Solution: Use work energy

U12 = Fd = ( 0 )(2 ) = 0 -

T1 = 0

T2 = 1

2

(
2
)

v2 + 4

[
1

2

(
2
)

v2 + 1

2
(0.02 kg-

c

m2)

(
v

)2
]

T1 + U12 = T2 ⇒ v =

573

m

9.81 m

1.48 m/s.

cm10N, has a radius of 5
2 k

40 N is applied. How fast is the
m

4 N m 8 N m

80 N-s

9.81 m

10 N-s

9.81 m 0.05 m

1.91 m/s.

06 m
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Problem 19.27 The total moment of inertia of car’s
two rear wheels and axle is IR, and the total moment of
inertia of the two front wheels is IF. The radius of the
tires is R, and the total mass of the car, including the
wheels, is m. The car is moving at velocity v0 when
the driver applies the brakes. If the car’s brakes exert a
constant retarding couple M on each wheel and the tires
do not slip, determine the car’s velocity as a function
of the distance s from the point where the brakes are
applied.

s

Solution: When the car rolls a distance s, the wheels roll through
an angle s/R so the work done by the brakes is V12 = −4M(s/R). Let
mF be the total mass of the two front wheels, mR the mass of the rear
wheels and axle, and mc the remainder of the car’s mass. When the
car is moving at velocity v its total kinetic energy is

T = 1
2 mcv

2 + 1
2 mRv2 + 1

2 IR(v/R)2 + 1
2 IF(v/R)2

= 1
2 [m + (IR + IF)/R2]v2.

From the principle of work and energy, V12 = T2 − T1:

−4M(s/R) = 1
2 [m + (IR + IF)/R2]v2 − 1

2 [m + (IR + IF)/R2]v2
0

Solving for v, we get v =
√

v2
0 − 8Ms/[Rm + (IR + IF)/R].

Problem 19.28 The total moment of inertia of the
car’s two rear wheels and axle is 0.24 kg-m2. The total
moment of inertia of the two front wheels is 0.2 kg-m2.
The radius of the tires is 0.3 m. The mass of the car,
including the wheels, is 1480 kg. The car is moving at
100 km/h. If the car’s brakes exert a constant retarding
couple of 650 N-m on each wheel and the tires do not
slip, what distance is required for the car to come to a
stop? (See Example 19.2.)

Solution: From the solution of Problem 19.27, the car’s velocity
when it has moved a distance s is

v =
√

v2
0 − 8Ms/[Rm + (IR + IF)/R].

Setting v = 0 and solving for s we obtain

s = [Rm + (IR + IF)/R]v2
0/(8M).

The car’s initial velocity is

v0 = 100,000/3600 = 27.8 m/s

So, s = [(0.3)(1480) + (0.24 + 0.2)/0.3](27.8)2/[8(650)] = 66.1 m.
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Problem 19.29 The radius of the pulley is R =
100 mm and its moment of inertia is I = 0.1 kg-m2. The
mass m = 5 kg. The spring constant is k = 135 N/m.
The system is released from rest with the spring
unstretched. Determine how fast the mass is moving
when it has fallen 0.5 m.

R

k m

Solution:

T1 = 0, V1 = 0, T2 = 1

2
(5 kg)v2 + 1

2
(0.1 kg-m2)

( v

0.1 m

)2

V2 = −(5 kg)(9.81 m/s2)(0.5 m) + 1

2
(135 N/m)(0.5 m)2

T1 + V1 = T2 + V2 ⇒ v = 1.01 m/s

Problem 19.30 The masses of the bar and disk are
14 kg and 9 kg, respectively. The system is released
from rest with the bar horizontal. Determine the angular
velocity of the bar when it is vertical if the bar and disk
are welded together at A.

O

1.2 m 0.3 m

A

Solution: The work done by the weights of the bar and disk as
they fall is

U12 = mbarg(0.6 m) + mdiskg(1.2 m)

= (14)(9.81)(0.6) + (9)(9.81)(1.2)

= 188.4 N-m.

The bar’s moment of inertia about the pinned end is

I0 = 1
3 mbarl

2 = 1
3 (14)(1.2)2

= 6.72 kg-m2,

So the bar’s final kinetic energy is

Tbar = 1
2 I0ω

2

= 3.36ω2.

The moment of inertia of the disk about A is

IA = 1
2 mdiskR

2 = 1
2 (9)(0.3)2

= 0.405 kg-m2,

so the disk’s final kinetic energy is

Tdisk = 1
2 mdisk(lω)2 + 1

2 IAω2

= 1
2 [(9)(1.2)2 + 0.405]ω2

= 6.68ω2.

Equating the work to the final kinetic energy,

U12 = Tbar + Tdisk

188.4 = 3.36ω2 + 6.68ω2,

we obtain

ω = 4.33 rad/s.
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Problem 19.31 The masses of the bar and disk are
14 kg and 9 kg, respectively. The system is released
from rest with the bar horizontal. Determine the angular
velocity of the bar when it is vertical if the bar and disk
are connected by a smooth pin at A.

Solution: See the solution of Problem 19.30. In this case the disk
does not rotate, so its final kinetic energy is

Tdisk = 1
2 mdisk(lω)2

= 1
2 (9)(1.2)2ω2

= 6.48ω2.

Equating the work to the final kinetic energy,

U12 = Tbar + Tdisk:

188.4 = 3.36ω2 + 6.48ω2,

we obtain

ω = 4.38 rad/s.

Problem 19.32 The 45-kg crate is pulled up the
inclined surface by the winch. The coefficient of kinetic
friction between the crate and the surface is µk = 0.4.
The moment of inertia of the drum on which the cable is
being wound is IA = 4 kg-m2. The crate starts from rest,
and the motor exerts a constant couple M = 50 N-m
on the drum. Use the principle of work and energy to
determine the magnitude of the velocity of the crate
when it has moved 1 m.

0.15 m A
M

20°

Solution: The normal force is

N = mg cos 20◦
.

As the crate moves 1 m, the drum rotates through an angle θ =
(1 m)/R, so the work done is

U12 = M

(
1

R

)
− mg sin 20◦

(1) − µk(mg cos 20◦
)(1).

The final kinetic energy is

T = 1
2 mv2 + 1

2 Iω2.

Equating the work to the final kinetic energy and using the relation
v = Rω, we solve for v, obtaining

v = 0.384 m/s.

M

R
mg

NkNµ
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Problem 19.33 The 0.61 m slender bars each weigh
17.8 N

,
and the rectangular plate weighs 89 N. If the

system is released from rest in the position shown, what
is the velocity of the plate when the bars are vertical? 45°

Solution: The work done by the weights:

U = 2Wbarh + Wplate2h,

where h = L

2
(1 − cos 45◦

) = 0.

is the change in height, from which U = .06 N-m. The kinetic
energy is

T2 =
(

1

2

)(
Wplate

g

)
v2 + 2

[
1

2

(
WbarL

2

3g

)]
ω2 = v2,

where ω = v

L
has been used.

Substitute into U = T2 and solve: v = /s.

v

ωω

Problem 19.34 The mass of the 2-m slender bar is
8 kg. A torsional spring exerts a counterclockwise cou-
ple kθ on the bar, where k = 40 N-m/rad and θ is in
radians. The bar is released from rest with θ = 5◦. What
is the magnitude of the bar’s angular velocity when
θ = 60◦?

k

u

Solution: We will use conservation of energy

T1 = 0

V1 = (8 kg)(9.81 m/s2)(1 m) cos 5◦ + 1

2

(
40

N-m

rad

)(
5

180
π rad

)2

T2 = 1

2

[
1

3
(8 kg)(2 m)2

]
ω2

V2 = (8 kg)(9.81 m/s2)(1 m) cos 60◦ + 1

2

(
40

N-m

rad

)(
60

180
π rad

)2

T1 + V1 = T2 + V2 ⇒ ω = 1.79 rad/s.
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Problem 19.35 The mass of the suspended object A is
8 kg. The mass of the pulley is 5 kg, and its moment of
inertia is 0.036 kg-m2. If the force T = 70N is applied
to the stationary system, what is the magnitude of the
velocity of A when it has risen 0.2 m?

120 mm

T

A

Solution: When the mass A rises 0.2 m, the end of the rope rises
0.4 m.

T1 = 0, V1 = 0, T2 = 1

2
(13 kg)v2 + 1

2
(0.036 kg-m2)

( v

0.12 m

)2

V2 = (13 kg)(9.81 m/s2)(0.2 m), U = (70 N)(0.4 m)

T1 + V1 + U = T2 + V2 ⇒ v = 0.568 m/s

Problem 19.36 The mass of the left pulley is 7 kg,
and its moment of inertia is 0.330 kg-m2. The mass of
the right pulley is 3 kg, and its moment of inertia is
0.054 kg-m2. If the system is released from rest, how
fast is the 18-kg mass moving when it has fallen 0.1 m?

0.3 m

0.2 m

9 kg

18 kg

A

B

Solution: When mass C falls a distance x, the center of pulley A

rises 1
2 x. The potential energy is

v = −mcgx + (mA + mD)g 1
2 x.

The angular velocity of pulley B is wB = v/RB , and the angular veloc-
ity of pulley A is wA = v/2RA. The velocity of the center of pulley
A is wARA = v/2. The total kinetic energy is

T = 1
2 mcv

2 + 1
2 IB(v/RB)2 + 1

2 (mA + mD)(v/2)2 + 1
2 IA(v/2RA)2.

Applying conservation of energy to the initial and final positions,

O = −mcg(0.1) + (mA + mD)g 1
2 (0.1) + 1

2 mcv
2 + 1

2 IB(v/RB)2

+ 1
2 (mA + mD)(v/2)2 + 1

2 IA(v/2RA)2.

Solving for v, we obtain

v = 0.899 m/s.

ωA

ωB

RB

RA

mC

mA

mD

v

x

v
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Problem 19.37 The 18-kg ladder is released from rest
with θ = 10◦. The wall and floor are smooth. Modeling
the ladder as a slender bar, use conservation of energy to
determine the angular velocity of the bar when θ = 40◦.

4 m

θ

Solution: Choose the datum at floor level. The potential energy at
the initial position is

V1 = mg

(
L

2

)
cos 10◦

.

At the final position,

V2 = mg

(
L

2

)
cos 40◦

.

The instantaneous center of rotation has the coordinates (L sin θ,

L cos θ), where θ = 40◦ at the final position. The distance of the center

of rotation from the bar center of mass is
L

2
. The angular velocity

about this center is ω =
(

2

L

)
v, where v is the velocity of the center

of mass of the ladder. The kinetic energy of the ladder is

T2 =
(

1

2

)
mv2 +

(
1

2

)(
mL2

12

)
ω2 =

(
mL2

6

)
ω2,

where v =
(

L

2

)
ω has been used.

From the conservation of energy,

V1 = V2 + T2, from which mg

(
L

2

)
cos 10◦

= mg

(
L

2

)
cos 40◦ +

(
mL2

6

)
ω2.

Solve: ω = 1.269 rad/s.
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Problem 19.38 The 8-kg slender bar is released from
rest with θ = 60◦. The horizontal surface is smooth.
What is the bar’s angular velocity when θ = 30◦.

θ

2 m

Solution: The bar’s potential energy is

V = mg 1
2 l sin θ.

No horizontal force acts on the bar, so its center of mass will fall
straight down.

The bar’s kinetic energy is

T = 1
2 mv2

G + 1
2 Iw2,

where I = 1
12 ml2. Applying conservation of energy to the initial and

final states, we obtain

mg 1
2 l sin 60◦ = mg 1

2 l sin 30◦ + 1
2 mv2

G + 1
2 Iw2. (1)

To complete the solution, we must determine vG in terms of ω.

We write the velocity of pt. A in terms of the velocity of pt. G.

vA = vG + ω × rA/G:

vAi = −vGj +

∣∣∣∣∣∣∣∣
i j k
0 0 ω

l

2
cos θ − l

2
sin θ 0

∣∣∣∣∣∣∣∣
.

θ

ω

A

vG

G

y

The j component of this equation is

0 = −vG + ω l
2 cos θ.

Setting θ = 30◦ in this equation and solving it together with Eq. (1),
we obtain ω = 2.57 rad/s.

Problem 19.39 The mass and length of the bar are
m = 4 kg and l = 1.2 m. The spring constant is k =
180 N/m. If the bar is released from rest in the position
θ = 10◦, what is its angular velocity when it has fallen
to θ = 20◦?

k

l
θ

Solution: If the spring is unstretched when θ = 0, the stretch of
the spring is

S = l(1 − cos θ).

The total potential energy is

v = mg(l/2) cos θ + 1
2 kl2(1 − cos θ)2.

From the solution of Problem 19.37, the bar’s kinetic energy is

T = 1

6
ml2ω2.

We apply conservation of energy. T1 + V1 = T2 + V2:

0 + mg(l/2) cos 10◦ + 1

2
kl2(1 − cos 10◦

)2

= 1

6
ml2ω2

2 + mg(l/2) cos 20◦ + 1

2
kl2(1 − cos 20◦

)2.

Solving for ω2, we obtain ω2 = 0.804 rad/s.
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Problem 19.40 The 4-kg slender bar is pinned to a
2-kg slider at A and to a 4-kg homogenous cylindrical
disk at B. Neglect the friction force on the slider and
assume that the disk rolls. If the system is released from
rest with θ = 60◦, what is the bar’s angular velocity
when θ = 0? (See Example 19.3.) 1 m

A

B 200 mm

θ

Solution: Choose the datum at θ = 0. The instantaneous center
of the bar has the coordinates (L cos θ, L sin θ) (see figure), and the

distance from the center of mass of the bar is
L

2
, from which the

angular velocity about the bar’s instantaneous center is

v =
(

L

2

)
ω,

where v is the velocity of the center of mass. The velocity of the
slider is

vA = ωL cos θ,

and the velocity of the disk is

vB = ωL sin θ

The potential energy of the system is

V1 = mAgL sin θ1 + mg

(
L

2

)
sin θ1.

At the datum, V2 = 0. The kinetic energy is

T2 =
(

1

2

)
mAv2

A +
(

1

2

)
mv2 +

(
1

2

)(
mL2

12

)
ω2 +

(
1

2

)
mBv2

B

+
(

1

2

)(
mBR2

2

)( vB

R

)2
,

where at the datum

vA = ωL cos 0◦ = ωL,

vB = ωL sin 0◦ = 0,

v = ω

(
L

2

)
.

From the conservation of energy: V1 = T2.

Solve: ω = 4.52 rad/s.

V

ω

θ
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Problem 19.41* The sleeve P slides on the smooth
horizontal bar. The mass of each bar is 4 kg and the
mass of the sleeve P is 2 kg. If the system is released
from rest with θ = 60◦, what is the magnitude of the
velocity of the sleeve P when θ = 40◦?

1.2 m

O

Q

P

θ

1.2 m

Solution: We have the following kinematics

vQ = ωOQk × rQ/O

= ωOQk × (1.2 m)(cos θ i + sin θj)

= ωOQ(1.2 m)(− sin θ i + cos θj)

vP = vQ + ωPQ × rP/Q

= ωOQ(1.2 m)(− sin θ i + cos θj) + ωPQk

× (1.2 m)(cos θ i − sin θj)

= [(ωPQ − ωOQ)(1.2 m) sin θ]i + [(ωPQ + ωOQ)(1.2 m) cos θ]j

Point P is constrained to horizontal motion. We conclude that

ωPQ = −ωOQ ≡ ω, vP = 2ω(1.2 m) sin θ

We also need the velocity of point G

vG = vQ + ωPQ × rG/Q

= −ω(1.2 m)(− sin θ i + cos θj) + ωk × (0.6 m)(cos θ i − sin θj)

= [(1.8 m)ω sin θ]i − [(0.6 m)ω cos θ]j

Now use the energy methods

T1 = 0, V1 = 2(4 kg)(9.81 m/s2)(0.6 m) sin 60◦;

T2 = 1

2

(
1

3
[4 kg][1.2 m]2

)
ω2 + 1

2

(
1

12
[4 kg][1.2 m]2

)
ω2

+ 1

2
(4 kg)([(1.8 m)ω sin 40◦]2 + [(0.6 m)ω cos 40◦]2)

+ 1

2
(2 kg)(2ω[1.2 m] sin 40◦

)2

V2 = 2(4 kg)(9.81 m/s2)(0.6 m) sin 40◦;
Solving T1 + V1 = T2 + V2 ⇒ ω = 1.25 rad/s ⇒ vP = 1.94 m/s

G

O

Q

P

1.2 m 1.2 m

θ
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Problem 19.42* The system is in equilibrium in the
position shown. The mass of the slender bar ABC is
6 kg, the mass of the slender bar BD is 3 kg, and the
mass of the slider at C is 1 kg. The spring constant is
k = 200 N/m. If a constant 100-N downward force is
applied at A, what is the angular velocity of the bar
ABC when it has rotated 20◦ from its initial position?

A

1 m

1 m

B

D

1 m

50° 50°
C

k
Solution: Choose a coordinate system with the origin at D and
the x axis parallel to DC. The equilibrium conditions for the bars: for
bar BD,

∑
Fx = −Bx + Dx = 0,

∑
Fy = −By − mBDg + Dy = 0.

∑
MD = Bx sin 50◦ −

(
By + MBDg

2

)
cos 50◦ = 0.

For the bar ABC,

∑
Fx = Bx − F = 0,

∑
Fy = −FA + C − mABCg + By = 0.

∑
MC = (2FA − By + mABCg) cos 50◦ − Bx sin 50◦ = 0.

At the initial position FA = 0. The solution:

Bx = 30.87 N, Dx = 30.87 N,

By = 22.07 N, Dy = 51.5 N,

F = 30.87 N, C = 36.79 N.

[Note: Only the value F = 30.87 N is required for the purposes of this
problem.] The initial stretch of the spring is

S1 = F

k
= 30.87

200
= 0.154 m.

The distance D to C is 2 cos θ , so that the final stretch of the spring is

S2 = S1 + (2 cos 30◦ − 2 cos 50◦
) = 0.601 m.

From the principle of work and energy: U = T2 − T1,

where T1 = 0 since the system starts from rest. The work done is

U = Uforce + UABC + UBD + Uspring.

The height of the point A is 2 sin θ , so that the change in height is
h = 2(sin 50◦ − sin 30◦

), and the work done by the applied force is

Uforce =
∫ h

0
FA dh = 100(2 sin 50◦ − 2 sin 30◦

) = 53.2 N-m.

The height of the center of mass of bar BD is
sin θ

2
, so that the work

done by the weight of bar BD is

UBD =
∫ h

0
−mBDg dh = −mBDg

2
(sin 30◦ − sin 50◦

) = 3.91 N-m.

F

C

FA

WBD

WABC

By

By

Bx

Dx

Dy

Bx

The height of the center of mass of bar ABC is sin θ , so that the work
done by the weight of bar ABC is

UABC =
∫ h

0
−mABCg dh = −mABCg(sin 30◦ − sin 50◦

)

= 15.66 N-m.

The work done by the spring is

Uspring =
∫ S2

S1

−ks ds

= − k

2
(S2

2 − S2
1 ) = −33.72 N-m.

Collecting terms, the total work:

U = 39.07 N-m.

The bars form an isosceles triangle, so that the changes in angle are
equal; by differentiating the changes, it follows that the angular veloc-
ities are equal. The distance D to C is xDC = 2 cos θ , from which
vC = −2 sin θω, since D is a stationary. The kinetic energy is

T2 =
(

1

2

)
IBDω2 +

(
1

2

)
IABCω2 +

(
1

2

)
mABCv2

ABC

+
(

1

2

)
mCv2

C = 5ω2,

where IBD = mBD

3
(12),

IABC = mABC

12
(22),

vABC = (1)ω,

vC = −2 sin θω.

Substitute into U = T2 and solve: ω = 2.80 rad/s
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Problem 19.43* The masses of bars AB and BC are
5 kg and 3 kg, respectively. If the system is released
from rest in the position shown, what are the angular
velocities of the bars at the instant before the joint B
hits the smooth floor? 1 m

2 m 1 m

A B

C

Solution: The work done by the weights of the bars as they fall
is

v12 = mABg(0.5 m) + mBCg(0.5 m)

= (5 + 3)(9.81)(0.5)

= 39.24 N-m.

Consider the two bars just before B hits.

The coordinates of pt B are (
√

3, 0)m.

The velocity of pt B is

vB = vA + wAB × rB/A

= 0 +
∣∣∣∣∣∣

i j k
0 0 −ωAB√
3 −1 0

∣∣∣∣∣∣
= −ωAB i − √

3ωAB j.

In terms of pt. C,

vB = vC + ωBC × rB/C

= vC i +
∣∣∣∣∣∣

i j k
0 0 ωBC

−√
2 0 0

∣∣∣∣∣∣
= vC i − √

2ωBCj.

Equating the two expressions for vB , we obtain

vC = −ωAB i,

ωBC =
√

3

2
ωAB. (1)

y

x

B

A

G
C

BCω
ABω

The velocity of pt G is

vG = vC + ωBC × rG/C

= −ωAB i +

∣∣∣∣∣∣∣∣
i j k
0 0 ωBC

− 1

2

√
2 0 0

∣∣∣∣∣∣∣∣
= −ωAB i − 1

2

√
2ωBC j

= −ωAB i − 1

2

√
3ωAB j. (2)

We equate the work done to the final kinetic energy of the bars:

U12 = 1

2

[
1

3
mAB(2)2

]
ω2

AB

+ 1

2
mBC |vG|2 + 1

2

[
1

12
mBC(

√
2)2

]
ω2

BC. (3)

Substituting Eqs. (1) and (2) into this equation and solving for ωAB ,
we obtain

ωAB = 2.49 rad/s.

Then, from Eq. (1), ωBC = 3.05 rad/s.
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Problem 19.44* Bar AB weighs 22.2 N. Each of the
sleeves A and B weighs 8.9 N. The system is released
from rest in the position shown. What is the magnitude
of the angular velocity of the bar when sleeve B has
moved to the right?

y

x
B

A

228.6 mm

101.6 mm
305 mm

Solution: Find the geometry in position 2

( ) 2 + ( )2 = ( + x)2 +
(

x
)2

x =
Now do the kinematics in position 2

vB = vA + ω × rB/A

vB i = vA

(
i − j

)

+ ωk × ( i − j)

= (0.406vA + [0.142 in]ω)i + (−0.914vA + [ ]ω)j

Equating components we find vA = ( )ω, vB = ( )ω

Now find the velocity of the center of mass G

vG = vB + ω × rG/B

= ( )ωi + ωk × (− i + j)

= ω( i − j)

Now we can do work energy

T1 = 0, V1 = ( ) + ( ) ,

V2 = ( ) + ( )

T2 = 1

2

(
1

12

[
2

]
[ 2 + 2 ]

)
ω2

+ 1

2

(
2

)
ω2

+ 1

2

(
2

)
ω2

+ 1

2

(
2

)
ω2

Thus T1 + V1 = T2 + V2 ⇒ ω = 2.34 rad/s

Position 2

Position 1

A

x

9x/4

4

9

B

 

101.6 mm 305 mm

228.6 mm

813 m

585

76.2 mm

0.407 m 0.229 m 0.3 m81
0.229

0.102

0.063 m

0.102

0.25

0.229

0.25

0.445 0.142 m

0.445 m

0. 85 m 0.34 m

0.34 m 0.222 0.071 m

0.269 0.222 m

22 .2 N ( )0.114 m 8.9 N ( )0 . 229 m

22 .2 N ( )0.071 m 8.9 N ( )0 .142 m

22.2 N

9.81 m/s
( ) ( )0.229 m 0.4 07 m

8.9 N

9.81 m/s

22.2 N

9.81 m/s

8.9 N

9.81 m/s

2( )0.485 m

[ 2 + 2 ]
( ) ( )0.269 m 0.222 m

2( )0.34 m

4
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Problem 19.45* Each bar has a mass of 8 kg and a
length of l m. The spring constant is k = 100 N/m, and
the spring is unstretched when θ = 0. If the system is
released from rest with the bars vertical, what is the mag-
nitude of the angular velocity of the bars when
θ = 30◦?

θ

θ

k

Solution: The stretch of the spring is 2l(1 − cos θ), so the poten-
tial energy is

v = 1

2
k[2l(1 − cos θ)]2 + mg

l

2
cos θ + mg

3l

2
cos θ

= 2kl2(1 − cos θ)2 + 2mgl cos θ.

The velocity of pt B is

vB = vA + ωAB × rB/A = 0 +
∣∣∣∣∣∣

i j k
0 0 ω

−l sin θ l cos θ 0

∣∣∣∣∣∣
= −ωl cos θ i − ωl sin θj.

The velocity of pt. G is

vG = vB + ωBC × rG/B

= −ωl cos θ i − ωl sin θj +

∣∣∣∣∣∣∣∣
i j k
0 0 −ω

l

2
sin θ

l

2
cos θ 0

∣∣∣∣∣∣∣∣
= −ω

l

2
cos θ i − ω

3l

2
sin θj.

From this expression,

|vG|2 = (1 + 8 sin2 θ)
1

4
l2ω2.

Applying conservation of energy to the initial and final positions,

2mgl = 2kl2(1 − cos 30◦
) + 2mgl cos 30◦

+ 1

2

(
1

3
ml2

)
ω2 + 1

2

(
1

12
ml2

)
ω2

+ 1

2
m(1 + 8 sin2 30◦

)
1

4
l2ω2.

Solving for ω, we obtain

ω = 1.93 rad/s.

y

x

B

C

G

A

ω

ω

θ
cos θ

θ

l
2

cos θ3l
2

θ2l cos
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Problem 19.46* The system starts from rest with the
crank AB vertical. A constant couple M exerted on the
crank causes it to rotate in the clockwise direction, com-
pressing the gas in the cylinder. Let s be the displace-
ment (in meters) of the piston to the right relative to
its initial position. The net force toward the left exerted
on the piston by atmospheric pressure and the gas in
the cylinder is 350/(1 − 10s) N. The moment of inertia
of the crank about A is 0.0003 kg-m2. The mass of the
connecting rod BC is 0.36 kg, and the center of mass of
the rod is at its midpoint. The connecting rod’s moment
of inertia about its center of mass is 0.0004 kg-m2. The
mass of the piston is 4.6 kg. If the clockwise angular
velocity of the crank AB is 200 rad/s when it has rotated
90◦ from its initial position, what is M? (Neglect the
work done by the weights of the crank and connecting
rod).

50 m
m

A

M

B

C

125 mm

Solution: As the crank rotates through an angle θ the work done
by the couple is Mθ . As the piston moves to the right a distance s,
the work done on the piston by the gas is

−
∫ s

0

350 ds

1 − 10s
.

Letting 1 − 10s = 10z, this is

∫ 0.1−s

0.1
35

dz

z
= 35ln(1 − 10s).

The total work is U12 = Mθ + 35ln(1 − 10s).

From the given dimensions of the crank and connecting rod, the vector
components are

rB/Ax = 0.05 sin θ, (1)

rB/Ay = 0.05 cos θ (2);

rC/Bx = √
(0.125)2 − (0.05 cos θ)2 (3);

rC/By = −0.05 cos θ (4).

The distance s that the piston moves to the right is

s = rB/Ax + rC/Bx − √
(0.125)2 − (0.05)2 (5).

The velocity of B is

vB = vA +
∣∣∣∣∣∣

i j k
0 0 −ω

rB/Ax rB/Ay 0

∣∣∣∣∣∣ = ωrB/Ay i − ωrB/Axj.

The velocity of C is vC = vB + ωBC × rC/B :

vC i = ωrB/Ay i − ωrB/Axj +
∣∣∣∣∣∣

i j k
0 0 ωBC

rc/Bx rc/By 0

∣∣∣∣∣∣ .
Equating i and j components, we can solve for vc and ωBC in terms
of ω:

vC = [rB/Ay − rC/By(rB/Ax/rC/Bx)]ω (6);

ωBC = (rB/Ax/rC/Bx)ω (7).

y

x

B

A
C

rC/BrB/A

ω BC
ω

θ

The velocity of the center of mass G (the midpoint) of the connecting
rod BC is

vG = vB + ωBC × 1
2 rC/B = ωrB/Ay i − ωrB/Axj

+
∣∣∣∣∣∣

i j k
0 0 ωBC

1
2 rC/Bx

1
2 rC/By 0

∣∣∣∣∣∣ , or

vC = (
ωrB/Ay − 1

2 ωBCrC/By

)
i − (

ωrB/Ax − 1
2 ωBCrC/Bx

)
j (8).

Let IA be the moment of inertia of the crank about A, IBC the moment
of inertia of the connecting rod about its center of mass, mBC the mass
of the connecting rod, and mp the mass of the piston. The principle of
work and energy is: U12 = T2 − T1:

Mθ + 35ln(1 − 10s) = 1
2 IAω2 + 1

2 IBCω2
BC + 1

2 mBC |vG|2

+ 1
2 mpv2

C (9).

Solving this equation for M and using Equations (1)–(8) with ω =
200 rad/s and θ = π/2 rad, we obtain M = 28.2 N-m.
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Problem 19.47* In Problem 19.46, if the system starts
from rest with the crank AB vertical and the couple
M = 40 N-m, what is the clockwise angular velocity of
AB when it has rotated 45◦ from its initial position?

Solution: In the solution to Problem 19.46, we substitute
Equations (1)–(8) into Equation (9), set M = 40 N-m and θ =
π/4 rad and solve for ω obtaining ω = 49.6 rad/s.

Problem 19.48 The moment of inertia of the disk
about O is 22 kg-m2. At t = 0, the stationary disk is
subjected to a constant 50 N-m torque.

(a) Determine the angular impulse exerted on the disk
from t = 0 to t = 5 s.

(b) What is the disk’s angular velocity at t = 5 s?

50 N-m

O

Solution:

(a)
Angular Impulse =

∫ 5 s

0

∑
M dt = (50 N-m)(5 s)

= 250 N-m-s CCW

(b) 250 N-m-s = (22 kg-m2)ω

⇒ ω = 11.4 rad/s counterclockwise

Problem 19.49 The moment of inertia of the jet
engine’s rotating assembly is 400 kg-m2. The assembly
starts from rest. At t = 0, the engine’s turbine exerts
a couple on it that is given as a function of time by
M = 6500 − 125t N-m.

(a) What is the magnitude of the angular impulse
exerted on the assembly from t = 0 to t = 20 s?

(b) What is the magnitude of the angular velocity of
the assembly (in rpm) at t = 20 s?

Solution:

(a)

Angular Impulse =
∫ 20 s

0

∑
M dt

=
∫ 20

0
(6500 − 125t) N-m dt = 105 kN-m-s

(b) 105 kN-m-s = (400 kg-m2) ω ⇒ ω = 263 rad/s (2510 rpm)
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Problem 19.50 An astronaut fires a thruster of his
maneuvering unit, exerting a force T = 2 (1 + t) N,
where t is in seconds. The combined mass of the
astronaut and his equipment is 122 kg, and the moment
of inertia about their center of mass is 45 kg-m2.
Modeling the astronaut and his equipment as a
rigid body, use the principle of angular impulse and
momentum to determine how long it takes for his angular
velocity to reach 0.1 rad/s.

300 mm
T

Solution: From the principle of impulse and angular momentum,

∫ t2

t1

∑
M dt = Iω2 − Iω1,

where ω1 = 0, since the astronaut is initially stationary. The normal
distance from the thrust line to the center of mass is R = 0.3 m, from
which

∫ t2

0
2(1 + t)(R) dt = Iω2.

0.6

(
t2 + t2

2

2

)
= 45(0.1).

Rearrange: t2
2 + 2bt2 + c = 0, where b = 1, c = −15. Solve:

t2 = −b ± √
b2 − c = 3 or −5.

Since the negative solution has no meaning here, t2 = 3 s
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Problem 19.51 The combined mass of the astronaut
and his equipment is 122 kg, and the moment of inertia
about their center of mass is 45 kg-m2. The maneuvering
unit exerts an impulsive force T of 0.2-s duration, giving
him a counterclockwise angular velocity of 1 rpm.

(a) What is the average magnitude of the impulsive
force?

(b) What is the magnitude of the resulting change in
the velocity of the astronaut’s center of mass?

T

300 mm

Solution:

(a) From the principle of moment impulse and angular momentum,

∫ t2

t1

∑
M dt = Iω2 − Iω1,

where ω1 = 0 since the astronaut is initially stationary. The
angular velocity is

ω2 = 2π

60
= 0.1047 rad/s

from which
∫ 0.2

0
T R dt = Iω2,

from which T (0.3)(0.2) = 45(ω2),

T = 45ω2

0.06
= 78.54 N

(b) From the principle of impulse and linear momentum

∫ t2

t1

∑
F dt = m(v2 − v1)

where v1 = 0 since the astronaut is initially stationary.

∫ 0.2

0
T dt = mv2,

from which v2 = T (0.2)

m
= 0.129 m/s
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Problem 19.52 A flywheel attached to an electric
motor is initially at rest. At t = 0, the motor exerts
a couple M = 200e−0.1t N-m on the flywheel. The
moment of inertia of the flywheel is 10 kg-m2.

(a) What is the flywheel’s angular velocity at t = 10 s?
(b) What maximum angular velocity will the flywheel

attain?

Solution:

(a) From the principle of moment impulse and angular momentum,

∫ t2

t1

∑
M dt = Iω2 − Iω1,

where ω1 = 0, since the motor starts from rest.

∫ 10

0
200e−0.1t dt = 200

0.1

[−e−0.1t
]10
0 = 2000

[
1 − e−1

]
,

= 1264.2 N-m-s.

From which ω2 = 1264.24

10
= 126 rad/s.

(b) An inspection of the angular impulse function shows that the
angular velocity of the flywheel is an increasing monotone func-
tion of the time, so that the greatest value occurs as t → ∞.

ω2max = lim
t→∞

200

(10)(0.1)

[
1 − e−0.1t

] → 200 rad/s

Problem 19.53 A main landing gear wheel of a Boeing
777 has a radius of 0.62 m and its moment of inertia
is 24 kg-m2. After the plane lands at 75 m/s, the skid
marks of the wheel’s tire is measured and determined to
be 18 m in length. Determine the average friction force
exerted on the wheel by the runway. Assume that the
airplane’s velocity is constant during the time the tire
skids (slips) on the runway.

Solution: The tire skids for t = 18 m

75 m/s
= 0.24 s.

When the skidding stops the tire is turning at the rate ω = 75 m/s

0.62 m
=

121 rad/s

Frt = Iω ⇒ F = Iω

rt
= (24 kg-m2)(121 rad/s)

(0.62 m)(0.24 s)
F = 19.5 kN
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Problem 19.54 The force a club exerts on a 0.045-kg
golf ball is shown. The ball is 42 mm in diameter and
can be modeled as a homogeneous sphere. The club is in
contact with the ball for 0.0006 s, and the magnitude of
the velocity of the ball’s center of mass after the ball is
hit is 36 m/s. What is the magnitude of the ball’s angular
velocity after it is hit?

2.5 mm

F

Solution: Linear momentum: F t = mv ⇒ F = mv

t

Angular momentum

F td = Iω ⇒ ω = F td

I
= mvd

I
= (0.045 kg)(36 m/s)(0.0025 m)

2/5 (0.045 kg)(0.021 m)2

Solving ω = 510 rad/s

Problem 19.55 Disk A initially has a counterclock-
wise angular velocity ω0 = 50 rad/s. Disks B and C are
initially stationary. At t = 0, disk A is moved into con-
tact with disk B. Determine the angular velocities of
the three disks when they have stopped slipping rela-
tive to each other. The masses of the disks are mA =
4 kg, mB = 16 kg, and mC = 9 kg. (See Active Example
19.4.)

0.2 m
0.4 m 0.3 m

A

B C

v0

Solution: The FBDs

Given:

ω0 = 50 rad/s

mA = 4 kg, rA = 0.2 m, IA = 1/2 mArA
2 = 0.08 kg-m2

mB = 16 kg, rB = 0.4 m, IB = 1/2 mBrB
2 = 1.28 kg-m2

mC = 9 kg, rC = 0.3 m, IC = 1/2 mCrC
2 = 0.405 kg-m2

Impulse Momentum equations:

−F1trA = IAωA − IAω0, F1trB − F2trB = IBωB, F2trC = ICωC

Constraints when it no longer slips:

ωArA = ωBrB = ωCrC

We cannot solve for the slipping time, however, treating F1t and F2t

as two unknowns we have

ωA = 6.90 rad/s counterclockwise

ωB = 3.45 rad/s clockwise

ωC = 4.60 rad/s counterclockwise

B CA

F2

F2

F1

F1
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Problem 19.56 In Example 19.5, suppose that in a
second test at a higher velocity the angular velocity
of the pole following the impact is ω = 0.81 rad/s, the
horizontal velocity of its center of mass is v = 7.3
m/s, and the duration of the impact is �t = 0.009 s.
Determine the magnitude of the average force the car
exerts on the pole in shearing off the supporting bolts.
Do so by applying the principle of angular impulse and
momentum in the form given by Eq. (19.32).

Solution: Using the data from Example 19.5 we write the linear
and angular impulse momentum equations for the pole. F is the force
of the car and S is the shear force in the bolts

(F − S)�t = mv

F�t

(
L

2
− h

)
− S�t

L

2
= 1

12
mL2 ω

Putting in the numbers we have

(F − S)(0.009 s) = (70 kg)(7.3 m/s)

F (0.009 s)(2.5 m) − S(0.009 s)(43 m) = 1

12
(70 kg)(6 m)2 ω

Solving we find F = 303 N, S = 246 N.
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Problem 19.57 The force exerted on the cue ball by
the cue is horizontal. Determine the value of h for which
the ball rolls without slipping. (Assume that the frictional
force exerted on the ball by the table is negligible.)

h
R

Solution: From the principle of moment impulse and angular
momentum,

∫ t2

t1

(h − R)F dt = I (ω2 − ω1),

where ω1 = 0 since the ball is initially stationary. From the principle
of impulse and linear momentum

∫ t2

t1

F dt = m(v2 − v1)

where v1 = 0 since the ball is initially stationary. Since the ball rolls,
v2 = Rω2, from which the two equations:

(h − R)F (t2 − t2) = Iω2,

F (t2 − t1) = mRω2.

The ball is a homogenous sphere, from which

I = 2
5 mR2.

F

h – R

Substitute:

(h − R)mRω2 = 2mR2

5
ω2.

Solve: h = ( 7
5

)
R
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Problem 19.58 In Example 19.6, we neglected the
moments of inertia of the two masses m about the axes
through their centers of mass in calculating the total
angular momentum of the person, platform, and masses.
Suppose that the moment of inertia of each mass about
the vertical axis through its center of mass is IM =
0.001 kg-m2. If the person’s angular velocity with her
arms extended to r1 = 0.6 m is ω1 = 1 revolution per
second, what is her angular velocity ω2 when she pulls
the masses inward to r2 = 0.2 m? Compare your result
to the answer obtained in Example 19.6.

r1

r1

r2

r2

v2

v1

Solution: Using the numbers from Example 19.6, we conserve
angular momentum

HO1 = (IP + 2mr2
1 + 2IM)ω1

= (0.4 kg-m2 + 2[4 kg][0.6 m]2 + 2[0.001 kg-m2])
(
1

rev

s

)

HO2 = (IP + 2mr2
2 + 2IM)ω2

= (0.4 kg-m2 + 2[4 kg][0.2 m]2 + 2[0.001 kg-m2])ω2

HO1 = HO2 ⇒ ω = 4.55
rev

s
.

If we include the moments of inertia of the weights then ω = 4.55
rev

s
.

Without the moments of inertia (Example 19.6) we found ω = 4.56
rev

s
.

Problem 19.59 Two gravity research satellites (mA =
250 kg, IA = 350 kg-m2; mB = 50 kg, IB = 16 kg-m2)
are tethered by a cable. The satellites and cable
rotate with angular velocity ω0 = 0.25 rpm. Ground
controllers order satellite A to slowly unreel 6 m of
additional cable. What is the angular velocity afterward?

A
B

0ω

12 mSolution: The initial distance from A to the common center of
mass is

x0 = (0)(250) + (12)(50)

250 + 50
= 2 m.

The final distance from A to the common center of mass is

x = (0)(250) + (18)(50)

250 + 50
= 3 m.

The total angular momentum about the center of mass is conserved.

x0mA(x0ω0) + IAω0 + (12 − x0)mB [(12 − x0)ω0] + IBω0

= xmA(xω) + IAω + (18 − x)mB [(18 − x)ω] + IBω;
or

(2)(250)(2)ω0 + 350ω0 + (10)(50)(10)ω0 + 16ω0

= (3)(250)(3)ω + 350ω + (15)(50)(15)ω + 16ω.

we obtain ω = 0.459ω0 = 0.115 rpm.
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Problem 19.60 The 2-kg bar rotates in the horizontal
plane about the smooth pin. The 6-kg collar A slides on
the smooth bar. Assume that the moment of inertia of
the collar A about its center of mass is negligible; that
is, treat the collar as a particle. At the instant shown, the
angular velocity of the bar is ω0 = 60 rpm and the dis-
tance from the pin to the collar is r = 1.8 m. Determine
the bar’s angular velocity when r = 2.4 m.

r

A

3 m

k

v0

Solution: Angular momentum is conserved[
1

3
(2 kg)(3 m)2 + (6 kg)(1.8 m)2

]
(60 rpm)

=
[

1

3
(2 kg)(3 m)2 + (6 kg)(2.4 m)2

]
ω2

Solving we find ω2 = 37.6 rpm

Problem 19.61 The 2-kg bar rotates in the horizontal
plane about the smooth pin. The 6-kg collar A slides
on the smooth bar. The moment of inertia of the collar
A about its center of mass is 0.2 kg-m2. At the instant
shown, the angular velocity of the bar is ω0 = 60 rpm
and the distance from the pin to the collar is r = 1.8 m.
Determine the bar’s angular velocity when r = 2.4 m
and compare your answer to that of Problem 19.60.

Solution: Angular momentum is conserved[
1

3
(2 kg)(3 m)2 + (6 kg)(1.8 m)2 + (0.2 kg-m2)

]
(60 rpm)

=
[

1

3
(2 kg)(3 m)2 + (6 kg)(2.4 m)2 + (0.2 kg-m2)

]
ω2

Solving we find ω2 = 37.7 rpm

Problem 19.62* The 2-kg bar rotates in the horizontal
plane about the smooth pin. The 6-kg collar A slides
on the smooth bar. The moment of inertia of the collar
A about its center of mass is 0.2 kg-m2. The spring is
unstretched when r = 0, and the spring constant is k =
10 N-m. At the instant shown, the angular velocity of
the bar is ω0 = 2 rad/s, the distance from the pin to the
collar is r = 1.8 m, and the radial velocity of the collar
is zero. Determine the radial velocity of the collar when
r = 2.4 m.

Solution: Angular momentum is conserved[
1

3
(2 kg)(3 m)2 + (6 kg)(1.8 m)2 + (0.2 kg-m2)

]
(2 rad/s)

=
[

1

3
(2 kg)(3 m)2 + (6 kg)(2.4 m)2 + (0.2 kg-m2)

]
ω2

Thus ω2 = 1.258 rad/s

Energy is conserved

T1 = 1

2

[
1

3
(2 kg)(3 m)2 + (6 kg)(1.8 m)2 + (0.2 kg-m2)

]
(2 rad/s)2

V1 = 1

2
(10 N/m)(1.8 m)2

T2 = 1

2

[
1

3
(2 kg)(3 m)2 + (6 kg)(2.4 m)2 + (0.2 kg-m2)

]
ω2

2

+ 1

2
(6 kg)vr

2

V2 = 1

2
(10 N/m)(2.4 m)2

Solving we find that vr = 1.46 m/s .

596

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 19.63 The circular bar is welded to the verti-
cal shafts, which can rotate freely in bearings at A and B.
Let I be the moment of inertia of the circular bar and
shafts about the vertical axis. The circular bar has an
initial angular velocity ω0, and the mass m is released
in the position shown with no velocity relative to the
bar. Determine the angular velocity of the circular bar
as a function of the angle β between the vertical and the
position of the mass. Neglect the moment of inertia of
the mass about its center of mass; that is, treat the mass
as a particle.

m

R

β

0ω

0

B

A

Solution: Angular momentum about the vertical axis is conserved:

Iω0 + (R sin β0)m(R sin β0)ω0 = Iω + (R sin β)m(R sin β)ω.

Solving for

ω,ω =
(

I + mR2 sin2 β0

I + mR2 sin2 β

)
ω0.

Problem 19.64 The 10-N bar is released from rest
in the 45◦ position shown. It falls and the end of the
bar strikes the horizontal surface at P . The coefficient
of restitution of the impact is e = 0.6. When the bar
rebounds, through what angle relative to the horizontal
will it rotate?

3 m

45�

PSolution: We solve the problem in three phases.
We start with a work energy analysis to find out how fast the bar is
rotating just before the collision

T1 + V1 = T2 + V2,

0 + (10 N)(1.5 m) sin 45◦ = 1

2

[
1

3

(
10 N-s2

)
(3 m)2

]
ω2

2 + 0,

ω2 = rad/s.

Next we do an impact analysis to take it through the collision

eω2L = ω3L

0.6( rad/s)(3 m) = ω 3(3 m ) ⇒ ω3 = rad/s.

Finally we do another work energy analysis to find the rebound angle.

T3 + V3 = T4 + V4,

1

2

[
1

3

(
10 N

)
(3 m)2

]
ω2

3 + 0 = 0 + (10 )(1.5 ) sin θ,

θ = 14.7◦
.
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Problem 19.65 The 10-N bar is released from rest in
the 45◦ position shown. It falls and the end of the bar
strikes the horizontal surface at P . The bar rebounds to
a position 10◦ relative to the horizontal. If the duration
of the impact is 0.01 s, what is the magnitude of the
average vertical force the horizontal surface exerted on
the bar at P ?

3 

45�

P

m

Solution: We solve the problem in three phases.

We start with a work energy analysis to find out how fast the bar is
rotating just before the collision

T1 + V1 = T2 + V2,

0 + (10 N)(1.5 m) sin 45◦ = 1

2

[
1

3

(
10 N-s2

)
(3 m)2

]
ω2

2 + 0,

ω2 = rad/s.

Next we do another work energy analysis to find out how fast the bar
is rotating just after the collision.

T3 + V3 = T4 + V4,

1

2

[
1

3

(
10 N-s2

)
(3 m)2

]
ω2

3 + 0 = 0 + (10 N)(1.5 m) sin 10◦
,

ω3 = rad/s.

Now we can use the angular impulse momentum equation about the
pivot point to find the force.

− Iω2 − W�t
L

2
+ F�tL = Iω3,

− 1

3

(
10 N-s2

)
(3 m)2 ( ) − (10 N)(0.01 s)(1.5 m)

+ F(0.01 s)(3 m) = 1

3

(
10 N-s2

)
(3 m)2 ( rad/s)

Solving we find F= .
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1.31

9.81 m
2.63 rad/s

9.81 m
1.31

406.6 N
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Problem 19.66 The 4-kg bar is released from rest in
the horizontal position above the fixed projection at A.
The distance b = 0.35 m. The impact of the bar with the
projection is plastic; that is, the coefficient of restitution
of the impact is e = 0. What is the bar’s angular velocity
immediately after the impact?

1 m

0.2 m

b

A

Solution: First we do work energy to find the velocity of the bar
just before impact.

T1 + V1 = T2 + V2

0 + mgh = 1

2
mv2

2 + 0 ⇒ v2 = √
2gh =

√
2(9.81 m/s2)(0.2 m) = 1.98 m/s

Angular momentum is conserved about the impact point A. After the
impact, the bar pivots about the fixed point A.

mv2b = m

(
L2

12
+ b2

)
ω3 ⇒ ω3 = 12bv2

L2 + 12b2
= 12(0.35 m)(1.98 m/s)

(1 m)2 + 12(0.35 m)2

ω3 = 3.37 rad/s.

Problem 19.67 The 4-kg bar is released from rest in
the horizontal position above the fixed projection at A.
The coefficient of restitution of the impact is e = 0.6.
What value of the distance b would cause the velocity of
the bar’s center of mass to be zero immediately after the
impact? What is the bar’s angular velocity immediately
after the impact?

1 m

0.2 m

b

A

Solution: First we do work energy to find the velocity of the bar
just before impact.

T1 + V1 = T2 + V2

0 + mgh = 1

2
mv2

2 + 0 ⇒ v2 = √
2gh =

√
2(9.81 m/s2)(0.2 m) = 1.98 m/s

Angular momentum is conserved about point A. The coefficient of
restitution is used to relate the velocities of the impact point before
and after the collision.

mv2b = mv3b + 1

12
mL2 ω3, ev2 = ω3b − v3, v3 = 0,

Solving we have

b =
√

e

12
L =

√
0.6

12
(1 m) = 0.224 m,

ω3 = 12v2b

L2
= 12(1.98 m/s)(0.224 m)

(1 m)2
= 5.32 rad/s.

b = 0.224 m, ω3 = 5.32 rad/s.
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Problem 19.68 The mass of the ship is 544,000 kg,
and the moment of inertia of the vessel about its center
of mass is 4 × 108 kg-m2. Wind causes the ship to drift
sideways at 0.1 m/s and strike the stationary piling at P .
The coefficient of restitution of the impact is e = 0.2.
What is the ship’s angular velocity after the impact?

45 m

16 m

P

Solution: Angular momentum about P is conserved

(45)(mv) = (45)(mv′) + Iω′. (1)

The coefficient of restitution is

e = −v′
P

v
, (2)

where v′
P is the vertical component of the velocity of P after the

impact. The velocities v′
P and v′ are related by

v′ = v′
P + (45)ω′. (3)

Solving Eqs. (1)–(3), we obtain ω′ = 0.00196 rad/s, v′ = 0.0680 m/s,
and v′

P = −0.02 m/s.

ω′

vP′v′v

ω = 0

P P

Before impact After impact

45 m 45 m

Problem 19.69 In Problem 19.68, if the duration of
the ship’s impact with the piling is 10 s, what is the
magnitude of the average force exerted on the ship by
the impact?

Solution: See the solution of Problem 19.68. Let Fp be the aver-
age force exerted on the ship by the piling. We apply linear impulse
and momentum.

−Fp�t = mv′ − mv:

−Fp(10) = (544,000)(0.0680 − 0.1).

Solving, we obtain

Fp = 1740 N.
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Problem 19.70 In Active Example 19.7, suppose that
the ball A weighs 2 N, the bar B weighs 6 N, and the
length of the bar is 1 m. The ball is translating at vA =

h=
What is the angular velocity of the bar after the impact
if the ball adheres to the bar?

C

h

Av

Solution: Angular momentum is conserved about point C.

mAvAh =
(

1

3
mBL2 + mAh2

)
ω

ω = mAvAh

1

3
mBL2 + mAh2

= (2 N)( )( )

1

3
(6 N)( )2 + (2 N)( )2

= 1. .

ω = 1. .

Problem 19.71 The 2-kg sphere A is moving toward
the right at 4 m/s when it strikes the end of the 5-kg slen-
der bar B. Immediately after the impact, the sphere A is
moving toward the right at 1 m/s. What is the angular
velocity of the bar after the impact?

1 m

4 m/s

O

B

A

Solution: Angular momentum is conserved about point O.

mAvA1L = mAvA2L + 1

3
mBL2 ω2

ω2 = 3mA(vA1 − vA2)

mBL

ω2 = 3(2 kg)(4 m/s − 1 m/s)

(5 kg)(1 m)
= 3.6 m/s.

ω2 = 3.6 m/s counterclockwise.
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3 m/s before the impact and strikes the bar at 0.6 m.

0.6 m3 m/s

1 m 0.6 m

32 rad/s

32 rad/s
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Problem 19.72 The 2-kg sphere A is moving toward
the right at 4 m/s when it strikes the end of the 5-kg
slender bar B. The coefficient of restitution is e = 0.4.
The duration of the impact is 0.002 seconds. Determine
the magnitude of the average horizontal force exerted
on the bar by the pin support as a result of the impact.

1 m

4 m/s

O

B

A

Solution: System angular momentum is conserved about point O.
The coefficient of restitution is used to relate the relative velocities
before and after the impact. We also use the linear impulse momentum
equation for the ball and for the bar.

mAvA1L = mAvA2L + 1

3
mBL2 ω2, evA1 = ω2L − vA2,

mAvA1 − F�t = mAvA2, F�t + R�t = mBω2
L

2
.

Solving we find

R = (1 + e)mAmBvA1

2(3mA + mB)�t
= 1.4(2 kg)(5 kg)(4 m/s)

2(11 kg)(0.002 s)
= 1270 N

R = 1.27 kN.

Problem 19.73 The 2-kg sphere A is moving toward
the right at 10 m/s when it strikes the unconstrained
4-kg slender bar B. What is the angular velocity of the
bar after the impact if the sphere adheres to the bar?

1 m

10 m/s

B

A

0.25 m

Solution: The coefficient of restitution is e = 0. Angular momen-
tum for the system is conserved about the center of mass of the bar.
The coefficient of restitution is used to relate the relative velocities
before and after the impact. Linear momentum is conserved for the
system.

mAvA1

(
L

2
− h

)
= mAvA2

(
L

2
− h

)
+ 1

12
mBL2 ω2,

evA1 = 0 = vB2 + ω2

(
L

2
− h

)
− vA2,

mAvA1 = mAvA2 + mBvB2.

Solving we find

ω2 = 6(L − 2h)mAvA1

12h2mA − 12hLmA + L2(4mA + mB)

= 6(1 m − 2[0.25 m])(2 kg)(10 m/s)

12(0.25 m)2(2 kg) − 12(0.25 m)(1 m)(2 kg) + (1 m)2(12 kg)

ω2 = 8 rad/s.
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Problem 19.74 The 2-kg sphere A is moving to the
right at 10 m/s when it strikes the unconstrained 4-kg
slender bar B. The coefficient of restitution of the impact
is e = 0.6. What are the velocity of the sphere and the
angular velocity of the bar after the impact?

1 m

10 m/s

B

A

0.25 m

Solution: Angular momentum for the system is conserved about
the center of mass of the bar. The coefficient of restitution is used
to relate the relative velocities before and after the impact. Linear
momentum is conserved for the system.

mAvA1

(
L

2
− h

)
= mAvA2

(
L

2
− h

)
+ 1

12
mBL2 ω2,

evA1 = vB2 + ω2

(
L

2
− h

)
− vA2,

mAvA1 = mAvA2 + mBvB2.

Solving we find

ω2 = 6(1 + e)(L − 2h)mAvA1

12h2mA − 12hLmA + L2(4mA + mB)
,

= 6(1.6)(1 m − 2[0.25 m])(2 kg)(10 m/s)

12(0.25 m)2(2 kg) − 12(0.25 m)(1 m)(2 kg) + (1 m)2(12 kg)
,

vA2 = (12h[h − L]mA + L2[4mA − emB ])vA1

12h2mA − 12hLmA + L2(4mA + mB)
,

= (12[0.25 m][−0.75 m](2 kg) + [1 m]2[5.6 kg])(10 m/s)

12(0.25 m)2(2 kg) − 12(0.25 m)(1 m)(2 kg) + (1 m)2(12 kg)
.

ω2 = 12.8 rad/s counterclockwise,
vA2 = 1.47 m/s to the right.
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Problem 19.75 The 1.4 N ball is translating with
velocity vA =
impact. The player is swinging the 8.6 N bat with
angular velocity ω = 6π rad/s before the impact. Point
C is the bat’s instantaneous center both before and after
the impact. The distances b = y =

bat’s moment of inertia about its center
of mass is IB = 0.0 g-m . The coef2 ficient of resti
tu

-
tion is e= 0.6, and the duration of the impact is 0.008 s.

Determine the magnitude of the velocity of the ball after
the impact and the average force Ax exerted on the bat
by the player during the impact if (a) d = 0, (b) d =

(c) d = Ay

Ax

C

A

b

d

ω

ySolution: By definition, the coefficient of restitution is

(1) e = v′
P − v′

A

vA − vP

.

The angular momentum about A is conserved:

(2) mAvA(d + y − b) + mBvB(y − b) − IBω

= mAv′
A(d + y − b) + mBv′

B(y − b) − IBω′.

From kinematics, the velocities about the instantaneous center:

(3) vP = −ω(y + d),

(4) vB = −ωy,

(5) v′
P = −ω′(y + d),

(6) v′
B = −ωy.

Since ω, y, and d are known, vB and vP are determined from (3)
and (4), and these six equations in six unknowns reduce to four
equations in four unknowns. v′

P , v′
B , v′

A, and ω′. Further reductions
may be made by substituting (5) and (6) into (1) and (2); however here
the remaining four unknowns were solved by iteration for values of
d = 0, d = d = . The reaction at A is determined
from the principle of angular impulse-momentum applied about the
point of impact:

(7)
∫ t2

t1

Ax( d + y − b) dt = (dmBv′
B + IBω′)

− (dmBvB + IBω),

where t2 − t1 = 0.08 s. Using (4) and (5), the reaction is

Ax = (IB − dmBy)

(d + y − b)(t2 − t1)
(ω′ − ω),

where the unknown, ω′, is determined from the solution of the first
six equations. The values are tabulated:

d, m v ′
A , m/s Ax , N v ′

P , m/s v ′
B , m/s ω′, rad/s

0 − . − − − 8.672

− − − − 6.20

− − − 2.34

ω

vA

vB

Ax

vP v′A
v′P

v′B

ω′

Only the values in the first two columns are required for the problem;
the other values are included for checking purposes. Note: The reaction
reverses between d = d =

of zero reaction occurs in this interval.
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24.4 m/s perpendicular to the bat just before

355.6 mm and
660.4 mm. The

45 k

76.2 mm, and 203 mm.

0.076 m 0.203 m

0.076 m and 0.203 m, which means that
the point

0.076

0.203

27 83

27.53

26.43

186.7

2.12

297.3

5.73

4.57

2.02

5.73

4.09

1.55

,
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Problem 19.76 In Problem 19.75, show that the force
Ax is zero if d = IB/(mBy), where mB is the mass of
the bat.

Solution: From the solution to Problem 19.75, the reaction is

Ax = (IB − dmBy)

(d + y − b)(t2 − t1)
(ω′ − ω).

Since (ω′ − ω) 	= 0, the condition for zero reaction is IB − dmBy = 0,

from which d = IB

ymB

.

Problem 19.77 A 10-N slender bar of length l = 2 m
is released from rest in the horizontal position at a height
h = 2 m above a peg (Fig. a). A small hook at the end of
the bar engages the peg, and the bar swings from the peg
(Fig. b). What it the bar’s angular velocity immediately
after it engages the peg?

l

h

(b)(a)

Solution: Work energy is used to find the velocity just before
impact.

T1 + V1 = T2 + V2

0 + mgh = 1

2
mv2

2 + 0 ⇒ v2 = √
2gh

Angular momentum is conserved about the peg.

mv2
l

2
= 1

3
ml2 ω3,

ω3 = 3v2

2l
= 3

√
2gh

2l
= 3

√
2( 2)(2 m)

2(2 m)
= rad/s.

ω3 = rad/s.
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9.81 m/s
4.7

4.7
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Problem 19.78 A 10-N slender bar of length l = 2 m
is released from rest in the horizontal position at a height
h = 1 m above a peg (Fig. a). A small hook at the end
of the bar engages the peg, and the bar swings from the
peg (Fig. b).

(a) Through what maximum angle does the bar rotate
relative to its position when it engages the peg?

(b) At the instant when the bar has reached the angle
determined in part (a), compare its gravitational
potential energy to the gravitational potential
energy the bar had when it was released from rest.
How much energy has been lost?

l

h

(b)(a)

Solution: Work energy is used to find the velocity just before
impact.

T1 + V1 = T2 + V2, 0 + mgh = 1

2
mv2

2 + 0 ⇒ v2 = √
2gh

Angular momentum is conserved about the peg.

mv2
l

2
= 1

3
ml2 ω3, ω3 = 3v2

2l
= 3

√
2gh

2l

Work energy is used to find the angle through which the bar rotates

T3 + V3 = T4 + V4,
1

2

(
1

3
ml2

)
ω2

3 − mgh = 0 − mg

(
h + l

2
sin θ

)

θ = sin−1

(
− lω2

3

3g

)
= sin−1

(
− 3h

2l

)
= sin−1

(
− 3

4

)
= 229◦

.

The energy that is lost is the difference in potential energies

V1 − V4 = 0 −
[
−mg

(
h + l

2
sin θ

)]
= (10 N)

(
1 m+ 2 m

2
sin[229◦]

)
= 2.5 N-m.

(a) θ = 229◦
, (b) 2.5 - .

Problem 19.79 The 14.6 kg disk rolls at velocityv =
with the step and does not slip while rolling up

onto it. What is the wheel’s velocity once it is on the
step?  10 ft/s

457.2 m m

152.4 mm

Solution: We apply conservation of angular momentum about 0
to analyze the impact with the step.

(R − h)mv1 + I
( v1

R

)
= Rmv2 + I

( v2

R

)
. (1)

Then we apply work and energy to the “climb” onto the step.

−mgh =
[

1

2
mv2

3 + 1

2
I
( v3

R

)2
]

−
[

1

2
mv2

2 + 1

2
I
( v2

R

)2
]

. (2)

Solving Eqs. (1) and (2) with v1 = I = 1
2 mR2, we

obtain v3 =

v1

R
O h

v2

v3

606

N m

3.05 m/s toward a 152.4 mm step. The wheel remains in
contact

3.05 m/s and
1.91 m/s.
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Problem 19.80 The 14.6 kg disk rolls toward a
step. The wheel remains in contact with the

step and does not slip while rolling up onto it. What is
the minimum velocity v the disk must have in order to
climb up onto the step?

Solution: See the solution of Problem 19.79 solving Eqs. (1) and
(2) with v3 = 0, we obtain

v1 = /s.

Problem 19.81 The length of the bar is 1 m and its
mass is 2 kg. Just before the bar hits the floor, its angu-
lar velocity is ω = 0 and its center of mass is moving
downward at 4 m/s. If the end of the bar adheres to the
floor, what is the bar’s angular velocity after the impact?

60�

v

Solution: Given: ω = 0, L = 1 m, m = 2 kg, vG = 4 m/s,
sticks to floor
Angular momentum about the contact point

mvG

L

2
cos 60◦ = 1

3
mL2ω′

ω′ = 3 rad/s counterclockwise

Problem 19.82 The length of the bar is 1 m and its
mass is 2 kg. Just before the bar hits the smooth floor,
its angular velocity is ω = 0 and its center of mass is
moving downward at 4 m/s. If the coefficient of restitu-
tion of the impact is e = 0.4, what is the bar’s angular
velocity after the impact?

Solution: Given ω = 0, L = 1 m, m = 2 kg, vG = 4 m/s,
e = 0.4, smooth floor.
Angular momentum about the contact point

mvG

L

2
cos 60◦ = 1

12
mL2ω′ + mvG

′ L
2

cos 60◦

Coefficient of restitution

evG = ω

(
L

2
cos 60◦

)
− vG

′

Solving we find ω′ = 9.6 rad/s counterclockwise
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152.4 mm

1.82 m
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Problem 19.83 The length of the bar is 1 m and its
mass is 2 kg. Just before the bar hits the smooth floor, it
has angular velocity ω and its center of mass is moving
downward at 4 m/s. The coefficient of restitution of the
impact is e = 0.4. What value of ω would cause the bar
to have no angular velocity after the impact?

Solution: Given L = 1 m, m = 2 kg, vG = 4 m/s, e = 0.4,
ω′ = 0 smooth floor.
Angular momentum about the contact point

mvG

L

2
cos 60◦ + 1

12
mL2ω = mvG

′ L
2

cos 60◦

Coefficient of restitution

e

(
vG − ω

L

2
cos 60◦

)
= 0 − vG

′

Solving we find ω = −24 rad/s ω = 24 rad/s clockwise

Problem 19.84 During her parallel-bars routine, the
velocity of the 400 N gymnast’s center of mass is

i − j (m/s) and her angular velocity is zero
just before she grasps the bar at A. In the position shown,
her moment of inertia about her center of mass is
2.44 kg-m2. If she stiffens her shoulders and legs so
that she can be modeled as a rigid body, what is the
velocity of her center of mass and her angular velocity
just after she grasps the bar?

(–  ) 

x

y

A

203.2, 558.8 mm

Solution: Let v′ and ω′ be her velocity and angular velocity after
she grasps the bar. The angle θ = 20.0◦ and r = Conservation
of angular momentum about A is

k · (r × mv) = rmv′ + Iω′:

k ·
∣∣∣∣∣∣

i j k
x y 0
m − m 0

∣∣∣∣∣∣ = rmv′ + Iω′,

− mx − my = rmv ′ + Iω′.

Solving this equation together with the relation v′ = rω′, we obtain
ω′ = 3.15 rad/s, v′ =

v′ = v′ cos θ i − v′ sin θj

= i − j ( /s).

y

x
A

r

(x, y)

ω′

θ

v′
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1.2 3.05

0.59 m.

1.2 3.05

3.05 1.2

1.87 m/s. Her velocity is

1.76 0.64 m
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Problem 19.85 The 20-kg homogenous rectangular
plate is released from rest (Fig. a) and falls 200 mm
before coming to the end of the string attached at the
corner A (Fig. b). Assuming that the vertical component
of the velocity of A is zero just after the plate reaches
the end of the string, determine the angular velocity of
the plate and the magnitude of the velocity of the corner
B at that instant.

300 m

b)

A

200 mm

500 mm

B

A

B
(a)

m

(

Solution: We use work and energy to determine the plate’s down-
ward velocity just before the string becomes taut.

mg(0.2) = 1
2 mv2.

Solving, v = 1.98 m/s. The plate’s moment of inertia is

I = 1

12
(20)[(0.3)2 + (0.5)2] = 0.567 kg-m2.

Angular momentum about A is conserved:

0.25(mv) = 0.25(mv′) + Iω′. (1)

The velocity of A just after is

v′
A = v′

G + ω′ × rA/G

= −v′j +
∣∣∣∣∣∣

i j k
0 0 −ω′

−0.25 0.15 0

∣∣∣∣∣∣ .

The j component of v′
A is zero:

−v′ + 0.25ω′ = 0. (2)

Solving Eqs. (1) and (2), we obtain v′ = 1.36 m/s and ω′ = 5.45 rad/s.
The velocity of B is

v′
B = v′

G + ω′ × rB/G

= −v′j +
∣∣∣∣∣∣

i j k
0 0 −ω′

0.25 −0.15 0

∣∣∣∣∣∣
v′
B = −0.818i − 2.726j (m/s).

G

Just before Just after

G

A

B x

y

v

ω′

v′
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Problem 19.86* Two bars A and B are each 2 m in
length, and each has a mass of 4 kg. In Fig. (a), bar A
has no angular velocity and is moving to the right at
1 m/s, and bar B is stationary. If the bars bond together
on impact, (Fig. b), what is their angular velocity ω′ after
the impact?

(b)(a)

A A

1 m/s

B
B

ω'

Solution: Linear momentum is conserved:

mvA = mv′
A + mv′

B. (1)

Angular momentum about any point is conserved. About P ,

mvA

(
l

2

)
= mv′

A

(
l

2

)
− mv′

B

(
l

2

)
+ 2Iω′, (2)

where I = 1

12
ml2.

The velocities are related by

v′
A = v′

B + lω′. (3)

Solving Eqs. (1)–(3), we obtain

ω′ = 0.375 rad/s.

vB′

vA′
vA

Before After

P

ω′
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Problem 19.87* In Problem 19.86, if the bars do not
bond together on impact and the coefficient of restitution
is e = 0.8, what are the angular velocities of the bars
after the impact?

Solution: Linear momentum is conserved:

mvA = mv′
A + mv′

B. (1)

Angular momentum of each bar about the point of contact is con-
served:

mvA

(
l

2

)
= mv′

A

(
l

2

)
+ Iω′

A, (2)

0 = −mv′
B

(
l

2

)
+ Iω′

B. (3)

Coefficient of restitution:

e = v′
BP − v′

AP

vA

. (4)

The velocities are related by

v′
A = v′

AP +
(

l

2

)
ω′

A, (5)

v′
BP = v′

B +
(

l

2

)
ω′

B. (6)

Before

vA

vA'P
vB'P

vA'

vB'

B'

After

ω

 A'ω

Solving Eqs. (1)–(6), we obtain

ω′
A = ω′

B = 0.675 rad/s.

Problem 19.88* Two bars A and B are each 2 m in
length, and each has a mass of 4 kg. In Fig. (a), bar A
has no angular velocity and is moving to the right at
1 m/s, and B is stationary. If the bars bond together on
impact (Fig. b), what is their angular velocity ω′ after
the impact?

(b)(a)

A

A

B

1 m/s

B

ω'

Solution: Linear momentum is conserved:

x − DIR: mAvA = mAv′
Ax + mBv′

Bx, (1)

y − DIR: 0 = mAv′
Ay + mBv′

By. (2)

Total angular momentum is conserved. Calculating it about 0,

0 = − l

2
mAv′

Ay + IAω′ − l

2
mBv′

Bx + IBω′. (3)

We also have the kinematic relation

v′
B = v′

A + ω′ × rB/A:

v′
Bx i + v′

Byj = v′
Ax i + v′

Ay j +

∣∣∣∣∣∣∣∣
i j k
0 0 ω′
l

2

l

2
0

∣∣∣∣∣∣∣∣
,

Before impact

vA

v'By

v'Bx

v'Ay

v'Ax
OO

'

After impact

ω

v′
Bx = v′

Ax − l

2
ω′, (4)

v′
By = v′

Ay + l

2
ω′. (5)

Solving Eqs. (1)–(5), we obtain ω′ = 0.3 rad/s.
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Problem 19.89* The horizontal velocity of the landing
airplane is 50 m/s, its vertical velocity (rate of descent)
is 2 m/s, and its angular velocity is zero. The mass
of the airplane is 12 Mg, and the moment of inertia
about its center of mass is 1 × 105 kg-m2. When the
rear wheels touch the runway, they remain in contact
with it. Neglecting the horizontal force exerted on the
wheels by the runway, determine the airplane’s angular
velocity just after it touches down. (See Example 19.8.)

0.3 m

1.8 m

Solution: Use a reference frame that moves to the left with the
airplane’s horizontal velocity. Before touchdown, the velocity of the
center of mass is vG = −2j (m/s). Because there is no horizontal force,
v′
Gx = 0 (see Fig.), and it is given that v′

Py = 0, where P is the point
of contact.

Angular momentum about P is conserved:

m(2 m/s)(0.3 m) = −mv′
Gy(0.3 m) + Iω′. (1)

The velocities are related by

v′
G = v′

P + ω′ × rG/P :

v′
Gy j = v′

Px i +
∣∣∣∣∣∣

i j k
0 0 ω′

−0.3 1.8 0

∣∣∣∣∣∣ . (2)

The j component of this equation is

v′
Gy = −0.3ω′. (3)

Solving Eqs. (1) and (3), we obtain

ω′ = 0.0712 rad/s.

y

x

v'Gy

v'Gx

v'Px

v'Py

 'ω

Problem 19.90* Determine the angular velocity of the
airplane in Problem 19.89 just after it touches down if
its wheels don’t stay in contact with the runway and the
coefficient of restitution of the impact is e = 0.4. (See
Example 19.8.)

Solution: See the solution of Problem 19.89. In this case v′
Py is

not zero but is determined by

e = − v′
Py

vPy

:

0.4 = − v′
Py

(−2)

We see that v′
Py = 0.8 m/s. From Eqs. (1) and (2) of the solution of

Problem 19.89,

0.6m = −0.3mv′
Gy + Iω′,

v′
Gy = v′

Py − 0.3ω′.

Solving these two equations, we obtain

ω′ = 0.0997 rad/s.
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Problem 19.91* While attempting to drive on an icy
street for the first time, a student skids his 1260-
kg car (A) into the university president’s unoccupied
2700-kg Rolls-Royce Corniche (B). The point of impact
is P . Assume that the impacting surfaces are smooth and
parallel to the y axis, and the coefficient of restitution
of the impact is e = 0.5. The moments of inertia of the
cars about their centers of mass are IA = 2400 kg-m2

and IB = 7600 kg-m2. Determine the angular velocities
of the cars and the velocities of their centers of mass
after the collision. (See Example 19.9.)

y

1.7 m

3.2 m

0.6 m

0.6 m

5 km/hr

x

A

BP

Solution: Car A’s initial velocity is

vA = 5000

3600
= 1.39 m/s

The force of the impact is parallel to the x-axis so the cars are moving
in the x direction after the collision. Linear momentum is conserved:

mAvA = mAv′
A + mBv′

B (1)

The angular momentum of each car about the point of impact is con-
served.

−0.6mAvA = −0.6mAv′
A + IAω′

A (2)

0 = 0.6mBv′
B + IBω′

B (3).

The velocity of car A at the point of impact after the collision is

v′
AP = v′

A + ω′
A × rP/A = v′

Ai +
∣∣∣∣∣∣

i j k
0 0 ω′

A

1.7 −0.6 0

∣∣∣∣∣∣
v′
AP = (v′

A + 0.6ω′
A)i + 1.7ω′

Aj.

The corresponding equation for car B is

v′
BP = v′

B + ω′
B × rP/B = v′

B i +
∣∣∣∣∣∣

i j k
0 0 ω′

B

−3.2 0.6 0

∣∣∣∣∣∣ , or

v′
BP = (v′

B − 0.6ω′
B)i − 3.2ω′

B j

The x-components of the velocities at P are related by the coefficient
of restitution:

e = (v′
B − 0.6ω′

B) − (v′
A + 0.6ω′

A)

vA

(4).

Solving Equations (1)–(4), we obtain

v′
A = 0.174 m/s, v′

B = 0.567 m/s

ω′
A = −0.383 rad/s, ω′

B = −0.12 rad/s.

Problem 19.92* The student in Problem 19.91
claimed he was moving at 5 km/h prior to the collision,
but police estimate that the center of mass of the Rolls-
Royce was moving at 1.7 m/s after the collision. What
was the student’s actual speed? (See Example 19.9.)

Solution: Setting v′
B = 1.7 m/s in Equations (1)–(4) of the solu-

tion of Problem 19.91 and treating vA as an unknown, we obtain

vA = 4.17 m/s = 15.0 km/h.

613

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 19.93 Each slender bar is 48 cm long and
weighs 20 N. Bar A is released in the horizontal posi-
tion shown. The bars are smooth, and the coefficient
of restitution of their impact is e = 0.8. Determine the
angle through which B swings afterward.

A

B

28 cm

Solution: Choose a coordinate system with the x axis parallel to
bar A in the initial position, and the y axis positive upward. The strat-
egy is (a) from the principle of work and energy, determine the angular
velocity of bar A the instant before impact with B; (b) from the defini-
tion of the coefficient of restitution, determine the value of e in terms
of the angular velocities of the two bars at the instant after impact;
(c) from the principle of angular impulse-momentum, determine the
relation between the angular velocities of the two bars after impact;
(d) from the principle of work and energy, determine the angle through
which bar B swings.
The angular velocity of bar A before impact: The angle of swing of
bar A is

β = sin−1
(

28

48

)
= 35.69◦

.

Denote the point of impact by P . The point of impact is

−h = −L cos β = −3.25 cm

The change in height of the center of mass of bar A is

−L

2
cos β = −h

2
.

From the principle of work and energy, U = T2 − T1, where T1 = 0,
since the bar is released from rest. The work done by the weight of
bar A is

U =
∫ − h

2

0
−W dh = Wh

2
.

The kinetic energy the bar is T2 =
(

1

2

)
IAω2

A,

from which ωA =
√

Wh

IA

=
√

3g cos β

L
= 4.43 rad/s,

where IA = mL2

3
.

The angular velocities at impact: By definition, the coefficient of resti-
tution is

e = v′
BPx − v′

APx

vAPx − vBPx

.

Bar B is at rest initially, from which

vBPx = 0, v′
BPx = v′

BP , and

v′
APx = v′

AP cos β, vAPx = vAP cos β,

from which

e = v′
BP − v′

AP cos β

vAP cos β
.

B'ω

β ω
h

β

h

v'Ap

v'BP

'Aω

β h

F F
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The angular velocities are related by

v′
BP = hω′

B, v′
AP = Lω′

A, vAP = LωA,

from which

e = hω′
B − (L cos β)ω′

A

(L cos β)ωA

= ωB − ω′
A

ωA

,

from which

(1) ω′
B − ω′

A = eωA

The force reactions at P: From the principle of angular impulse-
momentum,

∫ t2

t1

Fhdt = Fh(t2 − t1) = IB(ω′
B − 0), and

∫ t2

t1

−F(L cos β) dt = −F(L cos β)(t2 − t1)

= IA(ω′
A − ωA).

Divide the second equation by the first:

−L cos β

h
= −1 = ω′

A − ωA

ω′
B

,

from which

(2) ω′
B + ω′

A = ωA.

Solve (1) and (2):

ω′
A = (1 − e)

2
ωA,

ω′
B = (1 + e)

2
ωA.

The principle of work and energy: From the principle of work and
energy, U = T2 − T1, where T2 = 0, since the bar comes to rest
after rotating through an angle γ . The work done by the weight
of bar B as its center of mass rotates through the angle γ is

U =
∫ − L cos γ

2

− L
2

−WB dh = −W

(
L

2

)
(1 − cos γ ).

The kinetic energy is

T1 =
(

1

2

)
IBω′2

B =
(

1

8

)
IB(1 + e)2ω2

A

= IB(1 + e)2(3g cos β)

8L
= WL(1 + e)2 cos β

8
.

Substitute into U = −T1 to obtain

cos γ = 1 − (1 + e)2 cos β

4
= 0.3421,

from which γ = 70◦
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Problem 19.94* The Apollo CSM (A) approaches the
Soyuz Space Station (B). The mass of the Apollo is
mA = 18 Mg, and the moment of inertia about the axis
through the center of mass parallel to the z axis is IA =
114 Mg-m2. The mass of the Soyuz is mB = 6.6 Mg,
and the moment of inertia about the axis through its
center of mass parallel to the z axis is IB = 70 Mg-m2.
The Soyuz is stationary relative to the reference frame
shown and the CSM approaches with velocity vA =
0.2i + 0.05j (m/s) and no angular velocity. What is the
angular velocity of the attached spacecraft after docking?

7.3 m

(A)

4.3 m

x

y

(B)

Solution: The docking port is at the origin on the Soyuz, and the
configuration the instant after contact is that the centers of mass of
both spacecraft are aligned with the x axis. Denote the docking point
of contact by P . (P is a point on each spacecraft, and by assumption,
lies on the x-axis.) The linear momentum is conserved:

mAvGA = mAv′
GA + mBv′

GB,

from which

mA(0.2) = mAv′
GAx + mBv′

GBx,

and

(1) mA(0.05) = mAv′
GAy + mBv′

GBy.

Denote the vectors from P to the centers of mass by

rP/GA = −7.3i (m), and

rP/GB = +4.3i (m).

The angular momentum about the origin is conserved:

rP/GA × mAvGA = rP/GA × mAv′
GA + IAω′

A

+ rP/GB × mBv′
GB.

Denote the vector distance from the center of mass of the Apollo
to the center of mass of the Soyuz by

rB/A = 11.6i (m).

From kinematics, the instant after contact:

v′
GB = v′

GA + ω′ × rB/A.

Reduce:

v′
GB = v′

GA +

 i j k

0 0 ω′
11.6 0 0




= v′
GAx i + (v′

GAy + 11.6ω′)j,

from which v′
GBx = v′

GAx ,

(2) v′
GBy = v′

GAy + 11.6ω′ · rP/GA × mAvGA

=

 i j k

−7.3 0 0
0.21mA 0.05mA 0


 = (−0.365mA)k,

v'GBy

v'GBx

v'GAy

v'GAx

11.6 m 'ω

rP/GA × mAv′
GA =


 i j k

−7.3 0 0
mAv′

GAx mAv′
GAy 0




= (−7.3mAv′
GAy)k.

rP/GB × mBv′
GB =


 i j k

4.3 0 0
mBv′

GAx mA(v′
GAy + 11.6ω′) 0




= 4.3mB(v′
GAy + 11.6ω′)k.

Collect terms and substitute into conservation of angular
momentum expression, and reduce:

−0.365mA = (−7.3mA + 4.3mB)v′
GAy

+ (49.9mB + IA + IB)ω′.

From (1) and (2),

v′
GAy = 0.05mA − 11.6mBω′

mA + mB

.

These two equations in two unknowns can be further reduced
by substitution and algebraic reduction, but here they have been
solved by iteration:

ω′ = −0.003359 rad/s ,

v′
GAy = 0.04704 m/s,

from which

v′
GBy = v′

GAy + 11.6ω′ = 0.00807 m/s
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Problem 19.95 The moment of inertia of the pulley
is 0.2 kg-m2. The system is released from rest. Use the
principle of work and energy to determine the velocity
of the 10-kg cylinder when it has fallen 1 m.

5 kg 10 kg

150 mm

Solution: Choose a coordinate system with the y axis positive
upward. Denote mL = 5 kg, mR = 10 kg, hR = −1 m, R = 0.15 m.
From the principle of work and energy, U = T2 − T1 where T1 = 0
since the system is released from rest. The work done by the left hand
weight is

UL =
∫ hL

0
−mLg dh = −mLghL.

The work done by the right hand weight is

UL =
∫ hR

0
−mRg dh = −mRghR.

Since the pulley is one-to-one, hL = −hR , from which

U = UL + UR = (mL − mR)ghR.

The kinetic energy is

T2 =
(

1

2

)
IP ω2 +

(
1

2

)
mLv2

L +
(

1

2

)
mRv2

R.

Since the pulley is one-to-one, vL = −vR . From kinematics

ω = vR

R
,

from which

T2 =
(

1

2

)(
IP

R2
+ mL + mR

)
v2
R.

Substitute and solve:

vR =
√√√√√ 2(mL − mR)ghR(

IP

R2
+ mL + mR

) = 2.026 . . . = 2.03 m/s

TL TR

TL TR

mLg mRg
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Problem 19.96 The moment of inertia of the pulley
is 0.2 kg-m2. The system is released from rest. Use
momentum principles to determine the velocity of the
10-kg cylinder 1 s after the system is released.

Solution: Use the coordinate system and notations of Prob-
lem 19.95. From the principle of linear impulse-momentum for the
left hand weight:

∫ t2

t1

(TL − mLg) dt = mL(vL2 − vL1) = mLvL2,

since vL1 = 0, from which

(1) TL(t2 − t1) = mLg(t2 − t1) + mLv2.

For the right hand weight,

∫ t2

t1

(TR − mRg) dt = mRvR2,

from which

(2) TR(t2 − t1) = mRg(t2 − t1) + mRvR2.

From the principle of angular impulse-momentum for the pulley:

∫ t2

t1

(TL − TR)R dt = IP ω2,

from which

(3) (TL − TR)(t2 − t1) = IP

R
ω2.

Substitute (1) and (2) into (3):

(mL − mR)g(t2 − t1) + mLvL2 − mRvR2 = IP

R
ω2.

Since the pulley is one to one, vL2 = −vR2. From kinematics:

ω2 = vR2

R
,

from which

vR2 = − (mR − mL)g(t2 − t1)

IP

R2 + mL + mR

= −2.05 m/s

Problem 19.97 Arm BC has a mass of 12 kg, and the
moment of inertia about its center of mass is 3 kg-m2.
Point B is stationary. Arm BC is initially aligned with
the (horizontal) x axis with zero angular velocity, and a
constant couple M applied at B causes the arm to rotate
upward. When it is in the position shown, its counter-
clockwise angular velocity is 2 rad/s. Determine M .

x

y

300
mm

40°

B

M

A

C

Solution: Assume that the arm BC is initially stationary. Denote
R = 0.3 m. From the principle of work and energy, U = T2 − T1,
where T1 = 0. The work done is

U =
∫ θ

0
Mdθ +

∫ R sin θ

0
−mg dh = Mθ − mgR sin θ.

The angle is

θ = 40
( π

180

)
= 0.6981 rad.

The kinetic energy is

T2 =
(

1

2

)
mv2 +

(
1

2

)
IBCω2.

From kinematics, v = Rω, from which

T2 =
(

1

2

)
(mR2 + IBC)ω2.

Substitute into U = T2 and solve:

M = (mR2 + IBC)ω2 + 2mgR sin θ

2θ
= 44.2 N-m
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Problem 19.98 The cart is stationary when a constant
force F is applied to it. What will the velocity of the
cart be when it has rolled a distance b? The mass of the
body of the cart is mC , and each of the four wheels has
mass m, radius R, and moment of inertia I .

F

Solution: From the principle of work and energy, U = T2 − T1,
where T1 = 0. The work done is

U =
∫ b

0
F dx = Fb.

The kinetic energy is

T2 =
(

1

2

)
mCv2 + 4

(
1

2

)
mv2 + 4

(
1

2

)
Iω2.

From kinematics, v = Rω, from which

T2 =
(

mC

2
+ 2m + 2

I

R2

)
v2.

Substitute into U = T2 and solve:

v =
√√√√√ 2Fb

mC + 4m + 4

(
I

R2

)

Problem 19.99 Each pulley has moment of inertia I =
0.003 kg-m2, and the mass of the belt is 0.2 kg. If a
constant couple M = 4 N-m is applied to the bottom
pulley, what will its angular velocity be when it has
turned 10 revolutions?

M

100 mm

Solution: Assume that the system is initially stationary.
From the principle of work U = T2 − T1, where T1 = 0.
The work done is

U =
∫ θ

0
Mdθ = Mθ,

where the angle is θ = 10(2π) = 62.83 rad.
The kinetic energy is

T2 =
(

1

2

)
mbeltv

2 + 2

(
1

2

)
Ipulleyω

2.

From kinematics, v = Rω, where R = 0.1 m, from which

T2 =
(

1

2

)
(R2mbelt + 2Ipulley)ω

2.

Substitute into U = T2 and solve:

ω =
√

2Mθ

(R2mbelt + 2Ipulley)
= 250.7 rad/s
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Problem 19.100 The ring gear is fixed. The mass
and moment of inertia of the sun gear are mS =

IS = 2

of inertia of each planet gear are mP =
IP = 2 M=
the sun gear. Use work and energy to determine the
angular velocity of the sun gear after it has turned 100
revolutions.

M

Sun gear

Planet gears (3)

Ring gear177.8 mm

508 mm

863.6 mm

Solution: Denote the radius of planetary gear, RP = ,
the radius of sun gear RS = velocities of the
sun gear and planet gear by ωS , ωP . Assume that the system starts
from rest. From the principle of work and energy U=T2−T1 , where
T1 = 0. The work done is

U =
∫ θ

0
Mdθ = Mθ,

where the angle is

θ = (100)(2π) = 200π = 628.3 rad.

The kinetic energy is

T2 = ( 1
2

)
ISω2

S + 3
(( 1

2

)
mP v2

P + ( 1
2

)
IP ω2

P

)
.

The velocity of the outer radius of the sun gear is vS = RSωS . The
velocity of the center of mass of the planet gears is the average velocity
of the velocity of the sun gear contact and the ring gear contact,

vP = vS + vR

2
= vS

2
,

since vR = 0. The angular velocity of the planet gears is

ωP = vP

RP

.

Collect terms:

ωP =
(

RS

RP

)
ωS

2
,

vP = RS

2
ωS.

Substitute into U = T2 and solve:

ωS =
√√√√√√

2Mθ(
IS + 3

4

(
mP R2

S + IP

(
RS

RP

)2
)) = 12.5 rad/s

R

vP
ωP

ωS

vS
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321 kg and 5962 kg-m . The mass and moment
39.4 kg and

88.1 kg-m . A couple 814 N-m is applied to

0.178 m
0.508 m, and angular
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Problem 19.101 The moments of inertia of gears A

and B are IA = 0.019 kg-m , and2 IB = 0.136 kg-m .2

Gear A is connected to a torsional spring with constant
k = 0.
surface supporting the 22.2 N weight is removed, what is
the velocity of the weight when it has fallen 76.2 mm?

A

B
Solution: Denote W = s =
weight falls, rB = , rA = r ′

B = are the
radii of the gears and pulley. Choose a coordinate system with y

positive upward. From the conservation of energy T + V = const.
Choose the datum at the initial position, such that V1 = 0, T1 = 0,
from which T2 + V2 = 0 at any position 2. The gear B rotates in a
negative direction and the gear A rotates in a positive direction. By
inspection,

θB = − s

r ′
B

= − 0.

0.
= −1 rad,

θA = −
(

rB

rA

)
θB = 1.667 rad,

v = r ′
BωB = 0. ωB,

ωA = −
(

rB

rA

)
ωB = 1.667ωB.

The moment exerted by the spring is negative, from which the potential
energy in the spring is

Vspring = −
∫ θA

0
Mdθ =

∫ θA

0
kθdθ = 1

2
kθ2

A = 0. .

The force due to the weight is negative, from which the potential
energy of the weight is

Vweight = −
∫ −s

0
(−W)dy = −Ws = −1. .

The kinetic energy of the system is

T2 =
(

1

2

)
IAω2

A +
(

1

2

)
IBω2

B +
(

1

2

)(
W

g

)
v2.

Substitute: T2 = . v2, from which

Vspring + Vweight + v2 = 0.

Solve v = 0. /s downward.

Problem 19.102 Consider the system in Prob-
lem 19.101.

(a) What maximum distance does the 22.2 N weight fall
when the supporting surface is removed?

(b) What maximum velocity does the weight achieve?

Solution: Use the solution to Problem 19.101:

Vspring + Vweight + v2 = 0.

Vspring = −
∫ θA

0
Mdθ =

∫ θA

0
kθ dθ = 1

2
kθ2

A = s 2,

Vweight = −
∫ −s

0
(−W)dy = −Ws,

from which 64. s 2 − s + v2 = 0.

(a) The maximum travel occurs when v = 0, from which

smax =
.

= .

(where the other solution smax = 0 is meaningless here).

(b) The maximum velocity occurs at

dv2

ds
= 0 = 2

.
s − = 0,

from which

sv−max = 0. .

This is indeed a maximum, since

d2(v2)

ds2
= 2

(
.

)
> 0,

and |vmax|= (downward).

621

27 N-m/rad. If the spring is unstretched and the

22.2 N, m is the distance the
0.254 m 0.152 m , 0.762 m,

762
762

762

377 N-m

695 N-m

76.2 mm 254 mm

152.4 mm

22.2 N

17 3

17.3

276 m

17.3

64.5

5 22.2 17.3

22.2

64 5
0 344 m

64 5

17.3

22.2

17.3

17 m

64 5

17.3

0.332 m/s

0.762
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Problem 19.103 Each of the go-cart’s front wheels
weighs 22.2 N and has a moment of inertia of 0.0136 kg-
m

.
2

body weighing178 N and having a moment of inertia of
0.136 kg-m . The total weight of the rider and go-cart,2

including its wheels, is 1067 N. The go-cart starts from
rest, its engine exerts a constant torque of 20.3 N-m on the
rear axle, and its wheels do not slip. Neglecting friction
and aerodynamic drag, how fast is the go-cart moving
when it has traveled 15.2 m?

Solution: From the principle of work and energy: U = T2 − T1,
where T1 = 0, since the go-cart starts from rest. Denote the rear and
front wheels by the subscripts A and B, respectively. The radius of
the rear wheels rA = is

rB = θA =
0.= 100 rad, from which the work done is

U =
∫ θA

0
Mdθ = MθA = (100) .

The kinetic energy is

T2 =
(

1

2

)
W

g
v2 +

(
1

2

)
IAω2

A + 2

(
1

2

)
IBω2

B

(for two front wheels). The angular velocities are related to the go-

cart velocity by ωA = v

rA
= 2v, ωB = v

rB
= 3v, from which T2 =

. v2 U = T2 and solve: v =

A B

Problem 19.104 Determine the maximum power and
the average power transmitted to the go-cart in
Problem 19.103 by its engine.

Solution: The maximum power is Pmax = MωA max, where

ωA max = vmax

R
. From which Pmax = Mvmax

R
. Under constant torque,

the acceleration of the go-cart is constant, from which the maximum
velocity is the greatest value of the velocity, which will occur at the end
of the travel. From the solution to Problem 19.103, vmax = 19.32 ft/s,
from which

Pmax = Mvmax

rA
= ( )

0.
= .

The average power is Pave = U

t
. From the solution to Problem 19.103,

U = v = at , and s = 1
2 at2,

from which s = 1
2 vt , and t = 2s

v
=

.
= 5.177 s, from which

Pave = U

t
=

5.177
= - /s.
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. The two rear wheels and rear axle form a single rigid

0.152 m. The radius of the front wheels

0.102 m. The rear wheels rotate through an angle 15.2
152

20.3 N-m

1 23 N-m. Substitute into 5.89 m/s.

152.4 mm 101.6 mm

1524 mm

381 mm
152.4 mm

406.4 mm

101.6 mm

1524 mm

20.3 5.89

152
786.6 N-m/s

2030 N-m. Under constant acceleration,
30.48
5 89

2030
392 N m
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Problem 19.105 The system starts from rest with the
4-kg slender bar horizontal. The mass of the suspended
cylinder is 10 kg. What is the angular velocity of the bar
when it is in the position shown?

2 m

3 m

45°

Solution: From the principle of work and energy: U = T2 − T1,
where T1 = 0 since the system starts from rest. The change in height of
the cylindrical weight is found as follows: By inspection, the distance
between the end of the bar and the pulley when the bar is in the
horizontal position is d1 = √

22 + 32 = 3.61 m. The law of cosines
is used to determine the distance between the end of the bar and the
pulley in the position shown:

d2 = √
22 + 32 − 2(2)(3) cos 45◦ = 2.125 m,

from which h = d1 − d2 = 1.481 m. The work done by the cylindrical
weight is

Ucylinder =
∫ −h

0
−mcg ds = mcgh = 145.3 N-m.

The work done by the weight of the bar is

Ubar =
∫ cos 45◦

0
−mbg dh = −mbg cos 45◦ = −27.75 N-m,

from which U = Ucylinder + Ubar = 117.52 N-m. From the sketch,
(which shows the final position) the component of velocity normal
to the bar is v sin β, from which 2ω = v sin β. From the law of sines:

sin β =
(

3

d2

)
sin 45◦ = 0.9984.

The kinetic energy is

T2 =
(

1

2

)
mcv

2 +
(

1

2

)
Iω2

b,

from which T2 = 22.732ω2, where v =
(

2

sin β

)
ω and I = m(22)

3
has been used. Substitute into U = T2 and solve: ω = 2.274 rad/s.

β

45°

d2

3

2
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Problem 19.106 The 0.1-kg slender bar and 0.2-kg
cylindrical disk are released from rest with the bar
horizontal. The disk rolls on the curved surface. What is
the angular velocity of the bar when it is vertical?

120 mm

40 mm

Solution: From the principle of work and energy, U = T2 − T1,
where T1 = 0. Denote L = 0.12 m, R = 0.04 m, the angular velocity
of the bar by ωB , the velocity of the disk center by vD , and the angular
velocity of the disk by ωD . The work done is

U =
∫ − L

2

0
−mBg dh +

∫ −L

0
−mDg dh =

(
L

2

)
mBg + LmDg.

From kinematics, vD = LωB , and ωD = vD

R
. The kinetic energy is

T2 =
(

1

2

)
IBω2

B +
(

1

2

)
mDv2

D +
(

1

2

)
IDω2

D.

Substitute the kinematic relations to obtain

T2 =
(

1

2

)(
IB + mDL2 + ID

(
L

R

)2
)

ω2
B,

where IB = mBL2

3
,

ID = mDR2

2
,

from which T2 =
(

1

2

)(
mB

3
+ 3mD

2

)
L2ω2

B.

Substitute into U = T2 and solve:

ωB =
√

6 g(mB + 2mD)

(2mB + 9mD)L
= 11.1 rad/s.

L /2

L /2

ωB

ωD
vD
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Problem 19.107 A slender bar of mass m is released
from rest in the vertical position and allowed to fall.
Neglecting friction and assuming that it remains in
contact with the floor and wall, determine the bar’s
angular velocity as a function of θ .

l

θ

Solution: The strategy is

(a) to use the kinematic relations to determine the relation between
the velocity of the center of mass and the angular velocity about
the instantaneous center, and

(b) the principle of work and energy to obtain the angular velocity
of the bar. The kinematics: Denote the angular velocity of the
bar about the instantaneous center by ω. The coordinates of the
instantaneous center of rotation of the bar are (L sin θ, L cos θ).
The coordinates of the center of mass of the bar are

(
L

2
sin θ,

L

2
cos θ

)
.

The vector distance from the instantaneous center to the center of
mass is

rG/C = −L

2
(i sin θ + j cos θ).

The velocity of the center of mass is

vG = ω × rG/C =




i j k
0 0 ω

−L

2
sin θ −L

2
cos θ 0




= ωL

2
(i cos θ − j sin θ),

from which |vG| = ωL

2
.

The principle of work and energy: U = T2 − T1 where T1 = 0. The
work done by the weight of the bar is

U = mg

(
L

2

)
(1 − cos θ).

The kinetic energy is

T2 =
(

1

2

)
mv2

G +
(

1

2

)
IBω2.

Substitute vG = ωL

2
and IB = mL2

12
to obtain T2 = mL2ω2

6
.

Substitute into U = T2 and solve:

ω =
√

3g(1 − cos θ)

L
.

C

G θ

ω

L
2
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Problem 19.108 The 4-kg slender bar is pinned to
2-kg sliders at A and B. If friction is negligible and
the system starts from rest in the position shown, what
is the bar’s angular velocity when the slider at A has
fallen 0.5 m?

45°

B

A

1.2 m

0.5 m

Solution: Choose a coordinate system with the origin at the initial
position of A and the y axis positive upward. The strategy is

(a) to determine the distance that B has fallen and the center of mass
of the bar has fallen when A falls 0.5 m,

(b) use the coordinates of A, B, and the center of mass of the bar
and the constraints on the motion of A and B to determine the
kinematic relations, and

(c) use the principle of work and energy to determine the angular
velocity of the bar.

The displacement of B: Denote the length of the bar by
L = √

1.22 + 0.52 = 1.3 m. Denote the horizontal and vertical
displacements of B when A falls 0.5 m by dx and dy , which are

in the ratio
dy

dx

= tan 45◦ = 1, from which dx = dy = d. The vertical

distance between A and B is reduced by the distance 0.5 m and
increased by the distance dy , and the horizontal distance between A

and B is increased by the distance dx , from which L2 = (1.2 − 0.5 +
dy)2 + (0.5 + dx)2. Substitute dx = dy = d and L = 1.3 m and reduce
to obtain d2 + 2bd + c = 0, where b = 0.6, and c = −0.475. Solve:
d1,2 = −b ± √

b2 − c = 0.3138 m, or = −1.514 m, from which only
the positive root is meaningful.

The final position coordinates: The coordinates of the initial position
of the center of mass of the bar are

(xG1, yG1) =
(

L

2
sin θ1,−L

2
cos θ1

)
= (0.25, −0.6) (m),

where θ1 = sin−1
(

0.5

L

)
= 22.61◦

is the angle of the bar relative to the vertical. The coordinates of the
final position of the center of mass of the bar are

(xG2, yG2) =
(

L

2
sin θ2,−0.5 − L

2
cos θ2

)
= (0.4069, −1.007),

where θ2 = sin−1
(

0.5 + d

L

)
= 38.75◦

.

The vertical distance that the center of mass falls is h = yG2 −
yG1 = −0.4069 m. The coordinates of the final positions of A and
B are, respectively (xA2, yA2) = (0,−0.5), and (xB2, yB2) = (0.5 +
d,−(1.2 + d)) = (0.8138, −1.514). The vector distance from A to
B is

rB/A = (xB2 − xA2)i + (yB2 − yA2)j

= 0.8138i − 1.014j (m).

vA

vB

45°

θ2
ω
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Check: |rB/A| = L = 1.3 m. check. The vector distance from A to the
center of mass is

rG/A = (xG2 − xA2)i + (yG2 − yA2)j

= 0.4069i − 0.5069j (m).

Check: rG/A = L

2
= 0.65 m. check.

The kinematic relations: From kinematics, vB = vA + ω × rB/A. The
slider A is constrained to move vertically, and the slider B moves at
a 45◦ angle, from which vA = −vAj (m/s), and

vB = (vB cos 45◦
)i − (vB sin 45◦

)j.

vB = vA +

 i j k

0 0 ω

0.8138 −1.014 0




= i(1.014ω) + j(−vA + 0.8138ω),

from which (1) vB =
(

1.014

cos 45◦
)

ω = 1.434ω,

and (2) vA = vB sin 45◦ + 0.8138ω = 1.828ω.

The velocity of the center of mass of the bar is

vG = vA + ω × rG/A = −vAj +

 i j k

0 0 ω

0.4069 −0.5069 0




= (0.5069ω)i + (−vA + 0.4069ω)j,

vG = 0.5069ωi − 1.421ωj (m/s),

from which (3) vG = 1.508ω

The principle of work and energy: From the principle of work and
energy, U = T2 − T1, where T1 = 0. The work done is

U =
∫ −d1

0
−mBg dh +

∫ −0.5

0
−mAg dh +

∫ −h

0
−mbarg dh,

U = mBg(0.3138) + mAg(0.5) + mbarg(0.4069) = 31.93 N-m.

The kinetic energy is

T2 =
(

1

2

)
mBv2

B +
(

1

2

)
mAv2

A +
(

1

2

)
mbarv

2
G +

(
1

2

)
Ibarω

2,

substitute Ibar = mbarL
2

12 , and (1), (2) and (3) to obtain T2 = 10.23ω2.
Substitute into U = T2 and solve:

ω =
√

31.93

10.23
= 1.77 rad/s
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Problem 19.109 A homogeneous hemisphere of mass
m is released from rest in the position shown. If it rolls
on the horizontal surface, what is its angular velocity
when its flat surface is horizontal?

3R–––
8

R

Solution: The hemisphere’s moment of inertia about O is 2
5 mR2,

so its moment of inertia about G is

I = 2

5
mR2 −

(
3

8
R

)2

m = 83

320
mR2.

The work done is

mg

(
R − 5

8
R

)
= 3

8
mgR.

Work and energy is

3

8
mgR = 1

2
mv2 + 1

2
Iω2

= 1

2
m

[(
5R

8

)
ω

]2

+ 1

2

(
83

320
mR2

)
ω2.

Solving for ω, we obtain

ω =
√

15g

13R
.

G

G
ω

O
O

3R
8

5R
8

Problem 19.110 The homogeneous hemisphere of
mass m is released from rest in the position shown.
It rolls on the horizontal surface. What normal force
is exerted on the hemisphere by the horizontal surface
at the instant the flat surface of the hemisphere is
horizontal?

Solution: See the solution of Problem 19.109. The acceleration of
G is

aG = aO + α × rG/O − ω2rG/O

= aO i +
∣∣∣∣∣∣

i j k
0 0 α

0 −h 0

∣∣∣∣∣∣ − ω2(−hj),

so aGy = ω2h. Therefore N − mg = maGy = mω2h. Using the result
from the solution of Problem 19.109,

N = mg + m

(
15g

13R

)(
3R

8

)
= 1.433 mg.

G

mg

N

 = h

x

y

O

3R
8
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Problem 19.111 The slender bar rotates freely in the
horizontal plane about a vertical shaft at O. The bar
weighs 89 N and its length is1.83m. The slider A weighs

ω = 10 rad/s and
the radial component of the velocity of A is zero when
r = 1m, what is the angular velocity of the bar when
r = A about its center
of mass is negligible; that is, treat A as a particle.) O

A

r

ω

Solution: From the definition of angular momentum, only the
radial position of the slider need be taken into account in applying
the principle of the conservation of angular momentum; that is, the
radial velocity of the slider at r =
momentum of the bar. From the conservation of angular momentum:

Ibarω1 + r2
1A

(
WA

g

)
ω1 = Ibarω2 + r2

2A

(
WA

g

)
ω2.

Substitute numerical values:

Ibar + r2
1A

(
WA

g

)
= Wbar

3g
L2 + r2

1A

(
WA

g

)
= g-m2

Ibar + r2
21A

(
WA

g

)
= Wbar

3g
L2 + r2

2A

(
WA

g

)
= 2,

from which ω2 =
( )

ω1 = 8.90 rad/s

Problem 19.112 A satellite is deployed with angular
velocity ω = 1 rad/s (Fig. a). Two internally stored
antennas that span the diameter of the satellite are then
extended, and the satellite’s angular velocity decreases to
ω′ (Fig. b). By modeling the satellite as a 500-kg sphere
of 1.2-m radius and each antenna as a 10-kg slender bar,
determine ω′.

1.2 m

ω

(a)

(b)

ω'

2.4 m 2.4 m

Solution: Assume (I) in configuration (a) the antennas are folded
inward, each lying on a line passing so near the center of the satellite
that the distance from the line to the center can be neglected; (II) when
extended, the antennas are entirely external to the satellite. Denote
R = 1.2 m, L = 2R = 2.4 m. The moment of inertia of the antennas
about the center of mass of the satellite in configuration (a) is

Iant-folded = 2

(
mL2

12

)
= 9.6 kg-m2.

The moment of inertia of the antennas about the center of mass of the
satellite in configuration (b) is

Iant-ext = 2

(
mL2

12

)
+ 2

(
R + L

2

)2

m = 124.8 kg-m2.

The moment of inertia of the satellite is

Isphere = 2

5
msphereR

2 = 288 kg-m2.

The angular momentum is conserved,

Isphereω + Iant-foldedω = Isphereω
′ + Iant-extω

′,

where Iant-folded, Iant-ext are for both antennas, from which

297.6ω = 412.8ω′. Solve ω′ = 0.721 rad/s

629

8.9N. If the bar’s angular velocity is

0.3
1.22 m? (The moment of inertia of

1.22 m does not change the angular

10.2 k

11.5 kg-m

10.2

11.5
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Problem 19.113 An engineer decides to control the
angular velocity of a satellite by deploying small masses
attached to cables. If the angular velocity of the satellite
in configuration (a) is 4 rpm, determine the distance d
in configuration (b) that will cause the angular velocity
to be 1 rpm. The moment of inertia of the satellite is
I = 500 kg-m2 and each mass is 2 kg. (Assume that the
cables and masses rotate with the same angular veloc-
ity as the satellite. Neglect the masses of the cables and
the mass moments of inertia of the masses about their
centers of mass.)

d d

1 rpm

2 m
2 m

4 rpm

(a) (b)

Solution: From the conservation of angular momentum,

(I + 2m(22))ω1 = (I + 2md2)ω2.

Solve:
d =

√√√√√ (I + 8m)

(
ω1

ω2

)
− I

2m
= 19.8 m

4 rpm

1 rpm
2 m

2 m

d d
(a) (b)

Problem 19.114 The homogenous cylindrical disk of
mass m rolls on the horizontal surface with angular
velocity ω. If the disk does not slip or leave the slanted
surface when it comes into contact with it, what is the
angular velocity ω′ of the disk immediately afterward?

ω

β
R

Solution: The velocity of the center of mass of the disk is par-
allel to the surface before and after contact. The angular momentum
about the point of contact is conserved mvR cos β + Iω = mv′R +
Iω′. From kinematics, v = Rω and v′ = Rω′. Substitute into the angu-
lar moment condition to obtain:

(mR2 cos β + I )ω = (mR2 + I )ω′.

Solve: ω′ = (2 cos β + 1)

3
ω

v′

v

630

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 19.115 The 44.5 N slender bar falls from rest
in the vertical position and hits the smooth projection
at B. The coefficient of restitution of the impact is e =
0.6, the duration of the impact is 0.1 s, and b =
Determine the average force exerted on the bar at B as
a result of the impact.

b

A B

0.91 m

Solution: Choose a coordinate system with the origin at A and
the x axis parallel to the plane surface, and y positive upward. The
strategy is to

(a) use the principle of work and energy to determine the velocity
before impact,

(b) the coefficient of restitution to determine the velocity after impact,

(c) and the principle of angular impulse-momentum to determine the
average force of impact.

From the principle of work and energy, U = T2 − T1, where T1 = 0.

The center of mass of the bar falls a distance h = L

2
. The work done

by the weight of the bar is U = mg

(
L

2

)
. The kinetic energy is

T2 = ( 1
2

)
Iω2, where I = mL2

3
. Substitute into U = T2 and solve:

ω = −
√

3g

L
, where the negative sign on the square root is chosen to

be consistent with the choice of coordinates. By definition, the coef-

ficient of restitution is e = v′
B − v′

A

vA − vB

, where vA, v′
A are the velocities

of the bar at a distance b from A before and after impact. Since the
projection B is stationary before and after the impact, vB = v′

B = 0,
from which v′

A = −evA. From kinematics, vA = bω, and v′
A = bω′,

from which ω′ = −eω. The principle of angular impulse-momentum
about the point A is

∫ t2−t1

0
bFB dt = (Iω′ − Iω) = mL2

3
(ω′ − ω),

where FB is the force exerted on the bar by the projection at B, from
which

bFB(t2 − t1) = −mL2

3
(1 + e)ω.

Solve: FB = mL2(1 + e)

3b(t2 − t1)

√
3g

L
= . .

Problem 19.116 The 44.5 N bar falls from rest in the
vertical position and hits the smooth projection at B.
The coefficient of restitution of the impact is e = 0.6
and the duration of the impact is 0.1 s. Determine the
distance b for which the average force exerted on the
bar by the support A as a result of the impact is zero.

Solution: From the principle of linear impulse-momentum,

∫ t2

t1

∑
F dt = m(v′

G − vG),

where vG, v′
G are the velocities of the center of mass of the bar before

and after impact, and
∑

F = FA + FB are the forces exerted on the

bar at A and B. From kinematics, v′
G =

(
L

2

)
ω′, vG =

(
L

2

)
ω. From

the solution to Problem 19.115, ω′ = −eω, from which

FA + FB = −mL(1 + e)

2(t2 − t1)
ω.

If the reaction at A is zero, then

FB = −mL(1 + e)

2(t2 − t1)
ω.

From the solution to Problem 19.115,

FB = −mL2(1 + e)

3b(t2 − t1)
ω.

Substitute and solve: b= 2

3
L=

631

0.31 m.

376 4 N

0.61 m
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Problem 19.117 The 1-kg sphere A is moving at 2 m/s
when it strikes the end of the 2-kg stationary slender
bar B. If the velocity of the sphere after the impact is
0.8 m/s to the right, what is the coefficient of restitution?

2 m/s

A

B

2 m

400 mm

Solution: Denote the distance of the point of impact P from the
end of the bar by d = 0.4 m. The linear momentum is conserved:
(1) mAvA = mAv′

A + mBv′
CM , where v′

CM is the velocity of the cen-
ter of mass of the bar after impact, and vA, v′

A are the velocities of
the sphere before and after impact. By definition, the coefficient of

restitution is e = v′
p − v′

A

vA − vp

, where vp, v′
p are the velocities of the bar

at the point of impact. The point P is stationary before impact, from
which (2) v′

p − v′
A = evA. From kinematics,

(3) v′
CM = v′

P −
(

L

2
− d

)
ω′.

Substitute (2) into (3) to obtain

(4) v′
CM = v′

A + evA −
(

L

2
− d

)
ω′.

Substitute (4) into (1) to obtain

(5) (mA − emB)vA = (mA + mB)v′
A −

(
L

2
− d

)
mBω′.

The angular momentum of the bar about the point of impact is
conserved:

(6) 0 = −
(

L

2
− d

)
mBv′

CM + ICMω′.

Substitute (3) into (6) to obtain,

(7)

(
L

2
− d

)
mB(v′

A + evA) =
(

ICM +
(

L

2
− d

)2

mB

)
ω′,

where ICM = mBL2

12
.

Solve the two equations (5) and (7) for the two unknowns to obtain:
ω′ = 1.08 rad/s and e = 0.224.

ω′

vA v′A v′P
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Problem 19.118 The slender bar is released from rest
in the position shown in Fig .(a) and falls a distance h =

floor, its tip is supported
by a depression and remains on the floor (Fig. b). The
length of the bar is 0.31 m and its weight is 1.1 N. What is
angular velocity ω of the bar just after it hits the floor? h

ω
45°

(a) (b)

Solution: Choose a coordinate system with the x axis parallel
to the surface, with the y axis positive upward. The strategy is to
use the principle of work and energy to determine the velocity just
before impact, and the conservation of angular momentum to deter-
mine the angular velocity after impact. From the principle of work
and energy, U = T2 − T1, where T1 = 0 since the bar is released
from rest. The work done is U =−mgh, where h =
energy is T2 = ( 1

2

)
mv2. Substitute into U = T2 − T1 and solve: v =√−2gh =

point of impact is (r × mv) = (r × mv′) + IBω′. At the instant before
the impact, the perpendicular distance from the point of impact to

the center of mass velocity vector is

(
L

2

)
cos 45◦. After impact, the

center of mass moves in an arc of radius

(
L

2

)
about the point of

impact so that the perpendicular distance from the point of impact to

the velocity vector is

(
L

2

)
. From the definition of the cross product,

for motion in the x, y plane,

(r × mv) · k =
(

L

2
cos 45◦

)
mv,

(r × mv′) · k =
(

L

2

)
mv′,

and IBω′ · k = IBω′.

From kinematics, v′ = L

2
ω′. Substitute to obtain:

ω′ = mv(cos 45◦
)(

mL

2
+ 2IB

L

) = 3v

2
√

2L
= 3

√−gh

2L
= 8.51 rad/s
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Problem 19.119 The slender bar is released from rest
with θ = 45◦ and falls a distance h = 1 m onto the
smooth floor. The length of the bar is 1 m and its mass
is 2 kg. If the coefficient of restitution of the impact is
e = 0.4, what is the angular velocity of the bar just after
it hits the floor? h

θ

Solution: Choose a coordinate system with the x axis parallel to
the plane surface and y positive upward. The strategy is to

(a) use the principle of work and energy to obtain the velocity the
instant before impact,

(b) use the definition of the coefficient of restitution to find the veloc-
ity just after impact,

(c) get the angular velocity-velocity relations from kinematics and

(d) use the principle of the conservation of angular momentum about
the point of impact to determine the angular velocity.

From the principle of work and energy, U = T2 − T1, where T1 = 0.
The center of mass of the bar also falls a distance h before impact. The
work done is U = ∫ −h

0 −mg dh = mgh. The kinetic energy is T2 =( 1
2

)
mv2

Gy . Substitute into U = T2 and solve: vGy = −√
2gh, where

the negative sign on the square root is chosen to be consistent with
the choice of coordinates.

Denote the point of impact on the bar by P . From the definition of
the coefficient of restitution,

e = v′
Py − v′

By

vBy − vPy

.

Since the floor is stationary before and after impact, vB = v′
B = 0, and

(1) v′
Py = −evPy = −evGy . From kinematics: v′

P = v′
G + ω′ × rP/G,

where rP/G =
(

L

2

)
(i cos θ − j sin θ), from which

(2) v′
Py = v′

Gy +
(

L

2

)
 i j k

0 0 ω′
cos θ − sin θ 0




= v′
Gy j +

(
L

2

)
(iω′ sin θ + jω′ cos θ).

vGy

v′Gy

v′Gx

v′px

v′py

ω′

Substitute (1) into (2) to obtain

(3) v′
Gy = −evGy −

(
L

2

)
ω′ cos θ.

The angular momentum is conserved about the point of impact:

(4) −
(

L

2

)
cos θ mvGy = −

(
L

2

)
cos θ mv′

Gy + IGω′.

Substitute (3) into (4) to obtain

− ·L
2

m cos θ(1 + e)vG =
(

IG +
(

L

2

)2

m cos2 θ

)
ω′.

Solve:

ω′ = − mL(1 + e) cos θ

2

(
IG +

(
L cos θ

2

)2

m

) vGy,

ω′ = − 6(1 + e) cos θ

(1 + 3 cos2 θ)
(−√

2gh) = 10.52 rad/s ,

where IG = mL2

12
has been used.

Problem 19.120 The slender bar is released from rest
and falls a distance h = 1 m onto the smooth floor.
The length of the bar is 1 m and its mass is 2 kg.
The coefficient of restitution of the impact is e = 0.4.
Determine the angle θ for which the angular velocity of
the bar after it hits the floor is a maximum. What is the
maximum angular velocity?

Solution: From the solution to Problem 19.119,

ω′ = 6(1 + e) cos θ

(1 + 3 cos2 θ)

√
2gh.

Take the derivative:

dω′

dθ
= 0 = −6(1 + e) sin θ

(1 + 3 cos2 θ)

√
2gh + 6(1 + e)(6) cos2 θ sin θ

(1 + 3 cos2 θ)2

√
2gh

= 0,

from which 3 cos2 θmax − 1 = 0,

cos θmax =
√

1

3
, θmax = 54.74◦

,

and ω′
max = 10.7 rad/s .
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Problem 19.121 A nonrotating slender bar A moving
with velocity v0 strikes a stationary slender bar B. Each
bar has mass m and length l. If the bars adhere when they
collide, what is their angular velocity after the impact?

 0

A

B

l–
2

Solution: From the conservation of linear momentum, mv0 =
mv′

A + mv′
B . From the conservation of angular momentum about the

mass center of A

0 = IBω′
A + IBω′

B + (r × mv′
B)

= (IBω′
A + IBω′

B)k +




i j k

0
L

2
0

v′
B 0 0


 ,

0 = (IBω′
A + IBω′

B)k − m

(
L

2

)
v′
B)k.

Since the bars adhere, ω′
A = ω′

B , from which 2IBω′ = m

(
L

2

)
v′
B .

From kinematics

v′
B = v′

A + ω′ × rAB = v′
Ai +




i j k
0 0 ω′

0
L

2
0




=
(

v′
A − L

2
ω′

)
i,

from which v′
B = v′

A −
(

L

2

)
ω′.

Substitute into the expression for conservation of linear momentum to
obtain

v′
B =

v0 −
(

L

2

)
ω′

2
.

Substitute into the expression for the conservation of angular momen-
tum to obtain:

ω′ =

(
mL

2

)
v0

4IB + mL2

4

· IB = mL2

12
,

from which ω′ = 6v0

7L

ω′

v′B

v′A
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Problem 19.122 An astronaut translates toward a non-
rotating satellite at 1.0i (m/s) relative to the satellite. Her
mass is 136 kg, and the moment of inertia about the
axis through her center of mass parallel to the z axis
is 45 kg-m2. The mass of the satellite is 450 kg and its
moment of inertia about the z axis is 675 kg-m2. At the
instant the astronaut attaches to the satellite and begins
moving with it, the position of her center of mass is
(−1.8, −0.9, 0) m. The axis of rotation of the satellite
after she attaches is parallel to the z axis. What is their
angular velocity?

y

x

1 m /s

Solution: Choose a coordinate system with the origin at the center
of mass of the satellite, and the y axis positive upward. The linear
momentum is conserved:

(1) mAvAx = mAv′
Ax + mSv′

Sx ,

(2) 0 = mAv′
Ay + mSv′

Sy . The angular momentum about the center
of mass of the satellite is conserved: rA/S × mAvA = rA/S ×
mAv′

A + (IA + IS)ω′, where rA/S = −1.8i − 0.9j (m), and vA =
1.0i (m/s).


 i j k

−1.8 −0.9 0
mAvAx 0 0


 =


 i j k

−1.8 −0.9 0
mAv′

Ax mAv′
Ay 0




+ (IA + IS)ω′, from which

(3) 0.9mAvAx = −1.8mAv′
Ay + 0.9mAv′

Ax + (IA + IS)ω′.

From kinematics:

v′
A = v′

S + ω′ × rA/S = vS +

 i j k

0 0 ω′
−1.8 −0.9 0




= (v′
Sx + 0.9ω′)i + (v′

Sy − 1.8ω′)j from which

(4) v′
Ax = v′

Sx + 0.9ω′,

(5) v′
Ay = v′

Sy − 1.8ω′.

With vAx = 1.0 m/s, these are five equations in five unknowns.
The number of equations can be reduced further, but here they
are solved by iteration (using TK Solver Plus) to obtain: v′

Ax =
0.289 m/s, v′

Sx = 0.215 m/s, v′
Ay = −0.114 m/s, v′

Sy = 0.0344 m/s,

ω′ = 0.0822 rad/s

v′Ay
v′Sy

v′Sx

v′Ax

ω′
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Problem 19.123 In Problem 19.122, suppose that the
design parameters of the satellite’s control system
require that the angular velocity of the satellite not
exceed 0.02 rad/s. If the astronaut is moving parallel
to the x axis and the position of her center of mass
when she attaches is (−1.8, −0.9, 0) m, what is the
maximum relative velocity at which she should approach
the satellite?

Solution: From the solution to Problem 19.122, the five equations
are:

(1) mAvAx = mAv′
Ax + mSv′

S,

(2) 0 = mAv′
Ay + mSv′

Sy

(3) 0.9mAvAx = −1.8mAv′
Ay + 0.9mAv′

Ax + (IA + IS)ω′

(4) v′
Ax = v′

Sx + 0.9ω′,

(5) v′
Ay = v′

Sy − 1.8ω′.

With ω′ = 0.02 rad/s, these five equations have the solutions:

vAx = 0.243 m/s , v′
Ax = 0.070 m/s, v′

Sx = 0.052 m/s,

v′
Ay = −0.028 m/s, v′

Sy = 0.008 m/s.

Problem 19.124 A 12454 N car skidding on ice strikes
aconcrete abutment at 4.83 km/h. The car’s moment of
inertia about its center of mass is 2439 kg-m . Assume2

that the impacting surfaces are smooth and parallel to the
y axis and that the coefficient of restitution of the impact
is e = 0.8. What are the angular velocity of the car and
the velocity of its center of mass after the impact?

y

x

4.83 km/h

0.61 m

Solution: Let P be the point of impact on with the abutment.
(P is located on the vehicle.) Denote the vector from P to the center of
mass of the vehicle by r = ai + j, where a is unknown. The
velocity of the vehicle is

vGx = = .

From the conservation of linear momentum in the y direction, mvGy =
mv′

Gy , from which v′
Gy = vGy = 0. Similarly, vAy = v′

Ay = 0. By def-
inition,

e = v′
Px − v′

Ax

vAx − vPx

.

Assume that the abutment does not yield under the impact, vAx =
v′
Ax = 0, from which

v′
Px = −evPx = −evGx = −(0.8)( ) = −

The conservation of angular momentum about P is r × mvG = r ×
mv′

G + Iω′. From kinematics, v′
G = v′

P + ω′ × r. Reduce:

v′
G = v′

Px i + ω′ × r =

 i j k

0 0 ω′
a




= (v′
Px − ω′)i + aω′j = (−evGx − ω′)i + aω′j,

from which v′
Gx = −(evGx + ω′), r × mvG =


 i j k

a

m 0 0




= − mk.

ω′

v′Gy

v′Gx

v′Py

v′Px

G

P

r × mv′
G =


 i j k

a 0
−(evGx + ω′)m 0 0




= (evGx + ω ′ )mk, Iω ′ = Iω′k.

Substitute into the expression for the conservation of angular momen-
tum to obtain

ω′ = −1.47(
2+ I

m

)= −1.

( + )
= −0.641 rad/s

The velocity of the center of mass is

v′
G = v′

Gx i = −(evGx + ω′)i = −2.24i (m/s)
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0.61
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Problem 19.125 A 756 N receiver jumps vertically to
receive a pass and is stationary at the instant he catches
the ball. At the same instant, he is hit at P by a 801 N
linebacker moving horizontally at 4.6 m/s. The wide re-
ceiver’s moment of inertia about his center of mass is

2

assume that the coefficient of restitution is e = 0, what
is the wide receiver’s angular velocity immediately after
the impact?

P

355.6 mm

Solution: Denote the receiver by the subscript B, and the tacker by

the subscript A. Denote d = ear

momentum: (1) mAvA = mAv′
A + mBv′

B . From the definition, e =
v′
BP − v′

A

vA − vBP

. Since vBP = 0, (2) evA = v′
BP − v′

A. The angular momen-

tum is conserved about point P : (3) 0 = −mB dv′
B + IBω′

B . From
kinematics: (4) v′

BP = v′
B + dω′

B .

The solution: For e = 0, from (1),

v′
A = vA −

(
mB

mA

)
v′
B.

From (2) and (4) v′
A = v′

B + dω′
B . From

(3) v′
B =

(
IB

dmB

)
ω′.

Combine these last two equations and solve:

ω′
B = vA

IB

dmB

(
1 + mB

mA

)
+ d

= 4.445 . . . = 4.45 rad/s.

v′A

v′B

v′BP
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Problem 20.1 The airplane’s angular velocity relative
to an earth-fixed reference frame, expressed in terms of
the body-fixed coordinate system shown, is ω = 0.62i +
0.45j − 0.23k (rad/s). The coordinates of point A of the
airplane are (3.6, 0.8, −1.2) m. What is the velocity of
point A relative to the velocity of the airplane’s center
of mass?

A

x

y

z

Solution:

vA/G = ω × rA/G

=
∣∣∣∣∣∣

i j k
0.62 0.45 −0.23
3.6 0.8 −1.2

∣∣∣∣∣∣ (m/s)

vA/G = (−0.356i − 0.084j − 1.12k) m/s.

Problem 20.2 In Active Example 20.1, suppose that
the center of the tire moves at a constant speed of 5 m/s
as the car turns. (As a result, when the angular veloc-
ity of the tire relative to an earth-fixed reference frame
is expressed in terms of components in the secondary
reference frame, ω = ωx i + ωyj + ωzk, the components
ωx, ωy , and ωz are constants.) What is the angular accel-
eration α of the tire relative to an earth-fixed reference
frame?

Top view

10 m 
(Not to scale)

0.36 m

0.36 m

P

AB

B

Solution: The angular velocity of the secondary coordinate system
is

� = − v

R
k = − (5 m/s)

(10 m)
k = −(0.5 rad/s)k

The angular velocity of the wheel with components in the secondary
coordinate system is

ω = � − v

r
j = −(0.5 rad/s)k − (5 m/s)

(0.36 m)
j

= (−13.9j − 0.5k) rad/s

The angular acceleration is then

α = � × ω = −(0.5 rad/s)k × (−13.9j − 0.5k) rad/s

α = −6.94i rad/s2.
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Problem 20.3 The angular velocity of the cube relative
to the primary reference frame, expressed in terms of
the body-fixed coordinate system shown is ω = −6.4i +
8.2j + 12k (rad/s). The velocity of the center of mass G
of the cube relative to the primary reference frame at
the instant shown is vG = 26i + 14j + 32k (m/s). What
is the velocity of point A of the cube relative to the
primary reference frame at the instant shown?

2 m

x

AG

O

y

z

Primary reference
frame

Solution: The vector from G to A is

rG/A = (i + j + k) m.

The velocity of point A is

vA = vG + ω × rG/A

= (26i + 14j + 32k) m/s +
∣∣∣∣∣∣

i j k
−6.4 8.2 12

1 1 1

∣∣∣∣∣∣m/s

vA = (22.2i + 32.4j + 17.4k) m/s.

Problem 20.4 The coordinate system shown is fixed
with respect to the cube. The angular velocity of the cube
relative to the primary reference frame, ω = −6.4i +
8.2j + 12k (rad/s), is constant. The acceleration of the
center of mass G of the cube relative to the primary ref-
erence frame at the instant shown is aG = 136i + 76j −
48k (m/s2). What is the acceleration of point A of the
cube relative to the primary reference frame at the instant
shown?

2 m

x

AG

O

y

z

Primary reference
frame

Solution: The vector from G to A is

rG/A = (i + j + k) m.

The accleration of point A is

aA = aG + ω × (ω × rG/A)

= (136i + 76j − 48k) m/s2 + (−6.4i + 8.2j + 12k) ×
∣∣∣∣∣∣

i j k
−6.4 8.2 12

1 1 1

∣∣∣∣∣∣m/s2

Carrying out the vector algebra, we have

aA = (−205i − 63.0j − 135k) m/s2.
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Problem 20.5 The origin of the secondary coordinate
system shown is fixed to the center of mass G of the
cube. The velocity of the center of mass G of the cube
relative to the primary reference frame at the instant
shown is vG = 26i + 14j + 32k (m/s). The cube is rotat-
ing relative to the secondary coordinate system with
angular velocity ωrel = 6.2i − 5j + 8.8k (rad/s). The sec-
ondary coordinate system is rotating relative to the pri-
mary reference frame with angular velocity � = 2.2i +
4j − 3.6k (rad/s).

(a) What is the velocity of point A of the cube rela-
tive to the primary reference frame at the instant
shown?

(b) If the components of the vectors ωrel and � are
constant, what is the cube’s angular acceleration
relative to the primary reference frame?

2 m

x

AG

O

y

z

Primary reference
frame

Solution:

(a) vA = vG + (ωrel + �) × rA/G

= (26i + 14j + 32k) + (8.4i − j + 5.2k) × (i + j + k)

vA = (19.8i + 10.8j + 41.4k) m/s.

(b) α = � × ωrel = (2.2i + 4j − 3.6k) × (6.2i − 5j + 8.8k)

α = (17.2i − 41.7j − 35.8k) rad/s2.

Problem 20.6 Relative to an earth-fixed reference
frame, points A and B of the rigid parallelepiped are
fixed and it rotates about the axis AB with an angular
velocity of 30 rad/s. Determine the velocities of points
C and D relative to the earth-fixed reference frame.

x

z

y

0.4 m

30 rad/s
0.2 mA

C

D

B

0.4 m

Solution: Given

ω = (30 rad/s)
(0.4i + 0.2j − 0.4k)

0.6
= (20i + 10j − 20k) rad/s

rC/A = (0.2 m)j, rD/A = (0.4i + 0.2j) m

vC = ω × rC/A = (4i + 4k) m/s, vD = ω × rD/A = (4i − 8j) m/s

Problem 20.7 Relative to the xyz coordinate system
shown, points A and B of the rigid parallelepiped are
fixed and the parallelepiped rotates about the axis AB
with an angular velocity of 30 rad/s. Relative to an earth-
fixed reference frame, point A is fixed and the xyz coor-
dinate system rotates with angular velocity � = −5i +
8j + 6k (rad/s). Determine the velocities of points C and
D relative to the earth-fixed reference frame.

Solution: Given

ω = (30 rad/s)
(0.4i + 0.2j − 0.4k)

0.6
= (20i + 10j − 20k) rad/s

� = (−5i + 8j + 6k) rad/s, rC/A = (0.2 m)j,

rD/A = (0.4i + 0.2j) m

vC = vA + (� + ω) × rC/A = (2.8i + 3.0k) m/s

vD = vA + (� + ω) × rD/A = (2.8i − 5.6j − 4.2k) m/s
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Problem 20.8 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity ω0 = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity ωd = 6 rad/s. At the instant shown, determine
the velocity of pint A (a) relative to the secondary refer-
ence frame, and (b) relative to the earth-fixed reference
frame.

vd

v0

x

A

z

y

45�

Solution:

(a) Relative to the secondary system

vA = ωrel × rA = ωd i × r(sin 45◦j + cos 45◦k)

= (6i) × (8)(sin 45◦j + cos 45◦k)

= (−33.9j + 33.9k) .

vA = (−33.9j + 33.9k) .

(b) Relative to the earth-fixed reference frame

vA = (ωrel + �) × rA = (ωd i + ω0j) × r(sin 45◦j + cos 45◦k)

= (6i + 4j) × (8)(sin 45◦j + cos 45◦k)

= (22.6i − 33.9j + 33.9k) .

vA = (22.6i − 33.9j + 33.9k) .

Problem 20.9 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity ω0 = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity ωd = 6 rad/s.

(a) What is the angular acceleration of the disk relative
to the earth-fixed reference frame?

(b) At the instant shown, determine the acceleration of
point A relative to the earth-fixed reference frame.

vd

v0

x

A

z

y

45�

Solution:

(a) The angular acceleration

α = � × ωrel = ω0j × ωd i

= −ω0ωdk = −(4)(6)k = −24k

α = −24k rad/s2.

(b) The acceleration of point A.

aA = α × rA + (� + ωrel) × [(� + ωrel) × rA]

= (−24k) × (8 sin 45◦j + 8 cos 45◦k)

+ (6i + 4j) × [(6i + 4j) × (8 sin 45◦j + 8 cos 45◦k)]

aA = (272i − 204j − 294k) 2 .
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Problem 20.10 The radius of the disk is R =
is perpendicular to the horizontal part of the shaft and
rotates relative to it with constant angular velocity ωd =
36 rad/s. Relative to an earth-fixed reference frame, the
shaft rotates about the vertical axis with constant angular
velocity ω0 = 8 rad/s.

(a) Determine the velocity relative to the earth-fixed
reference frame of point P , which is the uppermost
point of the disk.

(b) Determine the disk’s angular acceleration vector α
relative to the earth-fixed reference frame.

(See Example 20.2.)

v0

vd

x

z

y

R

P

0.91 m

Solution:

(a)
vP = (8 rad/s)j × ( )i + [(36i + 8j) rad/s] × ( ) j

= ( )k

(b) α = (8 rad/s)j × [(36i + 8j) rad/s] = −(288 rad/s2)k

Problem 20.11 The vertical shaft supporting the disk
antenna is rotating with a constant angular velocity ω0 =
0.2 rad/s. The angle θ from the horizontal to the antenna’s
axis is 30◦ at the instant shown and is increasing at a
constant rate of 15◦ per second. The secondary xyz coor-
dinate system shown is fixed with respect to the dish.

(a) What is the dish’s angular velocity relative to an
earth-fixed reference frame?

(b) Determine the velocity of the point of the antenna
with coordinates (4,0,0) m relative to an earth-fixed
reference frame.

xy

v0

u

Solution: The relative angular velocity is

ωrel = (15◦
/s)

(
π rad

180◦
)

= π

12
rad/s.

(a) ω = � + ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) +
( π

12

)
k

ω = (0.1i + 0.173j + 0.262k) rad/s.

(b) v = ω × r = (0.1i + 0.173j + 0.262k) × (4i)

v = (1.05j − 0.693k) m/s.
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Problem 20.12 The vertical shaft supporting the disk
antenna is rotating with a constant angular velocity ω0 =
0.2 rad/s. The angle θ from the horizontal to the antenna’s
axis is 30◦ at the instant shown and is increasing at a
constant rate of 15◦ per second. The secondary xyz coor-
dinate system shown is fixed with respect to the dish.

(a) What is the dish’s angular acceleration relative to
an earth-fixed reference frame?

(b) Determine the acceleration of the point of the
antenna with coordinates (4, 0, 0) m relative to an
earth-fixed reference frame.

xy

v0

u

Solution: The angular velocity is

ωrel = (15◦
/s)

(
π rad

180◦
)

= π

12
rad/s.

ω = � + ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) +
( π

12

)
k

= (0.1i + 0.173j + 0.262k) rad/s

(a) The angular acceleration is

α = � × ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) ×
( π

12
k
)

α = (0.0453i − 0.0262j) rad/s2.

(b) The acceleration of the point

a = α × r + ω × (ω × r)

= (0.0453i − 0.0262j) × (4i)

+ (0.1i + 0.173j + 0.262k) × [(0.1i + 0.173j + 0.262k) × (4i)]

a = (−0.394i + 0.0693j + 0.209k) m/s2.

Problem 20.13 The radius of the circular disk is R =
0.2 m, and b = 0.3 m. The disk rotates with angular ve-
locity ωd = 6 rad/s relative to the horizontal bar. The hor-
izontal bar rotates with angular velocity ωb = 4 rad/s
relative to the vertical shaft, and the vertical shaft rotates
with angular velocity ω0 = 2 rad/s relative to an earth-fixed
reference frame. Assume that the secondary reference
frame shown is fixed with respect to the horizontal bar.

(a) What is the angular velocity vector ωrel of the disk
relative to the secondary reference frame?

(b) Determine the velocity relative to the earth-fixed
reference frame of point P , which is the uppermost
point of the disk.

vb

v0

vd

x

z

y

R

P

b

Solution:

(a) The angular velocity of the disk relative to the secondary refer-
ence frame is

ωrel = ωd i = 6i (rad/s).

(b) The angular velocity of the reference frame is

� = ω0j + ωbk = 2j + 4k (rad/s),

so the disk’s angular velocity is

ω = � + ωrel = 6i + 2j + 4k (rad/s).

Let O be the origin and C the center of the disk. The velocity
of C is

vc = v0 + � × rC/O = 0 +
∣∣∣∣∣∣

i j k
0 2 4

0.3 0 0

∣∣∣∣∣∣
= 1.2j − 0.6k (m/s).

The velocity of P is

vP = vC + ω × rP/C = 1.2j − 0.6k +
∣∣∣∣∣∣

i j k
6 2 4
0 0.2 0

∣∣∣∣∣∣
= −0.8i + 1.2j + 0.6k (m/s).
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Problem 20.14 The Object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circu-
lar disk is supported by a vertical shaft that rotates with
angular velocity ω0 = 6 rad/s. The horizontal bar rotates
with angular velocity ω = 10 rad/s. At the instant shown,
what is the velocity relative to an earth-fixed reference
frame of the end C of the vertical bar?

0.2 m 0.1 m

y

x

0.1 m

0.4 m

y

C

x

A

Bz

v

v0

(a)

(b)

Solution:

vc = (� + ωrel) × r = (10i + 6k) × (0.1i + 0.1j)

vc = (0.4 m/s)k

645

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.15 The object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circular
disk is supported by a vertical shaft that rotates with
angular velocity ω0 = 6 rad/s. The horizontal bar rotates
with angular velocity ω = 10 rad/s.

(a) What is the angular acceleration of the object rel-
ative to an earth-fixed reference frame?

(b) At the instant shown, what is the acceleration rel-
ative to an earth-fixed reference frame of the end
C of the vertical bar?

0.2 m 0.1 m

y

x

0.1 m

0.4 m

y

C

x

A

Bz

v

v0

(a)

(b)

Solution:

(a) α = � × ωrel = (6j) × (10i) = −60k α = −(60 rad/s2)k

(b)

ac = α × r + (� + ωrel) × [(� + ωrel) × r]

= (−60k) × (0.1i + 0.1j) + (10i + 6j) × [(10i + 6j) × (0.1i + 0.1j)]

= (8.4i − 10j) m/s2.

ac = (8.4i − 10j) m/s2.
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Problem 20.16 Relative to a primary reference frame,
the gyroscope’s circular frame rotates about the vertical
axis at 2 rad/s. The 60-nm diameter wheel rotates at
10 rad/s relative to the frame. Determine the velocities of
points A and B relative to the primary reference frame.

10
rad/sz

A

B

x

2 rad/s

y

20°

80 mm

60 mm

Solution: Let the secondary reference frame shown be fixed with
respect to the gyroscope’s frame. The angular velocity of the SRF is
� = 2j (rad/s). The angular velocity of the wheel relative to the SRF
is ωrel = 10k (rad/s), so the wheel’s angular velocity is

ω = � + ωrel = 2j + 10k (rad/s).

Let O denote the origin. The velocity of pt. A is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
0 2 10
0 0 40

∣∣∣∣∣∣ = 80i (mm/s).

The velocity of pt. B is

vB = v0 + ω × rB/O

= 0 +
∣∣∣∣∣∣

i j k
0 2 10

30 cos 20◦ 30 sin 20◦ 0

∣∣∣∣∣∣
= −102.6i + 281.9j − 56.4k (mm/s).

Problem 20.17 Relative to a primary reference frame,
the gyroscope’s circular frame rotates about the vertical
axis with a constant angular velocity of 2 rad/s. The
60-mm diameter wheel rotates with a constant angular
velocity of 10 rad/s relative to the frame. Determine the
accelerations of points A and B relative to the primary
reference frame.

Solution: See the solution of Problem 20.16. From Eq. (20.4), the
wheel’s angular acceleration is

α = � × ω =
∣∣∣∣∣∣

i j k
0 2 0
0 2 10

∣∣∣∣∣∣ = 20i (rad/s2).

The acceleration of pt. A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 0 +
∣∣∣∣∣∣

i j k
20 0 0
0 0 40

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
0 2 10
80 0 0

∣∣∣∣∣∣
= −160k (mm/s2).

The acceleration of pt. B is

aB = a0 + α × rB/O + ω × (ω × rB/O)

= 0 +
∣∣∣∣∣∣

i j k
20 0 0

30 cos 20◦ 30 sin 20◦ 0

∣∣∣∣∣∣

+
∣∣∣∣∣∣

i j k
0 2 10

−102.6 281.9 −56.4

∣∣∣∣∣∣
= −2932i − 1026j + 410k (mm/s2).
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Problem 20.18 The point of the spinning top remains
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’s angu-
lar velocity relative to the secondary reference frame,
ωrel = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is � = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it
is expressed in terms of the secondary reference frame.)
Determine the velocity relative to the earth-fixed ref-
erence frame of the point of the top with coordinates
(0, 20, 30) mm.

x

y

z

O

Solution:

v = (� + ωrel) × r = (2j + 55.6k) × (0.02j + 0.03k)

= (−1.05 m/s)i

v = (−1.05 m/s)i

Problem 20.19 The point of the spinning top remains
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’s angu-
lar velocity relative to the secondary reference frame,
ωrel = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is � = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it is
expressed in terms of the secondary reference frame.)

(a) What is the top’s angular acceleration relative to
the earth-fixed reference frame?

(b) Determine the acceleration relative to the earth-
fixed reference frame of the point of the top with
coordinates (0, 20, 30) mm. x

y

z

O

Solution:

(a) α = � × ωrel = (2j + 5.6k) × (50k) = 100i α = (100 rad/s2)i

(b) a = α × r + (� + ωrel) × [(� + ωrel) × r]

= (100i) × (0.02j + 0.03k)

+ (2j + 55.6k) × [(2j + 55.6k) × (0.02j + 0.03k)]

= (−61.5j + 4.10k)

a = (−61.5j + 4.10k) m/s2.
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Problem 20.20* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame
remains coincident with the cone’s axis, and the z axis
remains horizontal. As the cone rolls, the z axis rotates in
the horizontal plane with an angular velocity of 2 rad/s.

(a) What is the angular velocity vector � of the sec-
ondary reference frame?

(b) What is the angular velocity vector ωrel of the cone
relative to the secondary reference frame?

(See Example 20.3.)

Strategy: To solve part (b), use the fact that the veloc-
ity relative to the earth-fixed reference frame of points
of the cone in contact with the surface is zero.

z

y

0.4 m

x

2 rad/s

0.2 m

Solution:

(a) The angle β = arctan(R/h) = arctan(0.2/0.4) = 26.6◦. The
angular velocity of the secondary reference frame is

� = ω0 sin βi + ω0 cos βj = 2(sin 26.6◦i + cos 26.6◦j)

= 0.894i + 1.789j (rad/s).

(b) The cone’s angular velocity relative to the secondary reference
frame can be written ωrel = ωreli, so the cone’s angular velocity is

ω = � + ωrel

= (0.894 + ωrel)i + 1.789j (rad/s).

To determine ωrel, we use the fact that the point P in contact
with the surface has zero velocity:

vP = v0 + ω × rP/O = 0 +
∣∣∣∣∣∣

i j k
0.894 + ωrel 1.789 0

0.4 −0.2 0

∣∣∣∣∣∣ = 0.

Solving, we obtain ωrel = −4.47 (rad/s), so ωrel = −4.47i (rad/s).

β
β

x

y

O

h

R

P

0ω

Problem 20.21* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed ref-
erence frame. The x axis of the secondary reference
frame remains coincident with the cone’s axis, and the
z axis remains horizontal. As the cone rolls, the z axis
rotates in the horizontal plane with an angular veloc-
ity of 2 rad/s. Determine the velocity relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinates x = 0.4 m, y = 0, z = 0.2 m.
(See Example 20.3.)

Solution: See the solution of Problem 20.20. The cone’s angular
velocity is

ω = � + ωrel = (0.894i + 1.789j) − 4.472i

= −3.578i + 1.789j (rad/s).

Let A denote the pt with coordinates (0.4, 0, 0.2) m. Its velocity is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
−3.578 1.789 0

0.4 0 0.2

∣∣∣∣∣∣
= 0.358i + 0.716j − 0.716k (m/s).
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Problem 20.22* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame
remains coincident with the cone’s axis, and the z axis
remains horizontal. As the cone rolls, the z axis rotates
in the horizontal plane with a constant angular veloc-
ity of 2 rad/s. Determine the acceleration relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinates x = 0.4 m, y = 0, z = 0.2 m.
(See Example 20.3.)

Solution: See the solutions of Problems 20.20 and 20.21. The
cone’s angular acceleration is

α = � × ω =
∣∣∣∣∣∣

i j k
0.894 1.789 0

−3.578 1.789 0

∣∣∣∣∣∣ = 8.000k (rad/s2).

The acceleration of the point is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 0 +
∣∣∣∣∣∣

i j k
0 0 8

0.4 0 0.2

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
−3.578 1.789 0
0.358 0.716 −0.716

∣∣∣∣∣∣
= −1.28i + 0.64j − 3.20k (m/s2).

Problem 20.23* The radius and length of the cylinder
are R = 0.1 m and l = 0.4 m. The horizontal surface is
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle β = 45◦. The z axis of the secondary
reference frame remains coincident with the cylinder’s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axis rotates in a horizontal plane with angular
velocity ω0 = 2 rad/s.

(a) What is the angular velocity vector � of the sec-
ondary reference frame?

(b) What is the angular velocity vector ωrel of the cylin-
der relative to the secondary reference frame?

x

y

z

v0

b

Solution:

(a) The angular velocity of the secondary reference frame is

� = ω0 sin 45◦i + ω0 cos 45◦k

= (2) sin 45◦i + (2) cos 45◦k

= 1.414i + 1.414k (rad/s).

(b) The cylinder’s angular velocity relative to the SRF can be written
ωrel = ωrelk, so ω = � + ωrel = 1.414i + (1.414 + ωrel)k. We
determine ωrel from the condition that the velocity of pt. P

is zero:

vP = v0 + ω × rP/O = 0 +
∣∣∣∣∣∣

i j k
1.414 0 1.414 + ωrel

−0.1 0 −0.2

∣∣∣∣∣∣ = 0.

Solving, we obtain ωrel = 1.414 rad/s, so ωrel = 1.414k (rad/s).

x

z

0.1 m

0.2 m

45°

45°

O

P

0ω
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Problem 20.24* The radius and length of the cylinder
are R = 0.1 m and l = 0.4 m. The horizontal surface is
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle β = 45◦. The z axis of the secondary
reference frame remains coincident with the cylinder’s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axis rotates in a horizontal plane with angular
velocity ω0 = 2 rad/s. Determine the velocity relative to
the earth-fixed reference frame of the point of the upper
end of the cylinder with coordinates x = 0.1 m, y = 0,
z = 0.2 m.

Solution: See the solution of Problem 20.23. The cylinder’s angu-
lar velocity is

ω = � + ωrel = (1.414i + 1.414k) + 1.414k

= 1.414i + 2.828k (rad/s).

Let A devote the pt with coordinates (0.1, 0, 0.2) m. Its velocity is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
1.414 0 2.828
0.1 0 0.2

∣∣∣∣∣∣ = 0.

Problem 20.25* The landing gear of the P-40 airplane
used in World War II retracts by rotating 90◦ about
the horizontal axis toward the rear of the airplane. As
the wheel retracts, a linkage rotates the strut support-
ing the wheel 90◦ about the strut’s longitudinal axis so
that the wheel is horizontal in the retracted position.
(Viewed from the horizontal axis toward the wheel, the
strut rotates in the clockwise direction.) The x axis of the
coordinate system shown remains parallel to the horizon-
tal axis and the y axis remains parallel to the strut as the
wheel retracts. Let ωW be the magnitude of the wheel’s
angular velocity when the airplane lifts off, and assume
that it remains constant. Let ω0 be the magnitude of the
constant angular velocity of the strut about the horizon-
tal axis as the landing gear is retracted. The magnitude
of the angular velocity of the strut about its longitudinal
axis also equals ω0. The landing gear begins retracting
at t = 0. Determine the wheel’s angular velocity relative
to the airplane as a function of time.

ωW

x

z

y

Retracted
position

y

x

Horizontal
axis

Strut

Deployed
position

z

Solution: The angular velocity is given by

ω = ω0i + ω0j + ωW [(cos ω0t)i + (sin ω0t)k]

ω = (ω0 + ωW cos ω0t)i + ω0j + (ω0 + ωW cos ω0t)k

z

x

wω

0tω
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Problem 20.26 In Active Example 20.4, suppose that
the shaft supporting the disk is initially stationary, and
at t = 0 it is subjected to a constant angular acceleration
α0 in the counterclockwise direction viewed from above
the disk. Determine the force and couple exerted on the
bar by the disk at that instant.

v0

l

b y

b

v0

z

x

Solution: We have Use Newton’s Second Law for rigid bodies to
find the force F at the base of the rod

F = mgj = ma = m(−bα0k) ⇒ F = mgj − mbα0k

Now use Euler’s equations to find the moment C exerted by the disk
on the base of the rod. Note that the angular velocity is zero, and the
only nonzero inertias are Ixx = Izz = ml2/12.

C +
(

− 1

2
j
)

× F =

 Ixx 0 0

0 0 0
0 0 Izz






0
α0

0


 = 0

C = 1

2
j(mgj − mbα0k)

C = − 1

2
mblα0i

Problem 20.27 In Example 20.5, suppose that the hor-
izontal plate is initially stationary, and at t = 0 the robotic
manipulator exerts a couple C on the plate at the fixed
point O such that the plate’s angular acceleration at this
instant is α = 150i + 320j + 25k (rad/s2). Determine C.

z

O

x

y

150 mm
150 mm

300 mm

300 mm

Solution: The mass of the plate is 4 kg. Point O is a fixed point.
The nonzero inertias are

Ixx = 1

3
(4 kg)(0.6 m)2 = 0.48 kg-m2,

Iyy = 1

3
(4 kg)(0.3 m)2 = 0.12 kg-m2

Izz = Ixx + Iyy = 0.60 kg-m2,

Ixy = (4 kg)(0.15 m)(0.3 m) = 0.18 kg-m2.

Euler’s equations can be written as (note that the angular velocity is
zero)

C + (0.15i + 0.3j) × (−[4][9.81]k) = [I ]α

C = −(0.15i + 0.3j) × (−[4][9.81]k) + [I ]α

In Matrix Form this is


Cx

Cy

Cz


 =




11.8
−5.89

0


+


 0.48 −0.18 0

−0.18 0.12 0
0 0 0.60






150
320
25




Solving we find Cx = 26.2, Cy = 5.51, Cz = 15.

Thus C = (26.2i + 5.51j + 15k) N-m.
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Problem 20.28 A robotic manipulator moves a cast-
ing. The inertia matrix of the casting in terms of a
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the angu-
lar velocity and angular acceleration of the casting are
w = 1.2i + 0.8j − 0.4k (rad/s) and α = 0.26i − 0.07j +
0.13k (rad/s2). What moment is exerted about the center
of mass of the casting by the manipulator?

xy

Ixx �Ixy �Ixz
�Iyx Iyy �Iyz
�Izx �Izy Izz

0.05 �0.03 0
�0.03 0.08 0

0 0 0.04
� kg-m2.

Solution:




Mx

My

Mz


 =


 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04






0.26
−0.07
0.13


 N-m

+

 0 0.4 0.8

−0.4 0 −1.2
−0.8 1.2 0




 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04




×



1.2
0.8

−0.4


 N-m

M = (Mx i + My j + Mzk) = (0.0135i − 0.0086j + 0.01k) N-m

Problem 20.29 A robotic manipulator holds a cast-
ing. The inertia matrix of the casting in terms of a
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the cast-
ing is stationary. If the manipulator exerts a moment
�M = 0.042i + 0.036j + 0.066k (N-m) about the cen-
ter of mass, what is the angular acceleration of the cast-
ing at that instant?

Solution:




0.042
0.036
0.066


 N-m =


 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04


 kg-m2




αx

αy

αz




Solving we find

α = (αx i + αy j + αzk) = (1.43i + 0.987j + 1.65k) rad/s2
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Problem 20.30 The rigid body rotates about the fixed
point O. Its inertia matrix in terms of the body-fixed
coordinate system is shown. At the present instant, the
rigid body’s angular velocity is ω = 6i + 6j − 4k (rad/s)
and its angular acceleration is zero. What total moment
about O is being exerted on the rigid body?

y

z

O

x

Ixx �Ixy �Ixz
�Iyx Iyy �Iyz
�Izx �Izy Izz

4 �2 0
�2 3 1

0 1 5
�

2kg-m .

Solution:




Mx

My

Mz


 =


 0 4 6

−4 0 −6
−6 6 0




 4 −2 0

−2 3 1
0 1 5






6
6

−4




M = (Mx i + My j + Mzk) = (−76i + 36j − 60k)

Problem 20.31 The rigid body rotates about the fixed
point O. Its inertia matrix in terms of the body-fixed
coordinate system is shown. At the present instant,
the rigid body’s angular velocity is ω = 6i + 6j −
4k (rad/s). The total moment about O due to the forces
and couples acting on the rigid body is zero. What is its
angular acceleration?

Solution:




0
0
0


 =


 4 −2 0

−2 3 1
0 1 5


 2




αx

αy

αz




+

 0 4 6

−4 0 −6
−6 6 0




 4 −2 0

−2 3 1
0 1 5






6
6

−4


 -

Solving we find α = (16.2i − 5.56j + 13.1k) rad/s2
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Problem 20.32 The dimensions of the 20-kg thin plate
are h = 0.4 m and b = 0.6 m. The plate is stationary
relative to an inertial reference frame when the force
F = 10 N is applied in the direction perpendicular to
the plate. No other forces or couples act on the plate. At
the instant F is applied, what is the magnitude of the
acceleration of point A relative to the inertial reference
frame?

F

A
b

h

Solution: From Appendix C, the inertia matrix in terms of the
body-fixed reference frame shown is

[I ] =




1

12
mh2 0 0

0
1

12
mb2 0

0 0
1

12
m(b2 + h2)




=

 0.267 0 0

0 0.6 0
0 0 0.867


 kg-m2.

The moment of the force about the center of mass is

M =
(

b

2
i − h

2
j
)

× (−Fk) = 2i + 3j (N-m).

From Eq. (20.19) with ω = � = 0,


 2

3
0


 =


 0.267 0 0

0 0.6 0
0 0 0.367




 dωx/dt

dωy/dt

dωz/dt




Solving, we obtain α = 7.5i + 5j (m/s2). From Newton’s second law,∑
F = −Fk = ma0, the acceleration of the center of mass is a0 =

−F

m
k = −0.5k (m/s2). The acceleration of pt A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= −0.5k +
∣∣∣∣∣∣

i j k
7.5 5 0

−0.3 0.2 0

∣∣∣∣∣∣+ 0

= 2.5k (m/s2).

We see that |aA| = 2.5 m/s2.

h

A

b
y

F

x

O

z
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Problem 20.33 In terms of the coordinate system
shown, the inertia matrix of the 6-kg slender bar is

[
Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz

]

=
[

0.500 0.667 0
0.667 2.667 0

0 0 3.167

]
kg-m2.

The bar is stationary relative to an inertial reference
frame when the force F = 12k (N) is applied at the right
end of the bar. No other forces or couples act on the bar.
Determine

(a) the bar’s angular acceleration relative to the inertial
reference frame and

(b) the acceleration of the right end of the bar relative
to the inertial reference frame at the instant the
force is applied.

x

y

1 m

2 m

Solution:

(a) In terms of the primed reference frame shown, the coordinates of
the center of mass are

x′ = x′
1m1 + x′

2m2

m1 + m2
=

(0)
1

3
(6) + (1)

2

3
(6)

1

3
(6) + 2

3
(6)

= 0.667 m,

y′ = y′
1m1 + y′

2m2

m1 + m2
=

(0.5)
1

3
(6) + (0)

2

3
(6)

1

3
(6) + 2

3
(6)

= 0.167 m.

The moment of F about the center of mass is

M = (1.333i − 0.167j) × 12k

= −2i − 16j (N-m).

From Eq. (20.19) with ω = � = 0,


−2

−16
0


 =


 0.5 0.667 0

0.667 2.667 0
0 0 3.167




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain α = 6.01i − 7.50j (rad/s2).

(b) From Newton’s second law,
∑

F = 12k = (6)a0, the accelera-
tion of the center of mass is a0 = 2k (m/s2). The acceleration of
pt A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 2k +
∣∣∣∣∣∣

i j k
6.01 −7.50 0
1.333 −0.167 0

∣∣∣∣∣∣+ 0

= 11.0k (m/s2).

x

A
x'

y'
y

O

1 m

2 m

2

1
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Problem 20.34 In terms of the coordinate system
shown, the inertia matrix of the 12-kg slender bar is

[
Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz

]
=
[

2 −3 0
−3 8 0
0 0 10

]
kg-m2.

The bar is stationary relative to an inertial reference
frame when a force F = 20i + 40k (N) is applied at the
point x = 1 m, y = 1 m. No other forces or couples
act on the bar. Determine (a) the bar’s angular accel-
eration and (b) the acceleration of the point x = −1 m,
y = −1 m, relative to the inertial reference frame at the
instant the force is applied.

y

x

z

1 m

1 m

1 m

1 m

Solution:

(a) The moment of the force about the center of mass is

M = (i + j) × (20i + 40k)

= 40i − 40j − 20k (N-m).

From Eq. (20.19) with ω = � = 0,


 40

−40
−20


 =


 2 −3 0

−3 8 0
0 0 10




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain

α = 28.57i + 5.71j − 2k (rad/s2).

From Newton’s second law,

∑
F = 20i + 40k = (12)a0,

the acceleration of the center of mass is

a0 = 1.67i + 3.33k (N/s2).

The acceleration of the pt with coordinates (−1,−1, 0) is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 1.67i + 3.33k +
∣∣∣∣∣∣

i j k
28.57 5.71 −2
−1 −1 0

∣∣∣∣∣∣+ 0

= −0.333i + 2.000j − 19.524k (m/s2)
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Problem 20.35 The inertia matrix of the 2.4-kg plate
in terms of the given coordinate system is shown.
The angular velocity of the plate is ω = 6.4i + 8.2j +
14k (rad/s), and its angular acceleration is α = 60i +
40j − 120k (rad/s2). What are the components of the
total moment exerted on the plate about its center
of mass?

x

y

50 mm

150 mm

220 mm

Solution: In the solution of Problem 20.87, the location of the
center of mass, x = 0.1102 (m), y = 0.0979 (m) and the moments of
inertia in terms of a parallel coordinate system with its origin at the
center of mass are determined:

Ix′x′ = 0.00876 (kg-m2), Iy′y′ = Iyy = 0.00655 (kg-m2),

Iz′z′ = 0.01531 (kg-m2), Ix′y′ = −0.00396 (kg-m2), Iy′z′ = Iz′x′ = 0.

The components of the total moment are given by Equation (20.19)
with � = ω:



∑

Mx∑
My∑
Mz


 =


 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 60

40
−120




+

 0 −14.0 8.2

14.0 0 −6.4
−8.2 6.4 0




×

 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 6.4

8.2
14.0




=

 1.335

0.367
−2.057


 (N-m).

Problem 20.36 The inertia matrix of the 2.4-kg plate
in terms of the given coordinate system is shown. At
t = 0, the plate is stationary and is subjected to a force
F = −10k (N) at the point with coordinates (220,0,0)
mm. No other forces or couples act on the plate. Deter-
mine (a) the acceleration of the plate’s center of mass
and (b) the plate’s angular acceleration at the instant the
force is applied.

Solution:

(a) From Newton’s second law,
∑

F = ma: − 10k = 2.4a, and the
acceleration of the center of mass is a = −4.17k (m/s2).

(b) From the solution of Problem 20.87, the center of mass is at
x = 0.1102 (m), y = 0.0979 (m). Therefore, the moment of the
force about the center of mass is

∑
M = [(0.22 − 0.1102)i − 0.0979j] × (−10k)

= 0.979i + 1.098j (N-m).

Equation (20.19) is


 0.979

1.098
0


 =


 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 dωx/dt

dωy/dt

dωz/dt


 .

Solving these equations, we obtain

α = dω/dt = 49.5i + 137.7j (rad/s2).
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Problem 20.37 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is ω = 100i − 4j + 6k (rad/s) and its
angular acceleration is zero. What are the components
of the total moment exerted on the object about its center
of mass?

y

x

600 mm

200 mm

Solution: Choose an x, y, z coordinate system with the origin
at O and the x axis parallel to the slender rod, as shown. From the
solution to Problem 20.92, the coordinates of the center of mass in the
x, y, z system are (0.5, 0, 0), and the inertia matrix about a parallel
coordinate system with origin at the center of mass is:

[I ]G =

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

Since the coordinate system is body fixed, � = ω, and Eq. (20.19)
reduces to



∑

MOx∑
MOy∑
MOz


=

 0 −6 −4

6 0 −100
4 100 0




 0.02 0 0

0 0.41 0
0 0 0.43




 100

−4
6


 ,



∑

MOx∑
MOy∑
MOz


 =


 0 −2.46 −1.72

0.12 0 −43
0.08 41 0




 100

−4
6




=

−0.48

−246
−156


 N-m,

M0 = −0.48i − 246j − 156k N-m.

y y'

x, x'
O

Problem 20.38 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. At t = 0, the composite
object is stationary and is subjected to the moment
�M = −10i + 10j (N-m) about its center of mass. No
other forces or couples act on the object. Determine the
object’s angular acceleration at t = 0.

Solution: From the solution to Problem 20.92, the inertia matrix
in terms of the parallel coordinate system with origin at the center of
mass is

[I ]G =

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

Since the coordinates are body-fixed and the object is stationary at
t = 0, � = ω = 0, and Eq. (20.19) reduces to:


−10

10
0


 =


 0.02 0 0

0 0.41 0
0 0 0.43




αx

αy

αz


 =


 0.02αx

0.41αy

0.43αz


 .

Solve: α = −500i + 24.4j (rad/s2).
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Problem 20.39 The vertical shaft supporting the dish
antenna is rotating with a constant angular velocity
of 1 rad/s. The angle θ = 30◦, dθ/dt = 20◦

/s2, and
d2θ/dt2 = −40◦

/s2. The mass of the antenna is 280 kg,
and its moments and products of inertia, in kg-m2,
are Ixx = 140, Iyy = Izz = 220, Ixy = Iyz = Izx = 0.
Determine the couple exerted on the antenna by its
support at A at the instant shown.

x

y

1 rad/s

0.8 m

θ

A

Solution: The reactions at the support arise from (a) the Euler
moments about the point A, and (b) the weight unbalance due to the
offset center of mass. The Euler Equations: Express the reactions in
the x, y, z system. The angular velocity in the x, y, z system

ω = i sin θ + j cos θ + (dθ/dt)k

= 0.5i + 0.866j + 0.3491k (rad/s).

The angular acceleration is

α = dω

dt
= (i cos θ − j sin θ)

dθ

dt
+ d2θ

dt2
k

= 0.3023i − 0.1745j − 0.6981k (rad/s2).

Since the coordinates are body fixed � = ω, and Eq. (20.13) is



∑

MOx∑
MOy∑
MOz


 =


 140 0 0

0 220 0
0 0 220




 0.302

−0.1745
−0.6981




+

 0 −0.3491 0.866

0.3491 0 −0.5
−0.866 0.5 0




×

 140 0 0

0 220 0
0 0 220




 0.5

0.866
0.3491


 .



∑

MOx∑
MOy∑
MOz


 =


 42.32

−38.39
−153.6


+

 0 −76.79 190.52

48.87 0 −110
−121.2 110 0




×

 0.5

0.866
0.3491




=

 42.32

−38.39
−153.6


+

 0

−13.96
34.64


 =


 42.32

−52.36
−118.9


 ,

M0 = 42.32i − 52.36j − 118.9k N-m

The unbalance exerted by the offset center of mass: The weight of the
antenna acting through the center of mass in the x, y, z system is

W = mg(−i sin θ − j cos θ) = −1373.4i − 2378.8j (N).

The vector distance to the center of mass is in the x, y, z system is
rG/O = 0.8i (m). The moment exerted by the weight is

MW = rG/O × W =

 i j k

0.8 0 0
−1373.4 −2378.8 0




= 1903.0k.

x

x

y

y

1 rad/s

0.8
m

θ

θ

A

A

mg

CBase

The couple exerted by the base:


Cx

Cy

Cz


 =



∑

Mx∑
My∑
Mz


−

 0

0
−1903.0




=

 42.32

−52.36
−118.9


+

 0

0
+1903.0


 =


 42.32

−52.36
1784.1


 (N-m),

CBase = 42.35i − 52.36j + 1784.1k (N-m)
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Problem 20.40 The 5-kg triangular plate is connected
to a ball-and-socket support at O. If the plate is released
from rest in the horizontal position, what are the com-
ponents of its angular acceleration at that instant?

y

x

O

0.6 m

0.9 m

Solution: From the appendix to Chapter 20 on moments of inertia,
the inertia matrix in terms of the reference frame shown is

[I ] =




m

A

(
1

12
bh3

)
−m

A

(
1

8
b2h2

)
0

−m

A

(
1

8
b2h2
)

m

A

(
1

4
hb3
)

0

0 0
m

A

(
1

12
bh3 + 1

4
hb3
)




=

 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325


 kg-m2.

The moment exerted by the weight about the fixed pt. 0 is

∑
m0 =

(
2

3
bi + 1

3
hj
)

× (−mgk)

= −9.81i + 29.43j (N-m).

F

y

x

b

mg

G

h

z

O

From Eq. (20.13) with ω = � = 0,


−9.81

29.43
0


 =


 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain α = 14.5 j (rad/s2).

Problem 20.41 If the 5-kg plate is released from rest
in the horizontal position, what force is exerted on it by
the ball-and-socket support at that instant?

Solution: See the solution of Problem 20.40. Let G denote the
center of mass and Let F be the force exerted by the support.

The acceleration of the center of mass is

aG = aO + α × rG/O + ω × (ω × rG/O)

= 0 +

∣∣∣∣∣∣∣∣
i j k
0 14.5 0
2

3
b

1

3
h 0

∣∣∣∣∣∣∣∣
+ 0

= −8.72 k (m/s2)

From Newton’s second law,

�F = maG: F − (5)(9.81)k = (5)(−8.72k),

we obtain F = 5.45k (N).

Problem 20.42 The 5-kg triangular plate is connected
to a ball-and-socket support at O. If the plate is released
in the horizontal position with angular velocity ω =
4i (rad/s), what are the components of its angular accel-
eration at that instant?

Solution: See the solution of Problem 20.40. From Eq. (20.13)
with ω = � = 4i (rad/s);


−9.81

29.43
0


 =


 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 dωx/dt

dωy/dt

dωz/dt




+

 0 0 0

0 0 −4
0 4 0




 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 4

0
0


 .

Solving, we obtain α = 14.53j + 4.65k (rad/s2).
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Problem 20.43 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each
with a mass of 5000 kg. The subassembly is not rotating
at t = 0, when a reaction control motor exerts a force
F = 400k (N) at B. What is the acceleration of point
A relative to the center of mass of the subassembly at
t = 0?

x

A B

y

20 m

20 m

Solution: Choose a x′, y′, z′ coordinate system with the origin at
A and the x′ axis parallel to the horizontal bar, and a parallel x, y, z

system with origin at the center of mass.

The Euler Equations: The center of mass in the x′, y′, z′ system has
the coordinates

xG = 10(5000) + 0(5000)

10000
= 5 m,

yG = 10(5000) + 0(5000)

10000
= 5 m,

zG = 0,

from which (dx, dy , dz) = (5, 5, 0) m.

From Appendix C, the moments and products of inertia of each bar
about A are

IA
xx = IA

yy = mL2

3
,

IA
zz = IA

xx + IA
yy = 2mL2

3

IA
xy = IA

xz = IA
yz = 0,

where m = 5000 kg, and L = 20 m. The moment of inertia matrix is

[IA] =

 0.6667 0 0

0 0.6667 0
0 0 1.333


 Mg-m2.

From the parallel axis theorem, Eq. (20.42), the moments and products
of inertia about the center of mass are:

Ixx = IA
xx − (d2

z + d2
y )(2 m) = 0.4167 Mg-m2,

Iyy = IA
yy − (d2

x + d2
z )(2 m) = 0.4167 Mg-m2,

Izz = IA
zz − (d2

x + d2
y )(2 m) = 0.8333 Mg-m2.

Ixy = IA
xy − dxdy(2 m) = −0.2500 Mg-m2,

from which the inertia matrix is

[I ] =

 0.4167 0.2500 0

0.2500 0.4167 0
0 0 0.8333


 Mg-m2.

The vector distance from the center of mass to the point B is

rB/G = (20 − 5)i + (0 − 5)j = 15i − 5j (m).

20 m

x

y

B

A 20 m

A
B

F

G

z
x

y
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The moment about the center of mass is

MG = rB/G × F =

 i j k

15 −5 0
0 0 400




= −2000i − 6000j (N-m).

The coordinates are body-fixed, and the object is initially stationary,
from which � = ω = 0, and Eq. (20.19) reduces to


−2000

−6000
0


 = [I ]

=

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105




αx

αy

αz


 .

Carry out the matrix multiplication to obtain:

4.167 × 105αx + 2.5 × 105αy = −2000,

2.5 × 105αx + 4.167 × 105αy = −6000,

and αz = 0. Solve: α = 0.006i − 0.018j (rad/s2).

Newton’s second law : The acceleration of the center of mass of the
object from Newton’s second law is

aG =
(

1

2 m

)
F = 0.04k (m/s2).

The acceleration of point A: The vector distance from the center of
mass to the point A is rA/G = −5i − 5j (m). The acceleration of
point A is

aA = aG + α × rA/G + ω × (ω × rA/G).

Since the object is initially stationary, ω = 0.

aA = aG + α × rA/G = 0.04k +

 i j k

0.006 −0.018 0
−5 −5 0




= −0.08k (m/s2), aA = −0.08k (m/s2)
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Problem 20.44 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each
with a mass of 5000 kg. If the subassembly is rotat-
ing about the x axis at a constant rate of 1 revolution
every 10 minutes, what is the magnitude of the couple
its reaction control system is exerting on it?

Solution: (See Figure in solution to Problem 20.100.) The angular
acceleration of the disk is given by

dω

dt
= d

dt
(ωd i + ωO j) + ωO × ωd = 0 +


 i j k

0 ωO 0
ωd 0 0




= −ωOωdk.

The velocity of point A relative to O is

aA/O = α × rA/O + ω × (ω × rA/O)

= (−ωOωd)(k × rA/O) + ω × (ω × rA/O).

Term by term:

−ωOωd(k × rA/O) = −ωOωd


 i j k

0 0 1
b R sin θ −R cos θ




= ωOωdR sin θ i − ωOωdbj,

ω × (ω × rA/O) = ω ×

 i j k

ωd ωO 0
b R sin θ −R cos θ




=

 i j k

ωd ωO 0
−RωO cos θ Rωd cos θ Rωd sin θ − bωO




= (Rωd sin θ − bωO)(ωoi − ωd j) + (R cos θ)(ω2
d + ω2

O)k.

Collecting terms:

aA/O = (2RωOωd sin θ − bω2
O)i − (Rω2

d sin θ)j

+ (Rω2
d cos θ + Rω2

O cos θ)k.

Problem 20.45 The thin circular disk of radius R =
0.2 m and mass m = 4 kg is rigidly attached to the ver-
tical shaft. The plane of the disk is slanted at an angle
β = 30◦ relative to the horizontal. The shaft rotates with
constant angular velocity ω0 = 25 rad/s. Determine the
magnitude of the couple exerted on the disk by the shaft.

β
R

ω0

Solution: In terms of the body-fixed reference frame shown, the
disk’s inertia matrix is

[I ]=



1
4 mR2 0 0

0 1
4 mR2 0

0 0 1
2 mR2


=

 0.04 0 0

0 0.04 0
0 0 0.08


 kg-m2.

The disk’s angular velocity is

ω = � = ω0 sin βj + ω0 cos βk

= 12.50j + 21.65k (rad/s).

From Eq. (20.19) with dωx/dt = dωy/dt = dωz/dt = 0,



∑

Mx∑
My∑
Mz


 =


 0 −21.65 12.5

21.65 0 0
−12.5 0 0




 0.04 0 0

0 0.04 0
0 0 0.08




×

 0

12.5
21.65


 =


 10.8

0
0


 N-m.

y

x

z

0ω

β

664

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.46 The slender bar of mass m = 8 kg and
length l = 1.2 m is welded to a horizontal shaft that
rotates with constant angular velocity ω0 = 25 rad/s. The
angle β = 30◦. Determine the magnitudes of the force F
and couple C exerted on the bar by the shaft. (Write the
equations of angular motion in terms of the body-fixed
coordinate system shown.)

x

y

2
l

ω 0 β

Solution: In terms of the body-fixed reference frame shown, the
inertia matrix is

[I ] =




0 0 0

0
1

12
ml2 0

0 0
1

12
ml2


 =


 0 0 0

0 0.96 0
0 0 0.96


 kg-m2.

The bar’s angular velocity is

ω = ω0 cos βi − ω0 sin βj

= 21.65i − 12.50j (rad/s).

The acceleration of the center of mass is zero, so the force F must
be equal and opposite to the force exerted by the bar’s weight. There-
fore |F| = mg = 78.5 N. From Eq. (20.19) with dωx/dt = dωy/dt =
dωz/dt = 0,


Cx

Cy

Cz


 =


 0 0 −12.5

0 0 −21.65
12.5 21.65 0




×

 0 0 0

0 0.96 0
0 0 0.96




 21.65

−12.5
0




=

 0

0
−260


 N-m

We see that |C| = 260 N-m.

ω

C

y
F

x

0

β
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Problem 20.47 The slender bar of mass m = 8 kg and
length l = 1.2 m is welded to a horizontal shaft that
rotates with constant angular velocity ω0 = 25 rad/s. The
angle β = 30◦. Determine the magnitudes of the force F
and couple C exerted on the bar by the shaft. (Write the
equations of angular motion in terms of the body-fixed
coordinate system shown. See Problem 20.98.) 2

l

ω0 β

x

y

Solution: Let ρ be the bar’s density and A its cross-sectional area.
The mass dm is dm = ρA ds. The bar’s moment of inertia about the
x axis is

Ixx =
∫

m

y2dm =
∫ l/2

−l/2
(s sin β)2ρA ds

= ρA sin2 β

[
53

3

] l
2

− l
2

= 1

12
ρA l3 sin2 β

= 1

12
ml2 sin2 β.

The moment of inertia about the y axis is

Iyy =
∫

m

x2 dm =
∫ l/2

−l/2
(s cos β)2ρAds

= 1

12
ml2 cos2 β,

and the product of inertia Ixy is

Ixy =
∫

m

xy dm =
∫ l/2

−l/2
(s2 sin β cos β)ρA ds

= 1

12
ml2 sin β cos β.

The inertia matrix is

[I ] = 1

12
ml2


 sin2 β − sin β cos β 0

− sin β cos β cos2 β 0
0 0 1




=

 0.240 −0.416 0

−0.416 0.720 0
0 0 0.960


 kg-m2.

The bar’s angular velocity is ω = ω0i. The acceleration of the center
of mass is zero, so the force F must be equal and opposite to the
force exerted by the bar’s weight. Therefore |F| = mg = 78.5 N. From
Eq. (20.19) with dωx/dt = dωy/dt = dωz/dt = 0,


Cx

Cy

Cz


 =


 0 0 0

0 0 −25
0 25 0




 0.240 −0.416 0

−0.416 0.720 0
0 0 0.960




 25

0
0




=

 0

0
−260


 N-m.

We see that |C| = 260 N-m.

β

C

F

y

s

ds

dm

x
0ω
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Problem 20.48 The slender bar of length l and mass
m is pinned to the vertical shaft at O. The vertical shaft
rotates with a constant angular velocity ω0. Show that the
value of ω0 necessary for the bar to remain at a constant
angle β relative to the vertical is ω0 = √

3g/2l cos β.

β

l

0
ω

OSolution: This is motion about a fixed point so Eq. (20.13) is
applicable. Choose a body-fixed x, y, z coordinate system with the
origin at O, the positive x axis parallel to the slender bar, and z axis
out of the page. The angular velocity of the vertical shaft is

� = ω0(−i cos β + j sin β).

The vector from O to the center of mass of the bar is rG/O = (L/2)i.
The weight is

W = mg(i cos β − j sin β).

The moment about the point O is

MG = rG/O × W =




i j k
L

2
0 0

mg cos β −mg sin β 0




=
(

−mgL

2
sin β

)
k

The moments and products of inertia about O in the x, y, z system
are

Ixx = 0,

Iyy = Izz = mL2/3,

Ixy = Ixz = Iyz = 0.

The body-fixed coordinate system rotates with angular velocity

� = ω = ω0(−i cos β + j sin β).

Eq. (20.13) reduces to


MOx

MOy

MOz


 =


 0 0 ω0 sin β

0 0 ω0 cos β

−ω0 sin β −ω0 cos β 0




×




0 0 0

0
mL2

3
0

0 0
mL2

3




−ω0 cos β

ω0 sin β

0


 .

Carry out the matrix multiplication,


MOx

MOy

MOz


 =




0 0
ω0mL2 sin β

3

0 0
ω0mL2 cos β

3

0 −ω0mL2 cos β

3
0




−ω0 cos β

ω0 sin β

0




=




0
0

−ω2
0mL2 cos β sin β

3


 .

0ω

β

L

β

mg

F O

Equate the z components:

MOz = −ω2
0mL2 cos β sin β

3
.

The pin-supported joint at O cannot support a couple, C = 0, from
which

MO = MG. − mgL

2
sin β = −ω2

0mL2 cos β sin β

3

Assume that β �= 0, from which sin β �= 0, and the equation can be
solved for

ω0 =
√

3g

2l cos β
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Problem 20.49 The vertical shaft rotates with constant
angular velocity ω0. The 35◦ angle between the edge of
the 44.5 N thin rectangular plate pinned to the shaft and
the shaft remains constant. Determine ω0.

ω

35°

0

0.61 m

0.31 m

Solution: This is motion about a fixed point, and Eq. (20.13) is
applicable. Choose an x, y, z coordinate system with the origin at the
pinned joint O and the x axis parallel to the lower edge of the plate,
and the y axis parallel to the upper narrow edge of the plate. Denote
β = 35◦. The plate rotates with angular velocity

ω = ω0(−i cos β + j sin β) = ω0(−0.8192i + 0.5736j) (rad/s).

The vector from the pin joint to the center of mass of the plate is

rG/O = i + (0. )j (m)0.31 .

The weight of the plate is

W = (i cos β − j sin β)

= i − . j (N).

The moment about the center of mass is

MG = rG/O × W =

 i j k

. 0
. − .




= − .

From Appendix C, the moments and products of inertia of a thin plate
about O are

Ixx = mh2

3
= 0.14 kg-m2,

Iyy = mb2

3
= 0.

Izz = m

3
(h2 + b2) = 0. 2,

Ixy = mbh

4
= 0. 2,

Ixz = Iyz = 0.

At a constant rate of rotation, the angle β = 35◦ = const, α = 0. The
body-fixed coordinate system rotates with angular velocity

� = ω = ω0(−i cos β + j sin β)

= − ω0i + . ω0j (rad/s),

and Eq. (20.13) reduces to:


MOx

MOy

MOz


 = ω2

0


 0 0 2.

0 0 3.

− . − .




×

 0.14 −0.

−0. .

0 0 0.




− .

.

0


 .

35°

y

x

44.5 N

Carry out the matrix operations to obtain:


MOx

MOy

MOz


 = ω2

0


 0

0
−0.




The pin support cannot support a couple, from which

MOz = MGz, − . = −ω 2
0 (0. ),

from which ω0 = 7.025 rad/s
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44.5

36.4 25 5

0.31 0 152
36 4 25 5 0

13.33 N-m

56 kg-m2,

7 kg-m

21 kg-m

3.64 2 55

2 55 3 64 0

55
64

21 0
21 0
56 0

7

3 64
2 55

27

13 33 27
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Problem 20.50 The radius of the 100 N thin circular
disk is R =
shaft and rotates with constant angular velocity ωd =
10 rad/s relative to the shaft. The horizontal shaft is 1 m
in length. The vertical shaft rotates with constant angular
velocity ω0 = 4 rad/s. Determine the force and couple
exerted at the center of the disk by the horizontal shaft.

R
x

y

z

vd

v0

Solution: Using Newton’s Second Law

F − mgj = ma = −mrω0
2k

F = ( )j −
(

. 2

)
( )(4 rad/s)2k

F = ( j − 163k) .

In preparation to use Euler’s Equations we have

ω = ω0j + ωdk = (4j + 10k) rad/s

α = ω0j × ωdk = (40 rad/s2)i

[I ] =



1
4 mR2 0 0

0 1
4 mR2 0

0 0 1
2 mR2


 =


 0. 0 0

0 0.

0 0 1.


 2

Euler’s Equations are now

M = [I ]α + ω × [I ]ω

M =

 0.

0 0.

0 0 1.






40
0
0




+

 0 −10 4

10 0 0
−4 0 0




 0.

0 0.

0 0 1.






0
4
10




M = . i - .
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0.5 m. The disk is mounted on the horizontal

100

100 N
100 N

9 81 m/s
1 m

N

637
637 0

274
kg-m

637 0 0
637 0

274

637 0 0
637 0

274
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Problem 20.51 The object shown in Fig. a consists of
two 1-kg vertical slender bars welded to the 4-kg hor-
izontal slender bar. In Fig. b, the object is supported
by bearings at A and B. The horizontal circular disk
is supported by a vertical shaft that rotates with con-
stant angular velocity ω0 = 6 rad/s. The horizontal bar
rotates with constant angular velocity ω = 10 rad/s. At
the instant shown, determine the y and z components of
the forces exerted on the object at A and B.

y

x 

A

Bz

v

v0

(b)

(a)

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution: The nonzero inertias are

Ixx = 2
1

3
(1 kg)(0.1 m)2 = 0.00667 kg-m2,

Iyy = 1

12
(4 kg)(0.4 m)2 + 2(1 kg)(0.1 m)2 = 0.0733 kg-m2,

Izz = Ixx + Iyy = 0.08 kg-m2,

Ixy = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-m2.

Newton’s Second Law gives (the acceleration of the center of mass is
zero).

�Fy : Ay + By − (6 kg)(9.81 m/s2) = 0,

�Fz : Az + Bz = 0.

The angular velocity and angular acceleration are

ω = (10i + 6j) rad/s

α = 6j × 10i = −60k rad/s2.

The moment about the center of mass is

Mx = 0,

My = Bz(0.2 m) − Az(0.2 m),

Mz = By(0.2 m) − Ay(0.2 m).

Euler’s equations are now


0
Bz − Az

By − Ay


 (0.2)

=

 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08






0
0

−60




+

 0 6 0

−6 0 10
0 −10 0




 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08






10
6
0




Solving Euler’s equations along with Newton’s Second Law we find

Ay = 33.0 N, Az = 0, By = 25.8 N, Bz = 0.
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Problem 20.52 The 44.5 N thin circular disk is rigidly
attached to the 53.4 N slender horizontal shaft . The disk
and horizontal shaft rotate about the axis of the shaft
with constant angular velocity ωd = 20 rad/s. The entire
assembly rotates about the vertical axis with constant
angular velocity ω0 = 4 rad/s. Determine the compo-
nents of the force and couple exerted on the horizontal
shaft by the disk.

x

y
Az

Ax

Bx

Ay

By

ω0

ωd

z

305 mm

45
7.

2 
m

m

Solution: The shaft is L = = . mass
of the disk is

mD =
.

= . .

The reaction of the shaft to the disk : The moments and products of
inertia of the disk are:

Ixx = Iyy = mDR2

4
= 0. 2,

Izz = mDR2

2
= 0. 2

Ixy = Ixz = Iyz = 0.

The rotation rate is constant,

α = dω

dt
= 0.

The body-fixed coordinate system rotates with angular velocity � =
ω0j (rad/s), and ω = ω0j + ωdk (rad/s). Eq. (20.19) reduces to:


Mdx

Mdy

Mdz


 = ωd


 0 0 1

0 0 0
−1 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz




 0

ω0

ωd




= ω0ωd


 Izz

0
0


 .

The total moment exerted by the disk is

Md = ω0ωd

mdR2

2
i = 16. i (N-m).

The reaction on the shaft by the disk is

Ms = −Md = −16. i

The reaction of the shaft to the acceleration of the disk : The attachment
point of the column to the shaft has the coordinates (0, 0, −

which the vector distance from the attachment point to the disk
is rD/P = k . The acceleration of the disk is

aD = aP + α × rD/P + � × (� × rP/D) = � × (� × rP/D)

aD = � ×

 i j k

0 ω0 0
0 0 3


 =


 i j k

0 ω0

ω0 0 0




= − ω2
0k = − k ( 2).

x

y

z

Fdisk

Md

–mdg j

From Newton’s second law,

mdaD = Fdisk + W = Fdisk − Wd j,

from which the external force on the disk is:

Fdisk = m gd j − m ωd
2
0k = j − . k (N).

The external force on the shaft is

Fshaft = −Fdisk = − j + . k (N)

671

3(0.457) 1 37 m long. The

44.5
9 81

4 54 kg

105 kg-m

211 kg-m

85

85 N-m

0.91)m,
from

0.91 m

0.91

0.91 14.6 m/s

45
7.

2 
m

m

45
7.

2 
m

m

0.91 44.5 66 4

44.5 66 4
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Problem 20.53 The Hubble telescope is rotating about
its longitudinal axis with constant angular velocity ω0.
The coordinate system is fixed with respect to the solar
panel. Relative to the telescope, the solar panel rotates
about the x axis with constant angular velocity ωx .
Assume that the moments of inertia Ixx , Iyy , and Izz are
known, and Ixy = Iyz = Izx = 0. Show that the moment
about the x axis the servomechanisms must exert on the
solar panel is

�Mx = (Izz − Iyy)ω
2
0 sin θ cos θ.

ωO

x

Solar 
panel

z

y

Ωx

u

Solution: We have

ω = ωx i + ω0(sin θj + cos θk)

α = dω

dt
= 0i +

(
ω0 cos θ

dθ

dt

)
j −
(

ω0 sin θ
dθ

dt

)
k

α = ω0ωx cos θj − ω0ωx sin θk

Thus


Mx

My

Mz


 =


 Ixx 0 0

0 Iyy 0
0 0 Izz






0
ω0ωx cos θ

−ω0ωx sin θ




+

 0 −ω0 cos θ ω0 sin θ

ω0 cos θ 0 ωx

−ω0 sin θ −ωx 0




×

 Ixx 0 0

0 Iyy 0
0 0 Izz






ωx

ω0 sin θ

ω0 cos θ




Solving we find

Mx = (Izz − Iyy)ω0
2 sin θ cos θ

672

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.54 The thin rectangular plate is attached
to the rectangular frame by pins. The frame rotates with
constant angular velocity ω0. Show that

d2β

dt2
= −ω2

0 sin β cos β.

x

ω0

z
β

y
h

b

Solution: Assume that the only external moment applied to the
object is the moment required to maintain a constant rotation ω0 about
the axis of rotation. Denote this moment by M0. In the x, y, z system
M0 = M0(−i sin β + k cos β), from which

Mx = −M0 sin β,

My = 0,

Mz = M0 cos β.

From Appendix C, in the x, y, z system the moments and products of
inertia of the plate are

Ixx = mh2

12
,

Iyy = mb2

12
,

Izz = m

12
(h2 + b2),

Ixy = Ixz = Iyz = 0.

The plate is attached to the frame by pins, so the assumption is that
the plate is free to rotate about the y-axis. The body-fixed coordinate
system rotates with angular velocity

� = ω = −iω0 sin β + j
(

dβ

dt

)
+ kω0 cos β (rad/s),

where
dβ

dt
is the angular velocity about the y-axis. For ω0 = const.

for all time, the derivative

dω0

dt
= 0,

and the acceleration is

α = −iω0 cos β

(
dβ

dt

)
+ j
(

d2β

dt2

)
− kω0 sin β

(
dβ

dt

)
.

Eq. (20.19) becomes


−M0 sin β

0
M0 cos β


 =


 Ixx 0 0

0 Iyy 0
0 0 Izz




αx

αy

αz




+




0 −ω0 cos β
dβ

dt
ω0 cos β 0 ω0 sin β

− dβ

dt
−ω0 sin β 0




×

 Ixx 0 0

0 Iyy 0
0 0 Izz






−ω0 sin β

dβ

dt
ω0 cos β





−M0 sin β

0
M0 cos β


 =


 Ixxαx

Iyyαy

Izzαz




+




0 −ω0Iyy cos β Izz

dβ

dt
ω0Ixx cos β 0 ω0Izz sin β

−Ixx

dβ

dt
−ω0Iyy sin β 0




×




−ω0 sin β

dβ

dt
ω0 cos β


 ,


−M0 sin β

0
M0 cos β


 =




−ω0Ixx cos β

(
dβ

dt

)

Iyy

(
dβ

dt

)

−ω0Izz sin β

(
dβ

dt

)




+




ω0Ixx cos β

(
dβ

dt

)
ω2

0Iyy cos β sin β

ω0(Ixx − Iyy) sin β

(
dβ

dt

)



=




0
Iyyαy + ω2

0Iyy cos β sin β

−2ω0Iyy sin β

(
dβ

dt

)



where Izz = Ixx + Iyy has been used. The y-component is

Iyyαy + ω2
0Iyy cos β sin β = 0,

from which d2β

dt2
= −ω2

0 cos β sin β .
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Problem 20.55* The axis of the right circular cone of
mass m, height h, and radius R spins about the vertical
axis with constant angular velocity ω0. The center of
mass of the cone is stationary, and its base rolls on the
floor. Show that the angular velocity necessary for this
motion is ω0 = √

10g/3R. (See Example 20.6.)

Strategy: Let the z axis remain aligned with the axis
of the cone and the x remain vertical.

z

x

R

h

ω0

Solution: This a problem of general motion, and Eq. (20.19)
applies. The vector distance from the center of mass to the base of
the cone is

rB/G = h

4
k

(see Appendix C). The angular velocity of rotation of the body fixed
coordinate system is � = ω0i. The velocity of the center of the base is

vB = � × rB/G =




i j k
ω0 0 0

0 0
h

4


 = −ω0h

4
j.

Let the spin rate about the z axis be φ̇, so that the angular velocity,
from which ω = � + φ̇k. The point of contact with the surface is
stationary, and the velocity of the center of the base of the cone is

v = −ω0h

4
j,

from which 0 = v + ω × (−Ri) =
(

−ω0h

4
− Rφ̇

)
j = 0,

from which φ̇ = −ω0h

4R
.

The center of mass of the cone is at a zero distance from the axis of
rotation, from which the acceleration of the center of mass is zero.
The angular velocity about the z-axis,

ω = ω0i − ω0h

4R
k (rad/s).

The weight of the cone is W = −mgi. The reaction of the floor on
the cone is N = −W. The moment about the center of mass exerted
by the weight is

MG = rB/G × N =




i j k

0 0
h

4
mg 0 0


 = +

(
mgh

4

)
j.

The moments and products of inertia of a cone about its center of mass
in the x, y, z system are, from Appendix C,

Ixx = Iyy = m

(
3

80
h2 + 3

20
R2
)

,

Izz = 3mR2

10
, Ixy = Ixz = Iyz = 0.

x

z
W

h N

0ω

3h
4

Since the rotation rate is constant, and the z axis remains horizontal,
the angular acceleration is zero,

dω0

dt
= 0.

The body-fixed coordinate system rotates with angular velocity � =
ω0i, and

ω = ω0i − hω0

4R
k.

Eq. (9.26) becomes:


MGx

MGy

MGz


 = ω2

0


 0 0 0

0 0 −1
0 1 0




 Ixx 0 0

0 Iyy 0
0 0 Izz






1
0

− h

4R




= ω2
0




0
hIzz

4R
0


 .

For equilibrium, MOy = MGy , from which

mgh

4
= 3mhR

40
ω2

0 .

Solve ω0 =
√

10 g

3R
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Problem 20.56 The titled homogeneous cone under-
goes a steady motion in which its flat end rolls on the
floor while the center of mass remains stationary. The
angle β between the axis and the horizontal remains con-
stant, and the axis rotates about the vertical axis with
constant angular velocity ω0. The cone has mass m,
radius R, and height h. Show that the angular velocity
ω0 necessary for this motion satisfies (see Example 20.6)

ω0
2 = g(R sin β − 1

4h cos β)

3
20 (R2 + 1

4h2) sin β cos β − 3
40hR cos2 β

(See Example 20.6.)

h

R

v0

b

Solution: Following Example 20.6, we use a coordinate system
with the z axis pointing along the cone axis, the y axis remains hori-
zontal (out of the paper) and the x axis completes the set

� = ω0 cos βi + ω0 sin βk

ω = � + ωrelk = ω0 cos βi + (ω0 sin β + ωrel)k

The point P of the cone that is in contact with the ground does not
move, therefore

vP = vC + ω × rP/C

0 = 0 + [ω0 cos βi + (ω0 sin β + ωrel)k] × [−Ri − 1
4 hk]

= [ 1
4 hω0 cos β − R(ω0 sin β + ωrel)]j.

Solving yields

ωrel =
[

h

4R
cos β − sin β

]
ω0, ω = ω0 cos βi + h

4R
ω0 cos βk.

Since the center of mass is stationary, the floor exerts no horizontal
force, and the vertical force is equal to the weight (N = mg). The
moment about the center of mass due to the normal force is

M = mg(R sin β − 1
4 h cos β)j

The moments and products of inertia for the cone are

[I ] =



3
20 mR2 + 3

80 mh2 0 0

0 3
20 mR2 + 3

80 mh2 0

0 0 3
10 mR2




Substituting these expressions into Eq. (20.19), and evaluating the
matrix products, we obtain

mg(R sin β − 1
4 h cos β) = [( 3

80 h2 + 3
20 R2) cos β sin β

− 3
40 hR cos2 β]mω0

2

Solving, we find that

ω0
2 = g(R sin β − 1

4 h cos β)

3
20 (R2 + 1

4 h2) sin β cos β − 3
40 hR cos2 β

.
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Problem 20.57 The two thin disks are rigidly con-
nected by a slender bar. The radius of the large disk
is 200 mm and its mass is 4 kg. The radius of the small
disk is 100 mm and its mass is 1 kg. The bar is 400 mm
in length and its mass is negligible. The composite object
undergoes a steady motion in which it spins about the
vertical y axis through its center of mass with angular
velocity ω0. The bar is horizontal during this motion and
the large disk rolls on the floor. What is ω0?

v0

x

z

y

Solution: The z axis remains aligned with the bar and the y axis
remains vertical.

The center of mass (measured from the large disk) is located a distance

d = (1 kg)(0.4 m)

(5 kg)
= 0.08 m

The inertias are

Izz = 1

2
(4 kg)(0.2 m)2 + 1

2
(1 kg)(0.1 m)2 = 0.085 kg-m2

Ixx = Iyy = 1

4
(4 kg)(0.2 m)2 + (4 kg)(0.08 m2)

+ 1

4
(1 kg)(0.1 m)2 + (1 kg)(0.32 m)2 = 0.1705 kg-m2

Ixy = Ixz = Iyz = 0

The angular velocity of the coordinate system is � = ω0j

Define ωz to be the rate of rotation of the object about the z axis. Thus
ω = ω0j + ωzk

To find ωz, require that the velocity of the point in contact with the
floor be zero

vP = ω × r = (ω0j + ωzk) × (−0.08k − 0.2j) m

= [(0.2 m)ωz − (0.08 m)ω0]i = 0 ⇒ ωz = 0.4ω0

Since the center of mass does not move, the normal force on the
contact point is equal to the weight. Therefore the moment about the
center o mass is given by

M = [(−0.2 m)j − (0.08 m)k] × [(5 kg)(9.81 m/s2)j] = (3.924 N)i

Equation 20.19 now gives (dωx/dt = dωy/dt = dωz/dt = 0)


3.924 N
0
0


 =


 0 0 ω0

0 0 0
−ω0 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz






0
ω0

0.4ω0




Putting in the values and solving we find

ω0 = 10.7 rad/s
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Problem 20.58 The view of an airplane’s landing gear
as seen looking from behind the airplane is shown in
Fig. (a). The radius of the wheel is 300 mm, and its
moment of inertia is 2 kg-m2. The airplane takes off at
30 m/s. After takeoff, the landing gear retracts by rotat-
ing toward the right side of the airplane, as shown in
Fig. (b). Determine the magnitude of the couple exerted
by the wheel on its support. (Neglect the airplane’s angu-
lar motion.)

(a)

300 
mm

45 deg/s

(b)

Solution: Choose a coordinate system with the origin at the center
of mass of the wheel and the z axis aligned with the carriage, as shown.
Assume that the angular velocities are constant, so that the angular
accelerations are zero. The moments and products of inertia of the
wheel are Ixx = mR2/2 = 2 kg-m2, from which m = 44.44 kg.

Iyy = Izz = mR2/4 = 1 kg-m2.

The angular velocities are

� = −(45(π/180))j = −0.7853j rad/s.

ω = −
( v

R

)
i + � = −

(
30

0.3

)
i − 0.7853j = −100i − 0.7853j.

Eq. (20.19) becomes


Mx

My

Mz


 =


 0 0 �y

0 0 0
−�y 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz




ωx

ωy

0




=

 0

0
−�yωxIxx


 ,

from which M0 = −�yωxIxxk. Substitute:

|M| = (0.7854)(100)2 = 157 N-m

45 deg/s

z

x
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Problem 20.59 If the rider turns to his left, will the
couple exerted on the motorcycle by its wheels tend to
cause the motorcycle to lean toward the rider’s left side
or his right side?

Solution: Choose a coordinate system as shown in the front view,
with y positive into the paper. The Eqs. (20.19) in condensed notation
are

∑
M = dH

dt
+ � × H.

For
dH
dt

= 0,

∑
M = � × H.

If the rider turns to his left, the angular velocity is � = +�k rad/s.
The angular momentum is H = Hx i + Hzk, where Hx > 0. The cross
product

� × H =

 i j k

0 0 +�

Hx 0 Hz


 = +�Hx j.

For a left turn the moment about y is positive, causing the cycle to
lean to the left.

Z

X

0ω

Ω
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Problem 20.60* By substituting the components of
HO from Eqs. (20.9) into the equation

�MO = dHOx

dt
i + dHOy

dt
j + dHOz

dt
k + |�| × HO

derive Eqs. (20.12).

Solution:

∑
M0 = dHOx

dt
i + dHOy

dt
j + dHOz

dt
k

+
∣∣∣∣∣∣

i j k
�x �y �z

HOx HOy HOz

∣∣∣∣∣∣ .

The components of this equation are

∑
MOx = dHOx

dt
+ �yHOz − �zHOy,

∑
MOy = dHOy

dt
− �xHOz + �zHOx,

∑
MOz = dHOz

dt
+ �xHOy − �yHOx.

Substituting Eqs. (20.9) and assuming that the moments and products
of inertia are constants, we obtain Eqs. (20.12):

∑
MOx = Ixx

dωx

dt
− Ixy

dωy

dt
− Ixz

dωz

dt

+ �y(−Izxωx − Izyωy + Izzωz)

− �z(−Iyxωx + Iyyωy − Iyzωz),

∑
MOy = −Iyx

dωx

dt
+ Iyy

dωy

dt
− Iyz

dωz

dt

− �x(−Izxωx − Izyωy + Izzωz)

+ �z(Ixxωx − Ixyωy − Ixzωz),

∑
MOz = −Izx

dωx

dt
− Izy

dωy

dt
+ Izz

dωz

dt

+ �x(−Iyxωx + Iyyωy − Iyzωz)

− �y(Ixxωx − Ixyωy − Ixzωz).
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Problem 20.61 A ship has a turbine engine. The spin
axis of the axisymmetric turbine is horizontal and
aligned with the ship’s longitudinal axis. The turbine
rotates at 10,000 rpm. Its moment of inertia about its
spin axis is 1000 kg-m2. If the ship turns at a constant
rate of 20 degrees per minute, what is the magnitude of
the moment exerted on the ship by the turbine?

Strategy: Treat the turbine’s motion as steady
precession with nutation angle θ = 90◦.

Solution: Choose a coordinate system with the z axis parallel to
the axis of the turbine, and y positive upward. From Eq. (20.29),

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ,

where Ixx = 1
2 Izz = 500 kg-m2

ψ̇ = 20
( π

180

)( 1

60

)
= 0.005818 (rad/s),

φ̇ = 10000(2π/60) = 1047.2 rad/s,

θ = 90◦
.

Mx = 6092 N-m

(top view
of turbine)

ψ = 20°/min

φ = 10,000 rpm

z

x

Problem 20.62 The center of the car’s wheel A travels
in a circular path aboutO at 24.1km/h.The wheel’s radius
is 0.31 m , and the moment of inertia of the wheel about
its axis of rotation is 1.08 kg-m . What is the magnitude2

of the total external moment about the wheel’s center of
mass?

Strategy: Treat the wheel’s motion as steady preces-
sion with nutation angle θ = 90◦.

 

O

A

5.5 m

Solution: From Eq. (20.29)

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ,

where the spin is

φ̇ = v

R
=
( )

= 1.222 rad/s

the precession rate is

ψ̇ = v

Rw

= = 22 rad/s,

and the nutation angle is θ = 90◦. Using Ixx = 1
2 Izz = 0. 2

from which Mx = 29.2

ψ
φ

x

z
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+24.1 1000

+5.5 3600

6.7

0.31

542 kg-m ,
N-m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.63 The radius of the 5-kg disk is R =
0.2 m. The disk is pinned to the horizontal shaft and
rotates with constant angular velocity ωd = 6 rad/s rela-
tive to the shaft. The vertical shaft rotates with constant
angular velocity ω0 = 2 rad/s. By treating the motion of
the disk as steady precession, determine the magnitude
of the couple exerted on the disk by the horizontal shaft.

R

vd

v0

Solution: In Problem 20.50 a thin circular disk of mass m is
mounted on a horizontal shaft and rotates relative to the shaft with
constant angular velocity ωd . The horizontal shaft is rigidly attached
to the vertical shaft rotating with constant angular velocity ω0. The
magnitude of the couple exerted on the disk by the horizontal shaft is
to be determined. The nutation angle is θ = 90◦. The precession rate
is ψ̇ = ω0, and the spin rate is φ̇ = ωd . The moments and products of
inertia of the disk:

Ixx = Izz = mR2

2
,

Iyy = mR2

4
,

Ixy = Ixz = Iyz = 0.

Eq. (20.29) is

My = (Ixx − Iyy)ψ̇2 sin θ cos θ + Ixxψ̇φ̇ sin θ,

from which

My = mR2

2
ω0ωd = 1.2 N-m.

Problem 20.64 The helicopter is stationary. The z axis
of the body-fixed coordinate system points downward
and is coincident with the axis of the helicopter’s rotor.
The moment of inertia of the rotor about the z axis
is 8600 kg-m2. Its angular velocity is −258k (rpm). If
the helicopter begins a pitch maneuver during which its
angular velocity is 0.02j (rad/s), what is the magnitude
of the gyroscopic moment exerted on the helicopter by
the rotor? Does the moment tend to cause the helicopter
to roll about the x axis in the clockwise direction (as seen
in the photograph) or the counterclockwise direction?

y

x

z

Solution: The spin rate is φ̇ = −258 rpm = −27.0 rad/s.

The pitch rate is ψ̇ = 0.02 rad/s.

In eq. 20.29, the moment exerted on the rotor is

M =Izzφ̇ψ̇ = (8600 kg-m2)(−27.0 rad/s)(0.02 rad/s) = −4650 N-m

The motor exerts a moment on the helicopter in the opposite direction
which tends to roll the helicopter in the counterclockwise direction.
Answer: M = 4650 N-m counterclockwise
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Problem 20.65 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity ω0. The disk of mass m and radius R is pinned to
the bent bar and rotates with constant angular velocity
ωd relative to the bar. Determine the magnitudes of the
force and couple exerted on the disk by the bar.

b

h

0

β
ω

dω

R

Solution:

(a) The center of mass of the disk moves in a horizontal circular path
of radius h + b cos β with angular velocity ω0. The acceleration
normal to the circular path is aN = ω2

0(h + b cos β), so the bar
exerts a horizontal force of magnitude maN = mω2

0(h + b cos β).
The bar also exerts on upward force equal to the weight of the
disk, so the magnitude of the total force is

√
(maN)2 + (mg)2 = m

√
ω4

0(h + b cos β)2 + g2.

(b) By orienting a coordinate system as shown, with the z axis nor-
mal to the disk and the x axis horizontal, the disk is in steady
precession with precession rate ψ̇ = ω0, spin rate φ̇ = ωd , and
nutation angle

θ = π

2
− β.

The plate’s moments of inertia are

Ixx = Iyy = 1
4 mR2,

Izz = 1

2
mR2.

From Equation (20.29), the magnitude of the moment is

(Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ

= 1

4
mR2ω2

0 sin
(π

2
− β
)

cos
(π

2
− β
)

+ 1

2
mR2ωdω0 sin

(π

2
− β
)

= R2ω0m

(
1

4
ω0 cos β sin β + 1

2
ωd cos β

)

Problem 20.66 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity ω0. The disk of mass m and radius R is pinned to the
bent bar and rotates with constant angular velocity ωd
relative to the bar. Determine the value of ωd for which
no couple is exerted on the disk by the bar.

Solution: From the result for the magnitude of the moment in
the solution of Problem 20.65 the moment equals zero if 1

4 ω0 sin β +
1
2 ωd = 0, so ωd = − 1

2 ω0 sin β.
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Problem 20.67 A thin circular disk undergoes
moment-free steady precession. The z axis is perpen-
dicular to the disk. Show that the disk’s precession rate
is ψ = −2φ/ cos θ . (Notice that when the nutation angle
is small, the precession rate is approximately two times
the spin rate.)

Y

Z

X

y

x

z

ψ

φ

θ

Solution: Moment free steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the precession
rate, φ̇ is the spin rate, and θ is the nutation angle. For a thin circular
disk, the moments and products of inertia are

Ixx = Iyy = mR2

4
,

Izz = mR2

2
,

Ixy = Ixz = Iyz = 0.

Substitute:

mR2
(

1

2
− 1

4

)
ψ̇ cos θ +

(
mR2

2

)
φ̇ = 0.

Reduce, to obtain

ψ̇ = − 2φ̇

cos θ
.

When the nutation angle is small, θ → 0, cos θ → 1, and ψ̇ ∼= −2φ̇.

Problem 20.68 The rocket is in moment-free steady
precession with nutation angle θ = 40◦ and spin rate
φ̇ = 4 revolutions per second. Its moments of inertia are
Ixx = 10,000 kg-m2 and Izz = 2000 kg-m2. What is the
rocket’s precession rate ψ̇ in revolutions per second?

z

X

x

Y

y

Z

φ

θ

ψ

Solution: Moment-free steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the precession
rate, φ̇ is the spin rate, and θ is the nutation angle. Solve for the
precession rate:

ψ̇ = Izzφ̇

(Ixx − Izz) cos θ
= 1.31 rev/s.
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Problem 20.69 Sketch the body and space cones for
the motion of the rocket in Problem 20.68.

Solution: The angle θ = 40◦. The angle β defined by

β = tan−1
[(

Izz

Ixx

)
tan θ

]
= 9.53◦

satisfies the condition β < θ . The body cone with an axis along the
z axis, rolls on a space cone with axis on the Z axis. The result is
shown.

X

Body
cone

Space cone

Y

x

z

Z

ψ

β

θ

φ

Problem 20.70 The top is in steady precession with
nutation angle θ = 15◦ and precession rate ψ̇ = 1
revolution per second. The mass of the top is

and its
moments of inertia are Ixx = × 10−6 2 and
Izz = × 10 −6 2. What is the spin rate φ of the
top in revolutions per second?

Y

Z

X

y

x

z

ψ

φ

θ

Solution: The steady precession is not moment-free, since the
weight of the top exerts a moment

Mx = θ.

The motion of a spinning top is described by Eq. (20.32),

mgh = (Izz − Ixx)ψ̇2 cos θ + Izzψ̇φ̇,

where ψ̇ is the rate of precession, φ̇ is the spin rate, and θ is the
nutation angle and

h =

is the distance from the point to the center of mass. Solve:

φ̇ = − (Izz − Ixx)ψ̇2 cos θ

Izzψ̇
.

Substitute numerical values (using ψ̇ = 2π rad/s for dimensional con-
sistency) to obtain φ̇ = 182.8 rad/s, from which φ̇ = 29.1 rev/s.

mg

z

sin   θ

θ

25.4 mm

684

0.012 kg,
its center of mass is 25.4 mm from the point ,

8.13 kg-m
2.71 kg-m

0.0254 mg sin

0.0254 m

0.0254 mg

25.4 mm
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Problem 20.71 Suppose that the top described in
Problem 20.70 has a spin rate φ̇ = 15 revolutions per
second. Draw a graph of the precession rate (in revolu-
tions per second) as a function of the nutation angle θ
for values of θ from zero to 45◦.

Solution: The behavior of the top is described in Eq. (20.32),

mgh = (Ixx − Iyy)ψ̇2 cos θ + Ixxψ̇φ̇,

where ψ̇ is the rate of precession, φ̇ is the spin rate, and θ is the
nutation angle and h = is the distance from the point to the
center of mass. Rearrange: (Izz − Ixx)ψ̇2 cos θ + Izzψ̇φ̇ − mgh = 0.
The velocity of the center of the base is

v = −ω0h

4
,

from which the spin axis is the z axis and the spin rate is

φ̇ = v

R
= −ω0h

4R
.

The solution, ψ̇1,2 = −b ± √
b2 − c.

The two solutions, which are real over the interval, are graphed as a
function of θ over the range 0 ≤ θ ≤ 45◦. The graph is shown.

0
0 5 10 15 20

Precession rate vs Nutation angle

25 30 35 40 45

1
2
3
4
5

rev/s
,ψ

6
7
8
9

10

Nutation   , degθ

ψ
2

ψ
1

Problem 20.72 The rotor of a tumbling gyroscope can
be modeled as being in moment-free steady precession.
The moments of inertia of the gyroscope are Ixx = Iyy =
0.04 kg-m2 and Izz = 0.18 kg-m2. The gyroscope’s spin
rate is φ̇ = 1500 rpm and its nutation angle is θ = 20◦.

(a) What is the precession rate of the gyroscope in
rpm?

(b) Sketch the body and space cones.

Solution:

(a) The motion in moment-free, steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the pre-
cession rate, φ̇ = 1500 rpm is the spin rate, and θ = 20◦ is the
nutation angle.

Solve: ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
= −2050 rpm.

(b) The apex angle for the body cone is given by

tan β =
(

Izz

Ixx

)
tan θ,

from which β = 58.6◦. Since β > θ , the space cone lies inside
the body cone as the figure.

θ
β

ψ

Y

X

z
Z

Body
cone

Space
cone

x
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Problem 20.73 A satellite can be modeled as an 800-
kg cylinder 4 m in length and 2 m in diameter. If the
nutation angle is θ = 20◦ and the spin rate φ̇ is one
revolution per second, what is the satellite’s precession
rate ψ̇ in revolutions per second?

z

X

Z

θ

Y

y

x

φ

ψ

Solution: From Appendix C, the moments and products of inertia
of a homogenous cylinder are

Ixx = Iyy = m

(
L2

12
+ R2

4

)
= 1267 kg-m2,

Izz = mR2/2 = 400 kg-m2.

Ixy = Ixz = Iyz = 0.

The angular motion of an axisymmetric moment-free object in steady
precession is described by Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0,
where ψ̇ is the precession rate, θ = 20◦ is the nutation angle, and
φ̇ = 1 rps is the spin rate. Solve:

ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
= 0.49 rps.

Problem 20.74 The top consists of a thin disk bonded
to a slender bar. The radius of the disk is 30 mm and its
mass is 0.008 kg. The length of the bar is 80 mm and
its mass is negligible compared to the disk. When the
top is in steady precession with a nutation angle of 10◦,
the precession rate is observed to be 2 revolutions per
second in the same direction the top is spinning. What
is the top’s spin rate?

10�

Solution: The inertias about the base are

Izz = 1

2
(0.008 kg)(0.03 m)2 = 3.6 × 10−6 kg-m2

Ixx = Iyy = 1

2
(0.008 kg)(0.03 m)2

+ (0.008 kg)(0.08 m)2 = 53 × 10−6 kg-m2

The precession rate is

ψ̇ = 2(2π) = 12.6 rad/s

The moment about the base is

M = Mx i = (0.008 kg)(9.81 m/s2)(0.08 m)i = (6.28 × 10−3 N-m)i

Eq. 20.32 is

Mx = (Izz − Ixx)ψ̇2 cos 10◦ + Izzψ̇φ̇

Solving we find

φ̇ = 309 rad/s (49.1 rev/s)

h = 80 mm
30

mm

x

y

z

10°

ψ•
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Problem 20.75 Solve Problem 20.58 by treating the
motion as steady precession.

(a)

300 
mm

45 deg/s

(b)

Solution: The view of an airplane’s landing gear looking from
behind the airplane is shown in Fig. (a). The radius of the wheel is
300 mm and its moment of inertia is 2 kg-m2. The airplane takes off
at 30 m/s. After takeoff, the landing gear retracts by rotating toward
the right side of the airplane as shown in Fig. (b). The magnitude of
the couple exerted by the wheel on its support is to be determined.

Choose X, Y , Z with the Z axis parallel to the runway, X perpendic-
ular to the runway, and Y parallel to the runway. Choose the x, y, z

coordinate system with the origin at the center of mass of the wheel
and the z axis aligned with the direction of the axis of rotation of the
wheel and the y axis positive upward. The Eq. (20.29) is

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ.

The nutation angle and rates of precession: The nutation angle is the
angle between Z and z, θ = 90◦. The precession angle is the angle
between the X and x, which is increasing in value, from which ψ̇ =
45◦

/s = 0.7853 rad/s. The spin vector is aligned with the z axis, from
which

φ̇ =
( v

R

)
=
(

30

0.3

)
= 100 rad/s

The moments and products of inertia of the wheel are Izz = mR2/2 =
2 kg-m2. The moment is

Mx = Izzψ̇φ̇ sin 90◦ = 2(0.7854)(100) = 157 N-m.

45 deg/s

y
Y

X

z

Problem 20.76* The two thin disks are rigidly con-
nected by a slender bar. The radius of the large disk is
200 mm and its mass is 4 kg. The radius of the small
disk is 100 mm and its mass is 1 kg. The bar is 400 mm
in length and its mass is negligible. The composite object
undergoes a steady motion in which it spins about the
vertical y axis through its center of mass with angular
velocity ω0. The bar is horizontal during this motion and
the large disk rolls on the floor. Determine ω0 by treating
the motion as steady precession.

v0

x

z

y

Solution: Use the data from 20.57

Set the nutation angle to 90◦ and the precession rate to ω0

3.924 N-m = (0.085 kg-m2)(0.4ω0)ω0

Solving we obtain

ω0 = 10.7 rad/s
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Problem 20.77* Suppose that you are testing a car and
use accelerometers and gyroscopes to measure its Euler
angles and their derivatives relative to a reference coor-
dinate system. At a particular instant, ψ = 15◦, θ = 4◦,
φ = 15◦, the rates of change of the Euler angles are
zero, and their second derivatives with respect to time
are ψ̈ = 0, θ̈ = 1 rad/s2, and φ̈ = −0.5 rad/s2. The car’s
principal moments of inertia, in kg-m2, are Ixx = 2200,
Iyy = 480, and Izz = 2600. What are the components of
the total moment about the car’s center of mass?

y

z Z

Y

X

x

Solution: The description of the motion of an arbitrarily shaped
object is given by the Eqs. (20.36):

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ)

− (Iyy − Izz)(ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ)

− (Izz − Ixx)(ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ).

Substitute ψ̈ = 0, ψ̇ = θ̇ = φ̇ = 0, to obtain Mx = Ixx θ̈ sin φ, My =
−Iyy θ̈ sin φ, Mz = Izzφ̈. Substitute values:

Mx = 2125 N-m,

My = −124.2, Mz = −1300 N-m

Problem 20.78* If the Euler angles and their second
derivatives for the car described in Problem 20.77
have the given values, but their rates of change are
ψ̇ = 0.2 rad/s, θ̇ = −2 rad/s, and φ̇ = 0, what are the
components of the total moment about the car’s center
of mass?

Solution: Use Eqns. (20.36)

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ)

− (Iyy − Izz)(ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ)

− (Izz − Ixx)(ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ)

Substitute values:

Mx = 2123 N-m,

My = −155.4 N-m,

Mz = 534 N-m.
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Problem 20.79* Suppose that the Euler angles of the
car described in Problem 20.77 are ψ = 40◦, θ = 20◦,
and φ = 5◦, their rates of change are zero, and the com-
ponents of the total moment about the car’s center of
mass are∑

Mx = −400 N-m,

∑
My = 200 N-m,

∑
Mz = 0.

What are the x, y, and z components of the car’s angular
acceleration?

Solution: Eq. (20.36) simplifies when ψ̇ = φ̇ = θ̇ = 0 to

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ),

Mz = Izz(ψ̈ cos θ + φ̈).

These three simultaneous equations have the solutions,

θ̈ = Mx

Ixx

cos φ − My

Iyy

sin φ = −0.2174 rad/s2,

ψ̈ =
(

Mxx

Ixx

)
sin φ

sin θ
+
(

My

Iyy

)
cos φ

sin θ
= 1.167 rad/s2,

φ̈ = (Mz/Izz) − ψ̈ cos θ = −1.097 rad/s2.

From Eq. (20.35), when

ψ̇ = φ̇ = θ̇ = 0 :

dωx

dt
= ψ̈ sin θ sin φ + θ̈ cos φ = −0.1818 rad/s2,

dωy

dt
= ψ̈ sin θ cos φ − θ̈ sin φ = 0.417 rad/s,

dωz

dt
= ψ̈ cos φ + φ̈ = 0.
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Problem 20.80 The mass of the bar is 6 kg. Determine
the moments and products of inertia of the bar in terms
of the coordinate system shown.

x

y

1 m

2 m

Solution: One strategy (not the simplest, see Check note following
the solution) is to determine the moment of inertia matrix for each
element of the bar, and then to use the parallel axis theorem to transfer
each to the coordinate system shown.

(a) The vertical element Oy of the bar. The mass density per unit vol-

ume is ρ = 6

3A
kg/m3, where A is the (unknown) cross section of the

bar, from which ρA = 2 kg/m. The element of mass is dm = ρAdL,
where dL is an element of length. The mass of the vertical element is
mv = ρALv = 2 kg, where Lv = 1 m. From Appendix C the moment
of inertia about an x′ axis passing through the center of mass is

I
(1)

x′x′ = mvL
2
v

12
= 0.1667 kg-m2.

Since the bar is slender, I
(1)

y′y′ = 0.

I
(1)

z′z′ = mvL
2
v

12
= 0.1667 kg-m2.

Since the bar is slender, the products of inertia vanish:

I
(1)

x′y′ =
∫

m

x′y′dm = 0, I
(1)

x′z′ =
∫

m

x′z′dm = 0,

I
(1)

y′z′ =
∫

m

y′z′dm = 0,

from which the inertia matrix for the element Oy about the x′ axis is

[I (1)] =

 0.1667 0 0

0 0 0
0 0 0.1667


 kg-m2.

(b) The horizontal element Ox of the bar. The mass of the horizontal
element is mh = ρALh = 4 kg, where Lh = 2 m. From Appendix C
the moments and products of inertia about the y′ axis passing through
the center of mass of the horizontal element are:

I
(2)

x′x′ = 0,

I
(2)

y′y′ = mhL2
h

12
= 1.333 kg-m2,

I
(2)

z′z′ = mhL2
h

12
= 1.333 kg-m2.

Since the bar is slender, the cross products of inertia about the y′ axis
through the center of mass of the horizontal element of the bar vanish:

I
(2)

x′y′ = 0, I
(2)

x′z′ = 0, I
(2)

y′z′ = 0.

y

x

x'
y'

2 m
O

1 m
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The inertia matrix is

[I (2)] =

 0 0 0

0 1.333 0
0 0 1.333


 kg-m2.

Use the parallel axis theorem to transfer the moment of inertia matrix to
the origin O: For the vertical element the coordinates of the center of
mass O are (dx, dy , dz) = (0, 0.5, 0) m. Use the parallel axis theorem
(see Eq. (20.42)).

I
(1)
xx = I

(1)

x′x′ + (d2
y + d2

z )mv = mvL
2
v

12
+ mv(0.52) = 0.6667 kg-m2.

I
(1)
yy = I

(1)

y′y′ + (d2
x + d2

z )mv = 0.

I
(1)
zz = I

(1)

z′z′ + (d2
x + d2

y )mv = 0.6667 kg-m2.

The products of inertia are

I
(1)
xy = I

(1)

x′y′ + dxdyρA(1) = 0,

I
(1)
xz = I

(1)

x′z′ + dxdzρA(1) = 0,

I
(1)
yz = I

(1)

y′z′ + dydzρA(1) = 0.

The inertia matrix for the vertical element:

[I (1)] =




ρA

3
0 0

0 0 0

0 0
ρA

3


 .

For the horizontal element, the coordinates of the center of mass rela-
tive to O are (dx, dy , dz) = (1, 0, 0) m. From the parallel axis theorem,

I
(2)
xx = I

(2)

x′x′ + (d2
y + d2

z )mh = 0.

I
(2)
yy = I

(2)

y′y′ + (d2
x + d2

z )mh = 5.333 kg-m2.

I
(2)
zz = I

(2)

z′z′ + (d2
x + d2

y )mh = 5.333 kg-m2.

By inspection, the products of inertia vanish. The inertia matrix is

[I (2)] =

 0 0 0

0 5.333 0
0 0 5.333


 .

Sum the two inertia matrices:

[I ]O = [I (1)] + [I (2)] =

 0.6667 0 0

0 5.333 0
0 0 6


 kg-m2.

[Check : The moment of inertia in the coordinate system shown can
be derived by insepection by taking the moment of inertia of each
element about the origin: From Appendix C the moments of inertia
about the origin of the slender bars are

Ixx = mvL
3
v

3
, Iyy = mhL

2
h

3
,

and Izz = Ixx + Iyy , where the subscripts v and h denote the vertical
and horizontal bars respectively. Noting that the masses are

mv = mLv

Lv + Lh

,mh = mLh

Lv + Lh

,

the moment of inertia matrix becomes:

[I ] =




6(1)3

3(3)
0 0

0 0
6(2)3

3(3)

0 0 6.0




=

 0.6667 0 0

0 5.333 0
0 0 6


 kg-m2. check.
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Problem 20.81 The object consists of two 1-kg verti-
cal slender bars welded to a 4-kg horizontal slender bar.
Determine its moments and products of inertia in terms
of the coordinate system shown.

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution:

Ixx = 2
1

3
(1 kg)(0.1 m)2 = 0.00667 kg-m2,

Iyy = 1

12
(4 kg)(0.4 m)2 + 2(1 kg)(0.1 m)2 = 0.0733 kg-m2,

Izz = Iyy + Izz = 0.08 kg-m2,

Ixy = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-m2,

Ixz = 0,

Iyz = 0.

Ixx = 0.00667 kg-m2, Iyy = 0.0733 kg-m2, Izz = 0.08 kg-m2,

Ixy = 0.01 kg-m2, Ixz = 0, Iyz = 0.

Problem 20.82 The 4-kg thin rectangular plate lies in
the x-y plane. Determine the moments and products of
inertia of the plate in terms of the coordinate system
shown.

z

x

y

600 mm

300 mm

Solution: From Appendix B, the moments of inertia of the plate’s
area are

Ix = 1

12
(0.3)(0.6)3 = 0.00540 m4,

Iy = 1

12
(0.6)(0.3)3 = 0.00135 m4,

IA
xy = 0.

Therefore the moments of inertia of the plate are

Ixx = m

A
Ix = 4

(0.3)(0.6)
(0.00540)

= 0.12 kg-m2,

Iyy = m

A
Iy = 4

(0.3)(0.6)
(0.00135)

= 0.03 kg-m2,

Izz = Ix + Iy = 0.15 kg-m2,

Ixy = Iyz = Izx = 0.

Problem 20.83 If the 4-kg plate is rotating with angu-
lar velocity ω = 6i + 4j − 2k (rad/s), what is its angular
momentum about its center of mass?

Solution: Angular momentum is

[H ] =

 0.12 0 0

0 0.03 0
0 0 0.15




 6

4
−2




=

 0.72

0.12
−0.3


 kg-m2/s,

from which H = 0.72i + 0.12j − 0.3k (kg-m2/s)
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Problem 20.84 The 133.4 N triangular plate lies in the
x –y plane. Determine the moments and products of iner-
tia of the plate in terms of the coordinate system shown.

z

y
x

1.22 m

1.83 m

Solution: From Appendix B, the moments of inertia of the plate’s
area are

Ix = 1

12
( )( )3 = 4,

Iy = 1

4
( )( )3= 4,

IA
xy = 1

8
( )2 ( )2 = 4.

The plate’s area and mass are

A = 1

2
( )( ) = 1.11 m2

and m = / = The plate’s moments and products of
inertia are

Ixx = m

A
Ix = 2,

Iyy = m

A
Iy =

Ixy = m

A
IA
xy = .58 kg-m2,

Iyz = Izx = O,

Izz = Ixx + Iyy = 2 .

Problem 20.85 The 133.4 N triangular plate lies in the
x –y plane.

(a) Determine its moments and products of inertia in
terms of a parallel coordinate system x ′y ′z′ with its
origin at the plate’s center of mass.

(b) If the plate is rotating with angular velocity ω =
20i − 12j + 16k (rad/s), what is its angular momen-
tum about its center of mass?

Solution: See the solution of Problem 20.84

(a) The coordinates of the plate’s center of mass are

dx = 2

3
( )= ,

dy = 1

3

dz = 0.

From the parallel-axis theorems (Eq. 20.42), we obtain

Ix′x′ = . − ( . )2 ( ) = 2,

Iy′y′ =

Iz′z′ = . − [( . )2 + ( )2]( ) = .65 kg-m2 ,

Ix′y′ = .58− ( . )( )( ) = 0. 2 ,

Iy′z′ = Iz′x′ = 0

y

x

x '

y '

(b) [I ]ω =

 . −0.

−0. .

0 0 3.65




 20

−12
16




=

 .

− .




H = . i − . j + k ( 2 ).

693

1.83 1.22 0.276 m

1.22 1.83 1.86 m

1.83 1.22 0 .62 m

1.83 1.22

133.4 9.81 13.6 kg.

3.36 kg-m

2,kg-m22.73

7

26.1 kg-m

1.83 1.22 m

( )= ,1.22 0.41 m

3 26 0 41 13.6 1.12 kg-m

. − ( . )2 ( ) = 2,13.622 73 1 22 2.53 kg-m

26 1 0 41 1.22 13.6 3

7 0 41 1.22 13.6 842 kg-m

1 12
842 2

842 0
53 0

32 5
47 2
58.4

32 5 47 2 58.4 kg-m
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Problem 20.86 Determine the inertia matrix of the
2.4-kg steel plate in terms of the coordinate system
shown.

x

y

50 mm

150 mm

220 mm

Solution: Equation (20.39) gives the plate’s moments and
products of inertia in terms of the moments and product of inertia
of its area. Treating the area as a quarter-circle using Appendix B, the
moments and products of inertia of the area are

Ix = 1

16
π(0.22)4 − 1

3
(0.05)(0.15)3 = 0.000404 m4

Iy = 1

16
π(0.22)4 − 1

3
(0.15)(0.05)3 = 0.000454 m4

IA
xy = 1

8
(0.22)4 − 1

4
(0.05)2(0.15)2 = 0.000279 m4.

The area is

A = 1
4 π(0.22)2 − (0.05)(0.15) = 0.0305 m2.

The moments of inertia of the plate are

Ixx = m

A
Ix = 0.0318 kg-m2,

Iyy = m

A
Iy = 0.0357 kg-m2,

Izz = Ixx + Iyy = 0.0674 kg-m2,

Ixy = m

A
IA
xy = 0.0219 kg-m2, and Iyz = Izx = 0.

Problem 20.87 The mass of the steel plate is 2.4 kg.

(a) Determine its moments and products of inertia in
terms of a parallel coordinate system x ′y ′z′ with its
origin at the plate’s center of mass.

(b) If the plate is rotating with angular velocity
ω = 20i + 10j − 10k (rad/s), what is its angular
momentum about its center of mass?

Solution:

(a) The x and y coordinates of the center of mass coincide with the
centroid of the area:

A1 = 1

4
π(0.22)2 = 0.0380 m2,

A2 = (0.05)(0.15) = 0.0075 m2

x =
4(0.22)

3π
A1 − (0.025)A2

A1 − A2
= 0.1102 m,

y =
4(0.22)

3π
A1 − (0.075)A2

A1 − A2
= 0.0979 m.

Using the results of the solution of Problem 20.86 and the parallel
axis theorems,

Ix′x′ = Ixx − my2 = 0.00876 kg-m2:

Iy′y′ = Iyy − mx2 = 0.00655 kg-m2:

Iz′z′ = Ix′x′ + Iy′y′ = 0.01531 kg-m2

Ix′y′ = Ixy − mxy = −0.00396 kg-m2, and Iy′z′ = Iz′x′ = 0.

The angular momentum is


Hx′

Hy′
Hz′


 =


 Ix′x′ −Ix′y′ 0

−Ix′y′ Iy′y′ 0
0 0 Iz′z′




 20

10
−10




=

 0.215

0.145
−0.153


 (kg-m2/s).
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Problem 20.88 The slender bar of mass m rotates
about the fixed point O with angular velocity ω =
ωyj + ωzk. Determine its angular momentum (a) about
its center of mass and (b) about O.

x

z

y

O

l

Solution:

(a) From Appendix C and by inspection, the moments and products
of inertia about the center of mass of the bar are:

Ixx = 0,

Iyy = Izz = mL2

12
,

Ixy = Ixz = Iyz = 0.

The angular momentum about its center of mass is

[H ]G =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

ωz




=




0 0 0

0
mL2

12
0

0 0
mL2

12




 0

ωy

ωz




Alternatively, in terms of the i, j, k,

HG = mL2

12
(ωy j + ωzk) .

(b) From Appendix C and by inspection, the moments and products
of inertia about O are

Ixx = 0,

Iyy = Izz = mL2

3
,

Ixy = Ixz = Iyz = 0

The angular momentum about O is

[H ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

ωz




=




0 0 0

0
mL2

3
0

0 0
mL2

3




 0

ωy

ωz


 =




0
mL2ωy

3
mL2ωz

3


 ,

or, alternatively, in terms of the unit vectors i, j, k,

HO = mL2

3
(ωy j + ωzk)
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Problem 20.89 The slender bar of mass m is parallel
to the x axis. If the coordinate system is body fixed and
its angular velocity about the fixed point O is ω = ωyj,
what is the bar’s angular momentum about O?

y

x

z
O

h

l

Solution: From Appendix C and by inspection, the moments and
products of inertia about the center of mass of the bar are:

Ix′x′ = 0,

Iy′y′ = Iz′z′ = mL2

12
,

Ix′y′ = Ix′z′ = Iy′z′ = 0.

The coordinates of the center of mass are

(dx, dy, dz) =
(

L

2
, h, 0

)
.

From Eq. (20.42),

Ixx = Ix′x′ + (d2
y + d2

z )m = mh2

Iyy = Iy′y′ + (d2
x + d2

z )m = mL2

12
+ mL2

4
= mL2

3

Izz = Iz′z′ + (d2
x + d2

y )m = m

(
h2 + L2

3

)
,

Ixy = Ix′y′ + dxdym = 0 + mLh

2
,

Ixz = Ix′z′ + dxdzm = 0

Iyz = Iy′z′ + dydzm = 0

The angular momentum about O is

[H ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

0




=




mh2 −mLh

2
0

−mLh

2

mL2

3
0

0 0 m

(
h2 + L2

3

)




 0

ωy

0




=




−mLhωy

2
mL2ωy

3
0


 .

Alternatively,

HO = −mLh

2
ωy i + mL2

3
ωy j

y'

x'
z'

L

h

Oz

y

x
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Problem 20.90 In Example 20.8, the moments and
products of inertia of the object consisting of the booms
AB and BC were determined in terms of the coordinate
system shown in Fig. 20.34. Determine the moments and
products of inertia of the object in terms of a parallel
coordinate system x ′y ′z′ with its origin at the center of
mass of the object.

x

y 18 m

B

C

6 m

50�

A

Solution: From Example 20.8, the inertia matrix for the two
booms in the x, y, z system is

[I ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




=

 19,200 86,400 0

86,400 1,036,800 0
0 0 1,056,000


 kg-m2.

The mass of the boom AB is mAB = 4800 kg. The mass of the boom
BC is mBC = 1600 kg. The coordinates of the center of mass of the
two booms are

x′ =
mAB

L

2
+ mBCL

mAB + mBC

= 11.25 m.

y′ = mAB(0) + mBC(−3)

mAB + mBC

= −0.75 m.

z′ = 0, from which (dx, dy, dz) = (11.25, −0.75, 0) m. Algebraically
rearrange Eq. (20.42) to obtain the moments and products of inertia
about the parallel axis passing through the center of mass of the two
booms when the moments and products of inertia in the x, y, z system
are known:

I
(G)

x′x′ = I
(0)
xx − (d2

y + d2
x )m = 15600 kg-m2 .

I
(G)

y′y′ = I
(o)
yy − (d2

x + d2
z )m = 226800 kg-m2 .

I
(G)

z′z′ = I
(o)
zz − (d2

x + d2
y )m = 242400 kg-m2

I
(G)

x′y′ = I
(0)
xy − dxdym = −32400 kg-m2 ,

I
(G)

x′z′ = 0 , I
(G)

y′z′ = 0 .

The inertia matrix for the x′, y′, z′ system is

[I ]G =

 15,600 32,400 0

32,400 226,800 0
0 0 242,400


 kg-m2.

6 m

18 m

B

C
L

y

y

50°

A

A

18 m

6 m
B

C
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Problem 20.91 Suppose that the crane described in
Example 20.8 undergoes a rigid-body rotation about the
vertical axis at 0.1 rad/s in the counterclockwise direc-
tion when viewed from above.

(a) What is the crane’s angular velocity vector ω in
terms of the body-fixed coordinate system shown
in Fig. 20.34?

(b) What is the angular momentum of the object con-
sisting of the booms AB and BC about its center
of mass?

Solution: The unit vector parallel to vertical axis in the x′, y′, z′
system is

e = i sin 50◦ + j cos 50◦ = 0.7660i + 0.6428j.

The angular velocity vector is

ω = (0.1)e = 0.07660i + 0.06428j

From the inertia matrix given in the solution of Problem 20.90, the
angular moment about the center of mass is

[H ]G =

 15,600 32,400 0

32,400 226,800 0
0 0 242,400




 0.07660

0.06428
0




=

 3277.7

17060.4
0


 kg-m2/s,

or, HG = 3277.7i + 17060.4j (kg-m2/s).

698

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.92 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is ω = 100i − 4j + 6k (rad/s). What is
the object’s angular momentum about its center of mass?

y

x

600 mm

200 mm

Solution: Choose a coordinate system x, y, z originating at the
left end of the bar. From Appendix C and by inspection, the inertia
matrix for the bar about its left end is

[I ]B =




0 0

0
mBL2

3
0

0 0
mBL2

3


 =


 0 0 0

0 0.36 0
0 0 0.36


 kg-m2.

From Eq. (20.42) the inertia matrix of the disk about the left end of
the bar is

[I ]D =




mDR2

4
0 0

0
mDR2

4
0

0 0
mDR2

2




+

 0 0 0

0 mD(L + R)2 0
0 0 mD(L + R)2




=

 0.02 0 0

0 1.3 0
0 0 1.32


 kg-m2.

The inertia matrix of the composite is

[I ]left end = [I ]B + [I ]D =

 0.02 0 0

0 1.66 0
0 0 1.68


 .

The coordinates of the center of mass of the composite in the x, y, z

system are

x′ = mB(L/2) + mD(R + L)

mB + mD

= 0.5 m.

y′ = 0, z′ = 0,

from which (dx, dy, dz) = (0.5, 0, 0) m. Rearrange Eq. (20.42) to
yield the inertia matrix in the x′, y′, z′ system when the inertia matrix
in the x, y, z system is known:

[I ]G =

 0.02 0 0

0 1.66 0
0 0 1.68




−

 0 0 0

0 d2
x (mB + mD) 0

0 0 d2
x (mB + mD)




=

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

O

y y'

x,x'

The angular momentum is

[H ]G =

 0.02 0 0

0 0.41 0
0 0 0.43




 100

−4
6


 =


 2

−1.64
2.58


 ,

H = 2i − 1.64j + 2.58k(kg-m2/s)
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Problem 20.93* The mass of the homogeneous slen-
der bar is m. If the bar rotates with angular velocity
ω = ω0(24i + 12j − 6k), what is its angular momentum
about its center of mass?

y

x

z

b

b

b

b

Solution: The strategy is to transfer the moments of inertia of the
ends about their attached ends to the center of mass, and sum the
resulting moments and products of inertia. The mass of the central

element is mC = m

2
, and the mass of each end element is mE = m

4
.

For the central element about its center of mass:

Ixx = 0,

Iyy = Izz = mC(2b)2

12
= mb2

6
,

Ixy = Ixz = Iyz = 0.

For each end element about its center of mass:

Ixx = mEb2

12
= mb2

48
,

Iyy = 0,

Izz = mEb2

12
= mb2

48
,

Ixy = Ixz = Iyz = 0.

The coordinates of the center of mass (at the origin) relative to the

center of mass of the left end is (dx, dy, dz) =
(

−b,− b

2
, 0

)
, and

from the right end (dx, dy , dz) =
(

b,
b

2
, 0

)
. From Eq. (20.42), the

moments of inertia of each the end pieces about the center of mass (at
the origin) are

I
(G)

x′x′ = I
(L)
xx + (d2

y + d2
z )mE = mb2

48
+ mEb2

4
= mb2

12
.

I
(G)

y′y′ I
(L)
yy + (d2

x + d2
z )mE = mb2

4
.

I
(G)

z′z′ = I
(L)
zz + (d2

x + d2
y )mE = mb2

48
+ mE

(
b2 + b2

4

)
= mb2

3

I
(G)

x′y′ = I
(L)
xy + dxdymE = mb2/8, I

(G)

x′z′ = 0, I
(G)

y′z′ = 0.

The sum of the matrices:

[I ]G = [I ]GC + 2[I ]end

= mb2


 0.1667 −0.25 0

−0.25 0.6667 0
0 0 0.8333


 .

The angular momentum about the center of mass is

[H ]G = ω0mb2


 0.1667 −0.25 0

−0.25 0.6667 0
0 0 0.8333




 24

12
−6




= ω0mb2


 1

2
−5


 .

H = ω0mb2(i + 2j − 5k)
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Problem 20.94* The 8-kg homogeneous slender bar
has ball-and-socket supports at A and B.

(a) What is the bar’s moment of inertia about the axis
AB?

(b) If the bar rotates about the axis AB at 4 rad/s, what
is the magnitude of its angular momentum about its
axis of rotation?

y

A

x

z

B

1 m

1 m

2 mSolution: Divide the bar into three elements: the central element,
and the two end element. The strategy is to find the moments and
products of inertia in the x, y, z system shown, and then to use
Eq. (20.43) to find the moment of inertia about the axis AB. Denote
the total mass of the bar by m = 8 kg, the mass of each end ele-

ment by mE = m

4
= 2 kg, and the mass of the central element by

mC = m

2
= 4 kg.

The left end element : The moments and products of inertia about point
A are:

I
(LA)
xx = mE(12)

3
= m

12
= 0.6667 kg-m2,

I
(LA)
yy = mE(12)

3
= m

12
= 0.6667 kg-m2,

I
(LA)
zz = 0,

I
(LA)
xy = I

(LA)
xz = I

(LA)
yz = 0.

The right end element : The moments and products of inertia about its
center of mass are

I
(RG)
xx = mE(12)

12
= m

48
= 0.1667 kg-m2,

I
(RG)
yy = 0,

I
(RG)
zz = mE(12)

12
= m

48
= 0.1667 kg-m2,

I
(RG)
xx = I

(RG)
xz = I

(RG)
yz = 0.

The coordinates of the center of mass of the right end element are
(dx, dy , dz) = (2, 0.5, 1). From Eq. (20.42), the moments and products
of inertia in the x, y, z system are

I
(RA)
xx = I

(RG)
xx + (d2

y + d2
z )

m

4
= 2.667 kg-m2,

I
(RA)
yy = I

(RG)
yy + (d2

x + d2
z )

m

4
= 10.0 kg-m2

I
(RA)
zz = I

(RG)
zz + (d2

x + d2
y )

m

4
= 8.667 kg-m2,

I
(RA)
xy = I

(RG)
xy + dxdy

m

4
= 2.0 kg-m2

I
(RA)
xz = I

(RG)
xz + dxdz

m

4
= 4.0 kg-m2,

I
(RA)
yz = I

(RG)
yz + dydz

m

4
= 1.0 kg-m2
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Sum the two inertia matrices:

[I ]RLA = [I ]RA + [I ]LA =

 3.333 −2 −4

−2 10.67 −1
−4 −1 8.667


 kg-m2,

where the negative signs are a consequence of the definition of the
inertia matrix.

The central element : The moments and products of inertia of the central
element about its center of mass are:

I
(CG)
xx = 0, I

(CG)
yy = mC(22)

12
= m

6
= 1.333 kg-m2,

I
(CG)
zz = mC(22)

12
= m

6
= 1.333 kg-m2.

I
(CG)
xy = I

(CG)
xz = I

(CG)
yz = 0.

The coordinates of the center of mass of the central element are
(dx, dy, dz) = (1, 0, 1). From Eq. (20.42) the moments and products
of inertia in the x, y, z system are:

I
(CA)
xx = I

(CG)
xx + (d2

y + d2
z )

m

2
= 4 kg-m2,

I
(CA)
yy = I

(CG)
yy + (d2

x + d2
z )

m

2
= 9.333 kg-m2

I
(CA)
zz = I

(CG)
zz + (d2

x + d2
y )

m

2
= 5.333 kg-m2,

I
(CA)
xy = I

(CG)
xy + dxdy

m

2
= 0,

I
(CA)
xz = I

(CG)
xz + dxdz

m

2
= 4 kg-m2,

I
(CA)
yz = I

(CG)
yz + dydz

m

2
= 0

Sum the inertia matrices:

[I ]A = [I ]RLA + [I ]CA =

 7.333 −2 −8

−2 20.00 −1
−8 −1 14.00


 kg-m2.

(a) The moment of inertia about the axis AB : The distance AB is
parallel to the vector rAB = 2i + 1j + 1k (m). The unit vector
parallel to rAB is

eAB = rAB

|rAB | = 0.8165i + 0.4082j + 4082k.

From Eq. (20.43), the moment of inertia about the AB axis is

IAB = I
(A)
xx e2

x + I
(A)
yy e2

y + I
(A)
zz e2

z − 2I
(A)
xy exey − 2I

(A)
xz exez

− 2I
(A)
yz eyez, IAB = 3.56 kg-m2 .

(b) The angular momentum about the AB axis is

HAB = IABω = 3.56(4) = 14.22 kg-m2/s
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Problem 20.95* The 8-kg homogeneous slender bar
in Problem 20.94 is released from rest in the position
shown. (The x-z plane is horizontal.) What is the
magnitude of the bar’s angular acceleration about the
axis AB at the instant of release?

Solution: The center of mass of the bar has the coordinates:

xG = 1

m

((m

4

)
0 +
(m

2

)
(1) +

(m

4

)
(2)
)

= 1 m.

yG = 1

m

((m

4

)
(0) +

(m

2

)
(0) +

(m

4

)
(0.5)

)
= 0.125 m.

zG = 1

m

((m

4

)
(0.5) +

(m

2

)
(1) +

(m

4

)
(1)
)

= 0.875 m.

The line from A to the center of mass is parallel to the vector rAG =
i + 0.125j + 0.875k (m). From the solution to Problem 20.94 the unit
vector parallel to the line AB is eAB = 0.8165i + 0.4082j + 0.4082k.
The magnitude of the moment about line AB due to the weight is

e[rAB × (−mgj)] =
∣∣∣∣∣∣
0.8165 0.4082 0.4082
1.000 0.125 0.875

0 −78.48 0

∣∣∣∣∣∣ = 24.03 N-m.

From the solution to Problem 20.94, IAB = 3.556 kg-m2. From the
equation of angular motion about axis AB, MAB = IABα, from which

α = 24.03

3.556
= 6.75 rad/s2 .

y

z

A

–mgj

rAG

B

G
x
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Problem 20.96 In terms of a coordinate system x ′y ′z′
with its origin at the center of mass, the inertia matrix
of a rigid body is

[I ′] =
[

20 10 −10
10 60 0

−10 0 80

]
kg-m2.

Determine the principal moments of inertia and unit vec-
tors parallel to the corresponding principal axes.

Solution: Principal Moments of Inertia: The moments and prod-
ucts:

Ix′x′ = 20 kg-m2,

Iy′y′ = 60 kg-m2,

Iz′z′ = 80 kg-m2,

Ix′y′ = −10 kg-m2,

Ix′z′ = 10 kg-m2,

Iy′z′ = 0.

From Eq. (20.45), the principal values are the roots of the cubic
equation. AI3 + BI 2 + CI + D = 0, where

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −160,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ )

= 7400,

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′

− Iz′z′I 2
x′y′ − 2Ix′y′ Iy′z′Ix′z′ )

= −82000.

The function f (I) = AI3 + BI 2 + CI + D is graphed to find the zero
crossings, and these values are refined by iteration. The graph is shown.
The principal moments of inertia are:

I1 = 16.15 kg-m2 ,

I2 = 62.10 kg-m2 , I3 = 81.75 kg-m2 .

0
–40000

–30000

–20000

–10000

0f (I )

10000

20000

30000

40000
Roots of Cubic

20 40 60
I

80 100
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Problem 20.97 For the object in Problem 20.81, deter-
mine the principal moments of inertia and unit vec-
tors parallel to the corresponding principal axes. Draw a
sketch of the object showing the principal axes.

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution: In Problem 20.81, we found the inertia matrix to be

[I ] =

 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08


 kg-m2

To find the principal inertia we expand the determinant to produce the
characteristic equation

det

∣∣∣∣∣∣
0.00667 − I −0.01 0

−0.01 0.0733 − I 0
0 0 0.08 − I

∣∣∣∣∣∣
= (0.08 − I )[(0.00667 − I )(0.0733 − I ) − (0.01)2] = 0

Solving this equation, we have

I1 = 0.08 kg-m2, I2 = 0.0748 kg-m2, I3 = 0.0052 kg-m2.

Substituting these principal inertias into Eqs. (20.46) and dividing the
resulting vector V by its magnitude, we find a unit vector parallel to
the corresponding principal value.

e1 = 0.989i + 0.145j, e2 = −0.145i + 0.989j, e3 = k.

The principal axes are shown on the figure at the top of the page with
e1 pointing out of the paper. The axes are rotated counterclockwise
through the angle θ = cos−1(0.989) = 8.51◦.
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Problem 20.98 The 1-kg, 1-m long slender bar lies in
the x ′-y ′ plane. Its moment of inertia matrix is

[I ′] =



1
12 sin2 β − 1

12 sin β cos β 0
− 1

12 sin β cos β 1
12 cos2 β 0

0 0 1
12


 .

Use Eqs. (20.45) and (20.46) to determine the princi-
pal moments of inertia and unit vectors parallel to the
corresponding principal axes.

β
x'

y'

Solution: [Preliminary Discussion: The moment of inertia about
an axis coinciding with the slender rod is zero; it follows that one
principal value will be zero, and the associated principal axis will
coincide with the slender bar. Since the moments of inertia about the
axes normal to the slender bar will be equal, there will be two equal
principal values, and Eq. (20.46) will fail to yield unique solutions
for the associated characteristic vectors. However the problem can be
solved by inspection: the unit vector parallel to the axis of the slender
rod will be e1 = i cos β + j sin β. A unit vector orthogonal to e1 is
e2 = −i sin β + j cos β. A third unit vector orthogonal to these two
is e3 = k. The solution based on Eq. (20.46) must agree with these
preliminary results.]

Principal Moments of Inertia: The moments and products:

Ix′x′ = sin2 β

12
, Iy′y′ = cos2 β

12
, Iz′z′ = 1

12
,

Ix′y′ = + sin β cos β

12
, Ix′z′ = 0, Iy′z′ = 0.

From Eq. (20.45), the principal values are the roots of the cubic, AI3 +
BI 2 + CI + D = 0. The coefficients are:

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −
(

sin2 β

12
+ cos2 β

12
+ 1

12

)
= − 1

6
,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ ),

C = sin2 β cos2 β

144
+ cos2 β

144
+ sin2 β

144
− sin2 β cos2 β

144
= 1

144
.

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′ − Iz′z′ I 2
x′y′

− 2Ix′y′ Iy′z′ Ix′z′ ),

D = −
(

sin2 β cos2 β

123
− sin2 β cos2 β

123

)
= 0.

The cubic equation reduces to

I 3 −
(

1

6

)
I 2 +

(
1

144

)
I =
(

I 2 −
(

1

6

)
I +
(

1

144

))
I = 0.

By inspection, the least root is I1 = 0 . The other two roots are

the solution of the quadratic I2 + 2bI + c = 0 where b = − 1
12 , c =

1
144 , from which I1,2 = −b ± √

b2 − c = 1
12 , from which I2 = 1

12 ,

I3 = 1
12

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (20.46),

V
(j)

x′ = (Iy′y′ − Ij )(Iz′z′ − Ij ) − I 2
y′z′

V
(j)
y = Ix′y′ (Iz′z′ − Ij ) + Ix′z′ Iy′z′

V
(j)

z′ = Ix′z′ (Iy′y′ − Ij ) + Ix′y′ Iy′z′ .

For the first root,

I1 = 0, V(1) = cos2 β

144
i + cos β sin β

144
j = cos β

144
(cos βi + sin βj).

The magnitude:

|V(1)| = | cos β|
144

√
cos2 β + sin2 β = | cos β|

144
,

and the unit vector is e1 = sgn(cos β)(cos βi + sin βj), where
sgn(cos β) is equal to the sign of cos β. Without loss of generality,
β can be restricted to lie in the first or fourth quadrants, from which

e1 = (cos βi + sin βj)

For I2 = I3 = ( 1
12

)
, V(2) = 0, and V(3) = 0, from which the equation

Eq. (20.46) fails for the repeated principal values, and the charac-
teristic vectors are to determined from the condition of orthogonality

with e1. From the preliminary discussion, e2 = −i sin β + j cos β

and e3 = 1k .
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Problem 20.99* The mass of the homogeneous thin
plate is 3 kg. For a coordinate system with its origin at
O, determine the plate’s principal moments of inertia and
unit vectors parallel to the corresponding principal axes.

x'

y'

z'

2 m

3 m

4 m

O

Solution: Divide the plate into A and B sheets, as shown. Denote
m = 3 kg, a = 2 m, b = 4 m, and c = 3 m. The mass of plate A

is mA = 6m

18
= m

3
= 1 kg. The mass of plate B is mB = 12m

18
=

2 kg. The coordinates of the center of mass of A are

(d
(A)
x , d

(A)
y , d

(A)
z ) =

( c

2
,
a

2
, 0
)

= (1.5, 1, 0) .

The coordinates of the center of mass of B are

(d
(B)
x , d

(B)
y , d

(B)
z ) =

(
c

2
, 0,

b

2

)
= (1.5, 0, 2) .

Principal Values: From Appendix C, the moments and products of
inertia for plate A are

I
(A)

x′x′ = mAa2

12
+ (d2

y + d2
z )mA = 1.333 kg-m2,

I
(A)

y′y′ = mAc2

12
+ (d2

x + d2
z )mA = 3 kg-m2,

I
(A)

z′z′ = mA(c2 + a2)

12
+ (d2

x + d2
y )mA = 4.333 kg-m2

,

I
(A)

x′y′ = dxdymA = 1.5 kg-m2,

I
(A)

x′z′ = 0, I
(A)

y′z′ = 0.

The moments and products of inertia for plate B are

I
(B)

x′x′ = mBb2

12
+ (d2

y + d2
z )mB = 10.67 kg-m2,

I
(B)

y′y′ = mB(c2 + b2)

12
+ (d2

x + d2
z )mB = 16.67 kg-m2,

I
(B)

z′z′ = mBc2

12
+ (d2

x + d2
y )mB = 6 kg-m2, I

(B)

x′y′ = 0,

I
(B)

x′z′ = dxdzmB = 6 kg-m2, I
(B)

y′z′ = 0.

The inertia matrix is the sum of the two matrices:

[I ′] =

 Ix′x′ −Ix′y′ −Ix′z′

−Iy′x′ Iy′y′ −Iy′z′
−Iz′x′ −Iz′y′ Iz′z′


 =


 12 −15 −6

−1.5 19.67 0
−6 0 10.33


 .

x'

y'

z'

O

A

B b

c

a

0 5
–100
–50

0
50

100
150f (I )
200
250
300
350
400

10 15
I

Zero Crossings

20 25
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From Eq. (20.45), the principal values are the roots of the cubic
equation AI3 + BI 2 + CI + D = 0, where

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −42,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ )

= 524.97,

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′ − Iz′z′ I 2
x′y′

− 2Ix′y′ Iy′z′ Ix′z′ ) = −1707.4.

The function f (I) = AI3 + BI 2 + CI + D is graphed to determine
the zero crossings, and the values refined by iteration. The graph is
shown. The principal values are

I1 = 5.042 kg-m2 , I2 = 16.79 kg-m2 ,

I3 = 20.17 kg-m2 .

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (9.20),

V
(j)

x′ = (Iy′y′ − Ij )(Iz′z′ − Ij ) − I 2
y′z′

V
(j)
y = Ix′y′ (Iz′z′ − Ij ) + Ix′z′Iy′z′

V
(j)

z′ = Ix′z′ (Iy′y′ − Ij ) + Ix′y′ Iy′z′ .

For I1 = 5.042, V(1) = 77.38i + 7.937j + 87.75k,

and e1 = 0.6599i + 0.06768j + 0.7483k .

For I2 = 16.79, V(2) = −18.57i − 9.687j − 17.25k,

and e2 = −0.6843i − 0.3570j + 0.6358k .

For I3 = 20.17, V(3) = 4.911i − 14.75j − 2.997k,

and e3 = +0.3102i − 0.9316j − 0.1893k.
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Problem 20.100 The disk is pinned to the horizontal
shaft and rotates relative to it with angular velocity ω0.
Relative to an earth-fixed reference frame, the vertical
shaft rotates with angular velocity ω0.

(a) Determine the disk’s angular velocity vector ω rel-
ative to the earth-fixed reference frame.

(b) What is the velocity of point A of the disk relative
to the earth-fixed reference frame?

θ

b

A

xR

z

y

ω0

ωd

Solution: From Problem 20.43, the inertia matrix is

[I ] =

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105


 kg-m2.

For rotation at a constant rate, the angular acceleration is zero,
α = 0. The body-fixed coordinate system rotates with angular velocity
Eq. (20.19) reduces to:



∑

MOx∑
MOy∑
MOz


 =


 0 0 0

0 0 −0.01047
0 0.01047 0




×

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105




×

 0.01047

0
0




=

 0 0 0

0 0 −8726.7
2618.0 4363.3 0




 0.01047

0
0




=

 0

0
27.42


 N-m, |M0| = 27.4 (N-m)
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Problem 20.101 The disk is pinned to the horizon-
tal shaft and rotates relative to it with constant angular
velocity ω0. Relative to an earth-fixed reference frame,
the vertical shaft rotates with constant angular veloc-
ity ω0. What is the acceleration of point A of the disk
relative to the earth-fixed reference frame?

Solution: (See Figure in solution to Problem 20.100.) The angular
acceleration of the disk is given by

dω

dt
= d

dt
(ωd i + ωO j) + ωO × ωd = 0 +


 i j k

0 ωO 0
ωd 0 0




= −ωOωdk.

The velocity of point A relative to O is

aA/O = α × rA/O + ω × (ω × rA/O)

= (−ωOωd)(k × rA/O) + ω × (ω × rA/O).

Term by term:

−ωOωd(k × rA/O) = −ωOωd


 i j k

0 0 1
b R sin θ −R cos θ




= ωOωdR sin θ i − ωOωdbj,

ω × (ω × rA/O) = ω ×

 i j k

ωd ωO 0
b R sin θ −R cos θ




=

 i j k

ωd ωO 0
−RωO cos θ Rωd cos θ Rωd sin θ − bωO




= (Rωd sin θ − bωO)(ωO i − ωd j) + (R cos θ)(ω2
d + ω2

O)k.

Collecting terms:

aA/O = (2RωOωd sin θ − bω2
O)i − (Rω2

d sin θ)j

+ (Rω2
d cos θ + Rω2

O cos θ)k.
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Problem 20.102 The cone is connected by a ball-and-
socket joint at its vertex to a 100-mm post. The radius
of its base is 100 mm, and the base rolls on the floor.
The velocity of the center of the base is vC = 2k (m/s).

(a) What is the cone’s angular velocity vector ω?
(b) What is the velocity of point A?

x

100 mm
A

y

z

C

60°

400 mm

Solution: Denote θ = 60◦, h = 0.1 m, L = 0.4 m, R = 0.1 m.

(a) The strategy is to express the velocity of the center of the base
of the cone, point C, in terms of the known (zero) velocities of
O and P to formulate simultaneous equations for the angular
velocity vector components.

The line OC is parallel to the vector rC/O = iL (m). The line
PC is parallel to the vector rC/P = Rj (m). The velocity of the
center of the cone is given by the two expressions: vC = vO +
ω × rC/O , and vC = vP + ω × rC/P , where vC = 2k (m/s), and
vO = vP = 0.

Expanding:

vC = ω × rC/O =

 i j k

ωx ωy ωz

L 0 0


 = ωzLj − ωyLk.

vC = ω × rC/P =

 i j k

ωx ωy ωz

0 R 0


 = −Rωzi + Rωxk.

Solve by inspection:

ωx = vC

R
= 20 rad/s, ωy = − vC

L
= −5 m/s,

ωz = 0. ω = 20i − 5j (rad/s)

(b) The line OA is parallel to the vector rA/O = iL + jR sin θ −
kR cos θ . The velocity of point A is given by: vA = vO + ω ×
rA/O , where vO = 0.

vA =

 i j k

20 −5 0
L R sin θ −R cos θ


 ,

vA = 0.25i + 1j + 3.73k (m/s)

x
z

P

A

y

O
0.4 m

0.1
m

60°
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Problem 20.103 The mechanism shown is a type of
universal joint called a yoke and spider. The axis L lies
in the x-z plane. Determine the angular velocity ωL and
the angular velocity vector ωS of the cross-shaped “spi-
der” in terms of the angular velocity ωR at the instant
shown.

2b

2b

y

z

L
x

φ

ω L ω R

Solution: Denote the center of mass of the spider by point O, and
denote the line coinciding with the vertical arms of the spider (the
y axis) by P ′P , and the line coinciding with the horizontal arms by
Q′Q. The line P ′P is parallel to the vector rP/O = bj. The angular
velocity of the right hand yoke is positive along the x axis, ωR = ωR i,
from which the angular velocity ωL is positive toward the right, so
that ωL = ωL(i cos φ + k sin φ). The velocity of the point P on the
extremities of the line P ′P is vP = vO + ωR × rP/O , where vO = 0,
from which

vP =

 i j k

ωR 0 0
0 b 0


 = bωRk.

The velocity vP is also given by

vP = vO + ωS × rP/O =

 i j k

ωSx ωSy ωSz

0 b 0




= −ibωSz + kbωSx,

from which ωSz = 0, ωSx = ωR . The line Q′Q is parallel to the vector
rQ/O = ib sin φ − kb cos φ. The velocity of the point Q is

vQ = vO + ωS × rQ/O = 0 +

 i j k

ωSx ωSy 0
b sin φ 0 −b cos φ


 ,

vQ = −i(ωSyb cos φ) + j(ωSxb cos φ) − k(ωSyb sin φ).

The velocity vQ is also given by vQ = vO + ωL × rQ/O , from which

vQ =

 i j k

ωL cos φ 0 ωL sin φ

b sin φ 0 −b cos φ


 = jbωL(cos2 φ + sin2 φ)

= jbωL,

from which ωSy = 0, from which

ωS = ωR,

ωS = ωR i , ωL = ωSx cos φ = ωR cos φ .

y

Q
O

P

Q'

P'

R
ω
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Problem 20.104 The inertia matrix of a rigid body in
terms of a body-fixed coordinate system with its origin
at the center of mass is

[I ] =
[

4 1 −1
1 2 0

−1 0 6

]
kg-m2.

If the rigid body’s angular velocity is ω = 10i − 5j +
10k (rad/s), what is its angular momentum about its cen-
ter of mass?

Solution: The angular momentum is


HOx

HOy

HOz


 =


 4 1 −1

1 2 0
−1 0 6




 10

−5
10


 =


 25

0
50


 kg-m2/s

In terms of the unit vectors i, j, k, H = 25i + 50k kg-m2/s

Problem 20.105 What is the moment of inertia of the
rigid body in Problem 20.104 about the axis that passes
through the origin and the point (4, −4, 7) m?

Strategy: Determine the components of a unit vector
parallel to the axis, and use Eq. (20.43).

Solution: The unit vector parallel to the line passing through
(0, 0, 0) and (4, −4, 7) is

e = 4i − 4j + 7k√
42 + 42 + 72

= 0.4444i − 0.4444j + 0.7778k.

The inertia matrix in Problem 20.104 is

[I ] =

 4 1 −1

1 2 0
−1 0 6


 =


 Ixx −Ixy −Ixz

−Ixy Iyy −Iyz

−Ixz −Iyz Izz


 ,

where advantage is taken of the symmetric property of the inertia
matrix. From Eq. (20.43), the new moment of inertia about the line
through (0, 0, 0) and (4, −4, 7) is

IO = 4e2
x + 2e2

y + 6e2
z + 2(1)(exey) + 2(−1)(exez) + 2(0)(eyez),

IO = 3.728 kg-m2
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Problem 20.106 Determine the inertia matrix of the
0.6 kg thin plate in terms of the coordinate system
shown.

y 

x 

0.5 m 0.125 m

0.25 m

Solution: The strategy is to determine the moments and products
for a solid thin plate about the origin, and then subtract the moments
and products of the cut-out. The mass density is

ρ = 0.6(
π(0.52) − π

(
3

24

)2
)

T

= 0.8149

T
3,

from which ρT = 0.8149 kg/m , where2 T is the (unknown) thickness
of the plate. From Appendix C and by inspection, the moments and
products of inertia for a thin plate of radius R are:

Ixx = Iyy = mR2

4
, Izz = mR2

2
, Ixy = Ixz = Iyz = 0.

For a 6 in. radius solid thin plate, m = ρT π(0.52) = 0.64 kg..
Ixx = Iyy = 0.04 kg-m ,2 Izz = 0.08 kg-m ,2 Ixy = Ixz = Iyz = 0.
The coordinates of the 0.125 (dx, dy , dx) =
(3, 0, 0). The mass removed by the cut-out is mC = ρT πR2

C =
0.04 kg. The moments and products of inertia of the cut-out are

IC
xx = mCR2

C

4
= 1.563 × 10−4 2,

IC
yy = mCR2

C

4
+
(

3

12

)2

mC = 2.656 × 10−3 2,

IC
zz = mCR2

C

2
+ d2

xmC = 2.813 × 10−3 2,

IC
xy = 0, IC

xz = 0, IC
yz = 0.

The inertia matrix of the plate with the cut-out is

[I ]0 =

 0.04 0 0

0 0.04 0
0 0 0.08




−

 1.563 × 10−4 0 0

0 2.656 × 10−3 0
0 0 2.813 × 10−3


 ,

[I ]0 =

 0.0398 0 0

0 0.0373 0
0 0 0.0772


 2
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Problem 20.107 At t = 0, the plate in Problem 20.106
has angular velocity ω = 10i + 10j (rad/s) and is sub-
jected to the force F = −10k (N) acting at the point
(0, 0.5, 0) m. No other forces or couples act on the plate.
What are the components of its angular acceleration at
that instant?

Solution: The coordinates of the center of mass are (−0.01667, 0,
0) m. The vector from the center of mass to the point of application of
the force is rF/G = 0.01667i + 0.5j (m). The moment about the center
of mass of the plate is

MG = rF/G × F =

 i j k

0.01667 0.5 0
0 0 −10




= −5i + 0.1667j ( - ).

Eq. (20.19) reduces to


−5

0.1667
0


 =


 0.03984 0 −0

0 0.03718 0
0 0 0.07702




αx

αy

αz




+

 0

0
−0.267


 .

Carry out the matrix multiplication to obtain the three equations:

0.03984αx = −5, 0.03718αy = 0.1667, 0.07702αz − 0.267 = 0.

Solve: α = −125.5i + 4.484j + 3.467k rad/s2

Problem 20.108 The inertia matrix of a rigid body in
terms of a body-fixed coordinate system with its origin
at the center of mass is

[I ] =
[

4 1 −1
1 2 0

−1 0 6

]
kg-m2.

If the rigid body’s angular velocity is ω = 10i − 5j +
10k (rad/s) and its angular acceleration is zero, what are
the components of the total moment about its center of
mass?

Solution: Use general motion, Eq. (20.19),



∑

Mφx∑
Mφy∑
Mφz


 =


 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




αx

αy

αz




+

 0 −�z �y

�z 0 −�x

−�y �x 0




 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




ωx

ωy

ωz




with α = dω

dt
= 0. The coordinate system is rotating with angular

velocity ω, from which ω = ω. Eq. (20.19) reduces to



∑

Mφx∑
Mφy∑
Mφz


 =


 0 −10 −5

10 0 −10
5 10 0




 4 1 −1

1 2 0
−1 0 6




 10

−5
10




=

−5 −20 −30

50 10 −70
30 25 −5




 10

−5
10


 N-m,

M = −250i − 250j + 125k (N-m)
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Problem 20.109 If the total moment about the center
of mass of the rigid body described in Problem 20.108
is zero, what are the components of its angular acceler-
ation?

Solution: Use general motion, Eq. (20.19), with the moment com-
ponents equated to zero,


 0

0
0


 =


 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




αx

αy

αz




+

 0 −�z �y

�z 0 −�x

−�y �x 0




 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




ωx

ωy

ωz




=

 4 1 −1

1 2 0
−1 0 6




αx

αy

αz


+

 0 −10 −5

10 0 −10
5 10 0




×

 4 1 −1

1 2 0
−1 0 6




 10

−5
10


 ,


 0

0
0


 =


 4 1 −1

1 2 0
−1 0 6




αx

αy

αz


+

−250

−250
125


 .

Carry out the matrix multiplication to obtain the three simultane-
ous equations in the unknowns: 4αx + αy − αz = 250, αx + 2αy +
0 = 250, −αx + 0 + 6αz = −125.

Solve: α = 31.25i + 109.4j − 15.63k (rad/s2)
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Problem 20.110 The slender bar of length l and
mass m is pinned to the L-shaped bar at O. The L-
shaped bar rotates about the vertical axis with a constant
angular velocity ω0. Determine the value of ω0 necessary
for the bar to remain at a constant angle β relative to
the vertical.

β

O
ω0
ω

b
l

Solution: Since the point O is not fixed, this is general motion, in
which Eq. (20.19) applies. Choose a coordinate system with the origin
at O and the x axis parallel to the slender bar.

The moment exerted by the bar. Since axis of rotation is fixed, the
acceleration must be taken into account in determining the moment.
The vector distance from the axis of rotation in the coordinates system
shown is

r0 = b(i cos(90◦ − β) + j sin(90◦ − β)) = b(i sin β + j cos β).

The vector distance to the center of mass of the slender bar is rG/O =
i
(

L
2

)
. The angular velocity is a constant and the coordinate system

is rotating with an angular velocity ω = ω0(−i cos β + j sin β). The
acceleration of the center of mass relative to O is

aG = ω × (ω × (r0 + rG/O))

= ω ×




i j k
−ω0 cos β ω0 sin β 0

b sin β + L

2
b cos β 0


 ,

aG =




i j k
−ω0 cos β ω0 sin β 0

0 0 −ω0b − ω0L sin β

2




= aGx i + aGy j

aG = −ω2
0

(
+b sin β + L

2
sin2 β

)
i

− ω2
0

(
b cos β + L

2
sin β cos β

)
j.

From Newton’s second law, maG = A + W, from which A = maG −
W. The weight is W = mg(i cos β − j sin β). The moment about the
center of mass is

MG = rO/G × A = rO/G × (maG − W)

=




i j k

−L

2
0 0

maGx − mg cos β maGy + mg sin β 0


 .

MG = +
(

mω2
obL

2
cos β − mgL

2
sin β + mω2

0L
2

4
sin β cos β

)
k

= Mzk

b

W
x

A

y

β

0ω

The Euler Equations: The moments of inertia of the bar about the

center of mass are Ixx = 0, Iyy = Izz = mL2

12
, Ixy = Ixz = Iyz = 0.

Eq. (20.19) becomes:


Mx

My

Mz


 = ω2

o


 0 0 + sin β

0 0 cos β

− sin β − cos β 0






0 0 0

0
mL2

12
0

0 0
mL2

12




×

− cos β

sin β

0


 .

Carry out the matrix multiplication:


Mx

My

Mz


 =




0
0

−ω2
0mL2

12
cos β sin β


 .

Substitute:

mω2
0bL

2
cos β − mgL

2
sin β + mω2

0L
2

4
sin β cos β

= −ω2
0
mL2

12
sin β cos β.

Solve :
ω0 =

√√√√√ g sin β(
2

3

)
L sin β cos β + b cos β
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Problem 20.111 A slender bar of length l and mass m
is rigidly attached to the center of a thin circular disk of
radius R and mass m. The composite object undergoes
a motion in which the bar rotates in the horizontal plane
with constant angular velocity ω0 about the center of
mass of the composite object and the disk rolls on the
floor. Show that ω0 = 2

√
g/R.

R

l

0ω 0ω

Solution: Measuring from the left end of the slender bar, the dis-
tance to the center of mass is

dG =

(
L

2

)
m + mL

2m
= 3L

4
.

Choose an X, Y , Z coordinate system with the origin at the center
of mass, the Z axis parallel to the vertical axis of rotation and the
X axis parallel to the slender bar. Choose an x, y, z coordinate system
with the origin at the center of mass, the z axis parallel to the slender
bar, and the y axis parallel to the Z axis. By definition, the nutation
angle is the angle between Z and z, θ = 90◦. The precession rate
is the rotation about the Z axis, ψ̇ = ω0 rad/s. The velocity of the
center of mass of the disk is vG = (L/4)ψ̇ , from which the spin rate is

φ̇ = v

R
=
(

L

4R

)
ψ̇ . From Eq. (20.29), the moment about the x-axis is

Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzψ̇φ̇ sin θ = Izzφ̇ψ̇ = ω2
0L

4R
Izz.

The moment of inertia is Izz = mR2

2
, from which

Mx =
(

mRL

8

)
ω2

0.

The normal force acting at the point of contact is N = 2mg.
The moment exerted about the center of mass

MG = N
L

4
= mg

(
L

2

)
.

Equate the moments: mg

(
L

2

)
= m

(
RL

8

)
ω2

0, from which

ω0 = 2

√
g

R
.

N

R

X,

y, Z

W

3L
4

L
4
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Problem 20.112* The thin plate of mass m spins
about a vertical axis with the plane of the plate
perpendicular to the floor. The corner of the plate at
O rests in an indentation, so that it remains at the same
point on the floor. The plate rotates with constant angular
velocity ω0 and the angle β is constant.

(a) Show that the angular velocity ω0 is related to the
angle β by

hω2
0

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β

(b) The equation you obtained in (a) indicates that
ω0 = 0 when 2 cos β − sin β = 0. What is the
interpretation of this result?

2h

O

h

β

ω0

Solution:

Choose a body-fixed coordinate system with its origin at the fixed
point O and the axes aligned with the plate’s edges. Using the
moments of intertia for a rectangular area,

Ixx = mh2

3
, Iyy = 4mh2

3
, Izz = Ixx + Iyy = 5mh2

3
,

Ixy = mh2

2
, Ixz = Iyz = 0.

The plate’s angular velocity is ω = ω0 sin βi + ω0 cos βj, and
the moment about O due to the plate’s weight is

∑
Mx = 0,∑

My = 0,
∑

Mz = h

2
mg sin β − hmg cos β.

Choose a coordinate system with the x axis parallel to the right
lower edge of the plate and the y axis parallel to the left lower
edge of the plate, as shown. The body fixed coordinate sys-
tem rotates with angular velocity ω = ω0(j sin β + k cos β). From
Eq. (20.13),


 0

0
Mz


 =


 0 0 ω0 cos β

0 0 −ω0 sin β

−ω0 cos β ω0 sin β 0




×




mh2

3
−mh2

2
0

−mh2

2

4mh2

3
0

0 0
5m2

3




ω0 cos β

ω0 cos β

0


 .

Expand, Mz = hmg

(
sin β

2
− cos β

)

= mh2ω2
a

(
− sin β cos β

3
+ cos2 β

2
− sin2 β

2

+ 4 sin β cos β

3

)

Solve:
ω2

0h

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β

O

mg

y

x
0

β

ω

(b) The perpendicular distance from the axis of rotation to the center
of mass of the plate is

d =
∣∣∣∣rO/G × ω

|ω|
∣∣∣∣ =
∣∣∣∣∣∣∣∣




i j k

0 −h

2
−h

0 cos β sin β



∣∣∣∣∣∣∣∣

= h

(
cos β − sin β

2

)
.

If this distance is zero, β = tan−1(2) = 63.43◦, the accelerations
of the center of mass and the external moments are zero (see

equations above, where for convenience the term cos β − sin β

2
has been kept as a factor) and the plate is balanced.

The angular velocity of rotation is zero (the plate is stationary) if
β = tan−1(2) = 63.435◦ , since the numerator of the right hand
term in the boxed expression vanishes (the balance at this point
would be very unstable, since an infinitesimally small change in
β would induce a destabilizing moment.).
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Problem 20.113* In Problem 20.112, determine the
range of values of the angle β for which the plate will
remain in the steady motion described.

Solution: From the solution to Problem 20.112

ω2
0h

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β
.

The angular velocity is a real number, from which ω2
0 ≥ 0, from which

f (β) = 2 cos β − sin β

sin2 β − 2 cos β sin β − cos2 β
≥ 0.

A graph of f (β) for values of 0 ≤ β ≤ 90◦ is shown. The function
is positive over the half-open interval 63.4348◦ ≤ β < 67.50◦ . The
angular velocity is zero at the lower end of the interval, and “blows
up” (becomes infinite) when the denominator vanishes, which occurs

at exactly β = 3π

8
= 67.50◦ .

f(
   

)
β

f (   ) vs

, deg

β β

0

0 10 

β
20 30 40 50 60 70 80 90 

–1
–2
–3
–4
–5

1
2
3
4
5
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Problem 20.114* Arm BC has a mass of 12 kg, and
its moments and products of inertia, in terms of the coor-
dinate system shown, are Ixx = 0.03 kg-m2, Iyy = Izz =
4 kg-m2, and Ixy = Iyz = Ixz = 0. At the instant shown,
arm AB is rotating in the horizontal plane with a con-
stant angular velocity of 1 rad/s in the counterclockwise
direction viewed from above. Relative to arm AB, arm
BC is rotating about the z axis with a constant angu-
lar velocity of 2 rad/s. Determine the force and couple
exerted on arm BC at B.

2 rad/s
C

BA

x

y

1 rad/s

40°

700 mm

300 m
m

Solution: In terms of the body-fixed coordinate system shown, the
moments and products of inertia are

Ixx = 0.03 kg-m2,

Iyy = Izz = 4 − (0.3)2(12) = 2.92 kg-m2,

Ixy = Iyz = Izx = 0.

In terms of the angle θ , the angular velocity of the coordinate system is

ω = (1) sin θ i + (1) cos θj + (2)k (rad/s),

so its angular acceleration is Eq. (20.4)

α = dω

dt
= cos θ

dθ

dt
i − sin θ

dθ

dt
j.

Setting θ = 40◦ and dθ/dt = 2 rad/s, we obtain

ω = 0.643i + 0.766j + 2k (rad/s), (1)

α = 1.532i − 1.286j (rad/s2). (2)

Equation (20.19) is


 MBx

MBy + 0.3FBz

MBz − 0.3FBy


 =


 0.03 0 0

0 2.92 0
0 0 2.92




αx

αy

αz




+

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0




 0.03 0 0

0 2.92 0
0 0 2.92




ωx

ωy

ωz


 .

Using Eqs. (1) and (2), this gives the equations

MBx = 0.046,

MBy + 0.3FBz = −7.469,

MBz − 0.3FBy = 1.423,

From which

MB = 0.046i − 10.25j + 30.63k (N-m).

B B

FB

MB

0.3 m

mg

G
G

y

y

x x

θ

The acceleration of B toward A is (1 rad/s)2(0.7 m) = 0.7 m/s2, so

aB = −0.7 cos 40◦i + 0.7 sin 40◦j

= −0.536i + 0.450j (m/s2).

The acceleration of the center of mass is

aG = aB + α × rG/B + ω × (ω × rG/B)

= −1.912i + 0.598j + 0.771k (m/s2).

From Newton’s second law (see free-body diagram),

FBx − mg sin 40◦ = m(−1.912),

FBy − mg cos 40◦ = m(0.598),

FBz = m(0.771).

Solving, FB = 52.72i + 97.35j + 9.26k (N). The moment about the
center of mass is

∑
M = MB + (−0.3i) × FB

= MB + 0.3FBzj − 0.3FByk.
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Problem 20.115 Suppose that you throw a football in a
wobbly spiral with a nutation angle of 25◦. The football’s
moments of inertia are Ixx = Iyy = 0.0041 kg-m2 and
Izz = 0.00136 kg-m . If the spin rate is2 ˙φ = 4 revolutions
per second, what is the magnitude of the precession rate
(the rate at which the football wobbles)?

Z

z

25°

Solution: This is modeled as moment-free, steady precession of an
axisymmetric object. From Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ =
0, from which

ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
.

Substitute ψ̇ = − (0.00136 kg-m2 )(4)

( − 0.0041 ) cos 25◦ = 2 .21 rev/s.

|ψ̇ | = 2.21 rev/s

Problem 20.116 Sketch the body and space cones for
the motion of the football in Problem 20.115.

Solution: The angle β is given by tan β =
(

Izz

Ixx

)
tan θ , from

which β = 8.8◦. β < θ , and the body cone revolves outside the space
cone. The sketch is shown. The angle θ = 25◦.

Z

Y

x

X

z

Body
cone

Space
cone

θ

β

φ

ψ
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Problem 20.117 The mass of the homogeneous thin
plate is 1 kg. For a coordinate system with its origin at
O, determine the plate’s principal moments of inertia
and the directions of unit vectors parallel to the corre-
sponding principal axes.

x'

y'

z'

160 
mm

160 
mm

160 
mm

O

400 mm

Solution: The moment of inertia is determined by the strategy of
determining the moments and products of a larger plate, and then sub-
tracting the moments and products of inertia of a cutout, as shown in
the sketch. Denote h = 0.32 m, b = 0.4 m, c = 0.16 m, d = b − c =
0.24 m. The area of the plate is A = hb − cd = 0.0896 m2. Denote
the mass density by ρ kg/m3. The mass is ρAT = 1 kg, from which
ρT = 1

A
= 11.16 kg/m2, where T is the (unknown) thickness. The

moments and products of inertia of the large plate: The moments and
products of inertia about O are (See Appendix C)

I
(p)
xx = ρT bh3

3
, I

(p)
yy = ρT hb3

3
,

I
(p)
zz = I

(p)
yy + I

(p)
xx = ρT bh(h2 + b2)

3
,

I
(p)
xy = ρT h2b2

4
, I

(p)
xz = I

(p)
yz = 0.

The moments and products of inertia for the cutout : The moments and
products of inertia about the center of mass of the cutout are:

I
(c)
xx = ρT dc3

12
, I

(c)
yy = ρT cd3

12
, I

(c)
zz = ρT cd(c2 + d2)

12
,

I
(c)
xy = I

(c)
xz = I

(c)
yz = 0.

The distance from O to the center of mass of the cutout is (dx, dy, 0) =
(0.28, 0.24, 0) m. The moments and products of inertia about the
point O are

I
(0)
xx = I

(c)
xx + ρT cd(d2

y ), I
(0)
yy = I

(c)
yy + ρT cd(d2

x ),

I
(0)
zz = I

(c)
zz + ρT cd(d2

x + d2
y ),

I
(0)
xy = I

(c)
xy + ρT cd(dxdy), I

(0)
xz = I

(0)
yz = 0.

The moments and products of inertia of the object : The moments and
products of inertia about O are

Ixx = I
(p)
xx − I

(0)
xx = 0.02316 kg-m2,

Iyy = I
(p)
yy − I

(0)
yy = 0.04053 kg-m2,

Izz = I
(p)
zz − I

(0)
zz = 0.06370 kg-m2,

Ixy = I
(p)
xy − I

(0)
xy = 0.01691 kg-m2,

Ixz = Iyz = 0.

0.4 m

0.16 m

0.24 m

0.32 m

O

–.000015

–.00001

–.000005

0

0 .02 .04

I, kg-m2

f (I ) vs I

f (I )

.06 .08

.000005

.00001

.000015

.00002
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The principal moments of inertia. The principal values are given by
the roots of the cubic equation AI3 + BI 2 + CI + D = 0, where

A = 1, B = −(Ixx + Iyy + Izz) = −0.1274,

C = IxxIyy + IyyIzz + IxxIzz − I 2
xy − I 2

xz − I 2
yz = 4.71 × 10−3,

D = −(IxxIyyIzz − IxxI 2
yz − IyyI 2

xz − IzzI
2
xy − 2IxyIyzIxz)

= −4.158 × 10−5.

The function f (I) = AI3 + BI 2 + CI + D is graphed to get an
estimate of the roots, and these estimates are refined by iteration.
The graph is shown. The refined values of the roots are I1 =
0.01283 kg-m2, I2 = 0.05086 kg-m2, I3 = 0.06370 kg-m2.

The principal axes. The principal axes are obtained from a solution of
the equations

Vx = (Iyy − I )(Izz − I ) − I 2
yz

Vy = Ixy(Izz − I ) + IxzIyz

Vz = Ixz(Iyy − I ) + IxzIyz.

Since Ixz = Iyz = 0, Vz = 0, and the solution fails for this axis, and the
vector is to be determined from the orthogonality condition. Solving
for Vx , Vy , the unit vectors are: for I = I1, V

(1)
x = 0.00141, V

(1)
y =

8.6 × 10−4, from which the unit vectors are e1 = 0.8535i + 0.5212j .

For I = I2, V (2)
x = −1.325 × 10−4, V (2)

y = 2.170 × 10−4, from which

e2 = −0.5212i + 0.8535j . The third unit vector is determined from

orthogonality conditions: e3 = k .
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Problem 20.118 The airplane’s principal moments of
inertia, in kg-m , are2 Ixx = Iyy = 062, and
Izz = .

(a) The airplane begins in the reference position shown
and maneuvers into the orientation ψ = θ = φ =
45◦. Draw a sketch showing the plane’s orientation
relative to the XYZ system.

(b) If the airplane is in the orientation described in (a),
the rates of change of the Euler angles are ψ̇ = 0,
θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and the second
derivatives of the angles with respect to time are
zero, what are the components of the total moment
about the airplane’s center of mass?

Z, z

X, x

Y, y

Solution:

(a)
(b) The Eqs. (20.36) apply.

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ) − (Iyy − Izz)

× (ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ) − (Izz − Ixx)

× (ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ).

Substitute Ixx = Iyy = and Izz = , in kg-m ,2

and ψ̇ = 0, θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and ψ̈ = θ̈ = φ̈ = 0. The
moments:

Mx = − . , My = − . ,

Mz = −

X

Y

x

yZ

= 45°

z

ψ

= 45°θ

= 45°φ

725
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Problem 20.119 What are the x, y, and z components
of the angular acceleration of the airplane described in
Problem 20.118?

Solution: The angular accelerations are given by Eq. (20.35):

dωx

dt
= ψ̈ sin θ sin φ + ψ̇ θ̇ cos θ sin φ + ψ̇φ̇ sin θ cos φ

+ θ̈ cos φ − θ̇ φ̇ sin φ,

dωy

dt
= ψ̈ sin θ cos φ + ψ̇ θ̇ cos θ cos φ − ψ̇φ̇ sin θ sin φ

− θ̈ sin φ − θ̇ φ̇ cos φ,

dωz

dt
= ψ̈ cos θ − ψ̇ θ̇ sin θ + φ̈.

Substitute Ixx = Iyy = Izz = , in kg-m ,2

and ψ̇ = 0, θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and ψ̈ = θ̈ = φ̈ = 0, to
obtain

αx = −0.0283 rad/s2 , αy = −0.0283 rad/s , αz = 0

Problem 20.120 If the orientation of the airplane in
Problem 20.118 is ψ = 45◦, θ = 60◦, and φ = 45◦, the
rates of change of the Euler angles are ψ̇ = 0, θ̇ =
0.2 rad/s, and φ̇ = 0.1 rad/s, and the components of the
total moment about the center of mass of the plane
are �Mx = �My = 1627 N- , and �Mz=
0, what are the x, y, and z components of the airplane’s
angular acceleration?

Solution: The strategy is to solve Eqs. (20.36) for θ̈ , φ̈, and ψ̈ ,
and then to use Eqs. (20.35) to determine the angular accelerations.

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ) − (Iyy − Izz)

× (ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ) − (Izz − Ixx)

× (ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ sin φ).

Substitute numerical values and solve to obtain φ̈ = −0.03266 rad/s2,
θ̈ = 0.01143 rad/s2, ψ̈ = 0.09732 rad/s2. These are to be used (with
the other data) in Eqs. (20.35),

dωx

dt
= ψ̈ sin θ sin φ + ψ̇ θ̇ cos θ sin φ + ψ̇φ̇ sin θ cos φ

+ θ̈ cos φ − θ̇ φ̇ sin φ,

dωy

dt
= ψ̈ sin θ cos φ + ψ̇ θ̇ cos θ cos φ − ψ̇φ̇ sin θ sin φ

− θ̈ sin φ − θ̇ φ̇ cos φ,

dωz

dt
= ψ̈ cos θ − ψ̇ θ̇ sin θ + φ̈.

Substitute, to obtain:

αx = 0.05354 rad/s2 , αy = 0.03737 rad/s2 ,

αz = 0.016 rad/s2
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Problem 21.1 In Active Example 21.1, suppose that
the pulley has radius R = 100 mm and its moment
of inertia is I = 0.005 kg-m2. The mass m = 2 kg,
and the spring constant is k = 200 N/m. If the mass
is displaced downward from its equilibrium position
and released, what are the period and frequency of the
resulting vibration?

R

k m
Solution: From Active Example 21.1 we have

ω =
√√√√ k

m + I

R2

=
√√√√√ (200 N/m)

(2 kg) + (0.005 kg-m2)

(0.1 m)2

= 8.94 rad/s

Thus

τ = 2π

ω
= 2π

8.94 rad/s
= 0.702 s, f = 1

τ
= 1.42 Hz.

τ = 0.702 s, f = 1.42 Hz.

Problem 21.2 In Active Example 21.1, suppose that
the pulley has radius R = 4 cm and its moment of inertia
is I = 0.06 g- . The suspended object weighs 5 N,2

and the spring constant is k = 10 N/m. The system is
initially at rest in its equilibrium position. At t = 0, the
suspended object is given a downward velocity of 1 m/s.
Determine the position of the suspended object relative
to its equilibrium position as a function of time.

R

k m

Solution: From Active Example 21.1 we have

ω =
√√√√ k

m + I

R2

=
√√√√√ (10 N/m)(

5 N
2

)
+ (0.06 kg-m 2)

( )2

= rad/s

The general solution is

x = A sin ωt + B cos ωt, v = Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

x(t = 0) = B = 0 ⇒ B = 0,

v(t = 0) = Aω = (1 ft/s) ⇒ A = 1 m/s

rad/s
= .

Thus the equation is

x = sin 0.51t ( ).

727

k m

9.81 m/s 0.04 m

0.51

0.51
1.96 m

1.96 m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 21.3 The mass m = 4 kg. The spring is un-
stretched when x = 0. The period of vibration of the
mass is measured and determined to be 0.5 s. The mass
is displaced to the position x = 0.1 m and released from
rest at t = 0. Determine its position at t = 0.4 s.

k

x

m

Solution: Knowing the period, we can find the natural frequency

ω = 2π

τ
= 2π

0.5 s
= 12.6 rad/s.

The general solution is

x = A sin ωt + B cos ωt, v = Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

x(t = 0) = B = 0.1 m ⇒ B = 0.1 m,

v(t = 0) = Aω = 0 ⇒ A = 0.

Thus the equation is

x = (0.1 m) cos(12.6 rad/s t)

At the time t = 0.4 s, we find

x = 0.0309 m.

Problem 21.4 The mass m = 4 kg. The spring is un-
stretched when x = 0. The frequency of vibration of the
mass is measured and determined to be 6 Hz. The mass
is displaced to the position x = 0.1 m and given a veloc-
ity dx/dt = 5 m/s at t = 0. Determine the amplitude of
the resulting vibration. k

x

m

Solution: Knowing the frequency, we can find the natural fre-
quency

ω = 2πf = 2π(6 Hz) = 37.7 rad/s.

The general solution is

x = A sin ωt + B cos ωt, v = Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

x(t = 0) = B = 0.1 m ⇒ B = 0.1 m,

v(t = 0) = Aω = 5 m/s ⇒ A = 5 m/s

37.7 rad/s
= 0.133 m.

The amplitude of the motion is given by√
A2 + B2 =

√
(0.1 m)2 + (0.133 m)2 = 0.166 m.

Amplitude = 0.166 m.
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Problem 21.5 The mass m = 4 kg and the spring con-
stant is k = 64 N/m. For vibration of the spring-mass
oscillator relative to its equilibrium position, determine
(a) the frequency in Hz and (b) the period.

m

20�

k
x

Solution: Since the vibration is around the equilibrium position,
we have

(a) ω =
√

k

m
=

√
64 N/m

4 kg
= 4 rad/s

(
1 cycle

2π rad

)
= 0.637 Hz

(b) τ = 2π

ω
= 2π

4 rad/s
= 1.57 s

Problem 21.6 The mass m = 4 kg and the spring con-
stant is k = 64 N/m. The spring is unstretched when
x = 0. At t = 0, x = 0 and the mass has a velocity of
2 m/s down the inclined surface. What is the value of x
at t = 0.8 s?

Solution: The equation of motion is

m
d2x

dt2
+ kx = mg sin 20◦ ⇒ d2x

dt2
+

(
k

m

)
x = g sin 20◦

Putting in the numbers we have

d2x

dt2
+ (16s−2)x = 3.36 m/s2

The solution to this nonhomogeneous equation is

x = A sin([4 s−1]t) + B cos([4 s−1]t) + 0.210 m

Using the initial conditions we have

0 = B + 0.210 m

2 m/s = A(4 s−1)

}
⇒ A = 0.5 m, B = −0.210 m

The motion is

x = (0.5 m) sin([4 s−1]t) − (0.210 m) cos([4 s−1]t) + 0.210 m

At t = 0.8 s we have x = 0.390 m

Problem 21.7 Suppose that in a mechanical design
course you are asked to design a pendulum clock, and
you begin with the pendulum. The mass of the disk is
2 kg. Determine the length L of the bar so that the period
of small oscillations of the pendulum is 1 s. For this
preliminary estimate, neglect the mass of the bar. 50 mmL

Solution: Given m = 2 kg, r = 0.05 m

For small angles the equation of motion is(
1

2
mr2 + m[r + L]2

)
d2θ

dt2
+ mg(L + r)θ = 0

⇒ d2θ

dt2
+

(
2g[L + r]

r2 + [r + L]2

)
θ = 0

The period is τ = 2π

√
r2 + 2(r + L)2

2g(L + r)

Set τ = 1 s and solve to find L = 0.193 m

729

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 21.8 The mass of the disk is 2 kg and the
mass of the slender bar is 0.4 kg. Determine the length
L of the bar so that the period of small oscillations of
the pendulum is 1 s.

Strategy: Draw a graph of the value of the period for
a range of lengths L to estimate the value of L corre-
sponding to a period of 1 s.

50 mmL

Solution: We have

md = 2 kg, mb = 0.4 kg, r = 0.05 m, τ = 1 s.

The moment of inertia of the system about the pivot point is

I = 1

3
mbL

2 + 1

2
mdr2 + md(L + r)2.

The equation of motion for small amplitudes is(
1

3
mbL

2 + 1

2
mdr2 + md(L + r)2

)
θ̈ +

(
mb

L

2
+ md [L + r]

)
gθ = 0

Thus, the period is given by

τ = 2π

√√√√√√√
1

3
mbL

2 + 1

2
mdr2 + md(L + r)2(

mb + L

2
+ md [L + r]

)
g

This is a complicated equation to solve. You can draw the graph and
get an approximate solution, or you can use a root solver in your
calculator or on your computer.

Using a root solver, we find L = 0.203 m.

Problem 21.9 The spring constant is k = 785 N/m.
The spring is unstretched when x = 0. Neglect the mass
of the pulley, that is, assume that the tension in the rope
is the same on both sides of the pulley. The system is
released from rest with x = 0. Determine x as a function
of time.

k

20 kg

x

4 kg
Solution: We have the equations

T − (4 kg)(9.81 m/s2) − (785 N/m)x = (4 kg)ẍ

T − (20 kg)(9.81 m/s2) = −(20 kg)ẍ

If we eliminate the tension T from these equations, we find

(24 kg)ẍ + (785 N/m)x = (16 kg)(9.81 m/s2)

ẍ + (5.72 rad/s)2x = 6.54 m/s2.

The solution of this equation is

x = A sin ωt + B cos ωt + (0.200 m), v = Aω cos ωt − Bω sin ωt.

Using the initial conditions, we have

x(t = 0) = B + (0.200 m) ⇒ B = −0.200 m,

v(t = 0) = Aω = 0 ⇒ A = 0.

Thus the equation is

x = (0.200 m)(1 − cos[5.72 rad/s t]).
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Problem 21.10 The spring constant is k = 785 N/m.
The spring is unstretched with x = 0. The radius of the
pulley is 125 mm, and moment of inertia about its axis
is I = 0.05 kg-m2. The system is released from rest with
x = 0. Determine x as a function of time.

k

20 kg

x

4 kg

Solution: Let T1 be the tension in the rope on the left side, and
T2 be the tension in the rope on the right side. We have the equations

T1 − (4 kg)(9.81 m/s2) − (785 N/m)x = (4 kg)ẍ

T2 − (20 kg)(9.81 m/s2) = −(20 kg)ẍ

(T2 − T1)(0.125 m) = (0.05 kg-m2)
ẍ

(0.125 m)

If we eliminate the tensions T1 and T2 from these equations, we find

(27.2 kg)ẍ + (785 N/m)x = (16 kg)(9.81 m/s2)

ẍ + (5.37 rad/s)2x = 5.77 m/s2.

The solution of this equation is

x = A sin ωt + B cos ωt + (0.200 m), v = Aω cos ωt − Bω sin ωt.

Using the initial conditions, we have

x(t = 0) = B + (0.200 m) ⇒ B = −0.200 m,

v(t = 0) = Aω = 0 ⇒ A = 0.

Thus the equation is

x = (0.200 m)(1 − cos [5.37 rad/s t]).

Problem 21.11 A “bungee jumper” who weighs 711.7
N leaps from a bridge above a river. The bungee cord
has an unstretched length of 18.3 m, and it stretches
additional 12.2 m before the jumper rebounds. Model the
cord as a linear spring. When his motion has nearly
stopped, what are the period and frequency of his vertical
oscillations? (You can’t model the cord as a linear spring
during the early part of his motion. Why not?)

Solution: Use energy to find the spring constant

T1 = 0, V1 = 0, T2 = 0, V2 = −( )( ) + 1

2
k( )2

T1 + V1 = T2 + V2 ⇒ k = /

f = 1

2π

√
k

m
= 1

2π

√
( )/( 2)

= 0.319 Hz,

τ = 1

f
= 3.13 s

The cord cannot be modeled as a linear spring during the early motion
because it is slack and does not support a compressive load.
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291.9 N/m

711.7 N 9.81 m/s
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Problem 21.12 The spring constant is k = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth.
Neglect the mass of the pulley. The system is released
from rest with x = 0.

(a) Determine the frequency and period of the resulting
vibration.

(b) What is the value of x at t = 4 s?

k

20�
x

Solution: The equations of motion are

T − mg sin θ − kx = mẍ, T − mg = −mẍ.

If we eliminate T , we find

2mẍ + kx = mg(1 − sin θ), ẍ + k

2m
x = 1

2
g(1 − sin θ),

ẍ + 1

2

(
800 N/m

30 kg

)
x = 1

2
(9.81 m/s2)(1 − sin 20◦

),

ẍ + (3.65 rad/s)2x = 3.23 m/s2.

(a) The natural frequency, frequency, and period are

ω = 3.65 rad/s, f = ω

2π
= 0.581 Hz, τ = 1

f
= 1.72 s.

f = 0.581 s,
τ = 1.72 s.

(b) The solution to the differential equation is

x = A sin ωt + B cos ωt + 0.242 m, v = Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

x(t = 0) = B + 0.242 m = 0 ⇒ B = −0.242 m,

v(t = 0) = Aω = 0 ⇒ A = 0.

Thus the equation is x = (0.242 m)(1 − cos [3.65 rad/s t])

At t = 4 s we have x = 0.351 m.

Problem 21.13 The spring constant is k = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth. The
radius of the pulley is 120 mm and its moment of inertia
is I = 0.03 kg-m2. At t = 0, x = 0 and dx/dt = 1 m/s.

(a) Determine the frequency and period of the resulting
vibration.

(b) What is the value of x at t = 4 s?

k

20�
x

Solution: Let T1 be the tension in the rope on the left of the
pulley, and T2 be the tension in the rope on the right of the pulley.
The equations of motion are

T1 − mg sin θ − kx = mẍ, T2 − mg = −mẍ, (T2 − T1)r = I
ẍ

r
.

If we eliminate T1 and T2, we find(
2m + I

r2

)
ẍ + kx = mg(1 − sin θ),

ẍ + kr2

2mr2 + I
x = mgr2

2mr2 + I
(1 − sin θ), ẍ + (3.59 rad/s)2x = 3.12 m/s2.

(a) The natural frequency, frequency, and period are

ω = 3.59 rad/s, f = ω

2π
= 0.571 Hz, τ = 1

f
= 1.75 s.

f = 0.571 s,
τ = 1.75 s.

(b) The solution to the differential equation is

x = A sin ωt + B cos ωt + 0.242 m, v = Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

x(t = 0) = B + 0.242 m = 0 ⇒ B = −0.242 m,

v(t = 0) = Aω = (1 m/s) ⇒ A = 1 m/s

3.59 rad/s
= 0.279 m.

Thus the equation is

x = (0.242 m)(1 − cos[359 rad/st]) + (0.279 m) sin [359 rad/s t]

At t = 4 s we have x = 0.567 m.
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Problem 21.14 The 89 N disk rolls on the horizontal
surface. Its radius is R=

stant k so that the frequency of vibration of the sys-
tem relative to its equilibrium position is f = 1 Hz.

k R

Solution: Given m =
2
, R =

The equations of motion

−kx + F = m
d2x

dt2

FR = −
(

1

2
mR2

)
1

R

d2x

dt2




⇒ d2x

dt2
+

(
2k

3m

)
x = 0

We require that f = 1

2π

√
2k

3m
= 1 Hz ⇒ k = /

Problem 21.15 The 89 N disk rolls on the horizon-
tal surface. Its radius is R =

k = t = 0, the spring is
unstretched and the disk has a clockwise angular velocity
of 2 rad/s. What is the amplitude of the resulting vibra-
tions of the center of the disk?

Solution: See the solution to 21.14

d2x

dt2
+

(
2k

3m

)
x = 0 ⇒ d2x

dt2
+ ( rad/s)2x = 0

The solution is

x = A cos([16.09 rad/s]t) + B sin([16.09. rad/s]t)

Using the initial conditions

0 = A

(2 rad/s)( ) = B( rad/s)

}
⇒ A = 0, B =

Thus x = ( ) sin([ rad/s]t)

The amplitude is B =

733

152.4 mm. Determine the spring
con

89 N

9.81 m/s
0 .152 m

537 N m

152.4 mm. The spring
constant is 218 .9 N/m. At

16.09

0.152 m 16.09
0.076 m

0.076 m 16.09

0.076 m
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Problem 21.16 The 8.9 N bar is pinned to the 22.2 N
disk. The disk rolls on the circular surface. What is the
frequency of small vibrations of the system relative to
its vertical equilibrium position?

381 mm

101 6 mm

Solution: Use energy methods.

T = 1

2

(
1

3

[
2

]
2
)

ω2
bar + 1

2

(
2

)
2
ω2

bar

+ 1

2

(
1

2

[
2

] )( )2

ω2
bar = ( 2 )ω 2

bar

V = −( ) cos θ − ( ) cos θ = −( ) cos θ

Differentiating and linearizing we find

(0.537 N-m-s2)
d2θ

dt2
+ ( )θ = 0 ⇒ d2θ

dt2
+ (4.35 rad/s)2θ = 0

f = 4.35 rad/s

2π rad
= 0.692 Hz

Problem 21.17 The mass of the suspended object A
is 4 kg. The mass of the pulley is 2 kg and its moment
of inertia is 0.018 N-m2. For vibration of the system
relative to its equilibrium position, determine (a) the fre-
quency in Hz and (b) the period.

120 mm

A
x

k  

Solution: Use energy methods

T = 1

2
(6 kg)v2 + 1

2
(0.018 kg-m2)

( v

0.12 m

)2 = (3.625 kg)v2

V = −(6 kg)(9.81 m/s2)x + 1

2
(150 N/m)(2x)2

= (300 N/m)x2 − (58.9 N)x

Differentiating we have

(7.25 kg)
d2x

dt2
+ (600 N/m)x = 58.9 N

⇒ d2x

dt2
+ (9.10 rad/s)2x = 8.12 m/s2

(a) f = 9.10 rad/s

2π rad
= 1.45 Hz

(b) τ = 1

f
= 0.691 s

734

8.9 N

9.81 m/s
0.381 m

2
0.102 m

22.2 N

9.81 m/s
(0.381 m)

22.2 N
9.81 m/s

0.381

0.102
0.268 N-m-s

8.9 N (0.1 m)91 22.2 N (0. m)381 10.17 N-m

10.17 N-m

.
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Problem 21.18 The mass of the suspended object A is
4 kg. The mass of the pulley is 2 kg and its moment of
inertia is 0.018 N-m2. The spring is unstretched when
x = 0. At t = 0, the system is released from rest with
x = 0. What is the velocity of the object A at t = 1 s?

Solution: See the solution to 21.17

The motion is given by

x = A cos([9.10 rad/s]t) + B sin([9.10 rad/s]t) + 0.0981 m

v = dx

dt
= (9.10 rad/s){−A sin([9.10 rad/s]t) + B cos([9.10 rad/s]t)}

Use the initial conditions

A + 0.0981 m = 0

B(0.910 rad/s) = 0

}
⇒ A = −0.0981 m, B = 0

Thus we have

x = (0.0981 m)(1 − cos([9.10 rad/s]t))

v = dx

dt
= −(0.892 m/s) sin([9.10 rad/s]t)

At t = 1 s, v = 0.287 m/s

Problem 21.19 The thin rectangular plate is attached
to the rectangular frame by pins. The frame rotates
with constant angular velocity ω0 = 6 rad/s.The angle β
between the z axis of the body-fixed coordinate system
and the vertical is governed by the equation

d2β

dt2
= −ω2

0 sin β cos β.

Determine the frequency of small vibrations of the plate
relative to its horizontal position.

Strategy: By writing sin β and cos β in terms of their
Taylor series and assuming that β is small, show that
the equation governing β can be expressed in the form
of Eq. (21.5).

x

z

y
h

b

b

v0

Solution:

d2β

dt2
+ ω2

0 sin β cos β = 0 ⇒ d2β

dt2
+ 1

2
ω2

0 sin 2β = 0

Linearizing we have

d2β

dt2
+ 1

2
ω2

02β = 0 ⇒ d2β

dt2
+ ω2

0β = 0

ω = ω0 = 6 rad/s ⇒ f = 6 rad/s

2π rad
= 0.954 Hz
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Problem 21.20 Consider the system described in
Problem 21.19. At t = 0, the angle β = 0.01 rad and
dβ/dt = 0. Determine β as a function of time.

Solution: See 21.19

The equation of motion is

d2β

dt2
+ (6 rad/s)2β = 0

The solution is

β = (0.01 rad) cos([6.00 rad/s]t)

Problem 21.21 A slender bar of mass m and length l
is pinned to a fixed support as shown. A torsional
spring of constant k attached to the bar at the support
is unstretched when the bar is vertical. Show that the
equation governing small vibrations of the bar from its
vertical equilibrium position is

d2θ

dt2
+ ω2θ = 0, where ω2 = (k − 1

2mgl)

1
3ml2

.
k

θ

Solution: The system is conservative. The pivot is a fixed point.
The moment of inertia about the fixed point is I = mL2/3. The kinetic
energy of the motion of the bar is

T = 1

2
I

(
dθ

dt

)2

.

The potential energy is the sum of the energy in the spring and the
gravitational energy associated with the change in height of the center
of mass of the bar,

V = 1

2
kθ2 − mgL

2
(1 − cos θ).

For a conservative system,

T + V = const. = 1

2
I

(
dθ

dt

)2

+ 1

2
kθ2 − mgL

2
(1 − cos θ).

Take the time derivative and reduce:

(
dθ

dt

)[
mL2

3

(
d2θ

dt2

)
+ kθ − mgL

2
sin θ

]
= 0.

Ignore the possible solution
dθ

dt
= 0, from which

mL2

3

(
d2θ

dt2

)
+ kθ − mgL

2
sin θ = 0.

For small amplitude vibrations sin θ → θ , and the canonical form (see
Eq. (21.4)) of the equation of motion is

d2θ

dt2
+ ω2θ = 0, where ω2 =

k − mgL

2
1

3
mL2
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Problem 21.22 The initial conditions of the slender
bar in Problem 21.21 are

t = 0

{
θ = 0
dθ

dt
= θ̇0.

(a) If k > 1
2mgl, show that θ is given as a function of

time by

θ = θ̇0

ω
sin ωt, where ω2 = (k − 1

2mgl)

1
3ml2

.

(b) If k < 1
2mgl, show that θ is given as a function of

time by

θ = θ̇0

2h
(eht − e−ht ), where h2 = ( 1

2mgl − k)

1
3ml2

.

Strategy: To do part (b), seek a solution of the
equation of motion of the form x = Ceλt , where C and
λ are constants.

Solution: Write the equation of motion in the form

d2θ

dt2
+ p2θ = 0, where p =

√√√√√√ k − mgL

2
1

3
mL2

.

Define ω =

√√√√√√√
(

k − mgL

2

)
(

1

3
mL2

) if k >
mgL

2
,

and h =

√√√√√√√
(

1

2
mgL − k

)
(

1

3
mL2

) ,

if k <
mgL

2
, from which p = ω if k >

mgL

2
, and p = ih, if k <

mgL

2
, where i = √−1. Assume a solution of the form θ = A sin pt +

B cos pt . The time derivative is
dθ

dt
= pA cos pt − pB sin pt . Apply

the initial conditions at t = 0, to obtain B = 0, and A = θ̇0

p
, from

which the solution is θ = θ̇0

p
sin pt .

(a) Substitute: if k >
mgL

2
, θ = θ̇0

ω
sin ωt .

(b) If k <
mgL

2
, θ = θ̇0

ih
sin(iht). From the definition of the hyper-

bolic sine,

sinh(ht)

h
= sin(iht)

ih
= 1

2h

(
eht − e−ht

)
,

from which the solution is θ = θ̇0

2h
(eht − e−ht ) . [Check : An

alternate solution for part

(b) based on the suggested strategy is:

For k <
mgL

2

write the equation of motion in the form

d2θ

dt2
− h2θ = 0,

and assume a general solution of the form

θ = Ceλt + De−λt .

Substitute into the equation of motion to obtain (λ2 − h2)θ =
0, from which λ = ±h, and the solution is θ = Ceht + De−ht ,
where the positive sign is taken without loss of generality. The
time derivative is

dθ

dt
= hCeht − hDe−ht .

Apply the initial conditions at t = 0 to obtain the two equations:
0 = C + D, and θ̇0 = hC − hD. Solve:

C = θ̇0

2h
,

D = − θ̇0

2h
,

from which the solution is

θ = θ̇0

2h
(eht − e−ht ). check ]
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Problem 21.23 Engineers use the device shown to
measure an astronaut’s moment of inertia. The horizontal
board is pinned at O and supported by the linear spring
with constant k = 12 kN/m. When the astronaut is not
present, the frequency of small vibrations of the board
about O is measured and determined to be 6.0 Hz.
When the astronaut is lying on the board as shown, the
frequency of small vibrations of the board about O is
2.8 Hz. What is the astronaut’s moment of inertia about
the z axis?

y'

x'

x

y

1.90 m

O

Solution: When the astronaut is not present : Let Fs be the spring
force and Mb be the moment about 0 due to the board’s weight
when the system is in equilibrium. The moment about 0 equals zero,∑

M(pt 0) = (1.9)Fs − Mb = 0(1). When the system is in motion
and displaced by a small counterclockwise angle θ , the spring force
decreases to Fs − k(1.9θ): The equation of angular motion about 0 is

∑
M(pt0) = (1.9)[Fs − k(1.9θ)] − Mb = Ib

d2θ

dt2
,

where Ib is the moment of inertial of the board about the z axis. Using
Equation (1), we can write the equation of angular motion as

d2θ

dt2
+ ω2

1θ = 0, where ω2
1 = k(1.9)2

Ib

= (12,000)(1.9)2

Ib

.

We know that f1 = ω1/2π = 6 Hz, so ω1 = 12π = 37.7 rad/s and we
can solve for Ib: Ib = 30.48 kg-m2.

When the astronaut is present : Let Fs be the spring force and Mba

be the moment about 0 due to the weight of the board and astronaut
when the system is in equilibrium. The moment about 0 equals zero,∑

M(pt0) = (1.9)Fs − Mba = 0(2). When the system is in motion
and displaced by a small counterclockwise angle θ , the spring force
decreases to Fs − k(1.9θ): The equation of angular motion about 0 is

∑
M(pt0) = (1.9)[Fs − k(1.9θ)] − Mba = (Ib + Ia)

d2θ

dt

2

,

where Ia is the moment of inertia of the astronaut about the z axis.
Using Equation (2), we can write the equation of angular motion as

d2θ

dt2
+ ω2

2θ = 0, where ω2
2 = k(1.9)2

Ib + Ia

= (12,000)(1.9)2

Ib + Ia

.

In this case f2 = ω2/2π = 2.8 Hz, so ω2 = 2.8(2π) = 17.59 rad/s.
Since we know Ib , we can determine Ia , obtaining Ia = 109.48 kg-m2.

1.90 m

1.90 m

1.9

O

O

Mb

Mb

Fs

Fs – k (1.9   )

θ

Problem 21.24 In Problem 21.23, the astronaut’s cen-
ter of mass is at x = 1.01 m, y = 0.16 m, and his mass
is 81.6 kg. What is his moment of inertia about the z′
axis through his center of mass?

Solution: From the solution of Problem 21.23, his moment of
inertial about the z axis is Iz = 109.48 kg-m2. From the parallel-axis
theorem,

Iz′ = Iz − (d2
x + d2

y )m = 109.48 − [(1.01)2 + (0.16)2](81.6)

= 24.2 kg-m2.
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Problem 21.25* A floating sonobuoy (sound-measur-
ing device) is in equilibrium in the vertical position
shown. (Its center of mass is low enough that it is stable
in this position.) The device is a 10-kg cylinder 1 m
in length and 125 mm in diameter. The water density
is 1025 kg/m3, and the buoyancy force supporting the
buoy equals the weight of the water that would occupy
the volume of the part of the cylinder below the surface.
If you push the sonobuoy slightly deeper and release it,
what is the frequency of the resulting vertical vibrations?

Solution: Choose a coordinate system with y positive downward.
Denote the volume beneath the surface by V = πR2d, where R =
0.0625 m. The density of the water is ρ = 1025 kg/m3. The weight
of the displaced water is W = ρVg, from which the buoyancy force
is F = ρVg = πρR2gd. By definition, the spring constant is

k = ∂F

∂d
= πρR2g = 123.4 N/m.

If h is a positive change in the immersion depth from equilibrium, the
force on the sonobuoy is

∑
Fy = −kh + mg, where the negative sign

is taken because the “spring force” kh opposes the positive motion h.

From Newton’s second law, m
d2h

dt2
= mg − kh. The canonical form

(see Eq. (21.4)) is
d2h

dt2
+ ω2h = g, where ω =

√
k

m
= 3.513 rad/s.

The frequency is f = ω

2π
= 0.5591 Hz .

kh

mg
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Problem 21.26 The disk rotates in the horizontal plane
with constant angular velocity 	 = 12 rad/s. The mass
m = 2 kg slides in a smooth slot in the disk and is
attached to a spring with constant k = 860 N/m. The
radial position of the mass when the spring is unstretched
is r = 0.2 m.

(a) Determine the “equilibrium” position of the mass,
the value of r at which it will remain stationary
relative to the center of the disk.

(b) What is the frequency of vibration of the mass re-
lative to its equilibrium position?

Strategy: Apply Newton’s second law to the mass in
terms of polar coordinates.

k

m

r

V

Solution: Using polar coordinates, Newton’s second law in the r

direction is


Fr : −k(r − r0) = m(r̈ − r	2) ⇒ r̈ +
(

k

m
− 	2

)
r = k

m
r0

(a) The “equilibrium” position occurs when r̈ = 0

req =
k

m
r0

k

m
− 	2

= kr0

k − m	2
= (860 N/m)(0.2 m)

(860 N/m) − (2 kg)(12 rad/s)2
= 0.301 m.

req = 0.301 m.

(b) The frequency of vibration is found

ω =
√

k

m
− 	2 =

√
860 N/m

2 kg
− (12 rad/s)2 = 16.9 rad/s, f = ω

2π
= 2.69 Hz.

f = 2.69 Hz.

Problem 21.27 The disk rotates in the horizontal plane
with constant angular velocity 	 = 12 rad/s. The mass
m = 2 kg slides in a smooth slot in the disk and is
attached to a spring with constant k = 860 N/m. The
radial position of the mass when the spring is unstretched
is r = 0.2 m. At t = 0, the mass is in the position r =
0.4 m and dr/dt = 0. Determine the position r as a
function of time.

k

m

r

V

Solution: Using polar coordinates, Newton’s second law in the r

direction is


Fr : −k(r − r0) = m(r̈ − r	2),

r̈ +
(

k

m
− 	2

)
r = k

m
r0

r̈ + (16.9 rad/s)2r = 86 m/s2.

The solution is

r = A sin ωt + B cos ωt + 0.301 m,
dr

dt
= Aω cos ωt − Bω sin ωt.

Putting in the initial conditions, we have

r(t = 0) = B + 0.301 m = 0.4 m ⇒ B = 0.0993 m,

dr

dt
(t = 0) = Aω = 0 ⇒ A = 0.

Thus the equation is

r = (0.0993 m) cos[16.9 rad/s t] + (0.301 m).
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Problem 21.28 A homogeneous 44.5 N disk with
radius R=
steel bars of length L =
moment M exerted on the disk by one of the bars and
the angle of rotation, θ , of the disk is

M = GJ

L
θ,

where J is the polar moment of inertia of the cross
section of the bar and G = ×10 N/m2 is the shear
modulus of the steel. Determine the required radius of
the bars if the frequency of rotational vibrations of the
disk is to be 10 Hz.

L L

R

θ

Solution: The moment exerted by two bars on the disk is M = kθ ,
where the spring constant is

k = ∂M

∂θ
= 2GJ

L
.

The polar moment of the cross section of a bar is

J = πr4

2
,

from which k = πr4G

L
.

From the equation of angular motion,

I
d2θ

dt2
= −kθ.

The moment of inertia of the disk is

I = W

2g
R2

d ,

from which

d2θ

dt2
+ ω2θ = 0, where ω =

√
2πGgr4

WLR2
d

=
(

r2

Rd

)√
2πGg

WL
.

Solve: r =
√

Rd

√
WL

2πGg
ω =

√
Rd

√
2πWL

Gg
f .

Substitute numerical values: Rd = , L = , W =
G = × 10 N/m ,2 g = 2

r = = .

741

0.31 m is attached to two identical cylindrical
0.31m. The relation between the

8.14 10

0.31 m 0.31 m 445 N,
8.14 9.81 m/s , from which

0.01 m 10 mm
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Problem 21.29 The moments of inertia of gears A and
B are IA = 0.025 kg-m2 and IB = 0.100 kg-m2. Gear A
is connected to a torsional spring with constant k =
10 N-m/rad. What is the frequency of small angular
vibrations of the gears?

200 mm

140 mm

A
B

Solution: The system is conservative. Denote the rotation
velocities of A and B by θ̇A, and θ̇B respectively. The kinetic energy
of the gears is T = 1

2 IAθ̇2
A + 1

2 IB θ̇2
B . The potential energy of the

torsional spring is V = 1
2 kθ2

A. T + V = const. = 1
2 IAθ̇2

A + 1
2 IB θ̇2

B +
1
2 kθ2

A. From kinematics, θ̇B = −
(

RA

RB

)
θ̇A. Substitute, define

M =
(

IA +
(

RA

RB

)2

IB

)
= 0.074 kg-m2,

and take the time derivative:

(
dθA

dt

)(
M

(
d2θA

dt2

)
+ kθA

)
= 0.

Ignore the possible solution

(
dθA

dt

)
= 0, from which

d2θA

dt2
+ ω2θA = 0, where ω =

√
k

M
= 11.62 rad/s.

The frequency is f = ω

2π
= 1.850 Hz .

Problem 21.30 At t = 0, the torsional spring in Prob-
lem 21.29 is unstretched and gear B has a counterclock-
wise angular velocity of 2 rad/s. Determine the coun-
terclockwise angular position of gear B relative to its
equilibrium position as a function of time.

Solution: It is convenient to express the motion in terms of gear A,
since the equation of motion of gear A is given in the solution to

Problem 21.29:
d2θA

dt2
+ ω2θA = 0, where

M =
(

IA +
(

RA

RB

)2

IB

)
= 0.074 kg-m2,

ω =
√

k

M
= 11.62 rad/s.

Assume a solution of the form θA = A sin ωt + B cos ωt . Apply the
initial conditions,

θA = 0, θA = −
(

RB

RA

)
θB = −2.857 rad/s,

from which B = 0, A = θA

ω
= −0.2458, and

θA = −0.2458 sin(11.62t) rad,

and θB = −
(

RA

RB

)
θA = 0.172 sin(11.6t) rad
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Problem 21.31 Each 2-kg slender bar is 1 m in length.
What are the period and frequency of small vibrations
of the system?

Solution: The total energy is

T + V = 1

2

(
1

3
mL2

)(
dθ

dt

)2

+ 1

2

(
1

3
ml2

)(
dθ

dt

)2

+ 1

2
m

(
L

dθ

dt

)2

− mg
L

2
cos θ − mg

L

2
cos θ − mgL cos θ

= 5

6
mL2

(
dθ

dt

)2

− 2mgL cos θ.

d

dt
(T + V ) = 5

3
mL2 dθ

dt

d2θ

dt2
+ 2mgL sin θ

dθ

dt
= 0,

so the (linearized) equation of motion is

d2θ

dt2
+ 6g

5L
θ = 0.

Therefore

ω =
√

6g

5L
=

√
6(9.81)

5(1)
= 3.43 rad/s,

so τ = 2π

ω
= 1.83 s, f = 0.546 Hz.

θ
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Problem 21.32* The masses of the slender bar and
the homogeneous disk are m and md , respectively. The
spring is unstretched when θ = 0. Assume that the disk
rolls on the horizontal surface.

(a) Show that the motion of the system is governed by
the equation

(
1

3
+ 3md

2m
cos2 θ

)
d2θ

dt2
− 3md

2m
sin θ cos θ

(
dθ

dt

)2

− g

2l
sin θ + k

m
(1 − cos θ) sin θ = 0.

(b) If the system is in equilibrium at the angle θ = θe

and θ̃ = θ − θe show that the equation governing
small vibrations relative to the equilibrium posi-
tion is

(
1

3
+ 3md

2m
cos2 θe

)
d2θ̃

dt2
+

[
k

m
(cos θe − cos2 θe

+ sin2 θe) − g

2l
cos θe

]
θ̃ = 0.

k

l

R

θ

Solution: (See Example 21.2.) The system is conservative.

(a) The kinetic energy is

T = 1
2 I θ̇2 + 1

2 mv2 + 1
2 Id θ̇2

d + 1
2 mdv2

d ,

where I = mL2

12
is the moment of inertia of the bar about its

center of mass, v is the velocity of the center of mass of the bar,

Id = mR2

2
is the polar moment of inertia of the disk, and vd is

the velocity of the center of mass of the disk. The height of the

center of mass of the bar is h = L cos θ

2
, and the stretch of the

spring is S = L(1 − cos θ), from which the potential energy is

V = mgL

2
cos θ + 1

2
kL2(1 − cos θ)2.

The system is conservative,

T + V = const. θ̇ ld = v

R
= L cos θ

R
θ̇ .

Choose a coordinate system with the origin at the pivot point and
the x axis parallel to the lower surface. The instantaneous center
of rotation of the bar is located at (L sin θ, L cos θ). The center
of mass of the bar is located at

(
L
2 sin θ, L

2 cos θ
)
. The distance

from the center of mass to the center of rotation is

r =
√(

L − L

2

)2

sin2 θ +
(

L − L

2

)2

cos2 θ = L

2
,

from which v = L

2
θ̇ . The velocity of the center of mass of the

disk is vd = (L cos θ)θ̇ . The angular velocity of the disk is θ̇ ld =
v

R
= L cos θ

R
θ̇ .

θ

θ

L

k

R

k

R

θL sin

θL cos

Substitute and reduce:

1

2

(
1

3
+ 3md

2m
cos2

)
θ̇2 + g

2L
cos θ + k

2m
(1 − cos θ)2 = const.

Take the time derivative:

θ̇

[(
1

3
+ 3md

2m
cos2 θ

)
d2θ

dt2
− 3md

2m
sin θ cos θ

(
dθ

dt

)2

− g

2L
sin θ + k

m
(1 − cos θ) sin θ

]
= 0,

from which

(
1

3
+ 3md

2m
cos2 θ

)
d2θ

dt2
− 3md

2m
sin θ cos θ

(
dθ

dt

)2

− g

2L
sin θ + k

m
(1 − cos θ) sin θ = 0
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(b) The non-homogenous term is
g

2L
, as can be seen by dividing the

equation of motion by sin θ �= 0,

(
1

3
+ 3md

2m
cos2 θ

)
sin θ

d2θ

dt2
− 3md

2m
cos θ

(
dθ

dt

)2

+ k

m
(1 − cos θ) = g

2L
.

Since the non-homogenous term is independent of time and angle,
the equilibrium point can be found by setting the acceleration

and the velocity terms to zero, cos θe = 1 − mg

2Lk
. [Check : This

is identical to Eq. (21.15) in Example 21.2, as expected. check.].
Denote θ̃ = θ − θe . For small angles:

cos θ = cos θ̃ cos θe − sin θ̃ sin θe → cos θe − θ̃ sin θe.

cos2 θ → cos2 θe − 2θ̃ sin θe cos θe.

sin θ = sin θ̃ cos θe + cos θ̃ sin θe → θ̃ cos θe + sin2 θe.

(1 − cos θ) sin θ → (1 − cos θe) sin θe + θ̃ (cos θe − cos θe

+ sin2 θe).

sin θ cos θ → θ̃ (cos2 θe − sin2 θe).

Substitute and reduce:

(1)

(
1

3
+ 3md

2m
cos2 θ

)
d2θ

dt2
→

(
1

3
+ 3md

m
θ̃ sin θe cos θe

)

× d2 θ̃

dt2
→

(
1

3
+ 3md

2m
cos2 θe

)
d2 θ̃

dt2
.

(2) = − 3md

2m
cos θ sin θ

(
dθ

dt

)2

→ − 3md

2m
θ̃ sin θe cos θe

×
(

dθ̃

dt

)2

→ 0.

(3) − g

2L
sin θ → − g

2L
θ̃ cos θe − g

2L
sin θe.

(4)
k

m
(1 − cos θ) sin θ → k

m
(1 − cos θe) sin θe

+ k

m
θ̃(cos θe − cos2 θe + sin2 θe),

where the terms θ̃
d2 θ̃

dt2
→ 0, θ̃

(
dθ̃

dt

)2

→ 0, and terms in θ̃2

have been dropped.

Collect terms in (1) to (4) and substitute into the equations of
motion:

(
1

3
+ 3md

2m
cos2 θe

)
sin θe

d2 θ̃

dt2
+

[
k

m

(cos θe − cos2 θe + sin2 θe)

sin θe

− g

2L

cos θe

sin θe

]
=

[
g

2L
− k

m
(1 − cos θe)

]
.

The term on the right
g

2L
− k

m
(1 − cos θe) = 0, as shown by

substituting the value cos θe = 1 − mg

2Lk
, from which

(
1

3
+ 3md

2m
cos2 θe

)
d2θ̃

dt2

+
[

k

m
(cos θe − cos2 θe + sin2 θe) − g

2L
cos θe

]
θ̃ = 0

is the equation of motion for small amplitude oscillations about
the equilibrium point.
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Problem 21.33* The masses of the bar and disk
in Problem 21.32 are m = 2 kg and md = 4 kg,
respectively. The dimensions l = 1 m and R = 0.28 m,
and the spring constant is k = 70 N/m.

(a) Determine the angle θe at which the system is in
equilibrium.

(b) The system is at rest in the equilibrium position,
and the disk is given a clockwise angular velocity
of 0.1 rad/s. Determine θ as a function of time.

Solution:

(a) From the solution to Problem 21.32, the static equilibrium
angle is

θe = cos−1
(
1 − mg

2kL

)
= 30.7◦ = 0.5358 rad.

(b) The canonical form (see Eq. (21.4)) of the equation of motion is
d2 θ̃

dt2
+ ω2θ̃ = 0, where

ω =

√√√√√√√
k

m
(cos θe − cos2 θe + sin2 θe) − g

2L
cos θe(

1

3
+ 3md

2m
cos2 θe

)

= 1.891 rad/s.

Assume a solution of the form

θ̃ = θ − θe = A sin ωt + B cos ωt,

from which

θ = θe + A sin ωt + B cos ωt.

From the solution to Problem 21.32, the angular velocity of the
disk is

θ̇d = vd

R
= (L cos θe)

R
θ̇ .

The initial conditions are

t = 0, θ = θe, θ̇ = Rθ̇d

L cos θe

= (0.1)(0.28)

0.86
= 0.03256 rad/s,

from which B = 0, A = 0.03256/ω = 0.01722, from which the
solution is

θ = 0.5358 + 0.01722 sin(1.891t).
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Problem 21.34 The mass of each slender bar is 1 kg.
If the frequency of small vibrations of the system is
0.935 Hz, what is the mass of the object A?

350 mm

350
mm

280
mm

A

Solution: The system is conservative. Denote L = 0.350 m, LA =
0.280 m, m = 1 kg, and M the mass of A. The moments of inertia
about the fixed point is the same for the two vertical bars. The kinetic
energy is

T = 1
2 I θ̇2 + 1

2 I θ̇2 + 1
2 mv2 + 1

2 Mv2
A,

where v is the velocity of the center of mass of the lower bar and vA

is the velocity of the center of mass of A, from which T = 1
2 (2I θ̇2 +

mv2 + Mv2
A). The potential energy is

V = mgL

2
(1 − cos θ) + mgL

2
(1 − cos θ) + mgL(1 − cos θ)

+ MgLA(1 − cos θ),

V = (MgLA + 2mgL)(1 − cos θ).

T + V = const. = 1
2 (2I θ̇2 + mv2 + Mv2

A) + (MgLA + 2mgL)

× (1 − cos θ).

From kinematics, v = L cos θ(θ̇), and vA = LA cos θ(θ̇). Substitute:

1
2 (2I + (mL2 + ML2

A) cos2 θ)θ̇2 + (MgLA + 2mgL)(1 − cos θ)

= const.

For small angles: cos2 θ → 1, (1 − cos θ) → θ2

2
, from which

1

2
(2I + mL2 + ML2

A)θ̇2 +
(

MgLA

2
+ mgL

)
θ2 = const.

Take the time derivative:

θ̇

[
(2I + mL2 + ML2

A)
d2θ

dt2
+ (MgLA + 2mgL)θ

]
= 0.

A
θ

Ignore the possible solution θ̇ = 0, from which

d2θ

dt2
+ ω2θ = 0, where ω =

√
2mgL + MgLA

2I + mL2 + ML2
A

.

The moment of inertia of a slender bar about one end (the fixed point)

is I = mL2

3
, from which

ω =
√√√√ g(2 + η)

5

3
L + ηLA

, where η = MLA

mL
.

The frequency is

f = ω

2π
= 1

2π

√
3g(2 + η)

5L + 3ηLA

= 0.935 Hz.

Solve:

η = 5Lω2 − 6g

3(g − LAω2)
= 3.502,

from which M = mL

LA

(3.502) = 4.38 kg
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Problem 21.35* The 4-kg slender bar is 2 m in length.
It is held in equilibrium in the position θ0 = 35◦ by a tor-
sional spring with constant k. The spring is unstretched
when the bar is vertical. Determine the period and fre-
quency of small vibrations of the bar relative to the
equilibrium position shown.

θ

k

0

Solution: The total energy is

T + v = 1

2

(
1

3
mL2

)(
dθ

dt

)2

+ 1

2
kθ2 + mg

L

2
cos θ.

d

dt
(T + v) = 1

3
mL2 dθ

dt

d2θ

dt2
+ kθ

dθ

dt
− mg

L

2
sin θ

dθ

dt
= 0,

so the equation of motion is

d2θ

dt2
+ 3k

mL2
θ − 3g

2L
sin θ = 0. (1)

Let θ0 = 35◦ be the equilibrium position:

3k

mL2
θ0 − 3g

2L
sin θ0 = 0. (2)

Solving for k,

k = mgL

2

sin θ0

θ0
= (4)(9.81)(2)

2

sin 35◦

(35π/180)
= 36.8 N-m.

Let θ̃ = θ − θ0. Then

sin θ = sin(θ0 + θ̃ ) = sin θ0 + (cos θ0)θ̃ + · · ·

Using this expression and Eq. (2), Eq. (1) (linearized) is

d2θ̃

dt2
+

(
3k

mL2
− 3g

2L
cos θ0

)
θ̃ = 0.

Therefore ω =
√

3k

mL2
− 3g

2L
cos θ0

=
√

(3)(36.8)

(4)(2)2
− (3)(9.81)

(2)(2)
cos 35◦

= 0.939 rad/s,

so τ = 2π

ω
= 6.69 s,

f = 1

τ
= 0.149 Hz.

θ

748

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 21.36 The mass m = 2 kg, the spring con-
stant is k = 72 N/m, and the damping constant is c =
8 N-s/m. The spring is unstretched when x = 0. The
mass is displaced to the position x = 1 m and released
from rest.

(a) If the damping is subcritical, what is the frequency
of the resulting damped vibrations?

(b) What is the value of x at t = 1 s?

(See Active Example 21.3.)

k

c
x

m

Solution: The equation of motion is

mẍ + cẋ + kx = 0, ẍ + c

m
ẋ + k

m
x = 0, ẍ + 8

2
ẋ + 72

2
x = 0,

ẍ + 2(2)ẋ + (6)2x = 0.

We recognize ω = 6, d = 2, d < ω ⇒ yes, the motion is sub-
critical.

(a) ωd = √
ω2 − d2 = √

62 − 22 = 5.66 rad/s, f = ω

2π
, f = 0.900 Hz.

(b) The solution to the differential equation is

x = e−dt (A sin ωdt + B cos ωdt)

dx

dt
= e−dt ([Aωd − Bd] cos ωdt − [Bωd + Ad] sin ωdt)

Putting in the initial conditions we have

x(t = 0) = B = 1 m ,

dx

dt
(t = 0) = (Aωd − Bd) = 0 ⇒ A = d

ωd

B = 2

5.66
(1 m) = 0.354 m.

The equation of motion is now x = e−2t (0.354 sin[5.66t] + cos[5.66t]).

At t = 1 s, we have x = 0.0816 .
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Problem 21.37 The mass m = 2 kg, the spring con-
stant is k = 72 N/m, and the damping constant is c =
32 N-s/m. The spring is unstretched with x = 0. The
mass is displaced to the position x = 1 m and released
from rest.

(a) If the damping is subcritical, what is the frequency
of the resulting damped vibrations?

(b) What is the value of x at t = 1 s?

(See Active Example 21.3.)

k

c
x

m

Solution: The equation of motion is

mẍ + cẋ + kx = 0, ẍ + c

m
ẋ + k

m
x = 0, ẍ + 32

2
ẋ + 72

2
x = 0,

ẍ + 2(8)ẋ + (6)2x = 0.

(a) We recognize ω = 6, d = 8, d > ω ⇒ Damping is supercritical.

(b) We have h = √
d2 − ω2 = √

82 − 62 = 5.29 rad/s.

The solution to the differential equation is

x = Ce−(d−h)t + De−(d+h)t ,
dx

dt
= −(d − h)Ce−(d−h)t − (d + h)De−(d+h)t .

Putting in the initial conditions, we have

x(t = 0) = C + D = 1 m ,

dx

dt
(t = 0) = −(d − h)C − (d + h)D = 0


 ⇒ C = d + h

2h
, D = h − d

2h

C = 1.26 ft, D = −0.256 m.

The general solution is then x = (1.26)e−2.71t − (0.256)e−13.3t .

At t = 1 s we have x = 0.0837 m.
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Problem 21.38 The mass m = 4 kg, the spring con-
stant is k = 72 N/m. The spring is unstretched when
x = 0.

(a) What value of the damping constant c causes the
system to be critically damped?

(b) Suppose that c has the value determined in part (a).
At t = 0, x = 1 m and dx/dt = 4 m/s. What is the
value of x at t = 1 s?

(See Active Example 21.3.)

k

c
x

m

Solution: The equation of motion is

mẍ + cẋ + kx = 0, ẍ + c

m
ẋ + k

m
x = 0, ẍ + c

4
ẋ + 72

4
x = 0,

ẍ + 2
( c

8

)
ẋ + (4.24)2x = 0.

(a) The system is critically damped when d = c

8
= ω = 4.24 ⇒ c = 33.9 -s/ .

(b) The solution to the differential equation is

x = Ce−dt + Dte−dt ,
dx

dt
= (D − Cd − Ddt)e−dt .

Putting in the initial conditions, we have

x(t = 0) = C = 1 m ,

dx

dt
(t = 0) = D − Cd = 4 m/s ⇒ D = (1)(4.24) + 4 = 8.24 m .

The general solution is then x = (1 m)e−4.24t + (8.24 m)te−4.24t .

At t = 1 s we have x = 0.133 .

Problem 21.39 The mass m = 2 kg, the spring con-
stant is k = 8 N/m, and the damping coefficient is c =
12 N-s/m. The spring is unstretched when x = 0. At
t = 0, the mass is released from rest with x = 0. Deter-
mine the value of x at t = 2 s.

k

c

x

m

20�

Solution: The equation of motion is

(2 kg)
d2x

dt2
+ (12 N-s/m)

dx

dt
+ (8 N/m)x = (2 kg)(9.81 m/s2) sin 20◦

d2x

dt2
+ 2(3 rad/s)

dx

dt
+ (2 rad/s)2x = 3.36 m/s2

We identify ω = 2 rad/s, d = 3 rad/s, h = √
d2 − ω2 = 2.24 rad/s.

Since d > ω, we have a supercritical case. The solution is

x = Ce−(d−h)t + De−(d+h)t + 0.839 m

v = dx

dt
= −C(d − h)e−(d−h)t − D(d + h)e−(d+h)t

Using the initial conditions we have

0 = C + D + 0.839 m

0 = −C(d − h) − D(d + h)

}
⇒ C = −0.982 m, D = 0.143 m

The motion is

x = −(0.982 m)e−(0.764 rad/s)t + (0.143 m)e−(5.24 rad/s)t + 0.839 m

At t = 2 s x = 0.626 m
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Problem 21.40 The mass m = g, the spring
constant is k = cient is
c = x = 0.
At t = 0, the mass is released from rest with x = 0.
Determine the value of x at t = 2 s.

Solution: The equation of motion is

( )
d2x

dt2
+ ( )

dx

dt
+ ( )x

= ( )( 2) sin 20◦

d2x

dt2
+ 2(2.67 rad/s)

dx

dt
+ (1.826 rad/s)2x = 2

We identify

ω = 1.83 rad/s, d = 2.67 rad/s, h =
√

d2 − ω2 = 1.94 rad/s

Since d > ω, we have the supercritical case. The solution is

x = Ce−(d−h)t + De−(d+h)t +

v = dx

dt
= −C(d − h)e−(d−h)t − D(d + h)e−(d+h)t

Using the initial conditions we fin

0 = C + D +
0 = −C(d − h) − D(d + h)

}
⇒ C = − , D = 0.187 m

Thus the solution is

x = −( )e−(0.723 rad/s)t + (0.187 m)e−(4.61 rad/s)t +

At t = 2 s, x =
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11.67 N-s/m. The spring is unstretched when

2.19 kg 11.67 N-s/m 7.3 N/m

2.19 kg 9.81 m/s

3.36 m/s

1.01 m

1.01 m
1.19 m

1.19 m 1.01 m

0.725 m
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Problem 21.41 A 79.8 test car moving with velo-
city v0 = t = 0. As
a result of the behavior of its energy-absorbing bumper,
the response of the car to the collision can be simulated
by the damped spring-mass oscillator shown with k =
8000 N/m and c = 3000 N-s/m. Assume that the mass
is moving to the left with velocity v0 = m/s and the
spring is unstretched at t = 0. Determine the car’s posi-
tion (a) at t = 0.04 s and (b) at t = 0.08 s.

k

c

x

x

y

y

Car colliding with a rigid barrier

Simulation model

v0

v0

Solution: The equation of motion is

mẍ + cẋ + kx = 0,

ẍ + c

m
ẋ + k

m
x = 0

ẍ + 3000
ẋ + 8000

x = 0, ẍ + 2(18.8)ẋ + (10.0)2x = 0

We recognize that ω = 10, d = 18.8 d > ω ⇒ Supercritical damping.

We have h = √
d2 − ω2 = 15.9 rad/s, v0 = 7.33 m/s.

The solution to the differential equation is

x = Ce−(d−h)t + De−(d+h)t ,
dx

dt
= −(d − h)Ce−(d−h)t − (d + h)De−(d+h)t .

Putting in the initial conditions, we have

x(t = 0) = C + D = 0

dx

dt
(t = 0) = −(d − h)C − (d + h)D = −v0


 ⇒ C = −D = − v0

2h
= −0.231 m.

The general solution is then x = (−0.231)(e−2.89t − e−34.7t )

At the 2 specified times we have (a) x = −0.148 m, (b) x = −0.169 m
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Problem 21.42

spring is unstretched at t = 0. Determine the car’s decel-
eration (a) immediately after it contacts the barrier; (b) at
t = 0.04 s and (c) at t = 0.08 s.

k

c

x

x

y

y

Car colliding with a rigid barrier

Simulation model

v0

v0

Solution: From Problem 21.41 we know that the motion is given by

x = (−0.231)(e−2.89t − e−34.7t ),

dx

dt
= (−0.231)([−2.89]e−2.89t − [−34.7]e−34.7t ),

d2x

dt2
= (−0.231)([−2.89]2e−2.89t − [−34.7]2e−34.7t )

Thus the deceleration a is given by

a = − d2x

dt2
= −(0.587)e−2.89t + (84.5)e−34.7t

Putting in the required times, we find

(a) a = 276 m/s2 ,

(b) a = 67.6 m/s2 ,

(c) a = 15.8 m/s2.

Problem 21.43 The motion of the car’s suspension
shown in Problem 21.42 can be modeled by the damped
spring–mass oscillator in Fig. 21.9 with m = 36 kg, k =
22 kN/m, and c = 2.2 kN-s/m. Assume that no external
forces act on the tire and wheel. At t = 0, the spring is
unstretched and the tire and wheel are given a velocity
dx/dt = 10 m/s. Determine the position x as a function
of time.

Shock absorber

Coil spring

x

k
c

m

x

Solution: Calculating ω and d, we obtain

ω =
√

k

m
=

√
22,000

36
= 24.72 rad/s

and d = c

2m
= 2200

2(36)
= 30.56 rad/s.

Since d > ω, the motion is supercritically damped and Equation
(21.24) is the solution, where

h = √
d2 − ω2 = 17.96 rad/s.

Equation (21.24) is

x = Ce−(d−h)t + De−(d+h)t ,

or x = Ce−12.6t + De−48.5t .

The time derivative is

dx

dt
= −12.6Ce−12.6t − 48.5De−48.5t .

At t = 0, x = 0 and dx/dt = 10 m/s: Hence, 0 = C + D and 10 =
−12.6C − 48.5D. Solving for C and D, we obtain C = 0.278 m,
D = −0.278 m. The solution is

x = 0.278(e−12.6t − e−48.5t ) m.

754

A 79.8 kg test car moving with velo-
city v0 = t = 0. As
a result of the behavior of its energy-absorbing bumper,
the response of the car to the collision can be simulated
by the damped spring-mass oscillator shown with k =
8000 N/m and c = 3000 N-s/m. Assume that the mass
is moving to the left with velocity v0 =

7.33 m/s collides with a rigid barrier at

7.33 m/s and the

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 21.44 The 4-kg slender bar is 2 m in length.
Aerodynamic drag on the bar and friction at the sup-
port exert a resisting moment about the pin support of
magnitude 1.4(dθ/dt) N-m, where dθ/dt is the angular
velocity in rad/s.

(a) What are the period and frequency of small vibra-
tions of the bar?

(b) How long does it take for the amplitude of vibration
to decrease to one-half of its initial value?

θ

Solution:

(a)
∑

M0 = I0α:

−1.4
dθ

dt
− mg

L

2
sin θ = 1

3
mL2α.

The (linearized) equation of motion is

d2θ

dt2
+ 4.2

mL2

dθ

dt
+ 3g

2L
θ = 0.

This is of the form of Eq. (21.16) with

d = 4.2

2mL2
= 4.2

2(4)(2)2
= 0.131 rad/s,

ω =
√

3g

2L
=

√
3(9.81)

2(2)
= 2.71 rad/s.

From Eq. (21.18), ωd = √
ω2 − d2 = 2.71 rad/s, and from

Eqs. (21.20),

τd = 2π

ωd

= 2.32 s,

fd = 1

τd

= 0.431 Hz.

(b) Setting e−dt = e−0.131t = 0.5, we obtain t = 5.28 s.

mg

θ

O
1.4 N-mθd

dt

Problem 21.45 The bar described in Problem 21.44 is
given a displacement θ = 2◦ and released from rest at
t = 0. What is the value of θ (in degrees) at t = 2 s?

Solution: From the solution of Problem 21.44, the damping is sub-
critical with d = 0.131 rad/s, ω = 2.71 rad/s. From Eq. (21.19),

θ = e−0.131t (A sin 2.71t + B cos 2.71t),

so
dθ

dt
= −0.131e−0.131t (A sin 2.71t + B cos 2.71t)

+ e−0.131t (2.71A cos 2.71t − 2.71B sin 2.71t).

At t = 0, θ = 2◦ and dθ/dt = 0. Substituting these conditions, 2◦ =
B, 0 = −0.131B + 2.71A, we see that B = 2◦, A = 0.0969◦ , so

θ = e−0.131t (0.0969◦ sin 2.71t + 2◦ cos 2.71t).

At t = 2 s, we obtain θ = 0.942◦.
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Problem 21.46 The radius of the pulley is R =
100 mm and its moment of inertia is I = 0.1 kg-m2. The
mass m = 5 kg, and the spring constant is k = 135 N/m.
The cable does not slip relative to the pulley. The
coordinate x measures the displacement of the mass
relative to the position in which the spring is unstretched.
Determine x as a function of time if c = 60 N-s/m and
the system is released from rest with x = 0. x

ck

R

m

Solution: Denote the angular rotation of the pulley by θ . The
moment on the pulley is

∑
M = R(kx) − RF , where F is the force

acting on the right side of the pulley. From the equation of angular
motion for the pulley,

I
d2θ

dt2 = Rkx − RF,

from which F = − I

R

d2θ

dt2
+ kx.

The force on the mass is −F + f + mg, where the friction force

f = −c
dx

dt
acts in opposition to the velocity of the mass. From New-

ton’s second law for the mass,

m
d2x

dt2
= −F − c

dx

dt
+ mg = I

R

d2θ

dt2
− kx − e

dx

dt
+ mg.

From kinematics, θ = − x

R
, from which the equation of motion for the

mass is

(
I

R2
+ m

)
d2x

dt2
+ c

dx

dt
+ kx = mg.

The canonical form (see Eq. (21.16)) of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = R2mg

I + R2m
,

where d = cR2

2(I + R2m)
= 2 rad/s, ω2 = kR2

(I + R2m)
= 9 (rad/s)2.

The damping is sub-critical, since d2 < ω2. The solution is the
sum of the solution to the homogenous equation of motion, of
the form xc = e−dt (A sin ωd t + B cos ωd t), where ωd = √

ω2 − d2 =
2.236 rad/s, and the solution to the non-homogenous equation, of the
form

xp = mgR2

(I + R2m)ω2
= mg

k
= 0.3633.

F

m

fmgFkx

(The particular solution xp is obtained by setting the acceleration and
velocity to zero and solving, since the non-homogenous term mg is
not a function of time or position.) The solution is

x = xc + xp = e−dt (A sin ωd t + B cos ωd t) + mg

k
.

Apply the initial conditions: at t = 0, x = 0,
dx

dt
= 0, from which

0 = B + mg

k
, and 0 = −d[xc]t=0 + ωdA = −dB + ωdA, from which

B = −0.3633, A = dB

ωd

= −0.3250, and

x(t) = e−dt

(
− dmg

kωd

sin ωd −
(mg

k

)
cos ωd t

)
+

(mg

k

)

x(t) = e−2t (−0.325 sin(2.236 t) − 0.363 cos(2.236 t))

+ 0.3633 (m)
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Problem 21.47 For the system described in Prob-
lem 21.46, determine x as a function of time if c =
120 N-s/m and the system is released from rest with
x = 0.

Solution: From the solution to Problem 21.46 the canonical form
of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = R2mg

I + R2m
,

where d = cR2

2(I + R2m)
= 4 rad/s,

and ω2 = kR2

(I + R2m)
= 9 (rad/s)2.

The system is supercritically damped, since d2 > ω2. The homogenous
solution is of the form (see Eq. (21.24)) xc = Ce−(d−h)t + De−(d+h)t ,
where

h = √
d2 − ω2 = 2.646 rad/s, (d − h) = 1.354, (d + h) = 6.646.

The particular solution is xp = mg

k
= 0.3633. The solution is

x(t) = xc + xpc = Ce−(d−h)t + De−(d+h)t + mg

k
.

Apply the initial conditions, at t = 0, x = 0,
dx

dt
= 0, from which

0 = C + D + mg

k
, and 0 = −(d − h)C − (d + h)D. Solve:

C = − (d + h)

2h

(mg

k

)
,

and D = (d − h)

2h

(mg

k

)
,

from which

x(t) = mg

k

(
1 − (d + h)

2h
e−(d−h)t + (d − h)

2h
e−(d+h)t

)
= 0.3633(1 − 1.256e−1.354t + 0.2559e−6.646t ) (m)

.

Problem 21.48 For the system described in Prob-
lem 21.46, choose the value of c so that the system is
critically damped, and determine x as a function of time
if the system is released from rest with x = 0.

x
ck

R

mSolution: From the solution to Problem 21.46, the canonical form
of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = R2mg

I + R2m
,

where d = cR2

2(I + R2m)
, and ω2 = kR2

(I + R2m)
= 9 (rad/s)2.

For critical damping, d2 = ω2, from which d = 3 rad/s. The homoge-
nous solution is (see Eq. (21.25)) xc = Ce−dt + Dte−dt and the par-

ticular solution is xp = mg

k
= 0.3633 m. The solution:

x(t) = xc + xp = Ce−dt + Dte−dt + mg

k
.

Apply the initial conditions at t = 0, x = 0,
dx

dt
= 0, from which C +

mg

k
= 0, and −dC + D = 0. Solve: C = −mg

k
= −0.3633, D =

dC = −1.09. The solution is

x(t) = mg

k
(1 − e−dt (1 + dt)),

x(t) = 0.363(1 − e−3t (1 + 3t)) m
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Problem 21.49 The spring constant is k = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth.
The radius of the pulley is 120 mm and it moment of
inertia is I = 0.03 kg-m2. Determine the frequency and
period of vibration of the system relative to its equilib-
rium position if (a) c = 0, (b) c = 250 N-s/m.

k
x

c

20�

Solution: Let T1 be the tension in the rope on the left of the
pulley, and T2 be the tension in the rope on the right of the pulley.
The equations of motion are

T1 − mg sin θ − cẋ − kx = mẍ, T2 − mg = −mẍ, (T2 − T1) r = I
ẍ

r
.

If we eliminate T1 and T2, we find(
2m + I

r2

)
ẍ + cẋ + kx = mg(1 − sin θ),

ẍ + cr2

2mr2 + I
ẋ + kr2

2mr2 + I
x = mgr2

2mr2 + I
(1 − sin θ),

ẍ + (0.016c)ẋ + (3.59 rad/s)2x = 3.12 m/s2.

(a) If we set c = 0, the natural frequency, frequency, and period are

ω = 3.59 rad/s, f = ω

2π
= 0.571 Hz, τ = 1

f
= 1.75 s.

f = 0.571 s,
τ = 1.75 s.

(b) If we set c = 250 N/m, then

ẍ + 2(2.01)ẋ + (3.59 rad/s)2x = 3.12 m/s2.

We recognize ω = 3.59, d = 2.01, ωd = √
ω2 − d2 = 2.97 rad/s.

f = ωd

2π
, τ = 1

f
, f = 0.473 Hz, τ = 2.11 s.

Problem 21.50 The spring constant is k = 800 N/m,
and the spring is unstretched when x = 0. The damping
constant is c = 250 N-s/m. The mass of each object is
30 kg. The inclined surface is smooth. The radius of
the pulley is 120 mm and it moment of inertia is I =
0.03 kg-m2. At t = 0, x = 0 and dx/dt = 1 m/s. What
is the value of x at t = 2 s?

k
x

c

20�

Solution: From Problem 21.49 we know that the damping is sub-
critical and the key parameters are

ω = 3.59 rad/s, d = 2.01 rad/s, ωd = 2.97 rad/s.

The equation of motion is ẍ + 2(2.01)ẋ + (3.59 rad/s)2x = 3.12 m/s2.

The solution is

x = e−dt (A sin ωdt + B cos ωdt) + 0.242

dx

dt
= e−dt ([Aωd − Bd] cos ωdt − [Ad + Bωd ] sin ωdt)

Putting in the initial conditions, we have

x(t = 0) = B + 0.242 = 0 ⇒ B = −0.242,

dx

dt
(t = 0) = Aωd − Bd = 1 ⇒ A = 0.172

Thus the motion is governed by

x = e−2.01t (0.172 sin[2.97t] − 0.242 cos[2.97t]) + 0.242

At time t = 2 s we have x = 0.237 m.
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Problem 21.51 The homogeneous disk weighs 445 N
and its radius is R =
The spring constant is k =
constant is c = -s/ . Determine the frequency of
small vibrations of the disk relative to its equilibrium
position.

c

k

R

Solution: Choose a coordinate system with the origin at the center
of the disk and the positive x axis parallel to the floor. Denote the angle
of rotation by θ . The horizontal forces acting on the disk are

∑
F = −kx − c

dx

dt
+ f.

From Newton’s second law,

m
d2x

dt2
=

∑
F = −kx − c

dx

dt
+ f.

The moment about the center of mass of the disk is
∑

M = Rf . From

the equation of angular motion, I
d2θ

dt2
= Rf , from which f = I

R

d2θ

dt2
,

where the moment of inertia is I = mR2

2
= 2

m
d2x

dt2
= −kx − c

dx

dt
+ I

R

d2θ

dt2
.

From kinematics, θ = − x

R
, from which the equation of motion is

(
m + I

R2

)
d2x

dt2
+ c

dx

dt
+ kx = 0.

The canonical form (see Eq. (21.16)) is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where d = cR2

2(mR2 + I )
= c

3m
= 0.3217 rad/s

and ω2 = kR2

(I + R2m)
= 2k

3m
= 21.45 (rad/s)2.

The damping is sub-critical, since d2 < ω2. The frequency is

fd = 1

2π

√
ω2 − d2 = 0.7353 Hz

f

N

W

F
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0.642 kg-m . Substitute:

0.31 m. It rolls on the plane surface.
1459.3 N/m and the damping

43.8 N m
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Problem 21.52 In Problem 21.51, the spring is
unstretched at t = 0 and the disk has a clockwise angular
velocity of 2 rad/s. What is the angular velocity of the
disk when t = 3 s?

Solution: From the solution to Problem 21.51, the canonical form
of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where d = c

3m
= 0.322 rad/s and ω2 = 2k

3m
= 21.47 (rad/s)2.

The system is sub-critically damped, so that the solution is of
the form x = e−dt (A sin ωdt + B cos ωdt), where ωd = √

ω2 − d2 =
4.622 rad/s. Apply the initial conditions: x0 = 0, and from
kinematics, θ̇0 = ẋ0/R = −2 rad/s, from which ẋ0 =
which B = 0 and A = ẋ0/ωd = 0. x(t) =
e−dt

(
ẋ0

ωd

)
sin ωd t , and ẋ(t) = −dx + ẋ0e

−dt cos ωdt . At t = 3 s,

x = 0. and ẋ = 0. /s. From kinematics, θ(t) = −ẋ(t)

R
.

At t = 3 s, θ̇ = −0.153 rad/s clockwise.

Problem 21.53 The moment of inertia of the stepped
disk is I . Let θ be the angular displacement of the disk
relative to its position when the spring is unstretched.
Show that the equation governing θ is identical in form

to Eq. (21.16), where d = R2c

2I
and ω2 = 4R2k

I
.

θ

2R

c
k

R

Solution: The sum of the moments about the center of the stepped
disk is

∑
M = −R

(
Rc

dθ

dt

)
− 2R(2Rkθ).

From the equation of angular motion

∑
M = I

d2θ

dt2 .

The equation of motion is

I
d2θ

dt2 + R2c
dθ

dt
+ 4R2kθ = 0.

The canonical form is

d2θ

dt2
+ 2d

dθ

dt
+ ω2θ = 0 , where d = R2c

2I
, ω2 = 4R2k

I
.

2R  k

2R

R c

θ

dθ
dt

R
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048 m 0466 m
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Problem 21.54 In Problem 21.53, the radius R =
250 mm, k = 150 N/m, and the moment of inertia of
the disk is I = 2 kg-m2.

(a) At what value of c will the system be critically
damped?

(b) At t = 0, the spring is unstretched and the
clockwise angular velocity of the disk is 10 rad/s.
Determine θ as a function of time if the system is
critically damped.

(c) Using the result of (b), determine the maximum
resulting angular displacement of the disk and the
time at which it occurs.

Solution: From the solution to Problem 21.53, the canonical form
of the equation of motion is

d2θ

dt2
+ 2d

dθ

dt
+ ω2θ = 0,

where d = R2c

2I
and ω2 = 4R2k

I
.

(a) For critical damping, d2 = ω2, from which

c = 4

R

√
kI = 277 N-s/m , and d = 4.330 rad/s.

(b) The solution is of the form (see Eq. (21.25)) θ = Ce−dt +
Dte−dt . Apply the initial conditions: θ0 = 0, θ̇0 = −10 rad/s,
from which C = 0, and D = −10. The solution is

θ(t) = θ̇0te
−dt = −10te−4.330t rad/s .

(c) The maximum (or minimum) value of the angular displacement
is obtained from

dθ

dt
= 0 = −10e−4.330t (1 − 4.33t) = 0,

from which the maximum/minimum occurs at

tmax = 1

4.330
= 0.231 s .

The angle is [θ]t=tmax = −0.850 rad clockwise.
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Problem 21.55 The moments of inertia of gears A and
B are IA = 0.025 kg-m2 and IB = 0.100 kg-m2. Gear
A is connected to a torsional spring with constant k =
10 N-m/rad. The bearing supporting gear B incorporates
a damping element that exerts a resisting moment on
gear B of magnitude 2(dθB/dt) N-m, where dθB/dt is
the angular velocity of gear B in rad/s. What is the fre-
quency of small angular vibrations of the gears?

140 mm

200 mm

A
B

Solution: The sum of the moments on gear A is
∑

M = −kθA +
RAF , where the moment exerted by the spring opposes the angular
displacement θA. From the equation of angular motion,

IA

d2θA

dt2
=

∑
M = −kθA + RAF,

from which F =
(

IA

RA

)
d2θA

dt2
+

(
k

RA

)
θA.

The sum of the moments acting on gear B is

∑
M = −2

dθB

dt
+ RBF,

where the moment exerted by the damping element opposes the angular
velocity of B. From the equation of angular motion applied to B,

IB

d2θB

dt2
=

∑
M = −2

dθB

dt
+ RBF.

Substitute the expression for F ,

IB

d2θB

dt2
+ 2

dθB

dt
−

(
RB

RA

)(
IA

d2θA

dt2
+ kθA

)
= 0.

From kinematics,

θA = −
(

RB

RA

)
θB,

from which the equation of motion for gear B is

(
IB +

(
RB

RA

)2

IA

)
d2θB

dt2
+ 2

dθB

dt
+

(
RB

RA

)2

kθB = 0.

Define M = IB +
(

RB

RA

)2

IA = 0.1510 kg-m2.

F

FMA

MB

The canonical form of the equation of motion is

d2θB

dt2
+ 2d

dθB

dt
+ ω2θB = 0,

where d = 1

M
= 6.622 rad/s

and ω2 =
(

RB

RA

)2
k

M
= 135.1 (rad/s)2.

The system is sub critically damped, since d2 < ω2, from which ωd =√
ω2 − d2 = 9.555 rad/s, from which the frequency of small vibra-

tions is

fd = ωd

2π
= 1.521 Hz
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Problem 21.56 At t = 0, the torsional spring in
Problem 21.55 is unstretched and gear B has a coun-
terclockwise angular velocity of 2 rad/s. Determine the
counterclockwise angular position of gear B relative to
its equilibrium position as a function of time.

Solution: From the solution to Problem 21.55, the canonical form
of the equation of motion for gear B is

d2θB

dt2
+ 2d

dθB

dt
+ ω2θB = 0,

where M = IB +
(

RB

RA

)2

IA = 0.1510 kg-m2,

d = 1

M
= 6.622 rad/s,

and ω2 =
(

RB

RA

)2
k

M
= 135.1 (rad/s)2.

The system is sub critically damped, since d2 < ω2, from which
ωd = √

ω2 − d2 = 9.555 rad/s. The solution is of the form θB(t) =
e−dt (A sin ωd t + B cos ωd t). Apply the initial conditions, [θB ]t=0 = 0,

[θ̇B ]t=0 = 2 rad/s, from which B = 0, and A = 2

ωd

= 0.2093, from

which the solution is

θB(t) = e−6.62t (0.209 sin(9.55t))

Problem 21.57 For the case of critically damped
motion, confirm that the expression x = Ce−dt +
Dte−dt is a solution of Eq. (21.16).

Solution: Eq. (21.16) is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0.

We show that the expression is a solution by substitution. The
individual terms are:

(1) x = e−dt (C + Dt),

(2)
dx

dt
= −dx + De−dt ,

(3)
d2x

dt2
= −d

dx

dt
− dDe−dt = d2x − 2dDe−dt .

Substitute:

d2x

dt2
+ 2d

dx

dt
+ ω2x = (d2x − 2De−dt ) + 2d(−dx + De−dt )

+ ω2x = 0.

Reduce:

d2x

dt2
+ 2d

dx

dt
+ ω2x = (−d2 + ω2)x = 0.

This is true if d2 = ω2, which is the definition of a critically damped
system. Note: Substitution leading to an identity shows that x =
Ce−dt + Dte−dt is a solution. It does not prove that it is the only
solution.
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Problem 21.58 The mass m = 2 kg and the spring
constant is k = 72 N/m. The spring is unstretched when
x = 0. The mass is initially stationary with the spring
unstretched, and at t = 0 the force F(t) = 10 sin 4t
applied to the mass. What is the position of the mass at
t = 2 s?

k
F(t)

x

m

Solution: The equation of motion is

mẍ + kx = F(t) ⇒ ẍ + k

m
x = F(t)

m
⇒ ẍ + 72

2
x = 10

2
sin 4t

ẍ + (6)2x = 5 sin 4t

We recognize the following:

ω = 6, ω0 = 4, d = 0, a0 = 5, b0 = 0.

Ap = (62 − 42)5

(62 − 42)2
= 0.25, Bp = 0

Therefore, the complete solution (homogeneous plus particular) is

x = A sin 6t + B cos 6t + 0.25 sin 4t,
dx

dt
= 6A cos 6t − 6B sin 6t + cos 4t .

Putting in the initial conditions, we have

x(t = 0) = B = 0,
dx

dt
(t = 0) = 6A + 1 ⇒ A = −0.167.

The complete solution is now

x = −0.167 sin 6t + 0.25 sin 4t

At t = 6 s we have
x = 0.337 .

Problem 21.59 The mass m = 2 kg and the spring
constant is k = 72 N/m. The spring is unstretched when
x = 0. At t = 0, x = 1 m, dx/dt = 1 m/s, and the force
F(t) = 10 sin 4t + 10 cos 4t is applied to the mass.
What is the position of the mass at t = 2 s?

k
F(t)

x

m

Solution: The equation of motion is

mẍ + kx = F(t) ⇒ ẍ + k

m
x = F(t)

m
⇒ ẍ + 72

2
x = 10

2
sin 4t + 10

2
cos 4t

ẍ + (6)2x = 5 sin 4t + 5 cos 4t .

We recognize the following:

ω = 6, ω0 = 4, d = 0, a0 = 5, b0 = 5.

Ap = (62 − 42)5

(62 − 42)2
= 0.25, Bp = (62 − 42)5

(62 − 42)2
= 0.25.

Therefore, the complete solution (homogeneous plus particular) is

x = A sin 6t + B cos 6t + 0.25 sin 4t + 0.25 cos 4t,

dx

dt
= 6A cos 6t − 6B sin 6t + cos 4t − sin 4t .

Putting in the initial conditions, we have

x(t = 0) = B + 0.25 = 1 ⇒ B = 0.75

dx

dt
(t = 0) = 6A + 1 = 1 ⇒ A = 0.

The complete solution is now

x = 0.75 cos 6t + 0.25 sin 4t + 0.25 cos 4t .

At t = 6 s we have
x = 0.844 .

764
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Problem 21.60 The damped spring–mass oscillator is
initially stationary with the spring unstretched. At t = 0,
a constant force F(t) = 6 N is applied to the mass.

(a) What is the steady-state (particular) solution?
(b) Determine the position of the mass as a function

of time.

12 N/m
x

F(t)

6 N-s/m 3 kg

Solution: Writing Newton’s second law for the mass, the equation
of motion is

F(t) − c
dx

dt
− kx = m

d2x

dt2
or

F(t) − 6
dx

dt
− 12x = 3

d2x

dt2
,

which we can write as

d2x

dt2
+ 2

dx

dt
+ 4x = F(t)

3
. (1)

(a) If F(t) = 6 N, we seek a particular solution of the form xp =
A0, a constant. Substituting it into Equation (1), we get 4xp =
F(t)

3
= 2 and obtain the particular solution: xp = 0.5 m.

(b) Comparing equation (1) with Equation (21.26), we see that d =
1 rad/s and ω = 2 rad/s. The system is subcritically damped and
the homogeneous solution is given by Equation (21.19) with
ωd = √

ω2 − d2 = 1.73 rad/s. The general solution is

x = xh + xp = e−1(A sin 1.73t + B cos 1.73t) + 0.5 m.

The time derivative is

dx

dt
= −e−1(A sin 1.73t + B cos 1.73t)

+ e−t (1.73A cos 1.73t − 1.73t − 1.73B sin 1.73t).

At t = 0, x = 0, and dx/dt = 0 0 = B + 0.5, and 0 = −B +
1.73A. We see that B = −0.5 and A = −0.289 and the solu-
tion is

x = e−t (−0.289 sin 1.73t − 0.5 cos 1.73t) + 0.5 m.

Problem 21.61 The damped spring–mass oscillator
shown in Problem 21.60 is initially stationary with the
spring unstretched. At t = 0, a force F(t) = 6 cos 1.6t N
is applied to the mass.

(a) What is the steady-state (particular) solution?
(b) Determine the position of the mass as a function

of time.

Solution: Writing Newton’s second law for the mass, the equation
of motion can be written as

d2x

dt2
+ 2

dx

dt
+ 4x = F(t)

3
= 2 cos 1.6t .

(a) Comparing this equation with Equation (21.26), we see that d =
1 rad/s, ω = 2 rad/s, and the forcing function is a(t) = 2 cos 1.6t .
This forcing function is of the form of Equation (21.27) with
a0 = 0, b0 = 2 and ω0 = 1.6. Substituting these values into
Equation (21.30), the particular solution is xp = 0.520 sin 1.6t +
0.234 cos 1.6t (m).

(b) The system is subcritically damped so the homogeneous solution
is given by Equation (21.19) with ωd = √

ω2 − d2 = 1.73 rad/s.
The general solution is

x = xk + xp = e−t (A sin 1.73t + B cos 1.73t) + 0.520 sin 1.6t

+ 0.234 cos 1.6t .

The time derivative is

dx

dt
= −e−t (A sin 1.73t + B cos 1.73t)

+ e−t (1.73A cos 1.73t − 1.73B sin 1.73t)

+ (1.6)(0.520) cos 1.6t − (1.6)(0.234) sin 1.6t

At t = 0, x = 0 and dx/dt = 0 : 0 = B + 0.2340 = −B +
1.73A + (1.6)(0.520). Solving, we obtain A = −0.615 and B =
−0.234, so the solution is

x = e−t (−0.615 sin 1.73t − 0.234 cos 1.73t) + 0.520 sin 1.6t

+ 0.234 cos 1.6t m.
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Problem 21.62 The disk with moment of inertia I =
3 kg-m2 rotates about a fixed shaft and is attached to
a torsional spring with constant k = 20 N-m/rad. At
t = 0, the angle θ = 0, the angular velocity is dθ/dt =
4 rad/s, and the disk is subjected to a couple M(t) =
10 sin 2t N-m. Determine θ as a function of time.

k

θ

M(t)

Solution: The equation of angular motion for the disk is

M(t) − kθ = 1
d2θ

dt2
: or 10 sin 2t − (20)θ = 3

d2θ

dt2
,

or, rewriting in standard form, we have

d2θ

dt2
+ 20

3
θ = 10

3
sin 2t

(a) Comparing this equation with equation (21.26), we see that
d = 0, ω = √

20/3 = 2.58 rad/s and the forcing function is

a(t) = 10

3
sin 2t . This forcing function is of the form of

Equation (21.27), with a0 = 10/3, b0 = 0 and ω0 = 2.
Substituting these values into Equation (21.30), the particular
solution is θp = 1.25 sin 2t .

(b) The general solution is

θ = θh + θp = A sin 2.58t + B cos 2.58t + 1.25 sin 2t

The time derivative is

dθ

dt
= 2.58A cos 2.58t − 2.58B sin 2.58t + 2.50 cos 2t .

At t = 0, θ = 0 and dθ/dt = 4 rad/s, 0 = B, and 4 = 2.58A +
2.50. Solving, we obtain A = 0.581 and B = 0. The solution is
θ = 0.581 sin 2.58t + 1.25 sin 2t rad.
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Problem 21.63 The stepped disk weighs 89 N and its
moment of inertia is I = 0. 2

horizontal surface. The disk is initially stationary with
the spring unstretched, and at t = 0 a constant force
F =
of the center of the disk as a function of time.

203.2 mm

406.4 mm233.5 N/m

116.7 N-s/m

F

Solution: The strategy is to apply the free body diagram to obtain
equations for both θ and x, and then to eliminate one of these. An
essential element in the strategy is the determination of the stretch
of the spring. Denote R = , and the stretch of the spring by
S. Choose a coordinate system with the positive x axis to the right.
The sum of the moments about the center of the disk is

∑
MC =

RkS + 2Rf − 2RF . From the equation of angular motion,

I
d2θ

dt2
=

∑
MC = RkS + 2Rf − 2RF.

Solve for the reaction at the floor:

f = I

2R

d2θ

dt2
− k

2
S + F.

The sum of the horizontal forces:

∑
Fx = −kS − c

dx

dt
+ F + f.

From Newton’s second law:

m
d2x

dt2
=

∑
Fx = −kS − c

dx

dt
+ F + f.

Substitute for f and rearrange:

m
d2x

dt2
+ I

2R

d2θ

dt2
+ c

dx

dt
+ 3

2
kS = 2F.

From kinematics, the displacement of the center of the disk is x =
−2Rθ . The stretch of the spring is the amount wrapped around the
disk plus the translation of the disk, S = −Rθ − 2Rθ = −3Rθ = 3

2 x.
Substitute:

(
m + I

(2R)2

)
d2x

dt2
+ c

dx

dt
+

(
3

2

)2

kx = 2F.

Define M = m + I

(2R)2 = g.

The canonical form of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = a,

where d = c

2M
= 4.170 rad/s,

ω2 =
(

3

2

)2
k

M
= 37.53 (rad/s)2,

and a = 2F

M
= 2.

F

f

P

kS

cx·

The particular solution is found by setting the acceleration and velocity

to zero and solving: xp = a

ω2
= 8F

9k
= d2 < ω2, the

system is sub-critically damped, so the homogenous solution is xh =
e−dt (A sin ωd t + B cos ωd t), where ωd = √

ω2 − d2 = 4.488 rad/s.

The complete solution is x = e−dt (A sin ωdt + B cos ωdt) + 8F

9k
.

Apply the initial conditions: at t = 0, x0 = 0, ẋ0 = 0, from which

B = − 8F

9k
= − A = dB

ωd

= − . Adopting g =
2 the solution is

x = 8F

9k

[
1 − edt

(
d

ωd

sin ωd t + cos ωdt

)]

= − e−4.170t ( sin 4. 488t + cos 4. 488t) ,

767

81 kg-m . It rolls on the

44.5 N is applied as shown. Determine the position

0.203 m

14 k

6.35 m/s

0.169 m. Since

0.169, and 0.157

9.81 m/s

0.169 0.157 0.169 m
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Problem 21.64* An electric motor is bolted to a metal
table. When the motor is on, it causes the tabletop to
vibrate horizontally. Assume that the legs of the table
behave like linear springs, and neglect damping. The
total weight of the motor and the tabletop is 667 N.
When the motor is not turned on, the frequency of
horizontal vibration of the tabletop and motor is 5 Hz.
When the motor is running at 600 rpm, the amplitude of
the horizontal vibration is 0.25 mm. What is the magni-
tude of the oscillatory force exerted on the table by the
motor at its 600-rpm running speed?

Solution: For d = 0, the canonical form (see Eq. (21.26)) of the
equation of motion is

d2x

dt2
+ ω2x = a(t),

where ω2 = (2πf )2 = (10π)2 = 986.96 (rad/s)2

and a(t) = F(t)

m
= gF (t)

W
.

The forcing frequency is

f0 =
(

600

60

)
= 10 Hz,

from which ω0 = (2π)10 = 62.83 rad/s. Assume that F(t) can be
written in the form F(t) = F0 sin ω0t . From Eq. (21.31), the amplitude
of the oscillation is

x0 = a0

ω2 − ω2
0

= gF0

W(ω2 − ω2
0)

.

Solve for the magnitude:

|F0| = W

g
|(ω2 − ω2

0)|x0

Substitute numerical values:

W = , g = /s2, |(ω2 − ω2
0)| = 2960.9 (rad/s)2,

x0 = = , from which F0 =

768

667 N 9.81 m

0.25 mm. 0.00025 m 51.2 N
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Problem 21.65 The moments of inertia of gears A
and B are IA = 0.019 kg-m2 and IB = 0.136 kg-m .2

Gear A is connected to a torsional spring with constant
k = - /rad. The system is in equilibrium at t = 0
when it is subjected to an oscillatory force F(t) =

t

F(t)

22.2 N

152.4 mm

A
B

254 mm
76.2  mm

Solution: Choose a coordinate system with the x axis positive
upward. The sum of the moments on gear A is

∑
M = −kθA + RAF .

From Newton’s second law,

IA

d2θA

dt2
= ∑

M = −kθA + RAF,

from which F =
(

IA

RA

)
d2θA

dt2
+

(
k

RA

)
θA.

The sum of the moments acting on gear B is
∑

M = RBF − RW Fd .
From the equation of angular motion applied to gear B,

IB

d2θB

dt2
=

∑
MB = RBF − RW Fd .

Substitute for F to obtain the equation of motion for gear B:

IB

d2θB

dt2
−

(
RB

RA

)
IA

d2θA

dt2
−

(
RA

RB

)
kθA − RW Fd = 0.

Solve:

Fd =
(

IB

RW

)
d2θB

dt2 −
(

RB

RARW

)
d2θA

dt2 −
(

RB

RARW

)
kθA.

The sum of the forces on the weight are
∑

F = +Fd − W − F(t).
From Newton’s second law applied to the weight,

(
W

g

)
d2x

dt2
= Fd − W − F(t).

Substitute for Fd , and rearrange to obtain the equation of motion for
the weight:

W

g

d2x

dt2
− IB

RW

d2θB

dt2
+ RBIA

RW RA

d2θA

dt2
+ RB

RW RA

kθA

= −W − F(t).

MB

MA Fd

Fd

F(t)

wF

F

From kinematics, θA = −
(

RB

RA

)
θB , and x = −RW θB , from which

d2θB

dt2
= − 1

RW

d2x

dt2
,
d2θA

dt2
= −

(
RB

RA

)
d2θB

dt2
= RB

RW RA

d2x

dt2
,

and θA = RB

RW RA

x.

Define η = RB

RW RA

= −1,

and M = W

g
+ IB

(RW )2
+

(
RB

RW RA

)2

IA = ,

from which the equation of motion for the weight about the unstretched
spring position is:

M
d2x

dt2
+ (kη2)x = −W − F(t).

769

21.87 m

34.69 kg

N. What is the downward displacement of the17.8 sin 3

2.71 N m

22.2 N weight as a function of time?
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For d = 0, the canonical form (see Eq. (21.16)) of the equation of
motion is

d2x

dt2
+ ω2x = a(t), where ω2 = η2k

M
= 37.39 (rad/s)2.

[Check : This agrees with the result in the solution to Problem 21.53,
as it should, since nothing has changed except for the absence of
a damping element. check.] The non-homogenous terms are a(t) =
W

M
+ F(t)

M
. Since

W

M
is not a function of t ,

xpw = − W

ω2M
= − W

η2k
= − ,

which is the equilibrium point. Make the transformation x̃p = xp −
xpw . The equation of motion about the equilibrium point is

d2x
dt2

+ ω2x̃ = − t

M
.

Assume a solution of the form x̃p = Ap sin 3t + Bp cos 3t . Substitute:

(ω2 − 32)(Ap sin 3t + Bp cos 3t) = −3 sin 3t

M
,

from which Bp = 0, and

Ap = −
M(ω2 − 32)

= − .

The particular solution is

x̃p = −
M(ω2 − 32)

sin 3t = − sin 3t .

The solution to the homogenous equation is

xh = Ah sin ωt + Bh cos ωt,

and the complete solution is

x̃(t) = Ah sin ωt + Bh cos ωt −
M(ω2 − 32)

sin 3t .

Apply the initial conditions: at t = 0, x0 = 0, ẋ0 = 0, from which
0 = B,

0 = ωAh −
M(ω2 − 32)

,

from which Ah =
ωM(ω2 − 32)

= .

The complete solution for vibration about the equilibrium point is:

x̃(t) =
M(ω2 − ω2

0)

(
3

ω
sin ωt − sin 3t

)

= sin 6.114t − sin 3t .

The downward travel is the negative of this:

x̃down = −0. .114t + 0. t

770

0.017 m

17.8 sin 3

17.8
0.0181 m

17.8
0.0181 m

17.8

53.4

0.00887

17.8

0.00887 0.0181 m

00887 sin 6 0181 sin 3 m

53.4
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Problem 21.66* A 1.5-kg cylinder is mounted on a
sting in a wind tunnel with the cylinder axis transverse
to the direction of flow. When there is no flow, a 10-N
vertical force applied to the cylinder causes it to deflect
0.15 mm. When air flows in the wind tunnel, vortices
subject the cylinder to alternating lateral forces. The
velocity of the air is 5 m/s, the distance between vortices
is 80 mm, and the magnitude of the lateral forces is
1 N. If you model the lateral forces by the oscillatory
function F(t) = (1.0) sin ω0t N, what is the amplitude
of the steady-state lateral motion of the sphere? 80 mm

Solution: The time interval between the appearance of an upper

vortex and a lower vortex is δt = 0.08

5
= 0.016 s, from which the

period of a sinusoidal-like disturbance is τ = 2(δt) = 0.032 s, from

which f0 = 1

τ
= 31.25 Hz. [Check : Use the physical relationship

between frequency, wavelength and velocity of propagation of a small
amplitude sinusoidal wave, λf = v. The wavelength of a traveling
sinusoidal disturbance is the distance between two peaks or two
troughs, or twice the distance between adjacent peaks and troughs, λ =
2(0.08) = 0.16 m, from which the frequency is f0 = v

λ
= 31.25 Hz.

check ] The circular frequency is ω0 = 2πf0 = 196.35 rad/s. The
spring constant of the sting is

k = F

δ
= 10

0.00015
= 66667 N/m.

The natural frequency of the sting-cylinder system is

f = 1

2π

√
k

m
= 1

2π

√
66667

1.5
= 33.55 Hz,

from which ω = 2πf = 210.82 rad/s. For d = 0, the canonical form

(see Eq. 21.16)) of the equation of motion is
d2x

dt2
+ ω2x = a(t), where

a(t) = F

m
= 1

15
sin ω0t = 0.6667 sin 196.3t .

From Eq. (21.31) the amplitude is

E = a0

ω2 − ω2
0

= 0.6667

5891
= 1.132 × 10−4 m

[Note: This is a small deflection (113 microns) but the associated aero-
dynamic forces may be significant to the tests (e.g. Famp = 7.5 N),
since the sting is stiff. Vortices may cause undesirable noise in sensi-
tive static aerodynamic loads test measurements.]
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Problem 21.67 Show that the amplitude of the partic-
ular solution given by Eq. (21.31) is a maximum when
the frequency of the oscillatory forcing function is ω0 =√

ω2 − 2d2.

Solution: Eq. (21.31) is

Ep =
√

a2
0 + b2

0√
(ω2 − ω2

0)
2 + 4d2ω2

0

.

Since the numerator is a constant, rearrange:

η = Ep√
a2

0 + b2
0

= [(ω2 − ω2
0)

2 + 4d2ω2
0]−

1
2 .

The maximum (or minimum) is found from

dη

dω0
= 0.

dη

dω0
= − 1

2

4[−(ω2 − ω2
0)(ω0) + 2d2ω0]

[(ω2 − ω2
0)

2 + 4d2ω2
0]

3
2

= 0,

from which −(ω2 − ω2
0)(ω0) + 2d2ω0 = 0. Rearrange, (ω2

0 − ω2 +
2d2)ω0 = 0. Ignore the possible solution ω0 = 0, from which

ω0 = √
ω2 − 2d2 .

Let ω̃0 = √
ω2 − 2d2 be the maximizing value. To show that η is

indeed a maximum, take the second derivative:

[
d2η

dω2
0

]
ω0

= ω̃0 = 3

4

[(4ω0)(ω
2
0 − ω2 + 2d2)]2

ω0=ω̃0

[(ω2 − ω2
0)

2 + 2d2ω2
0]

5
2
ω0=ω̃0

− 1

2

4[3ω2
0 − ω2 + 2d2]ω0=ω̃0

[(ω2 − ω2
0)

2 + 2d2ω2
0]

3
2
ω0=ω̃0

,

from which

[
d2η

dt2

]
ω0=ω̃0

= − 4ω2
0

[2ω2d2]
3
2

< 0,

which demonstrates that it is a maximum.

Problem 21.68* A sonobuoy (sound-measuring
device) floats in a standing-wave tank. The device is
a cylinder of mass m and cross-sectional area A. The
water density is ρ, and the buoyancy force support-
ing the buoy equals the weight of the water that would
occupy the volume of the part of the cylinder below the
surface. When the water in the tank is stationary, the
buoy is in equilibrium in the vertical position shown at
the left. Waves are then generated in the tank, causing
the depth of the water at the sonobuoy’s position rela-
tive to its original depth to be d = d0 sin ω0t . Let y be
the sonobuoy’s vertical position relative to its original
position. Show that the sonobuoy’s vertical position is
governed by the equation

d2y

dt2
+

(
Aρg

m

)
y =

(
Aρg

m

)
d0 sin ω0t.

y
d

Solution: The volume of the water displaced at equilibrium is
V = Ah where A is the cross-sectional area, and h is the equilibrium
immersion depth. The weight of water displaced is ρVg = ρgAh, so
that the buoyancy force is Fb = ρAgh.

The sum of the vertical forces is
∑

Fy = ρgAh − mg = 0 at equi-
librium, where m is the mass of the buoy. By definition, the spring

constant is
∂Fb

∂h
= k = ρgA. For any displacement δ of the immersion

depth from the equilibrium depth, the net vertical force on the buoy is∑
Fy = −ρgA(h + δ) + mg = −ρAgδ = −kδ, since h is the equilib-

rium immersion depth. As the waves are produced, δ = y − d, where
d = d0 sin ω0t , from which

∑
Fy = −k(y − d). From Newton’s sec-

ond law,

m
d2y

dt2
= −k(y − d), from which m

d2y

dt2
+ ky = kd.

Substitute:

d2y

dt2
+

(
ρgA

m

)
y =

(
ρgA

m

)
d0 sin ω0t

772
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Problem 21.69 Suppose that the mass of the sonobuoy
in Problem 21.68 is m = 10 kg, its diameter is 125 mm,
and the water density is ρ = 1025 kg/m3. If d =
0.1 sin 2t m, what is the magnitude of the steady-state
vertical vibrations of the sonobuoy?

y
d

Solution: From the solution to Problem 21.68,

d2y

dt2
+

(
ρgA

m

)
y =

(
ρgA

m

)
d0 sin ω0t .

The canonical form is

d2y

dt

2

+ ω2y = a(t),

where ω2 = ρπd2g

4 m
= 1025π(0.1252)(9.81)

4(10)
= 12.34 (rad/s)2,

and a(t) = ω2(0.1) sin 2t . From Eq. (21.31), the amplitude of the
steady state vibrations is

Ep = ω2(0.1)

|(ω2 − 22)| = 0.1480 m

Problem 21.70 The mass weighs . The spring
constant is k = c =

subjected to an oscillatory displacement xi of
amplitude ωi =15 rad/s, what is
the resulting steady-state amplitude of the displacement
of the mass relative to the base?

c
x

k

xi

m

Solution: The canonical form of the equation of motion is

d2x

dt2
+ 2d

dt

dt
+ ω2x = a(t),

where d = c

2m
= gc

2W
= 3.217 rad/s,

ω2 = kg

W
= 128.7 (rad/s)2,

and (see Eq. (21.38),

a(t) = − d2xi

dt2
= xiω

2
i sin(ωi t − φ).

The displacement of the mass relative to its base is

Ep = ω2
i xi√

(ω2 − ω2
i )

2 + 4d2ω2
i

= (152)( )√
(11.342 − 152)2 + 4(3.2172)(152)

=

773

0.254
0.419 m.

222 N
2919 N/m, and 146 N-s/m. If the

base is
0.254 m and frequency
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Problem 21.71 The mass in Fig. 21.21 is 100 kg. The
spring constant is k = 4 N/m, and c = 24 N-s/m. The
base is subjected to an oscillatory displacement of fre-
quency ωi = 0.2 rad/s. The steady-state amplitude of the
displacement of the mass relative to the base is measured
and determined to be 200 mm. What is the amplitude of
the displacement of the base? (See Example 21.7.)

c
x

k

xi

m

Solution: From Example 21.7 and the solution to Problem 21.70,
the canonical form of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = a(t)

where d = c

2m
= 0.12 rad/s, ω2 = k

m
= 0.04 (rad/s)2,

and (see Eq. (21.38))

a(t) = − d2xi

dt2
= xiω

2
i sin(ωi t − φ).

The displacement of the mass relative to its base is

Ep = 0.2 = ω2
i xi√

(ω2 − ω2
i )

2 + 4d2ω2
i

= (0.22)xi√
(0.22 − 0.22)2 + 4(0.122)(0.22)

= 0.8333xi m,

from which xi = 0.2

0.8333
= 0.24 m

Problem 21.72 A team of engineering students builds
the simple seismograph shown. The coordinate xi mea-
sures the local horizontal ground motion. The coordi-
nate x measures the position of the mass relative to
the frame of the seismograph. The spring is unstretched
when x = 0. The mass m = 1 kg, k = 10 N/m, and c =
2 N-s/m. Suppose that the seismograph is initially sta-
tionary and that at t = 0 it is subjected to an oscil-
latory ground motion xi = 10 sin 2t mm. What is the
amplitude of the steady-state response of the mass? (See
Example 21.7.)

xi x

k

c

m

TOP VIEW

SIDE VIEW

Solution: From Example 21.7 and the solution to Problem 21.70,
the canonical form of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = a(t)

where d = c

2m
= 1 rad/s, ω2 = k

m
= 10 (rad/s)2,

and (see Eq. (21.38))

a(t) = − d2xi

dt2
= xiω

2
i sin ωit where xi = 10 mm, ωi = 2 rad/s.

The amplitude of the steady state response of the mass relative to its
base is

Ep = ω2
i xi√

(ω2 − ω2
i )

2 + 4d2ω2
i

= (22)(10)√
(3.1622 − 22)2 + 4(12)(22)

= 5.55 mm
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Problem 21.73 In Problem 21.72, determine the posi-
tion x of the mass relative to the base as a function of
time. (See Example 21.7.)

Solution: From Example 21.7 and the solution to Problem 21.70,
the canonical form of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = a(t)

where d = c

2m
= 1 rad/s, ω2 = k

m
= 10 (rad/s)2,

and a(t) = −d2xi

dt2
= xiω

2
i sin ωit

where xi = 10 mm, ωi = 2 rad/s. From a comparison with
Eq. (21.27) and Eq. (21.30), the particular solution is xp =
Ap sin ωit + Bp cos ωit , where

Ap = (ω2 − ω2
i )ω

2
i xi

(ω2 − ω2
i )

2 + 4d2ω2
i

= 4.615.

Bp = − 2dω3
i xi

(ω2 − ω2
i )

2 + 4d2ω2
i

= −3.077.

[Check : Assume a solution of the form xp = Ap sin ωit + Bp cos ωit .
Substitute into the equation of motion:

[(ω2 − ω2
i )Ap − 2dωiBp] sin ωit

+ [(ω2 − ω2
i )Bp + 2dωiAp] cos ωit = xiω

2
i sin ωit.

Equate like coefficients:

(ω2 − ω2
i )Ap − 2dωiBp = xiω

2
i ,

and 2dωiAp + (ω2 − ω2
i )Bp = 0.

Solve:

Ap = (ω2 − ω2
i )ω

2
i xi

(ω2 − ω2
i ) + 4d2ω2

i

,

Bp = −2dω3
i xi

(ω2 − ω2
i )

2 + 4d2ω2
i

, check.]

Since d2 < ω2, the system is sub-critically damped, and the
homogenous solution is xh = e−dt (A sin ωdt + B cos ωdt), where
ωd = √

ω2 − d2 = 3 rad/s. The complete solution is x = xh + xp .
Apply the initial conditions: at t = 0, x0 = 0, from which 0 = B + Bp ,
and 0 = −dB + ωdA + ωiAp . Solve:

B = −Bp = 3.077, A = dB

ωd

− ωiAp

ωd

= −2.051

The solution is

x = e−dt (A sin ωt + B cos ωt) + Ap sin ωit + Bp cos ωit :

x = −e−t (2.051 sin 3t − 3.077 cos 3t) + 4.615 sin 2t

− 3.077 cos 2t mm
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Problem 21.74 The coordinate x measures the dis-
placement of the mass relative to the position in which
the spring is unstretched. The mass is given the initial
conditions

t = 0




x = 0.1 m,

dx

dt
= 0.

(a) Determine the position of the mass as a function
of time.

(b) Draw graphs of the position and velocity of the
mass as functions of time for the first 5 s of motion.

90 N/m

x

10 kg

Solution: The canonical equation of motion is

d2x

dt2
+ ω2x = 0,

where ω =
√

k

m
=

√
90

10
= 3 rad/s.

(a) The position is

x(t) = A sin ωt + B cos ωt,

and the velocity is

dx(t)

dt
= ωA cos ωt − ωB sin ωt.

At t = 0, x(0) = 0.1 = B, and

dx(0)

dt
= 0 = ωA,

from which A = 0, B = 0.1 m, and

x(t) = 0.1 cos 3t m ,

dx(t)

dt
= −0.3 sin 3t m/s.

(b) The graphs are shown.

–.4

–.3

–.2

–.1

0

0 .5 1 1.5

velocity, m/s
Position and velocity vs time

t, s 
2 2.5 3 3.5 4 4.5 5

.1

.2

.3

.4

position, m
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Problem 21.75 When t = 0, the mass in Prob-
lem 21.74 is in the position in which the spring is
unstretched and has a velocity of 0.3 m/s to the right.
Determine the position of the mass as functions of time
and the amplitude of vibration

(a) by expressing the solution in the form given by
Eq. (21.8) and

(b) by expressing the solution in the form given by
Eq. (21.9)

90 N/m

x

10 kg

Solution: From Eq. (21.5), the canonical form of the equation of
motion is

d2x

dt2
+ ω2x = 0,

where ω =
√

k

m
=

√
90

10
= 3 rad/s.

(a) From Eq. (21.6) the position is x(t) = A sin ωt + B cos ωt , and
the velocity is

dx(t)

dt
= ωA cos ωt − ωB sin ωt.

At t = 0, x(0) = 0 = B, and
dx(0)

dt
= 0.3 = ωA m/s, from

which B = 0 and A = 0.3

ω
= 0.1 m. The position is

x(t) = 0.1 sin 3t m .

The amplitude is

|x(t)max = 0.1 m

(b) From Eq. (21.7) the position is x(t) = E sin(ωt − φ), and the
velocity is

dx(t)

dt
= ωE cos(ωt − φ).

At t = 0, x(0) = −E sin φ, and the velocity is

dx(0)

dt
= 0.3 = ωE cos φ.

Solve: φ = 0, E = 0.3

ω
= 0.1,

from which x(t) = 0.1 sin 3t .

The amplitude is

|x(t)| = E = 0.1 m
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Problem 21.76 A homogenous disk of mass m and
radius R rotates about a fixed shaft and is attached to
a torsional spring with constant k. (The torsional spring
exerts a restoring moment of magnitude kθ , where θ is
the angle of rotation of the disk relative to its position in
which the spring is unstretched.) Show that the period
of rotational vibrations of the disk is

τ = πR

√
2m

k
.

k

R

Solution: From the equation of angular motion, the equation of
motion is Iα = M , where M = −kθ , from which

I
d2θ

dt2
+ kθ = 0,

and the canonical form (see Eq. (21.4)) is

d2θ

dt2
+ ω2θ = 0, where ω =

√
k

I
.

For a homogenous disk the moment of inertia about the axis of
rotation is

I = mR2

2
, from which ω =

√
2 k

mR2
= 1

R

√
2 k

m
.

The period is τ = 2π

ω
= 2πR

√
m

2 k
= πR

√
2 m

k

Problem 21.77 Assigned to determine the moments of
inertia of astronaut candidates, an engineer attaches a
horizontal platform to a vertical steel bar. The moment
of inertia of the platform about L is 7.5 kg-m2, and
the frequency of torsional oscillations of the unloaded
platform is 1 Hz. With an astronaut candidate in the
position shown, the frequency of torsional oscillations
is 0.520 Hz. What is the candidate’s moment of inertia
about L?

L

Solution: The natural frequency of the unloaded platform is

f = ω

2π
= 1

2π

√
k

I
= 1 Hz,

from which k = (2πf )2I = (2π)27.5 = 296.1 N-m/rad.

The natural frequency of the loaded platform is

f1 = ω1

2π
= 1

2π

√
k

I1
= 0.520 Hz,

from which I1 =
(

1

2πf1

)2

k = 27.74 kg-m2,

from which IA = I1 − I = 20.24 kg-m2

L
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Problem 21.78 The 22-kg platen P rests on four roller
bearings that can be modeled as 1-kg homogenous
cylinders with 30-mm radii. The spring constant is k =
900 N/m. What is the frequency of horizontal vibrations
of the platen relative to its equilibrium position?

k P

Solution: The kinetic energy is the sum of the kinetic energies
of translation of the platen P and the roller bearings, and the kinetic
energy of rotation of the roller bearings. Denote references to the
platen by the subscript P and references to the ball bearings by the
subscript B:

T = 1

2
mP

(
dxP

dt

)2

+ 1

2
(4mB)

(
dxB

dt

)2

+ 1

2
(4IB)

(
dθ

dt

)2

.

The potential energy is the energy stored in the spring:

V = 1

2
kx2

P .

From kinematics, − Rθ = xB

and xB = xP

2
.

Since the system is conservative, T + V = const. Substitute the
kinematic relations and reduce:

(
1

2

)(
mP + mB + IB

R2

)(
dxP

dt

)2

+
(

1

2

)
kx2

P = const.

Take the time derivative:

(
dx

dt

)[(
mP + mB + IB

R2

)(
d2xP

dt2

)
+ kx

]
= 0.

This has two possible solutions,

(
dx

dt

)
= 0

or

(
mP + mB + IB

R2

)(
d2xP

dt2

)
+ kxP = 0.

The first can be ignored, from which the canonical form of the equation
of motion is

d2xP

dt2
+ ω2xP = 0,

where ω = R

√
k

R2(mP + mB) + IB

.

For a homogenous cylinder,

IB = mBR2

2
,

from which ω =
√√√√ k

mP + 3

2
mB

= 6.189 rad/s.

The frequency is f = ω

2π
= 0.985 Hz .
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Problem 21.79 At t = 0, the platen described in
Problem 21.78 is 0.1 m to the left of its equilibrium
position and is moving to the right at 2 m/s. What are
the platen’s position and velocity at t = 4 s?

k P

Solution: The position is

x(t) = A sin ωt + B cos ωt,

and the velocity is

dx

dt
= ωA cos ωt − ωB sin ωt,

where, from the solution to Problem 21.78, ω = 6.189 rad/s. At t = 0,
x(0) = −0.1 m, and

[
dx

dt

]
t=0

= 2 m/s,

from which B = −0.1 m, A = 2

ω
= 0.3232 m.

The position and velocity are

x(t) = 0.3232 sin(6.189 t) − 0.1 cos(6.189 t) (m),

dx

dt
= 2 cos(6.189 t) + 0.6189 sin(6.189 t) (m/s).

At t = 4 s, x = −0.2124 m ,

dx

dt
= 1.630 m/s .
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Problem 21.80 The moments of inertia of gears A and
B are IA = 0. 2 and IB = 0. 2

A is attached to a torsional spring with constant k =
of the gears relative to their equilibrium position?

152.4 mm

A
B

22.2 N

254 mm
76.2  mm in

Solution: The system is conservative. The strategy is to determine
the equilibrium position from the equation of motion about the
unstretched spring position. Choose a coordinate system with the
y axis positive upward. Denote RA = , RB = and
RM = , and W = energy of the system is

T = 1

2
IAθ̇2

A + 1

2
IB θ̇2

B + 1

2

W

g
v2,

where θ̇A, θ̇B are the angular velocities of gears A and B respectively,
and v is the velocity of the 22.2 N weight. The potential energy is the
sum of the energy stored in the spring plus the energy gain due to the
increase in the height of the 22.2 N weight:

V = 1

2
kθ2

A + Wy.

From kinematics,

v = RMθ̇B ,

θ̇B = −
(

RA

RB

)
θ̇A,

y = RMθB = −RM

(
RA

RB

)
θA.

Substitute, T + V = const.

=
(

1

2

)[
IA +

(
RA

RB

)2

IB

+
(

W

g

)
(R2

M)

(
RA

RB

)2
]

θ̇2
A

+
(

1

2

)
kθ2

A − (RM)

(
RA

RB

)
θAW.

Define M = IA +
(

RA

RB

)2

IB + W

g
(R2

M)

(
RA

RB

)2

= 2,

and take the time derivative:

θ̇A

[
M

(
d2θA

dt2

)
+ kθA − W(RM)

(
RA

RB

)]
= 0.

Ignore the possible solution θ̇A = 0, to obtain

d2θA

dt2
+ ω2θA = F,

where F = WRM

M

(
RA

RB

)
,

and ω =
√

k

M
= 6.114 rad/s,

is the equation of motion about the unstretched spring position. Note
that

F

ω2
= W

k
RM

(
RA

RB

)
= 0.375 rad

is the equilibrium position of θA, obtained by setting the acceleration
to zero (since the non-homogenous term F is a constant). Make the
change of variable:

θ̃ = θA − F

ω2
,

from which the canonical form (see Eq. (21.4)) of the equation of
motion about the equilibrium point is

d2 θ̃

dt2
+ ω2θ̃ = 0,

and the natural frequency is

f = ω

2π
= 0.9732 Hz.
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Problem 21.81 The 22.2 N weight in Problem 21.80 is
raised
from rest at t = 0. Determine the counterclockwise
angular position of gear B relative to its equilibrium
position as a function of time.

A
B

254 mm

152. 4 mm

22.2 N

Solution: From the solution to Problem 21.80, the equation of
motion for gear A is

d2θA

dt2
+ ω2θA = F,

where M = IA +
(

RA

RB

)2

IB + W

g
(R2

M)

(
RA

RB

)2

= 2,

ω =
√

k

M
= 6.114 rad/s,

and F =
WRM

(
RA

RB

)
M

= 14.02 rad/s2.

As in the solution to Problem 21.80, the equilibrium angular position
θA associated with the equilibrium position of the weight is

[θA]eq = F

ω2 = 0.375 rad.

Make the change of variable:

θ̃A = θA − [θA]eq,

from which the canonical form of the equation of motion about the
equilibrium point is

d2θ̃A

dt2
+ ω2θ̃A = 0.

Assume a solution of the form

θ̃A = A sin ωt + B cos ωt.

The displacement from the equilibrium position is, from kinematics,

θ̃A(t = 0) =
(

RB

RA

)
θA

= − 1

RM

(
RB

RA

)
y(t = 0)

= −0.2778 rad,

from which the initial conditions are

θ̃A(t = 0) = −0.2778 rad and

[
dθ̃A

dt

]
t=0

= 0,

from which B = −0.2778, A = 0. The angular position of gear A

is θa = −0.2778 cos(6.114t) rad, from which the angular position of
gear B is

θ̃B = −
(

RA

RB

)
θ̃A = 0.1667 cos(6.114t) rad

about the equilibrium position.
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Problem 21.82 The mass of the slender bar is m. The
spring is unstretched when the bar is vertical. The light
collar C slides on the smooth vertical bar so that the
spring remains horizontal. Determine the frequency of
small vibrations of the bar.

k

l

C

Solution: The system is conservative. Denote the angle between
the bar and the vertical by θ . The base of the bar is a fixed point. The
kinetic energy of the bar is

T = 1

2
I

(
dθ

dt

)2

.

Denote the datum by θ = 0. The potential energy is the result of the
change in the height of the center of mass of the bar from the datum
and the stretch of the spring,

V = −mgL

2
(1 − cos θ) + 1

2
k(L sin θ)2.

The system is conservative,

T + V = const = 1

2
I

(
dθ

dt

)2

+ kL2

2
sin2 θ − mgL

2
(1 − cos θ).

Take the time derivative:

(
dθ

dt

)[
I

d2θ

dt2
+ kL2 sin θ cos θ − mgL

2
sin θ

]
= 0.

From which

I
d2θ

dt2
+ kL2 sin θ cos θ − mgL

2
sin θ = 0.

For small angles, sin θ → θ , cos θ → 1. The moment of inertia about
the fixed point is

I = mL2

3
,

from which
d2θ

dt2
+ ω2θ = 0,

where ω =
√

3k

m
− 3g

2L
.

The frequency is

f = ω

2π
= 1

2π

√
3k

m
− 3g

2L

L sin θ

θ

L
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Problem 21.86 The stepped disk weighs 89 N, and its
moment of inertia is I = 0. 2

horizontal surface. If c =
of vibration of the disk?

233.5 N/m

203.2 mm

c

406.4 mm

Solution: The strategy is to apply the free body diagram to obtain
equations for both θ and x, and then to eliminate one of these. An
essential element in the strategy is the determination of the stretch of
the spring. Denote R = , and the stretch of the spring by
S. Choose a coordinate system with the positive x axis to the right.
The sum of the moments about the center of the disk is

∑
MC = RkS + 2Rf.

From the equation of angular motion,

I
d2θ

dt2 =
∑

MC = RkS + 2Rf.

Solve for the reaction at the floor:

f = I

2R

d2θ

dt2
− k

2
S.

The sum of the horizontal forces:

∑
Fx = −kS − c

dx

dt
+ f.

From Newton’s second law:

m
d2x

dt2
=

∑
Fx = −kS − c

dx

dt
+ f.

Substitute for f and rearrange:

m
d2x

dt2
+ I

2R

d2θ

dt2
+ c

dx

dt
+ 3

2
kS = 0

From kinematics, the displacement of the center of the center of the
disk is x = −2Rθ . The stretch of the spring is the amount wrapped
around the disk plus the translation of the disk,

S = −Rθ − 2Rθ = −3Rθ = 3

2
x.

kS

cx

P

f

.

Substitute:

(
m + I

(2R)2

)
d2x

dt2
+ c

dx

dt
+

(
3

2

)2

kx = 0.

Define M = m + I

(2R)2
= g.

The canonical form of the equation of motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where d = c

2M
= 4.170 rad/s,

ω2 =
(

3

2

)2
k

M
= 37.53 (rad/s)2.

Therefore ωd = √
ω2 − d2 = 4.488 rad/s, and the frequency is

fd = ωd

2π
= 0.714 Hz
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Problem 21.87 The stepped disk described in Prob-
lem 21.86 is initially in equilibrium, and at t = 0 it is
given a clockwise angular velocity of 1 rad/s. Deter-
mine the position of the center of the disk relative to its
equilibrium position as a function of time.

c

Solution: From the solution to Problem 21.86, the equation of
motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where d = 4.170 rad/s, ω2 = 37.53 (rad/s)2. Therefore

ωd = √
ω2 − d2 = 4.488 rad/s.

Since d2 < ω2, the system is sub-critically damped. The solution is of
the form

x = e−dt (A sin ωdt + B cos ωd t).

Apply the initial conditions: at t = 0, θ0 = 0, and θ̇0 = −1 rad/s. From
kinematics, ẋ0 = −2Rθ̇0 = 2R

B = 0 and A = ẋ0

ωd

= 0. ,

and the position of the center of the disk is

x = 0. e−4.170t sin 4.488t

Problem 21.88 The stepped disk described in Prob-
lem 21.86 is initially in equilibrium, and at t = 0 it is
given a clockwise angular velocity of 1 rad/s. Determine
the position of the center of the disk relative to its equi-
librium position as a function of time if c =

/

 
c

n233 5 N m 406 4 mm

203 2 mm

Solution: From the solution to Problem 21.86, the equation of
motion is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where d = c

2M
= 8.340 rad/s,

ω2 =
(

3

2

)2
k

M
= 37.53 (rad/s)2.

Since d2 > ω2,

the system is supercritically damped. The solution is of the form
(see Eq. (21.24)) x = e−dt (Ceht + De−ht ), where h = √

d2 − ω2 =
5.659 rad/s. Apply the initial conditions: at t = 0, θ0 = 0, and θ̇0 =
−1 rad/s. From kinematics, ẋ0 = −2Rθ̇0 = 2R

0 = C + D and ẋ0 = −(d − h)C − (d + h)D. Solve:

C = x0

2h
= 0. ,

D = − x0

2h
= −0. ,

from which the position of the center of the disk is

x = 0. e−8.340t (e5.659t − e−5.659t )

= 0. (e−2.680t − e−14.00t )
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m. Substitute, to obtain

0906

0906

m. Substitute, to obtain

036

036

036

036 m
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Problem 21.89 The 22-kg platen P rests on four roller
bearings that can be modeled as 1-kg homogeneous
cylinders with 30-mm radii. The spring constant is
k = 900 N/m. The platen is subjected to a force F(t) =
100 sin 3t N. What is the magnitude of the platen’s
steady-state horizontal vibration?

k P
F(t)

Solution: Choose a coordinate system with the origin at the wall
and the x axis parallel to the plane surface. Denote the roller bearings
by the subscript B and the platen by the subscript P .

The roller bearings: The sum of the moments about the mass center
of a roller bearing is

∑
MB-cm = +RFB + RfB.

From Newton’s second law:

IB

d2θ

dt2
= RFB + RfB.

Solve for the reaction at the floor:

fB = IB

R

d2θ

dt2 − FB.

The sum of the horizontal forces on each roller bearing:

∑
Fx = −FB + fP .

From Newton’s second law

mB

d2xB

dt2
= −FB + fB,

where xB is the translation of the center of mass of the roller bearing.
Substitute

fp, mB

d2xB

dt2
= IB

R

d2θ

dt2
− 2FB.

From kinematics, θB = − xB

R
,

from which

(
mB + IB

R2

)
d2xB

dt2
= −2FB.

The platen: The sum of the forces on the platen are

∑
FP = −kx + 4FB + F(t).

From Newton’s second law,

mP

d2xP

dt2
= −kxp + 4FB + F(t).

Substitute for FB and rearrange:

mp

d2xp

dt2 + kxP + 2

(
mB + IB

R2

)
d2xB

dt2 = F(t).

kx F(t)

FB

FB
fB

From kinematics, xB = xP

2
,

from which

(
mP + mB + IB

R2

)
d2xP

dt2
+ kxP = F(t).

For a homogenous cylinder,

IB = mBR2

2
,

from which we define

M = mp + 3

2
mB = 23.5 kg.

For d = 0, the canonical form of the equation of motion (see
Eq. (21.26)) is

d2xp

dt2
+ ω2xp = a(t),

where ω2 = 38.30 (rad/s)2,

and a(t) = F(t)

M
= 4.255 sin 3t (m/s2).

The amplitude of the steady state motion is given by Eq. (21.31):

Ep = 4.255

(ω2 − 32)
= 0.1452 m
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Problem 21.83 A homogeneous hemisphere of radius
R and mass m rests on a level surface. If you rotate the
hemisphere slightly from its equilibrium position and
release it, what is the frequency of its vibrations?

R

Solution: The system is conservative. The distance from the center
of mass to point O is h = 3R/8. Denote the angle of rotation about
P by θ . Rotation about P causes the center of mass to rotate relative
to the radius center OP , suggesting the analogy with a pendulum
suspended from O. The kinetic energy is T = (1/2)Ipθ̇2. The potential
energy is V = mgh(1 − cos θ), where h(1 − cos θ) is the increase
in height of the center of mass. T + V = const = Ipθ̇2 + mgh(1 −
cos θ). Take the time derivative:

θ̇

[
Ip

d2θ

dt2
+ mgh sin θ

]
= 0,

from which
d2θ

dt2
+ mgh

Ip
sin θ = 0.

For small angles sin θ → θ , and the moment of inertia about P is

Ip = ICM + m(R − h)2 = 83

320
mR2 +

(
5

8

)2

mR2 = 13

20
mR2,

O

P

3R
8

from which
d2θ

dt2
+ ω2θ = 0,

where ω =
√

20(3)g

13(8)R
=

√
15g

26R
.

The frequency is f = 1

2π

√
15g

26R

Problem 21.84 The frequency of the spring-mass
oscillator is measured and determined to be 4.00 Hz.
The oscillator is then placed in a barrel of oil, and
its frequency is determined to be 3.80 Hz. What is the
logarithmic decrement of vibrations of the mass when
the oscillator is immersed in oil?

k
10 kg

Solution: The undamped and damped frequencies are f = 4 Hz
and fd = 3.8 Hz, so

τd = 1

fd

= 0.263 s,

ω = 2πf = 25.13 rad/s,

ωd = 2πfd = 23.88 rad/s.

From the relation

ωd = √
ω2 − d2,

we obtain d = 7.85 rad/s, so the logarithmic decrement is δ = dτd =
(7.85)(0.263) = 2.07.

δ = 2.07.

Problem 21.85 Consider the oscillator immersed in oil
described in Problem 21.84. If the mass is displaced
0.1 m to the right of its equilibrium position and released
from rest, what is its position relative to the equilibrium
position as a function of time?

k
10 kg

Solution: The mass and spring constant are unknown. The
canonical form of the equation of motion (see Eq. (21.16)) is

d2x

dt2
+ 2d

dx

dt
+ ω2x = 0,

where, from the solution to Problem 21.84, d = 7.848 rad/s, and
ω = 2π(4) = 25.13 rad/s. The solution is of the form (see Eq. (21.19))
x = e−dt (A sin ωdt + B cos ωd t), where ωd = 2π(3.8) = 23.88 rad/s.
Apply the initial conditions: at t = 0, x0 = 0.1 m, and ẋ0 = 0, from
which B = x0, and 0 = −dB + ωdA,

from which A = dx0

ωd

,

The solution is

x = x0e
−dt

(
d

ωd

sin ωd + cos ωd

)

= 0.1e−7.848t (0.3287 sin 23.88t + cos 23.88t)
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Problem 21.90 At t = 0, the platen described in
Problem 21.89 is 0.1 m to the right of its equilibrium
position and is moving to the right at 2 m/s. Determine
the platen’s position relative to its equilibrium position
as a function of time.

k P
F(t)

Solution: From the solution to Problem 21.89, the equation of
motion is

d2xp

dt2
+ ω2xp = a(t),

where ω2 = 38.30 (rad/s)2, and

a(t) = F(t)

M
= 4.255 sin 3t m/s2.

The solution is in the form x = xh + xp , where the homogenous
solution is of the form xh = A sin ωt + B cos ωt and the particular
solution xp is given by Eq. (21.30), with d = 0 and b0 = 0. The result:

x = A sin ωt + B cos ωt + a0

(ω2 − ω2
0)

sin ω0t,

where a0 = 4.255 m, ω = 6.189 rad/s, and ω0 = 3 rad/s. Apply the
initial conditions: at t = 0, x0 = 0.1 m, and ẋ0 = 2 m/s, from which
B = 0.1, and

A = 2

ω
−

(ω0

ω

) a0

(ω2 − ω2
0)

= 0.2528,

from which

x = 0.253 sin 6.19t + 0.1 cos 6.19t + 0.145 sin 3t m
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Problem 21.91 The moments of inertia of gears A and
B are IA = 0.019 kg-m2 and IB = 0.136 kg-m . Gear2

A is connected to a torsional spring with constant k =
2 .71 N-m/rad. The bearing supporting gear B incorpo-
rates a damping element that exerts a resisting moment
on gear B of magnitude 2.03 (dθB/dt) - , where
dθB/dt is the angular velocity of gear B in rad/s. What
is the frequency of angular vibration of the gears?

152.4 mm

A
B

22.2 N

250 mm
76.2  mm

Solution: Choose a coordinate system with the x axis positive
downward. The sum of the moments on gear A is

∑
M = −kθA +

RAF , where the moment exerted by the spring opposes the angular
displacement θA. From the equation of angular motion,

IA

d2θA

dt2
=

∑
M = −kθA + RAF,

from which F =
(

IA

RA

)
d2θA

dt2
+

(
k

RA

)
θA.

The sum of the moments acting on gear B is

∑
M = − dθB

dt
+ RBF − RW FW ,

where W =
opposes the angular velocity of B. From the equation of angular motion
applied to B,

IB

d2θB

dt2 = ∑
M = − dθB

dt
+ RBF − RW FW .

The sum of the forces on the weight are
∑

F = +FW − W . From
Newton’s second law applied to the weight,

(
W

g

)
d2x

dt2
= FW − W,

from which FW =
(

W

g

)
d2x

dt2
+ W.

Substitute for F and FW to obtain the equation of motion for gear B:

IB

d2θB

dt2
+ dθB

dt
−

(
RB

RA

)(
IA

d2θA

dt2
+ kθA

)

− RW

((
W

g

)
d2x

dt2
+ W

)
= 0.

From kinematics, θA = −
(

RB

RA

)
θB , and x = −RW θB , from which

M
d2θB

dt2
+ dθB

dt
+

(
RB

RA

)2

kθB = RW W,

where M = IA +
(

RB

RA

)2

IA + R2
W

(
W

g

)
= 0. 2

MA

MB

FW

FW

W
F

F

The canonical form of the equation of motion is

d2θB

dt2 + 2d
dθB

dt
+ ω2θB = P,

where d =
2M

= 5.047 rad/s,

ω2 =

(
RB

RA

)2

k

M
= 37.39 (rad/s)2,

and P = RW W

M
= 8.412 (rad/s)2.

The system is sub critically damped, since d2 < ω2, from which
ωd = √

ω2 − d2 = 3.452 rad/s, and the frequency is

fd = ωd

2π
= 0.5493 Hz
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Problem 21.92 The 22.2 N weight in Problem 21.91 is
raised 12.7 mm. from its equilibrium position and re-
leased from rest at t = 0. Determine the counterclock-
wise angular position of gear B relative to its equilibrium
position as a function of time.

A
B

250 mm

Solution: From the solution to Problem 81.91,

d2θB

dt2
+ 2d

dθB

dt
+ ω2θB = P,

where d = 5.047 rad/s, ω2 = 37.39 (rad/s)2, and P = 8.412 (rad/s)2.
Since the non homogenous term P is independent of time and angle,
the equilibrium position is found by setting the acceleration and veloc-

ity to zero in the equation of motion and solving: θeq = P

ω2
. Make the

transformation θ̃B = θB − θeq , from which, by substitution,

d2θ̃B

dt2 + 2d
dθ̃B

dt
+ ω2θ̃ = 0

is the equation of motion about the equilibrium point. Since d2 <

ω2, the system is sub critically damped, from which the solution is
θ̃B = e−dt (A sin ωdt + B cos ωdt). Apply the initial conditions: x0 =
− , from which

[θ̃B ]t=0 = − x0

Rw

= 0.1667 rad,
dθ̃B

dt
= 0,

from which B = 0.1667, A = d(0.1667)

ωd

= 0.2437.

The solution is

θ̃ (t) = e−5.047t (0.244 sin(3.45t) + 0.167 cos(3.45t))

Problem 21.93 The base and mass m are initially sta-
tionary. The base is then subjected to a vertical displace-
ment h sin ωit relative to its original position. What is
the magnitude of the resulting steady-state vibration of
the mass m relative to the base?

m

Base

k

Solution: From Eq. (21.26), for d = 0,
d2x

dt2
+ ω2x = a(t), where

ω2 = k

m
, and a(t) = ω2

i h sin ωit . From Eq. (21.31), the steady state

amplitude is

Ep = ω2
i h

(ω2 − ω2
i )

= ω2
i h(

k

m
− ω2

i

)
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Problem 21.94* The mass of the trailer, not including
its wheels and axle, is m, and the spring constant of its
suspension is k. To analyze the suspension’s behavior,
an engineer assumes that the height of the road surface
relative to its mean height is h sin(2π/λ). Assume that
the trailer’s wheels remain on the road and its horizontal
component of velocity is v. Neglect the damping due to
the suspension’s shock absorbers.

(a) Determine the magnitude of the trailer’s vertical
steady-state vibration relative to the road surface.

(b) At what velocity v does resonance occur?

x
λ

Solution: Since the wheels and axle act as a base that moves
with the disturbance, this is analogous to the transducer problem
(Example 21.7). For a constant velocity the distance x = ∫ t

0 v dt = vt ,
from which the movement of the axle-wheel assembly as a function

of time is hf (t) = h sin(ω0t), where ω0 = 2πv

λ
rad/s. [Check : The

velocity of the disturbing “waves” in the road relative to the trailer
is v. Use the physical relationship between frequency, wavelength
and velocity of propagation λf = v. The wavelength of the road

disturbance is λ, from which the forcing function frequency is f0 = v

λ
,

and the circular frequency is ω0 = 2πf0 = 2πv

λ
. check.] The forcing

function on the spring-mass oscillator (that is, the trailer body and
spring) is (see Example 21.7)

F(t) = −m
d2hf (t)

dt2
= m

(
2πv

λ

)2

h sin

(
2πv

λ
t

)
.

For d = 0, the canonical form of the equation of motion is
d2y

dt2 +

ω2y = a(t), where ω =
√

k

m
= 8.787 rad/s, and

a(t) = F(t)

m
=

(
2πv

λ

)2

h sin

(
2πv

λ
t

)

= a0

(
2πv

λ

)2

sin

(
2πv

λ
t

)
,

where a0 = h.

(a) The magnitude of the steady state amplitude of the motion rela-
tive to the wheel-axle assembly is given by Eq. (21.31) and the
equations in Example 21.7 for d = 0 and b0 = 0,

Ep =

(
2πv

λ

)2

h(
k

m
−

(
2πv

λ

)2
)

(b) Resonance, by definition, occurs when the denominator vanishes,
from which

v = λ

2π

√
k

m

λ
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Problem 21.95* The trailer in Problem 21.94, not
including its wheels and axle, weighs 4448 N. The
spring constant of its suspension is k =
the damping coefficient due to its shock absorbers is
c = h =

λ=
v = m/h. Determine the magnitude of the

trailer’s vertical steady-state vibration relative to the road
surface,

(a) neglecting the damping due to the shock absorbers
and

(b) not neglecting the damping.

x
l

Solution:

(a) From the solution to Problem 21.94, for zero damping, the steady
state amplitude relative to the road surface is

Ep =

(
2πv

λ

)2

h(
k

m
−

(
2πv

λ

)2
) .

Substitute numerical values:

v = = , λ = , k = ,

m = W

g
= ,

to obtain Ep = 0. =

(b) From Example 21.7, and the solution to Problem 21.94, the
canonical form of the equation of motion is

d2y

dt2
+ 2d

dy

dt
+ ω2y = a(t),

where d = c

2m
= 200

2(31.08)
= 3.217 rad/s, ω = 8.787 rad/s,

and a(t) = a0

(
2πv

λ

)2

sin

(
2πv

λ
t

)
,

where a0 = h. The system is sub-critically damped, from which
ωd = √

ω2 − d2 = 8.177 rad/s. From Example 21.7, the magni-
tude of the steady state response is

Ep =

(
2πv

λ

)2

h√√√√(
ω2 −

(
2πv

λ

)2
)2

+ 4d2

(
2πv

λ

)2

= 0. =
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9.65 km/h 2.68 m/s 2.44 m 35024 N/m

45 .5 kg

082 m 82 mm.

045 m 45 mm.

35024 N/m, and

2919 N-s/m. The road surface parameters are
5.1 mm and 2.44 m. The trailer’s horizontal velocity
is 9.65 k
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Problem 21.96* A disk with moment of inertia I
rotates about a fixed shaft and is attached to a torsional
spring with constant k. The angle θ measures the angular
position of the disk relative to its position when the
spring is unstretched. The disk is initially stationary
with the spring unstretched. At t = 0, a time-dependent
moment M(t) = M0(1 − e−t ) is applied to the disk,
where M0 is a constant. Show that the angular position
of the disk as a function of time is

θ = M0

I

[
− 1

ω(1 + ω2)
sin ωt − 1

ω2(1 + ω2)
cos ωt

+ 1

ω2
− 1

(1 + ω2)
e−t

]
.

Strategy: To determine the particular solution, seek a
solution of the form

θp = Ap + Bpe−t ,

where Ap and Bp are constants that you must determine.

k

θ

M(t)

Solution: The sum of the moments on the disk are
∑

M = −kθ +
M(t). From the equation of angular motion, I

d2θ

dt2 = −kθ + M(t). For

d = 0 the canonical form is
d2θ

dt2
+ ω2θ = a(t), where ω =

√
k

I
, and

a(t) = M0

I
(1 − e−t ). (a) For the particular solution, assume a solution

of the form θp = Ap + Bpe−t . Substitute into the equation of motion,

d2θp

dt2
+ ω2θp = Bpe−t + ω2(Ap + Bpe−t ) = M0

I
(1 − e−t ).

Rearrange:

ω2Ap + Bp(1 + ω2)e−t = M0

I
− M0

I
e−t .

Equate like coefficients:

ω2Ap = M0

I
, Bp(1 + ω2) = −M0

I
,

from which Ap = M0

ω2I
, and Bp = − M0

(1 + ω2)I
.

The particular solution is

θp = M0

I

[
1

ω2
− e−t

(1 + ω2)

]
.

The system is undamped. The solution to the homogenous equation
has the form θh = A sin ωt + B cos ωt . The trial solution is:

θ = θh + θp = A sin ωt + B cos ωt + M0

I

(
1

ω2
− e−t

(1 + ω2)

)
.

Apply the initial conditions: at t = 0, θ0 = 0 and

θ̇0 = 0: θ0 = 0 = B + M0

I

(
1

ω2
− 1

(1 + ω2)

)
,

θ̇0 = 0 = ωA + M0

I

(
1

(1 + ω2)

)
,

from which

A = −M0

I

(
1

ω(1 + ω2)

)
,

B = −M0

I

(
1

ω2
− 1

(1 + ω2)

)
= −M0

I

(
1

ω2(1 + ω2)

)
,

and the complete solution is

θ = M0

I

[
− 1

ω(1 + ω2)
sin ωt − 1

ω2(1 + ω2)
cos ωt

+ 1

ω2
− 1

(1 + ω2)
e−t

]
.
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