Introduction to Aerospace Engineering 1

AE1110ab — Aeronautics

Equation of state

pV =nRT
m
’0:7 n:ﬁ
m_mRT
Py =M
1_RT
p = pRT

Archimedes’ rule

“The upward force on the balloon is equal to the weight of the air
displaced by the balloon”

FL,=mg=pVg
Fp = pamVg — pgang (_ngayload)
pgas)

Patm

Fi, = pamVg (1 -

R R
P1 = D2 - le_1T1 =,02M_2T2
pr_T My
p, Ty M,

Lift for gas balloons (T} = T,, M; # M,)

pgas)

Patm

Fi, = pamVg (1 -

M
Fi, = parmV g (1 - ﬁ)

Lift for hot-air balloons (T} # T,, M; = M,)

pgas)

Patm

Fi, = pamVg <1 -

T,
Fi = parmVg <1 - Tatm)
gas

T+AT>

T + AT T )
T+AT T+ AT

AT
Pi:pmng(T+AT>

Fi, = patmVg (1 -

Fi, = patmVg (

Lhot air < Lhelium

w mg

Npalloons =
F Pgas
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Hydrostatic equation

m = pV = pAAh

Pressure for ISA

p+Ap

P

deown =ZFup

mg + (p + Ap)A = pA
(pAAh)g + (pA + ApA) = pA

pAAhg = pA — pA — ApA

pAhg = —Ap
dp = —pgdh
(a + 0)
dp = —pgdh
dp = —}% gdh
W__9 g

p RT

Toussaint’s formula: T, = Ty + a(hy — hy) —=a

dh = %T = lapse rate [K/m]

fpll g i1
—dp = —— —dT
po P aR T T

Inp; —Inpy = —:;R(lnTl —InT,)

g
elnp1-Inpy — e—ﬁ(lnﬂ—lnTo)

eln P1 g
— e(lnTl—lnTg) ar
elnpg
_9
P1 _ <T1> ar
Po Ty
Density for ISA  (a # 0)
_9
P1 (Tl) ar
Do Ty

g
p1RTy <T1>_a_R
poRTo To

g
P1 _ <T1>_ﬁ_1

Po_ Ty
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Pressure for isothermal layer (a = 0)

dp = —pgdh
__b
dp = Rngh
dp g
?——ﬁdh
dT
P11 hq
Zap=—-L | an
Po p RT hg
Inp, —Inpy = — - (hy — hy)
1 0 RT 1 0

9
elnp1i-Inpy — e—ﬁ(fh—ho)

& —e —éq—TUM —ho)
Po

Density for isothermal layer (a = 0)

P1 _ —#r(hu=ho)
Po

ﬂ — e_[giT(fh_ho)
poRTo

P1_ -tnino)
Po
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ISA Isothermal layer
(a = 0) (a =0)
Pressure p, = <£>_ﬁ Dy | Py = o mr(hi—ho) | Do
Ty
-1
Density p, = (E) ar P o mr(hi—ho) | 00
Ty
Geopotential altitude
R,
h = h
R, +hy !

where h,= distance to the surface of the Earth and R, = 6378 m

Straight, horizontal and steady flight

L=W

Glide angle and ratio

0 =tan~?! (g)

Lift
1
L= CL EPVZS

Aspect ratio

, h
ratio = —
b
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Bernoulli’s principle

“Along a streamline, sum of static and dynamic pressure is constant”

1
Ptot =Ps +q =ps + EpVZ = constant

Airspeed
V= 2(ptot - ps)
’ p
Drag

Drag coefficient

2

Cp = Cp, + Cp, = Cp, + % = Cp, + k1Cp, + kyC?
Glide ratio
ratio = (&)
CD max
Mach number
V. flowvelocity V

M=—= =
a speed of sound [VYRT

N. Nefri

True air speed (TAS) and equivalent air speed (EAS)

1 , 1 2
2 PoVeas™ = 2 P1Vras

Po

1

Vias = VEas

IAS = CAS = EAS
Stall speed

2w
pS CLmax

Vstau =

Magnetic heading

magnetic heading = compass heading + compass deviation

True heading

true heading = magnetic heading + magnetic variation

Load factor

L
"=y

Ultimate load (UL)

UL = limit load X safety factor
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Hoop (circumferential) stress

ApR
Ocirc = t
Longitudinal stress
ApR
Olong = ?

Pitch angle (9)
0 = a +y = angle of attack + flight path angle

Course angle ()

X =Y + B = heading + sideslip

Longitudinal static stability

Reaction to disturbance is in opposite direction to initial disturbance

AC,, <0 Aa >0

dc,,
Cma=w<0

Angle of attack of horizontal tail surface (ay)

ay =a+iy—¢
where iy = tail surface setting and € = downwash

day d de
da da (@+iy—e) da

N. Nefri

Moment around the centre of gravity

W=L=L,,+Ly

Meg =Mae + Lyp - leg — Ly (ly — ley)
Mg =Mge+ Lyp - leg — Ly Iy + Ly - gy
Mcg = Mg + (wa +Ly) - lcg —Ly-ly
My =Mge+L-leg—Ly-ly

Moment coefficient

1 _
M = CmEszSC

M
Cm=7——
EPVZSC_'

_Mac+L'lcg_LH'lH

m

%pVZSC_
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co— Mg L-leg  Ly-ly Neutral static stability
m=T _—t1 "1
7pV Sc 7pV Sc ipV Sc C, =0
L 1 Syl
=15 Ly = Cp,5pV?Sk Vg == leg Ly _at (1 de) v
2 =Y L _ . __).
c c a da) "
(c 1oves )1
B leg Lp2 PV On) 'H Thrust (T) and mass flow (1)
- ¢ Lovese
2 p_dl_dGy) _ dv i

=— = = — + —V = hmAV
ey a” ac  Mar Tacr "

C,=C +C '—_—C %
" Hee boe e T=m'(Vj_VTAS)

dc. dc dc, 1 dc B
m _ oMo | HLleg  Soin, M = Parm * Aintet * Vras

da da da ¢ da "
dc, L, , dChmy, Rotational velocity of a propeller
a=a=gradlent C.vsa ?=0
Viot = 01
L N Ay day _ iy dan _ t.(l_ﬁ)
, = = =
dan da  dap  day da da where w is the angular speed [rad/s] and ris the radius
l de .
Cny,=a- % —at- (1 — ﬂ) Vg <0 Work performed by and available power of a propeller
leg de W =TAx
a-—_<at-(1——)-VH
c da TAx
l at de “" A O
¥<—-(1—d—)-vH
c a a Q — me
where Vy, is the tail volume (design parameter) where H is the amount of energy per unit of fuel
leg < lnp P,

Uth—Q
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Propulsive efficiency

P, TV,

T] = —_—=
Py, %m(l/}z _ VOZ)

Bypass ratio

m, bypass airflow (cold)
B=—= -
my, core airflow (hot)

Jet efficiency

1
B = 5mly? =S aiby? = Sai(V? = Vp?)
T=m-(V,-V) P, =TV,
BTV,
n; P—bT—Tj
m(V; — Vo)Vo
=7 vz L2
zm T2
(V= Vo)V,
n; =

(V; = Vo)Vo
2= Vo) (¥ + Vo)

n; =

2V,
Ny =7"—"53
(V; + Vo)
2
nj = V]
1 +V0

Stress (o) and strain of a material (&)

_ F
°=12
AL
£
Specific property
s - property
specific property = density

Mach angle (1) of shockwaves (M > 1)

e —1(1)
U = sin o
a
— cin—1(__
u=sint (2)
Rotor torque (Q)
Qthr'ltr

N. Nefri

where Ty, is the tail rotor thrust and I, is the tail rotor moment arm
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AE1110e — Aerodynamics

Specific volume

|~

Kinetic energy

KE = 3 kT
2
where k = 1.38-10723 ﬁ is the Stefan-Boltzmann constant

Continuity equation for steady flow

m = pV V =VdtA

. pvdtA
M=

m = pVA = constant

p1V1A1 = p VoA,

N. Nefri

e where p and V are mean values over the area
e forincompressible flow, VA = constant

Euler equation (momentum) for steady & compressible flow

F =ma

(for this derivation we neglect fiction (viscosity) & gravitational force)

N

dy dp
p—— —Dp+ P dx

dx

dz
dx

d
F = pdydz — <p + %dx) dydz

F = - 4xdyd
= — o, dxdydz
m = pV = pdxdydz

av
_dV_de_dV

CTU T T ar T dx

D ixdydz = (pdxdydz) Ly
dx rayaz = (paxaydz)

dp = —pVdV
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Bernoulli’s principle (along a streamline)

dp = —pVdV

dp +pVdV =0

D2 V2
f dp+p f Vdv =0
P1 |41

1 2 1 2
(PZ_P1)+P<§V2 —§V1)=0

1 2 1 2
p1+ Ele =p; + EPVZ

1
p + = pV? = constant along a streamline

2
1 2
p+§pV = Ps + 4 = Dtot
Flight speed
2
A
p

Internal energy of a system (e): 1° law of thermodynamics

de =dq +dW

Work done on a system

W = force X distance = Fs = (pdA)s

dW=fpdAs=pfsdA

where [ sdA is the change of specific volume (dV)

dW = —pdV
de = dq — pdV
Enthalpy (h)
h=e+pV

dh = de + d(pV)
dh =de +Vdp + pdV
dh = (dq — pdV) + Vdp + pdV
dh =dq + Vdp

Specific heat

dq

C:d—T

dq = cdT

1. For constant volume (dV = 0):

de =dq
de = ¢,dT
e =c,T

N. Nefri
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2. For constant pressure (dp = 0):

dh = dgq
dh = c,dT
h=c,T

Isentropic relations for compressible flow

de = dq — pdV
dg =0

de = —pdV = ¢, dT

dh =dq + Vdp
dg =0
dh =Vdp = ¢,dT

dividing de by dh:

de —pdV c,dT ¢,
dh  Vdp ¢ dT ¢,

Vdp ¢
pdV ¢,
dp  cpdV
P oV

10

N. Nefri

dp dv

PV

where y = 1.4 is the ratio of specific heats

21 21
—dpz—yf =dV
,l-lp 1V

Inp, —Inp; = —y(nV, —InV;)

ln& = —ylnE
P1 Vi

bz _ <&>_y
P1 P2
- ()
P1 P1

from equation of state:

_r_
P2 _ <T2>V‘1
P1 Ty

Energy equation for compressible flow

Using Euler’s equation, adiabatic process and specific volume:

dp = —pVdV dg=0 V=

1
p

dh =dq+Vdp
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dh—Vdp =0 Speed of sound (a)
dh +Vpvdy =0 p1V141 = p;V24A;
dh + lpValV =0 pad; = (p + dp)A;(a + da)
p

1 dimensional flow, so A; = A, = A = constant
dh+VdV =0

pa = (p+dp)(a+da)

1 2
h+=V* = constant

2 pa = pa + adp + pda + dpda
h=c,T da
a=—p—
1 dp
c,T + 5 V? = constant L
2 dp = —pVdV = —pada da = —p—adp
1 1
CpT1+§V1 =CpT2+EV2 _ da_ 1 dp
“=7Pap P hadp
a? = dp
For steady, isentropic, compressible flows dp
Continuity equation p1Vi41 = pV5A, dp
v “= lap
Isentropic relations P2 — (&)y — (&)y_l isentropic
b1 P1 Ty
. 1 1 RT
Energy equation cpTy + EVlz =c,T, + EV22 a= ’VB = /y’o
p p
a = ./YRT

11
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Mach number (M)

Second form of isentropic relations

1 2 1 2
CpTO + EVO = CpTl + EVI

at stagnation point, (V = 0)

L
cpTo =cpTh + EVl
To_  y-1Vi
T; 2 YyRT,

To 1 y—1V¢
T, 2 a?
TO Y — 2
—=14+——M

T, T

bringing flow isentropically to rest, isentropic relation can be used:

v
po - 1 2)V_1
2=(1+—mM
P1 ( + 2 1

1 1
Po ( Y — 2)]/—1
2= (1 M
P1 * 2 !

where Ty, po and p, are TOTAL temperature, pressure and density

12
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Area-velocity relation

pVA = constant

Inp +InV +In A = In(constant)

d dv  dA
dp v dA_

p * |4 + A
dp
dp = —pVdV p=—1
—dpVdV dV dA
—+—+—=
dp Vv A
2 _dp dp _ 1
T dp dp a2
vdv dV+dA_
a2 VA
dA_VdV av
A a2 V

dA M2 —1) dv
A 4
When M < 1 (subsonic), dV > 0thendA < 0

When M > 1 (supersonic), dV > 0 thendA > 0
. dA
When M = 1 (sonic), then - = 0

dv 1 dA 1 dA 1dA , .
V M2—17=12—17=67=00=lmp058lble
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Expansion ratio

PesVisArs = pViA.

Ats — p*V*
A pesVis

d’Alembert’s paradox

inviscid flow = no drag (no friction)

viscous flow = finite drag (friction)

Reynold’s number

Poo Vo X _ Vox

R, =
ex 7 Voo

where x = chord, u = dynamic viscosity and v,,= kinematic viscosity

Shear stress (z,,)

du
Tw = U (@)

where u is the dynamic (absolute) viscosity coefficient

=0

Local Reynold’s number

where v = % is the kinematic viscosity

N. Nefri

Laminar bound. Lay.

Turbulent bound. lay.

5.2x 0.37x
Thickness = =0z
VRe, (Re,)
Skin friction cr = 1.328 ¢ = 0.074
coefficient ! R., (Rex)o'z
Local skin friction | . _ Tw _ 0.664 3
coefficient e G JRe,
Total skin friction _ 1.328qL

drag coefficient

Cr =
I

Critical Reynold’s number

VeoXcr

R. =

€cr v
[ee]

Pressure coefficient for incompressible flow

Pl_P0=P1_P0

Cp=

1

9o 5P

1 5 1
S
1 2
P1_P0=§PVO

pVg

¢, = 1 (at stagnation point)
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Viscous (profile) drag

Cd = Cdpressure + Cdfriction

Airfoil characteristics

L
Cl:1
=2
2ch
D
Cqg =
1 2
ich

= | (e =€) )

Compressibility correction for pressure & lift coefficient

o = Cp,0
p = ——
J1—MZ
Cio
=

J1—MZ

where ¢, o and ¢; o are the incompressible pressure & lift coefficients

Critical pressure coefficient

Y
_ 2 |(2+o-nmz\T
Cpcr_ymgo y+1

14

Critical Mach number for swept wings

MCT‘
cos A

M., for swept wings =
where A is the sweep angle

Induced drag

Di:L'O!i

Drag coefficient and induced drag coefficient

L 4=l
S

l_nA

CZ
CD' = L
L mAey

e Whene; =1, minimum induced drag
e Whene; < 1, higherinduced drag

CD = CdO + Cdi
Cp=Cy4 + Ci
b= mdo mAe;
Lift curve slope
_dC,  ag _ Qo
a_da_1+&_ 75.3q,

mhAe; 1+ nde;

where ay = 0.1097° = 2mx for a 2D thin airfoil

N. Nefri
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AE1110f — Flight mechanics

Derivations of the equations of motion

1. Free body diagram J\R v

Equations of motion

F =T cos(a;) — D — W sin(y)

4 ZFWdVT()DW'()
=——="Tcos(a;) — D — W sin
w g dt ‘ !
F =Tsin(a;) + L — W cos(y)
v W dy
F=——V =Tsin(a,) + L — W cos(y)
v g dt

2. Kinematic diagram

1 - X Flight conditions
Ly "
v dt : : 14 . . dy
v’~7x'« Straight flight: i 0
e T G
X; Lody _av
| Steady flight: il 0
S Y
g > . . _
Z i l/ \\'l . Horizontal flight: y = 0
E '\
¥ Z, Symmetric flight: § (angle of sideslip) = 0 and plane L to Earth

15
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Lift Propulsion
L=w T = (mh + niy )V — iV, = m(V; — V)
CLlpVZS =W Total efficiency (n;)
2
w21 W =TAx P, =TV, Q =niH
L=
p where Q = thermal power and H = amount of energy per unit of fuel
Drag R R PB PP
T=D Nt Q Q P] P] Q n] Ntn

Jet efficiency (n;)

Py
77]_?
T—(CD0+CDi)EpVZS=D J
TV,
AL =1 1
= —L \Z v2c = 1 2
T—<D0+ A>2pVS—D zml/} 2mV0
- _ (v = o)) vy
T=(CDo+k1CL+k2CL)EpV S=D nj=-1
jm( -V
. — w21 . W2121V25_D
R I(Ssz)-l_ 2(?;%) 2P B n: = (V; = Vo)Vo
IT1
5 (Vi = V) (V; + V,
= (o) 1 P2 L (L) iy (Y21 () L
1, w22 1 Vi+Vo 1+
T:CDO(EPV S)+k1W+k2T’;ﬁ:D 0

16
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Performance diagrams , ,Ws 2 C2
Amax ~ T_F
Force \\ Propeller Power A / P L

* \\/ Jet Jet /
l h w32 (Cp, + Cp,)

| \/ T - e g fimax Sp C
\ Power required

e >

2\
A - = " 3 CD + —L
Airspeed Airspeed W32 o ' TAe

P - —_—
N . Amax S p Cg
Minimum airspeed (@ C;,__ )

2
— — 1 w32 (C, +k,C, +k,C?
L=W CLEpVZS - \/ ( Do 10, + K3 L)

S p c3
= 121 | W 2(Co, G+ k)
S P CLmax @max T/_) CE
Maximum airspeed (@ P, = F) (Cp, + kaCy + szLZ)2 _p2 SP°P
CE — "amax mz
Papoe =DV
2 s p
L D (CDO + k.Cp, + kZCLZ) = (Pazmax WE) C;
Amax — Z V=-W-V
solve for C; ifk; =0
1 .2
P, =wW'V (CD )2+ZCD koCE + (ko CH)* = (Pz iB) P
max Amax 3
CLypV2S ’ ' we2
2,4 2 ig 3 2 2
P ) CD W 2 1 kZ CL (Pamax W3 2) CL + (ZCDOkZ)CL + CDO - 0
Amax CL S pCL

17
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Maximum range (how far an aircraft can fly)

4
rangemay = (f)
max

vV
Cprr

rangemax =

rangemax = — 05

rangémax = —py

rangemax = — =

Optimal lift coefficient for maximum range (jet & prop)

2
—k, + /kl + 12k, Cp, e,
6k, |k,

Maximum endurance (P, . :minimum fuel flow,F)

CLopt

c
Fzgpprmin
F =20V mn
o[l W21
n\C SpCy
min
G W32C,§
T\ S pck

[ w3 2< c; )
- ¢ 2
M\ |5 P\(Cp, +kaCp+KoC2))

min

N. Nefri

Optimal lift coefficient for maximum endurance (jet & pro)

CLopt

es ky + /kf + 12k, Cp,
|k, 2k,
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Optimal speed for maximum range & maximum endurance

w2 1

Vopt =

S pCLopt

C; for max range

C; for max endurance

With Distance Time
respect to
dcp
4 — __Z2=D
Factors (—) Prmin (DV)smin dCL
F max

= 0 = (fuel flow)min

Jet _kl i ’klz + 12kZCD0

6k,

Cn,
ks

ky + /kf + 12k, Cp,

C
Propeller /%
2 2k,
Climbing and descending flight
T—D—-Wsiny=0
L—Wcosy =0
. T-D
L=W siny = 7

Rate of climb (ROC)

ROC =Vsiny =V

T-D

TV-DV P, —P

w

w w

19

dcp

Maximum climb angle (y) (Trnax & Dmin: - =
L

. _ (T_D)max
Sln(ymax) - T
Minimum descent angle (Fmin = (Z—D) = (E—L
L7 min D
. D Cp —
Slny:—_:—z——c—L )/:—‘y
. _ D
siny = Z
. __Cp
siny = —
CL
Cp Cp
Cp, + k1 /k—z"+k2k—20
siny =
Lo,
ka
C
Cp, + k1 ’kiz" + Cp,
siny =
2N
2
2C
siny = 204k,

N. Nefri
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Time to climb

e h
~ ROC

Maximum rate of climb in steady flight

v _,
dt
(Pa - Pr)max

ROCpayx = W

TV — DV
ROC, .y = ( = )max

ROCpox = (Dv)max

L
ROCpay = (DZV)
max
D
ROC, gy = (I WV)
max
C, (w21
ROCmax = C_LW ?;C—L
max
W32 (c?
ROCmax =\ 57503
L

max

W32 (CE
ROCmax = T; C_E
max

max

Minimum rate of descent in gliding flight

P —P),;
ROD, ;. = (P, Wr)mm
P).,.; DV),..
ROD,; = _( rV)me _ _( Vl)/mm
(b7v)
RODmin - Tmm
D w21
(rW K cL)
ROD,in = W RN
ROD w2 <C§>
min = — | -\ ~3
S p CL min
ROD w2 <CE’>
min = < |\~
S PG max

20
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Load factor

L
7Y

Cy

n =

“| I
TS

1
vz

Minimum airspeed with load factor

w2 1

Vinin =

Change of load factor

1
__AcLip(V24-U2)s
B w

An

dc, .1

2
da ZVS

An =

21

N. Nefri
Performance diagram of an ideal jet
£ A
Force Thrust
» Airspeed
Min.
Max.
Max. endurance
speed Max. range
Max. climb angle = speed
Min. descent angle
Performance diagram of an ideal propeller
L A
Power Power
available \ Power
l required
|
I
|
I
|
I
|
I
__________ I 1
] | :
- [ I I
et s i i .
A ) | 1 » Airspeed
Min. / \\ Max.
speed Max. endurance Max. range

Max. rate of climb speed

Min. rate of descent



