
Vibrations
Formula Overview
Free Vibrations
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Equation of motion
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Damped Motions

Definitions
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Equation of motion

mẍ + cẋ + kx = 0 (11)
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Underdamped motion
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Overdamped motion
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Critically damped motion

x(t) = (a1 + a2t) e−ωnt (21)

a1 = x0 and a2 = v0 + ωnx0 (22)

Harmonic Excitation

Free harmonic excitation

mẍ + kx = Fe(t) (23)
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Damped harmonic excitation

mẍ + cẋ + kx = Fe(t) (28)

Fe(x) = F̂e cos ωt ⇒ xp(t) = X cos (ωt− θ) (29)

Fe(x) = F̂e sinωt ⇒ xp(t) = X sin (ωt− θ) (30)
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General Forced Vibration

The impulse function

mẍ + cẋ + kx = Feδ(t− τ) (33)

x(t) = F̂eh(t− τ) (34)
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The step function

mẍ + cẋ + kx = F̂eu(t− τ) (36)
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Fourier series forcing function
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Fourier series solution
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Multiple-Degree-of-Freedom
Systems

Equation of motion

M ẍ + Kx = 0 (49)

Solution method 1

x(t) = ueiωt (50)(
K − ω2M

)
ueiωt = 0 (51)

x(t) = A1 sin (ω1t + φ1)u1 + A2 sin (ω2t + φ2)u2

(52)

Solution method 2

x(t) = M−1/2q(t) = M−1/2veiωt (53)

M−1/2KM−1/2v = K̃v = ω2v (54)

u1 = M−1/2v1 and u2 = M−1/2v2 (55)

x(t) = A1 sin (ω1t + φ1)u1 + A2 sin (ω2t + φ2)u2

(56)

Modal analysis definitions

P =
[
v1 v2

]
(57)

S = M−1/2P ⇔ S−1 = PT M1/2 (58)
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[
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Modal analysis solution

r̈(t) + Λr(t) = 0 (60)

r0 = S−1x0 and ṙ0 = S−1ẋ0 (61)

x(t) = Sr(t) (62)
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